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Abstract

This paper is based on the causal set approach to discrete quantum
gravity. We first describe a classical sequential growth process (CSGP)
in which the universe grows one element at a time in discrete steps.
At each step the process has the form of a causal set (causet) and the
“completed” universe is given by a path through a discretely growing
chain of causets. We then quantize the CSGP by forming a Hilbert
space H on the set of paths. The quantum dynamics is governed by a
sequence of positive operators p, on H that satisfy normalization and
consistency conditions. The pair (H, {p,}) is called a quantum sequen-
tial growth process (QSGP). We next discuss a concrete realization of
a QSGP in terms of a natural quantum action. This gives an ampli-
tude process related to the “sum over histories” approach to quantum
mechanics. Finally, we briefly discuss a discrete form of Einstein’s
field equation and speculate how this may be employed to compare
the present framework with classical general relativity theory.

1 Introduction

This paper builds on the causal set approach to discrete quantum gravity
[1, 10] and we refer the reader to [7, 12] for more details and motivation. The
origins of this approach stem from studies of the causal structure (M, <) of
a Lorentzian space-time manifold (M, g). For a,b € M we write a < bif b is
in the causal future of a. If a < b or b < a we say that a and b are comparable
and otherwise a and b are incomparable. If there are no closed causal curves
in (M, g), then (M, <) is a partially ordered set (poset). It has been shown
that (M, <) determines the topology and even the differential structure of



the manifold (M, g) [10, 12] and it is believed that the order structure (M, <)
provides a viable candidate for describing a discrete quantum gravity.

To remind us that we are dealing with a causal structure, we call a finite
poset a causet. A causet is assumed to be unlabeled and isomorphic causets
are identified. In the literature, causets are frequently labeled according to
the order of “birth” and this causes complications because covariant prop-
erties are independent of labeling [7, 10, 12]. In this way, our causets are
automatically covariant.

Section 2 describes a classical sequential growth process in which the
universe grows one element at a time in discrete steps. At each step, the
process has the form of a causet and the “completed” universe is given
by a path through a discretely growing chain of causets. The transition
probability at each step is given by an expression due to Rideout-Sorkin
[8, 13]. Letting 2 be the set of paths, A be the o-algebra generated by
cylinder sets and v, the probability measure determined by the transition
probabilities, the classical dynamics is described by a Markov chain in the
probability space (€2, A4, v.).

In Section 3 we quantize the classical framework by forming the Hilbert
space H = La(Q2, A, ;). The quantum dynamics is governed by a sequence
of positive operators p, on H that satisfy normalization and consistency
conditions. We employ p,, to construct decoherence functionals and a quan-
tum measure p on a “quadratic algebra” S of subsets of 2. In general, S is
between the collection of cylinder sets and .A. We then nominate (€2, S, u)
as a candidate model for a discrete quantum gravity.

Section 4 discusses a concrete realization of the quantum sequential
growth process p, considered in Section 3. This realization is given in terms
of a natural quantum action and is called an amplitude process. The am-
plitude process is related to the “sum over histories” approach to quantum
mechanics [7, 12]. Section 5 briefly discusses a discrete form of Einstein’s
field equation and speculates how this may be employed to compare the
present framework with classical general relativity theory.

2 Classical Sequential Growth Processes

Let P, be the collection of all causets of cardinality n, n = 1,2,..., and
let P = UP,, be the collection of all causets. An element a € x for x € P
is mazimal if there is no b € x with a < b. If z € Py, y € Pp41, then z
produces y if y is obtained from x by adjoining a single maximal element
a to x. In this case we write y = = 1 a and use the notation z — y. If



x — y, we also say that x is a producer of y and y is an offspring of z. Of
course, x may produce many offspring and a causet may be the offspring of
many producers. Moreover,  may produce y in various isomorphic ways.
To describe this precisely, we consider labeled causets where a labeling of
x € Ppisafunction £: © — {1,2,...,n} such that a,b € x with a < b implies
l(a) < £(b). In Figure 1, the labeled causet x produces the labeled causets
u, v, w. In this paper we mainly consider unlabeled causets (which we simply
call causets) and identify isomorphic copies of a causet so we identify u, v, w
and say the multiplicity of © — w is three and write m(z — u) = 3. We
then replace Figure 1 by the simpler Figure 2.

Figure 1 Figure 2

The transitive closure of — makes P into a poset itself and we call
(P, —) the causet growth process. A path in P is a sequence (string) wiws - - -,
where w; € P; and w; — w;y1, i =1,2,.... An n-path in P is a finite string
wiwe - - - wy, where, again, w; € P and w; — w;11. We denote the set of paths
by Q and the set of n-paths by £2,.

If a,b € x with x € P, we say that a is an ancestor of b and b is a
successor of a if a < b. We say that a is a parent of b and b is a child
of a if a < b and there is no ¢ € = with a < ¢ < b. A chain in z is a
set of mutually comparable elements of x and an antichain in x is a set of
mutually incomparable elements of x. By convention, the empty set is both
a chain and an antichain and clearly singleton sets also have this property. In
Figure 2, any subset of x is an antichain while u has two chains of cardinality
2.



Theorem 2.1. If x is a labeled causet, then the number of labeled offspring
of x is the number of distinct antichains in x.

Proof. Let z have cardinality n and suppose A = {ay, ..., a;} is an antichain
in z. Let b ¢ = and form the labeled causet y = z 1 b where y inherits the
labeling of x, ¢(b) = n+ 1 and the elements of A are the parents of b. Then
y is a labeled offspring of = and different antichains give different labeled
offspring because they give different parents of b. Conversely, if y =z 1 b is
a labeled offspring of x and A = {ay,...,ax} is the set of parents of b, then
A is an antichain because a; < a; contradicts the fact that a; is a parent
of b. Hence, we have a bijection between the antichains in z and labeled
offspring of x. O

We denote the cardinality of a set A by |A|.

Corollary 2.2. The number r of labeled offspring of a labeled causet x
satisfies x| +1 < r < 217l and both bounds are achieved.

Corollary 2.3. The number of offspring of a causet x, including multiplic-
ity, is the number of distinct antichains in x.

Corollary 2.4. The number r of offspring of a causet x, including multi-
plicity, satisfies |z| +1 < r < 21*l and both bounds are achieved.

For example, the causet z in Figure 2 has eight distinct antichains so =
has eight offspring, including multiplicity. The causet u in Figure 2 has ten
distinct antichains so u has ten offspring, including multiplicity.

Let ¢ = (cg, c1, - . .) be a sequence of nonnegative numbers (called coupling
constants) [9, 13]. For r,s € N with r < s define

M) =3 (12 )a- 3 ("7 e

k=r k=0
For x € Py, y € Ppy1 with y = z 1 a define the transition probability [9, 13]

Ae(a, )

Pe(® = y) Zm(ﬂf—w)m

where « is the number of ancestors and 7 the number of parents of a.
By convention we define p.(z — y) = 0 if x 4 y. It is shown in [13]
that p.(z — y) is a probability distribution in that it satisfies the Markov-
sum rule » p.(x — y) = 1. The distribution p.(x — y) is essentially the
most general that is consistent with principles of causality and covariance



[8, 13]. It is hoped that other theoretical principles or experimental data
will determine the coupling constants One suggestion is to take ¢ = 1/k!
[10]. Another is the percolation dynamics ci = c* for some ¢ > 0 [12]. For
this later choice we have the simple form

pe(z —y) = m(z — y)r"(1—r)?
where (3 is the number of incomparable elements to a (other than a itself)
and 7 = ¢(1+¢)~1 [4].

We view a causet z € P, as a possible universe at step n while a path
may be viewed as a possible (evolved) universe. The set P together with the
set of transition probabilities p.(z — y) forms a classical sequential growth
process (CSGP) which we denote by (P, p.) [3, 8, 13]. It is clear that (P, p.)
is a Markov chain. As with any Markov chain, the probability of an n-path
W= wWiwy - Wy, i8

Pr(w) = pe(w1 — wo)pe(ws — w3) « -+ pe(Wn—1 — wy)

Of course, w +— p(w) is a probability measure on €,. Figure 3 illustrates
the first two steps of a CSGP. It follows from Corollary 2.3 that the number
of offspring including multiplicity of x4, x5, xg, 7 and zg are 4,5,6,5,8,
respectively. In this case, Corollary 2.4 tells us that 4 < r < 8.

Zq

Figure 3



The set of all paths beginning with w = wyws -+ -w, € Q, is called an
elementary cylinder set and is denoted by cyl(w). If A C €,, then the
cylinder set cyl(A) is defined by

cyl(4) = U cyl(w)

wEA

Using the notation
C(Qp) ={cyl(4): ACQ,}

we see that

C()CC()C---

is an increasing sequence of subalgebras of the cylinder algebra C(Q)) =
UC(£2y,). For A C Q we define the set A™ C Q,, by

An = {w1w2...wn GQn; WiWwg * * * WpWntl ** - GA}

That is, A" is the set of n-paths that can be continued to a path in A. We
think of A™ as the n-step approximation to A.

For A = cyl(41) € C(y,), A1 C Q,, define p.(A) = p?(A). Notice that
De becomes a well-defined probability measure on the algebra C(2). By the
Kolmogorov extension theorem, p. has a unique extension to a probabil-
ity measure v, on the o-algebra A generated by C(2). We conclude that
(Q, A, v.) is a probability space and the restriction v, | C(€2,) = pe.

3 Quantum Sequential Growth Processes

We now show how to “quantize” the CSGP (P,p.) to obtain a quantum
sequential growth process (QSGP). Letting H = Lo(Q2, A, v.) be the path
Hilbert space we see that the n-path Hilbert spaces Hy, = L2(2,C(),De)
form an increasing sequence Hy C Hs C --- of closed subspaces of H. Let

Q, = {w € Qn: p(w) # 0}

be the set of n-paths with nonzero measure. For w € ), letting

ez = chl(o.))/p?("‘))l/2

it is clear that {el}: w € Q) } forms an orthonormal basis for H,,.

Letting 1 = xq we see that 1 is a unit vector in H. More generally, if
A € C(Q) then the characteristic function y, € H with |xs|| = v.(A)Y2. If
T is an operator on H,, we shall assume that 7' is also an operator on H by



defining Tf = 0 for all f € H;-. A probability operator on H, is a positive
operator p on H, that satisfies the normalization condition (pl,1) = 1.
If p is a probability operator on H,, we define the decoherence functional
D,: C(2,) x C(2,) — C by

Dy(A, B) = tr (p[xB)(xal) = (pxB,Xx4)

It is easy to check that D, has the usual properties of a decoherence func-
tional. Namely, D,(Q2,Q) =1, D,(A,B) = D,(B,A), A — D,(A,B) is a
complex measure on C(£2,) and if 4; € C(Q,), i = 1,...,r, then the r x r
matrix with components D,(A;, A;) is positive semidefinite. We interpret
D,(A, B) as a measure of the interference between the events A and B when
the system is described by p. We also define the g-measure pi,: C(Qy,) — R
by p,(A) = D,(A, A) and interpret p1,(A) as the quantum propensity of the
event A. In general, p1, is not additive so 1, is not a measure on C(£2,).
However, 1, is grade-2 additive [2, 9, 10] in the sense that if A, B,C € C(Q,)

are mutually disjoint, then

pp(AUBUC)
= pp(AUB) + pp(AUC) + pp(BUC) — pip(A) = po(B) = 1p(C) (3.1)

A subset Q@ C A is a quadratic algebra if ),Q € Q and if A, B,C € Q
are mutually disjoint with AUB,AUC,BUC € Q, then AUBUC € Q.
A g-measure on a quadratic algebra Q is a map u: Q — R™ satisfying (3.1)
whenever, A, B, C € Q are mutually disjoint with AUB, AUC, BUC € Q. In
particular C(€,,) is a quadratic algebra and p,: C(Q,) — RT is a g-measure
in this sense.

Let p, be a probability operator on H,, n = 1,2,..., which we view as
a probability operator on H. We say that the sequence p,, is consistent if

Dpn+1(AvB) = Dpn(AvB)

for every A, B € C(£2,,). We call a consistent sequence p,, a discrete quantum
process and we call (H, {pn}) a quantum sequential growth process (QSGP).
Let (H,{pn}) be a QSGP. If C' € C(Q2) has the form C' = cyl(A), A €
C(2y), we define p(C) = p,, (A). It is easy to check that p is well-defined
and gives a g-measure on C(2). In general, p cannot be extended to a g-
measure on 4, but it is important to extend p to other physically relevant
sets [2, 11]. We say that a set A € A is suitable if lim tr (p,|x4)(xa|) exists
and is finite and if this is the case, we define fi(A4) to be the limit. We denote
the collection of suitable sets by S(€2) and it is shown in [4] that S(2) is a
quadratic algebra with 11 a g-measure on S(2) that extends u from C(2).



In general, S(2) is strictly between C(Q2) and .A. For example, if A € A
with v.(A) = 0, then x4 = 0 almost everywhere so |[x4)(xa| = 0and u(A) =
0. To be specific, if w € Q then {w} € Abut {w} ¢ C(2). Although there are
exceptions, a typical w € § satisfies v. ({w}) = 0 so g ({w}) = 0. It follows
from Schwarz’s inequality that if A € S(Q) then (A) < v.(A)sup ||pn]-

Theorem 3.1. If (H,{pn}) is a QSGP and A € A, then A € §(2) if and
only iflim p,,, [cyl(A™)] exists. If this is the case, then i(A) =lim p,,, [cyl(A™)].

Proof. Let P, be the orthogonal projection from H onto H,,. We first show
that Poxa = Xcyi(an)- Now for e}, w € Q, with w = wjws - - wy, we have

1
<beKAﬂ)7eZ> ::5§21517§<XnyAn)7beKw)>
_ p?(w)l/Q if Wiwg -+ WpWni1 * - c A
0 otherwise
1

= W@(m chl(w)>
c

= <XA7 €Z> = <P7LXA7 €Z>
Since Px 4, Xeyl(an) € Hp is follows that Pyxa = Xcyi(an)). Hence,

tr (pnlxa)(xal) = tr (pnPnlxa)(xal)

= D (pPalxa)(xalel, el)
weQ,

= Z (el XxA)(pnPnX ai€))
we,

= Z (€l Xeyl(an) ) {PnXey1(am)» €05)
weQ,

= t1 (| Xeyi(am) ) (Xeyi(am ) = #p, (A™)

The result now follows. O

4 Amplitude Processes

Various ways of constructing discrete quantum processes on H = Ly (2, A, v.)
have been considered [3, 4, 5]. After we introduce general amplitude pro-
cesses, we present a concrete realization of a discrete quantum process in
terms of a natural quantum action.



A transition amplitude is a map a: Pp, X Ppy1 — C such that a(z,y) =
a(x — y) =01if p.(z — y) =0 and

> falz —y):y € Pojrz —y} =1 (4.1)

for all z € P,,. The amplitude process (AP) corresponding to a is given by
the maps a,: €, — C where

ap(wiws - wp) = a(w) — wa)a(wy — ws) -+ a(wp—1 — wy)

We define the probability vector a,: €, — C by a,(w) =0 if p?(w) = 0 and
if w € Q) then @, (w) = p?(w)ta,(w). For a given AP a,, define the positive
operators p, on H, by

(PnX () X{w}) = an(w)an(w’)
for all w,w’ € Q. Then
(prely,ell) = Pl (W) 2Pl (w) T Pan(w)an (W)

It follows that p,, is the rank 1 operator given by p, = |a,)(ay|.

Theorem 4.1. The operators pp, n = 1,2,..., form a discrete quantum
process.
Proof. We have seen that p,, is a positive operator on H,,, n =1,2,.... To

show that p,, is a probability operator we have

(enl,1) = <anX{w}7ZX{w}> = {enX{w} X{w})

w,w’

2
Z an(w)

= Z an(w)an(w) =
Applying (4.1) we obtain

Z an(w) = Z a(w — wo)a(ws — w3) -+ a(wp—1 — wp)
= Z a(w; — wa) -+ - a(wp—2 — wp—1) Z a(wp—1 — wy)

Wn,

= a(lw; — wa) - a(wp—2 — wp—1)

=) a(w; —we) =1 (4.3)



By (4.2) and (4.3) we conclude that (p,1,1) = 1 so P, is a probability
operator. To show that p, is a consistent sequence, let w,w’ € Q) with
W= wiwe Wy, w = wjwh - w!. By (4.1) we have

Dy [eyl(w), eyl(W')] = (pnt1Xeyiw) Xeyl(w))
= > {an@)an(wn — D)alan(wy = y): wn = 7,0, -y}
= (@@ Y falwn — 2t w0 — 2} Y {ale, = ): o, — v
= an(@)an(@) = Dy [eyl(w), eyl(e)] (1.4)

For A, B € C(Q2,) by (4.4) we have

D,+1(A, B) Z {Dps1 [eyl(w), eyl(w)] s w e AW’ € B}

= Z{Dn cyl(w), cyl(w')] : w € 4,0’ € B}
= D,(A, B) O

Since pp, = |a,)(an|, we see that
lonll = 1@ @l = @all* = Y lan(w)
The decoherence functional corresponding to p,, becomes

Dy (A, B) = {pnxB, xa) = ([an)(@n|xB: x4)
= (@n, x)(XB; n)

:Z{an( weAﬁQ’}Z{an weBﬂQ’}

The corresponding g-measure is given by

fin(A) = Dy(A, A) = ‘Z {an(w): we ANQY

It follows from Theorem 3.1 that if A € A then A € S(Q) if and only if

lim g1, [cyl(A™)] = lim ‘Z {an(w): we 4, NG,

exists and is finite in which case fi(A) is this limit.

We now present a specific example of an AP that arises from a natural
quantum action. For z € P, the height h(x) of x is the cardinality of a largest
chain is z. The width w(x) of x is the cardinality of a largest antichain in z.
Finally, the area A(x) of z is given by A(z) = h(x)w(z). Roughly speaking,

10



h(z) corresponds to an internal time in z, w(z) corresponds to the mass or
energy of = [5] and A(z) corresponds to an action for z. If x — y, then
h(y) = h(z) or h(xz) + 1 and w(y) = w(z) or w(x) + 1. In the case of
h(y) = h(z)+1 we call y a height offspring of x, in the case w(y) = w(z)+1
we call y a width offspring of z and if both h(y) = h(z), w(y) = w(x) hold
we call y a mild offspring of x. Let H(x), W(x) and M(x) be the sets of
height, width and mild offspring of x, respectively.

Lemma 4.2. The sets H(x), W(x), M(z) form a partition of the set of
offspring x.

Proof. Since {y: z — y} = H(zx) UW(x) U M(z), we only need to show
that H(z), W(z), M(z) are mutually disjoint. Clearly, H(x) N M(z) =
W(z)NM (z) = () so we must show that H(x)NW (z) = (). Suppose y € H(x)
where y = x 1 a. If y € W(x) then a is incomparable with every element
of some largest antichain {by,...,b.} in x. Also, a > a5 > as—1 > - > a1
where {a1,...,as} is alargest chain in . It follows that b; # a; for every i, j.
Now as »# b; for some i because otherwise a > b; which is a contradiction.
Hence, as < b; for some i because otherwise {b1,...,b,,as} would be a larger
antichain in z. But then {a1,...,as,b;} is a larger chain in x. But this is a
contradiction. O

If x — y we have the following three possibilities: y € M(z) in which
case A(y) — A(z) =0, y € H(x) in which case

Aly) — Alz) = [h(z) + 1Jw(z) — h(z)w(z) = w(z)

y € W(z) in which case

We define the transition amplitude a(z — y) in terms of the “action” change
from x to y. We first define the partition function

o(z) = Z {em[A(y)fA(x)vm ol (& = y) # 0}
y
For x — y define the transition amplitude a(z — y) to be 0 ifplfc| (x—y)=0
and otherwise




As before, we have three possibilities. If y € M(x) then a(x — y) = 2(z) 7!,

if y € H(x) then
627riw(ac)/\a:|

z(x)

alz —y) =

if y € W(z) then
lerih(x)/\x|

z(x)

Since the transition amplitudes a(z — y) satisfy (4.1) it follows from
Theorem 4.1 that the corresponding p, form a discrete quantum process.
For any x € P there are only three possible values for a(x — y). This is
roughly analogous to a 3-dimensional Markov chain. Does this indicate the
emergence of 3-dimensional space?

a(r —y) =

5 Discrete Einstein Equation

Let Q, = U?Zl P; and let K,, be the Hilbert space C% with the standard
inner product

(f,9) =" f@)g(x)

IEQn

Let L, = K, ® K,, which we identify with C@»*®@. Suppose (H, {p,}) is a
QSGP with corresponding decoherence matrices

Dy(w,w') = Dy [eyl(w), eyl(w')]  w,w' € Dy

If w =wwy - -wy, € Q, and w; = x for some 7, then w contains . For
z,y € Qn we define

Dy (z,y) = Z {Dp(w,w’): w contains z, w’ contains y}

Due to the consistency of p,, D,(x,y) is independent of n if n > |z|, |y|.
Also Dy (z,y), =,y € @Qn, are the components of a positive semidefinite
matrix. Moreover, if

Ay ={w € Qy: w contains x}
then we define the g-measure p,(x) of x by

Mn(x) = Hn [Cyl(Aa:)] = Dn(I,LE)

12



We think of @,,, as an analogue of a differentiable manifold and D,,(x,y)
as an analogue of a metric tensor. For w,w’ € Q, we define the covariant
bidifference operator V! ,: L, — Ly [6] by

Vi F@) = [ Dal@pay 15901 (@) = Da@, ) f @100y )]
-0

T,w 0 w|
Wz 7Y, Iyl

In analogy to the curvature operator on a manifold, we define the discrete
curvature operator R&w,: L, — Ly by

n _on n
Riw = Vi = Virw

We also define the discrete metric operator D! , on Ly, by

Z,w’f(xa y)

= Dn(.%', 3/) |:f(w|/m|717 w\y|71)5x,w|’x|5y,w|y‘ - f(w|x‘717w|/y|71)5$,w‘x‘5y,w' ]

[yl

and the discrete mass-energy operator 'Z;’fw, on L, by

Tz7w’f(x7 y)

= |:Dn(w|z|—1vw(y\_l)éx,wm&y,w’ - Dn(w‘/ﬂ_laW\y|—1)5m,w"z|5y,w‘y‘] f(xa y)

[yl

It is not hard to show that

RZ,W’ == DZ7w/ + ,Z;wa/ (51)

We call (5.1) the discrete Finstein equation [6]

If we can find D, (w,w’) such that the classical Einstein equation is an
approximation to (5.1), then it would give information about D, (w,w’).
Moreover, an important problem in discrete quantum gravity theory is how
to test whether general relativity is a close approximation to the theory.
Whether Einstein’s equation is an approximation to (5.1) would provide
such a test.

As with the classical Einstein equation (5.1) is difficult to analyze. We
obtain a simplification by considering the contractive discrete curvature,

metric and mass-energy operators RZ,«;HDZ,WH,ZEW': L, — K,, respec-

tively, given by (R&w’f)('r) = R&w/f(l',ilf), (Dz,w/f)(x) = D&wlf({ﬂ,.%'),
(7)) =1, f(z,x). We then have the contracted discrete Einstein
equation R R R

Rz,w’ = Dz,w’ + mw’

13



where

D2 f () = (@) [ £y 1 @lai 1) = F@af 101
. 5%‘0‘/ ‘595,%1‘
I [ () = 20 Im Dy (w1, Wloy 1)y Srr, F (2, 2)

Any f € L, can be decomposed into a sum of its symmetric and anti-
symmetric parts: f = fs + f, where

flz,y) + fy, @)
2

f(x,y) — f(%m)
2

fs(l‘a y) =

fa(xa y) =

and fs(z,y) = fs(y,x), fa(x,y) = —fa(y,x). We then obtain the simpler
forms

ﬁg,w’f(x) = Mn(x)fa(wkalvw|x|—1)6x,w’ 5m,w‘w‘

||

,]:urfw’f(x) =2iIm D'ﬂ(wkc\—l:w|/x|71)5$,w|x|6m,w"zlfs(x7x)
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