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social sciences. The results suggest that TIMSS-2011 8th-grade mathematics data yield 

different subgroups based on ability levels of students.  
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differences, curriculum etc. or a model including additional factors of quantitative 

differences within strategies (MRM) should be used with this particular dataset. Both of 
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similar to TIMSS exams, item difficulty parameters can be useful for educational 
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Chapter One 

(To the Great Nation of Turks) 

Introduction and Review of the Literature 

The purpose of this study was to compare of the results of latent class analysis 

and mixture Rasch model analysis for a major international assessment in mathematics. 

Latent class analysis and mixture Rasch model analysis are two approaches to 

identification of latent classes in data. The purpose of the two approaches and likely the 

outcomes overlap but assumptions about the nature of the data and the information 

derived from each approach differ. The existence of multiple latent classes in test data 

speaks to the validity of test scores, particularly with the mixture Rasch model. If 

multiple latent classes are found in test data, distinct groups of participants exist for 

whom the construct varies, making cross-country comparisons suspect. The use of an 

international mathematics assessment for four diverse participating countries (Turkey, 

USA, Finland, and Singapore) is reviewed in this study, with a brief summary in the 

discussion of assessment implications for education in Turkey. Four countries with 

diverse educational systems were selected with the idea that variation in item response 

patterns might be found based on diversity in instructional systems. Since participant 

nations attribute great importance to these assessments, it is important to analyze the 

latent class structure for this test. A test with support for validity of cross-national 
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comparisons would ideally yield a single latent class and comparable results with both 

analytic techniques.  

The main reason for the selection of the countries was to capture as much 

variance as possible so that the possible latent classes could be explored by both analyses. 

The four nations selected are distinctly different from each other and exploring different 

latent classes in the data is critical for participating countries. International test results are 

being used widely by researchers as a reference to compare nations to each other or to see 

the progress of a nation over the time. It is expected that the nations which are 

participating in the test can be compared using TIMSS results, but the presence of 

multiple latent classes calls that comparability into question. 

International test results are used to guide modifications and development in 

educational systems for entire nations.  Test results are interpreted in comparison with 

results from other participant nations. It is critical, then, that the test used to assess 

student performance for a nation has support for validity that makes results comparable 

cross-nationally. The intent of the present study was to assess whether results of analysis 

of test data with two current analytic methods, both of which identify latent classes in the 

data, yield similar results. If distinct latent classes are, indeed, identified, there is a 

suggestion that the construct measured may not be invariant across those classes. And, if 

latent class is associated with national origin, the validity of cross-national comparisons 

is called into question. Latent class analysis (LCA) is a subgroup of structural equation 

modeling which is used to find categorical groups or subtypes of cases, in the present 
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case based on responses to test items (McCutcheon, 1987). Mixture Rasch models, which 

combine Rasch models with latent class analysis, have been used to identify latent classes 

who might use different problem-solving techniques or who use different skills in 

response to test items. Both analytic approaches result in identification of latent classes 

but each approach makes different assumptions about the nature of data and uses 

different estimation procedures. One main difference between these two analyses is that 

LCA uses raw response data whereas the mixture Rasch model uses item parameters 

from Rasch analysis to estimate latent classes within a dataset. Additionally, LCA 

assumes items are locally independent given class while MRM assumes that items are 

locally independent given class and ability within the sub-population. Both analytic 

methods are used primarily in methodology research rather than as a general tool 

employed by psychometricians (e.g., Dallas & Wilse, 2013) and, to the researcher’s 

knowledge, results of analysis using the two methods have not been directly compared.  

This study’s primary purpose was to compare results of the two analyses and 

secondarily to provide evidence addressing the validity of an international mathematics 

test for making cross-national comparisons. 

Purpose of the Study 

The purpose of this study was to conduct a comparison of the results of latent 

class analysis (LCA) and mixture Rasch model (MRM) analysis using data from the 

Trends in International Mathematics and Science Study – 2011 (TIMSS-2011) with a 

focus on the 8th-grade mathematics section. The research study focuses on the 
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comparison of LCA with Mplus version 7.31 and the MRM with WinMira 2011 to 

determine if results obtained differ when the assumed psychometric model differs. This 

comparison was conducted in the context of an examination of cross-cultural differences 

between the four nations’ (listed above) educational systems. After a brief introduction, 

the statistical procedures that are the focus of this paper, LCA and the MRM, are 

reviewed. Then, literature examining TIMSS-2011 is reviewed, with a focus on four 

participating countries’ educational systems which are briefly described, and a particular 

emphasis on the author’s home country of Turkey. 

Research Questions 

The following research questions were addressed by this study using LCA and the 

MRM with the TIMSS-2011 8th-grade mathematics data. 

1. Does analysis of TIMSS-2011 8th-grade mathematics data from four proposed 

nations yield multiple latent classes using LCA techniques? 

2. Does analysis of TIMSS-2011 8th-grade mathematics data from four proposed 

nations yield multiple latent classes using the MRM techniques? 

3. Do LCA and the MRM analysis results differ in terms of: 

a. Item fit parameters for TIMSS-2011 8th-grade mathematics? 

b. Item class parameters for TIMSS-2011 8th-grade mathematics? 

4. Are there associations between LCA and the MRM latent classes, nation, and 

gender for TIMSS-2011 8th-grade mathematics? 
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Introduction 

Large scale international assessment has become an important tool for countries 

to see how they perform compared to their rivals and neighbors and also to assess the 

progress made by their own education systems. Cross-cultural comparisons of results also 

help academicians to set international standards in education. Results from TIMSS-2011 

showed a gap in mathematics achievement between those in top performing countries and 

Turkish 8th-graders.  Although Turkey ranked 24th out of 56 participating countries, the 

country ranked 10th within advanced level students’ results (Yücel, Karadağ, & Turan, 

2013). Unfortunately, results show that variation in performance is very high within the 

population of Turkish students. As a result of this, equity in the Turkish educational 

system should be examined. 

Turkey has begun to benefit from international assessments starting with TIMSS-

1999. In 2002, the Turkish Educational System initiated its biggest steps in education 

reform since the early stages of the young Republic. There have been numerous 

developments over the last decade. The underlying purpose of these changes is to take the 

country to rank within the top ten big economies in the world by 2023, the 100th 

anniversary of the Republic of Turkey. The political party in office currently has made 

extensive changes to the system. However, there is no local or national tool to measure if 

those ongoing efforts had a positive or negative impact. The standardized tests for 

transfers within the school system are not designed to see if the changes are effective. In 

other words, TIMSS and the Programme for International Student Assessment (PISA) 

studies are the only way to examine the effects of recent changes.  
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Assessment practices affect grades, placement, advancement, instruction, 

curriculum, policy, and also funding (Toker & Green, 2014). The quality of the 

assessment used for any of these purposes is important.  For example, analyses show that 

Finnish mathematics education practices are likely to explain the TIMSS achievement by 

Finnish students. The data created by international large scale assessment results are 

becoming increasingly useful for those who are the key players in an educational system 

such as academicians, administrators, policy makers, teachers, and also parents.  

Although it can easily be said that international test data might be useful for 

handling some policy questions, and most likely these data are the only way to test the 

impact of differences in educational systems that vary across countries, barriers to 

drawing causal inferences based on such data exist (Schneider, 2009). There is no 

persuasive evidence that questions in different languages are valid and understood 

equally by all students or that the process used to respond to questions is the same 

(Holliday, 1999). Nonetheless, the popularity of international assessments is rising and 

their utility in making policy recommendations without considering such potential 

limitations is as well. And, rankings of countries on international assessments do not 

reflect where a country stands as far as world politics, army forces, and economic growth 

are concerned. The mean score of these standardized tests summarizes the performance 

of students overall and so shows that some standards differ greatly among countries and 

economies in ways that cannot simply be accounted for by the countries’ different stages 

of economic development. Research shows that a country’s wealth and spending on 

education affects educational success; but GDP per capita accounts for only 6% of the 
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differences between countries’ average student performance. The remaining 94% reflects 

the fact that two countries of similar economic levels can show very different educational 

results (OECD, 2010). For example the total expenditure on the education of a 15-year-

old Finland student represents the international average and is lower than it is in the US. 

However, the difference between these two nations in mean performance scores on the 

PISA science scale is about 50 points in favor of Finland (OECD, 2009a). 

In this study, results of two statistical techniques for latent class estimation based 

on students’ responses were compared. This study evaluated and compared the 

performance of LCA and MRM methods. Both techniques were used in terms of 

questionnaire validation to see if TIMSS-2011 data yielded different sub-groups within 

the selected nations. It is believed that comparison of different techniques, which have 

similar purposes and outcomes, might contribute advice and cautions for future studies 

where researchers have similar data. 

The next section of this paper focuses on the statistical procedures LCA and 

MRM which are used in this paper. 

Latent Class Analysis of Item Responses 

The first model discussed in this study is latent class analysis. LCA was first 

introduced in 1950-1959 by Lazarsfeld. He used the procedure mainly for clustering 

based on categorical observed variables. After 1950, the technique was studied widely by 

other statisticians. In 1974, Goodman developed an algorithm for obtaining maximum 

likelihood estimates of the model parameters so that the model could be applicable in 



 

8 
 

practice. He also studied polytomous manifest variables and multiple latent variables. 

Further, he completed an important work on the issue of model identification. In the same 

time period, Haberman (1979) presented the relationship between LC models and log-

linear models for frequency tables with unknown cell counts. Some other important 

studies have also been conducted since then, such as development of models containing 

(continuous) covariates, ordinal variables, several latent variables, and repeated 

measures. Hagenaars (1990) proposed a general framework for categorical data analysis 

with discrete latent variables. This study was extended by Vermunt (1997b) and the 

resulting LC model with a latent variable and four observed variables (u1, u2, u3, u4) is 

pictured in Figure 1.  

 

Figure 1. The Latent Class Model (Vermunt & Magidson, 2004). 

According to Collins and Lanza (2010), LC is a latent variable model used in the 

social, behavioral, and health sciences to determine if individuals can be divided into 

subgroups or latent classes based on an unobserved construct. The statistical procedure is 

related to confirmatory factor analysis (CFA: Harrington, 2008) and item response theory 

(IRT) (Lazarsfeld, 1950; Lord, 1952; Rasch, 1960/1980) when analyzing cross-sectional 

Latent 
Variable

u2

u3

u4

u1
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data. LCA and confirmatory factor analysis have similar underlying ideas. However, in 

CFA the latent variable (i.e., factor) is continuous and has a normal distribution with 

indicators treated as continuous, while in LCA the latent variable (i.e., latent class 

variable) is categorical and has a multinomial distribution with indicators treated as 

categorical (Collins & Lanza, 2010). LCA is also conceptually similar to a one parameter 

IRT as a generalization of discrete response models (Samuelsen & Dayton, 2010); 

however, the latent variable is categorical in LCA whereas it is continuous in IRT 

(Collins & Lanza, 2010). 

LCA is a statistical technique whose purpose is to identify class membership 

among subjects using categorical observed variables. Latent variables are not directly 

observed variables but are rather indicated by observed variables which are directly 

measured (see Figure 1). One of the main differences between LCA and other latent 

analyses is that LCA is person-oriented since it is focused on finding groups based on 

individuals’ response patterns (Collins & Lanza, 2010). Based on this difference and the 

nature of the data, LCA was selected for use in this study  

“to arrive at an array of latent classes that represents the response patterns in the data, and 

to provide a sense of the prevalence of each latent class and the amount of error 

associated with each variable in measuring these latent classes” (Collins & Lanza, 2010, 

p. 27).  

Consider next the special case of the general modeling framework shown in 

Figure 2. The framework is characterized by using categorical latent variables, denoted 

by the circle c in Figure 2. Although the figure provides a general framework for all LCA 

related analysis, the categorical version of the analysis will be used in this study.  
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Figure 2. A general latent variable modeling framework (Muthén, 2001). 

First, a general modeling framework of LCA as used in Mplus (Muthén & 

Muthén, 1998-2012) is shown to provide the basic mathematical model. This is followed 

by a discussion of latent class analysis as applied to this study.  

According to Muthén (2001) (see Figure 2), c denotes a categorical latent variable 

with K classes, ci = (ci1, ci2,...,ciK)’ , where cik = 1 if individual i belongs to class k and 

zero otherwise. The framework has two levels: c related to x and u related to c and x; c is 

related to x by a multinomial logistic regression using the K ˗ 1-dimensional parameter 

vector of logit intercepts αc and the (K ˗ 1)×q parameter matrix of logit slopes Γc, where 

for k = 1, 2,...,K 

                                    (1) 
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where the last class is a reference class with coefficients standardized to zero, αck 

= 0, γck = 0. For u, conditional independence is assumed given ci and xi, 

P(ui1, ui2,...,uir| ci, xi) = P(ui1| ci, xi) P(ui2| ci, xi)...P(uir | ci, xi).                           (2) 

 

The categorical variable uij (j = 1, 2,...,r) with Sj ordered categories go an ordered 

polytomous logistic regression (proportional odds model), where for categories s = 0, 1, 

2,...,Sj ˗  

1 and,  

 

(3)             

   (4) 

(5) 

where for 

 (6) 

and conditional on class k,  

                                         

                                               (7) 

 (8) 

 

where Λuk is an r × f logit parameter matrix differing across the K classes, Kuk is an r × q 

logit parameter matrix differing across the K classes, αuk is an f × 1 vector logit parameter 

vector differing across the K classes, and Γuk is an f × q logit parameter matrix differing 
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across the K classes. The thresholds may be stacked in the ∑ (𝑆𝑗 − 1)𝑟
𝑗=1  × 1 vectors 𝜏k 

differing across the K classes.  

It is important to emphasize that (7) does not include intercept terms given the 

existence of 𝜏 parameters. Furthermore, 𝜏 parameters have opposite signs than u* in (7) 

because of their interpretation as cutpoints or thresholds that a latent continuous response 

variable u* goes beyond or falls below (Agresti, 1990). For example, with a binary u 

scored 0/1 (5) leads to 

 

(9) 

For example, the higher the 𝜏 the higher u needs to be to exceed it, and the lower the 

probability of u = 1. 

A latent categorical variable is used to identify unobserved heterogeneity in latent 

class analysis. In this case, the specific goal is to find groups (latent classes) of 

individuals who are similar in response patterns. It is presumed that an adequate number 

of latent classes for the categorical latent variable results in conditional independence 

among the observed variables (Collins & Lanza, 2010). Since the latent class variable is 

the only source of dependence among the outcome variables, the latent class analysis is 

similar to factor analysis with uncorrelated residuals (Collins & Lanza, 2010; Samuelsen 

& Dayton, 2010; Wang & Wang, 2012).  

Muthén (2001) explains that latent class analysis typically uses categorical 

variables u of the latent class variable c. The variables of u are binary, ordered 
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polytomous, or unordered polytomous. As a result of the conditional independence 

specification, the joint probability of all u’s is  

 

(10) 

 

Above model has two types of parameters. The distribution of the categorical 

latent variable is shown by P(c = k) expressed in terms of the logit parameters αck in (1). 

The conditional u probabilities are indicated via logit parameters in line with (9) where 

for a binary u logit = −𝜏k for class k, i.e. the u* part of (7) is not needed. Almost identical 

to factor analysis, the conditional u probabilities present an interpretation of the latent 

classes such that some results represented by the different u’s are more or less likely in 

some latent classes than others. The latent class counterpart of factor scores yields 

posterior probabilities for each participant belonging to all classes as computed by Bayes’ 

formula; 

(11) 

 

 

According to Samuelsen and Dayton (2010), the primary assumptions of LCA are 

as follows: 

 Number of classes specified by the model is correct. 

 There is only one latent class for one respondent 

 In one latent class all respondents are homogenous. 
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Based on these assumptions one fundamental concept of LCA is local independence 

where latent class membership is known when observed responses are independent. 

There are four main steps to estimate a simple LCA model: 

1- find the optimal number of classes, 

2- assess the quality of the classification of latent class membership, 

3- define the latent classes 

4- predict latent class membership (Wang & Wang, 2012) 

To determine the optimal number of classes a series of LCA k-class models are 

compared to k-1 class models iteratively. Since χ2 statistics are inappropriate in the 

presence of too many zero indicator cells in the contingency table, it is not appropriate to 

use χ2 to determine model fit (Wang & Wang, 2012). According to Muthén (2004), a k-

1class model is a unique version of the k-class model with one latent class probability 

value set to zero. As a result, the difference in the log-likelihood between two of the 

models does not follow a χ2 distribution. 

There are different fit indices used in LCA model fit comparisons such as the 

following information criterion indices: AIC (Akaike, 1973, 1983), consistent AIC 

(CAIC; Bozdogan, 1987), BIC (Schwarz, 1978), \Lo-Mendell-Rubin likelihood ratio test 

(LMR LR: Lo, Mendell, & Rubin, 2001), and an adjusted version of LMR LR. There is 

also a bootstrap likelihood ratio test (BLRT) developed by McLachlan and Peel (1987, 

2000). The model log-likelihood based and penalty terms related to model complexity 

type fit indices are commonly used to compare different LCA models. Mplus provides 
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three different types of information criterion indices such as AIC, BIC, and ABIC. 

Smaller values of these indices shows better model fit. A model with the lowest BIC or 

AIC is preferred. According to Lin and Dayton (1997), if the model is more complex AIC 

provides better model fit information than other indices. 

Once the possible optimal number of classes is fit, cases are loaded into latent 

classes. Based on the response pattern of an individual, the probability of latent class 

membership is measured via posterior class-membership probability (Wang & Wang, 

2012). The determination of latent class membership is not definite yet it is based on the 

most likely latent class assessed via the highest estimated posterior class-membership 

probability.  A probability close to 1.0 shows a very low chance of misclassification of 

that individual. For example, if there is a 4-class LCA model, and for an individual 

estimated posterior class-membership probability scores for Classes 1, 2, 3, and 4 are as 

follows, 0.07, 0.09, 0.10, and 0.74, respectively, the individual will be assigned to class 4. 

The probability of the case being assigned to the correct class is 0.74 and probability of 

false classification will be (0.07 + 0.09 + 0.10) = 0.26. Since, in practice, it is almost 

impossible to have a posterior probability score of 1.0, a general guide according to 

Nagin (2005) is 0.70 or greater for assignment to a class.  

Mplus provides another criterion calculated by Kamakura and Wedel (2000) 

called REN which is based on Celeux and Soromenho’s (1996) work called entropy 

(EN). This criterion is based on an entropy term calculated on the basis of the posterior 

probabilities for every sample unit and mixture component. The entropy criterion 
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introduced assesses the ability of a mixture model to provide well-separated classes and 

is derived from a relation underscoring the differences between the maximum likelihood 

approach and the classification maximum likelihood approach to the mixture problem 

(Celeux & Soromenho, 1996). The values of REN range from 0.0 to 1.0 where a higher 

value shows a better classification. Although there are no clear cut-off points, a value of 

0.80 is high, 0.60 is medium, and 0.40 is considered low entropy (Clark, 2010). After all 

individuals are classified into latent classes it is important to note the size of each class. 

To have a meaningful classification, sizes of each class should not be too small or too 

big. Also it is important to have theoretically meaningful and interpretable classes (Wang 

& Wang, 2012). 

Just as in factor analysis, it is important to define classes in a way that makes 

sense. Once a set of latent classes are decided upon, the researcher needs to ensure that 

each latent class is meaningful and interpretable. The main goal of an LCA analysis is to 

explain heterogeneity in the data set. This explanation is based on the patterns decided by 

the statistical analysis. As a result of meaningful and interpretable latent class 

determination, the identified model will make sense to the researcher’s audience. Also, 

even if the model is identified and meets all requirements of a mathematical analysis, if 

one cannot supply a theoretically interpretable latent class, the estimated model will not 

be useful (Wang & Wang, 2012). At this point, TIMSS data demographics such as gender 

and country of origin can be used to interpret the results. 
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The final step of the LCA is the class membership prediction. For this purpose, 

during the analysis covariates can be readily included. This gives an advantage to LCA 

over traditional cluster analysis. It is possible to run the analysis and include covariates at 

the same time (Muthén, 2004). On the other hand, a well-known problem in LCA 

modeling is that the model might provide incorrect parameter estimates due to difficulties 

in converging on the global maximum likelihood, but rather provide incorrect parameter 

estimates based on local maxima (Wang & Wang, 2012). One practical solution to this 

problem is to estimate the model with different sets of random starting values.   

An example of LCA 

Higginbotham (2013) studied the latent factor structure of the November 2011 

version of the Air Force Academy’s Character Mosaic Virtues (CMV) questionnaire. He 

used the item responses from a CMV nine factor post hoc modified model as the input 

data for the LCA. There were 27 items in the model. Items were designed to measure 

character virtues based on the following nine theoretical constructs: courage, 

accountability, humility, duty, care for others, self-control, respect for human dignity, 

attention to detail, and excellence. The item responses were coded to dichotomous 

responses with “very much like me” and “like me” recoded as “like me” with a value of 

1, while the item responses “neutral,” “unlike me,” and “very much unlike me” were 

recoded as “unlike me” with a value of 0. 

He defined three latent classes based on the estimated posterior probabilities. 

Most cadets (n = 101) were assigned to class 1, 95 cadets were assigned to class 2, and 57 
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cadets were assigned to class three. Classes were defined as follows: strong identification 

with virtues, moderate identification with virtues, and weak identification with virtues 

(Higginbotham, 2013). 

The Mixture Rasch Model  

The mixture Rasch model was first introduced by Rost in 1990. The model was 

proposed to bind the Rasch model with latent class analysis. It assumes that the Rasch 

model holds for all participants within a latent class, but it allows for different sets of 

item parameters between the latent classes (Rost, 1990). Since it assumes latent classes 

for which separate Rasch models hold, the model is applied to validate responses to an 

exam or questionnaire. Also, Rost states that if a model with two or more latent classes 

identified fits better than a model with one latent class, the measurement invariance 

assumption is violated and a single Rasch model is not a fit. When there are several latent 

classes in the data, separate Rasch models with separate sets of item difficulties are 

required. These different sets are considered latent clusters in the sense that they are not 

determined by covariates (Frick, Strobl, & Zeileis, 2015).  

According to Rost (1990), item parameters might differ as a result of poor 

construction of items, use of different type of solving strategies by participants belonging 

to different latent classes, or different cognitive processing styles of participants across 

subpopulations. The mixture Rasch model is a unidimensional model, though the 

supposed dimension changes across the classes. Item difficulty estimates should remain 

constant for different clusters of people in a unidimensional Rasch model. The MRM, on 
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the other hand, can account for data when difficulty patterns of items consistently differ 

in subclasses of the population. This gives the MRM an advantage over a unidimensional 

Rasch model where the MRM allows item parameters to differ across subclasses of the 

population, when the unidimensional Rasch model does not fit for the entire population 

(Rost, 1990; Rost & von Davier, 1995). Since the Rasch model has some strict item and 

homogeneity assumptions, the MRM becomes useful when some population and item 

homogeneity assumptions are relaxed. Mixture Rasch models can detect participant 

heterogeneity and the related item structures, the size of latent classes, and the latent 

score distribution (Baghaei & Carstensen, 2013). 

However, the MRM is still a Rasch model since each subset of population can be 

broken down separately with a unidimensional RM (Rost, Carstensen, & von Davier 

1997). According to Rost (1990), rather than rejecting an entire data set for fit purposes, 

the MRM study can easily be applied in such situations and study different cognitive 

processes for latent classes of the population. The probability of a correct response to an 

item relies on more than one person ability dimension in multidimensional Rasch and 

IRT models. However, in the MRM the probability of a correct response to an item relies 

on one person ability dimension and also a categorical variable, called the latent class to 

which the participant belongs. One disadvantage of latent class models is the requirement 

of consistent response probabilities for all individuals in a latent class. Research has 

shown that for every cognitive structure or response strategy, multiple latent classes are 

needed in order to account for individual differences in ability. Rost (1990) suggests that 
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a generalized latent class model allowing for ability differences within classes should be 

used in such cases. 

Rost (1990) explains the proposed model via a series of following mathematical 

formulas. Let 𝜌𝑣𝑖𝑔 indicates person v answering “yes” or correctly answering item i and 

this person belongs to latent class g. One can say that subjects’ response probabilities can 

be shown by the dichotomous Rasch model 

𝑝𝑣𝑖𝑔 =
exp(𝜏𝑣𝑔+ 𝜎𝑖𝑔)

[1+exp(𝜏𝑣𝑔+ 𝜎𝑖𝑔)]
 ,                                                                                                  (1)  

where 𝜏𝑣𝑔 is the participant’s ability and 𝜎𝑖𝑔is the item easiness parameter. Within each 

latent class g an indeterminancy constraint ∑ 𝜎𝑖𝑔 = 0i  must hold. Furthermore, if the 

researcher thinks latent classes are mutually exclusive and exhaustive, structure of the 

latent class is as follows: 

𝑝𝑣𝑖 = ∑ 𝜋𝑔 𝑝𝑣𝑖𝑔

𝑔

 

      ∑ 𝜋𝑔 
𝑔

exp(𝜏𝑣𝑔+ 𝜎𝑖𝑔)

[1+exp(𝜏𝑣𝑔+ 𝜎𝑖𝑔)]
                                                                                             (2)                                              

where 𝑝𝑣𝑖 is the unconditional response probability and 𝜋𝑔 is the class size parameter or 

“mixing proportion with constraints between 0 and 1 and ∑ 𝜋𝑔 = 1 𝑔 . 

Since none of these equations yet define the entire model because they do not 

specify how to deal with the person parameter, 𝜏𝑣𝑔 , it is important to control the person 

parameters using a Rasch-like model structure. To get the likelihood function, it is 

important to obtain the pattern of probabilities p(x) which is x = (x1 , x2 , . . . . xi  …. xk  ) 

where xi  = 0 or 1. The formula for the pattern probability can be written as follows: 
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𝑝 (x) = ∑ πg p(x | g)g                                                                                                    (3) 

where p (x | g) is the product of response probabilities defined by Equation 1 over all 

items. In the Rasch model the number of correct item responses is used to estimate 𝜏. So 

all participants with the same score r have the same 𝜏 score. As a result of this, the 

pattern probability p (x | g) can be rewritten with the score r associated with a given 

pattern as follows 

𝑝 (x | g) =  𝑝 (x | g, r)⦁ 𝑝 ( | g) .                                                                                     (4) 

This factorization is quite important and useful since only the first factor depends 

on the item parameters 𝜎𝑖𝑔, 

𝑝 (x | g, r) = exp (∑ 𝑥𝑖 i𝜎𝑖𝑔) / Φr [exp(𝜎)] .                                                                    (5) 

In this formula, Φ values are the symmetric functions of order r of the delogarithmized 

item parameter values. Moreover, only the second factor depends on the ability 

distribution in class g. The MRM is also a “distribution free” model just like the simple 

Rasch model.  

A combination of all these elements defines the likelihood function of the model 

as follows; 

𝐿 =  ∐ {∑ 𝜋𝑔𝜋𝑟𝑔 exp (∑ 𝑥𝑖 i𝜎𝑖𝑔) / Φr [exp(𝜎)]}   𝑔𝑥
n(x)   ,                                             (6) 

where n(x) denotes the observed number of response patterns x, and the score 

probabilities 𝜋𝑟𝑔 =  𝑝 (r | g) have been rewritten by using Greek letters for renaming the 

model parameters. 

Therefore the number of independent model parameters is constructed as follows: 

a. h - 1 class size parameters 𝜋𝑔, where h is the number of classes, 
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b. (k - 1) h class-specific item parameters, where k is the number of items 

measured and must be lowered by 1 because of the norming constraint, 

and 

c. 2 + h (k - 2) class-specific score probabilities, because one parameter in 

each class depends on the sample size and the class size, and the two 

parameters for the 0 and 1 vectors are class independent 

As can be noted, the Rasch model is a one-class solution of the proposed model in 

Equation 17. Also the same Equation is a special case of simple latent class analysis.  

The Rasch model is a useful tool to generate item difficulty estimates. However it 

can be quite difficult to meet some assumptions of the Rasch model. It is possible that 

some items might behave differently for subgroups or participants’ responses might 

depend on the latent class to which they belong (von Davier & Yamamoto, 2007). 

Basically the MRM is a Rasch model with an added latent class structure. It is assumed 

that item parameters depend on the particular latent class. This latent class structure is 

useful when item difficulty differs for different sub-groups and also if different 

participants use different strategies to answer items.  Because of the potential for different 

item parameters, a Q-index is calculated for item fit for each class. The Q index shows 

the relationship between items and each latent class. The Q index is calculated based on 

the log−likelihood of the observed item-response pattern. “The fit of an item i is 

measured with the conditional probability of its observed item response vector” (von 

Davier, 2001b, p. 76). The Q index values are between 0 and 1, where 0 represents 

perfect fit and 1 represents perfect misfit or negative discrimination. A Q index of .50 
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shows no relation of the item to the trait or participants’ random response behavior. The 

standardized form of the Q index (ZQ) with zero mean and variance of unity (which can 

be assumed to be asymptotically normal) is also provided by WINMIRA 2011 (von 

Davier, 2001b). The familiar ±1.96 standard error boundary of a 95% confidence interval 

can be used for the interpretation of a standardized Q index. In this paper, TIMSS-2011 

items were studied to explore if items differed in terms of difficulty when there were data 

from multiple participating nations. 

In the MRM, there are different sets of item parameters estimated for each class. 

It is presumed that one participant only belongs to one latent class where the class 

membership is unknown. Since class membership is unknown, the probabilities of being 

in each class are estimated. However, one of the main critiques of the MRM is the 

difficulty of interpreting the qualitative meaning of the class membership (Embretson, 

2006). The MRM can be used for different goals, e. g., 

a. to test fit of a Rasch model via comparing a one-class solution to two- or 

multi-class solution, 

b. to identify a Rasch-scalable subpopulation, 

c. to analyze rating data when different subsets have different response sets, 

d. for profile analysis purposes when a set of items have ordinal responses, 

e. to measure a latent ability when different participants apply different solution 

strategies for answering questions (von Davier, 2001). 
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To estimate parameters in the MRM an iterative algorithm called estimation-

maximization (EM algorithm) or iterative proportional fitting is used since latent classes 

are not known before the analysis is done. The EM algorithm works in two steps: 

1- Within each (E)stimation−step, for each subpopulation, the expected 

frequencies of the sufficient statistics for the model parameters are calculated 

via computation of posterior probabilities given the current parameter 

estimates. 

2- Within each (M)aximization−step, by using the sufficient statistics from the 

previous E−step, maximum likelihood estimates in each subpopulation are 

calculated (Rost, 1990). 

An example of MRM analysis 

Baghaei and Cartensen (2013) applied MRM analysis with a reading 

comprehension test.  Results showed that a two-class solution fit better than a one-class 

solution. Class sizes were 50.5% and 49.4% respectively. Participants in Class 1 showed 

better performance in short text items whereas participants in Class 2 showed better 

performance in long text items. The latent classes showed a difference with respect to 

reading competence, where Class 2 had a significantly higher reading mean. Item fit 

assessed by a Q index which showed that the items fit well within the classes, other than 

one item which did not have good fit in Class 2. The authors suggested that texts with 

different lengths have different cognitive demands which in turn have an impact on the 

internal validity of the test in terms of its fit to the Rasch model. 
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Latent Class Analysis and the Mixture Rasch Model  

Since both techniques are used in educational sciences, it is important to 

summarize their similarities and differences. Rasch models assume that participants who 

have the same ability have similar item solution techniques, skills, and psychological 

procedures used for solution (Fischer & Molenaar, 2012).  However, studies in cognitive 

psychology and standardized testing have suggested that participants at the same ability 

level might use totally different techniques and strategies and take different paths to 

arrive at a solution (Sigott, 2004; Sternberg, 1985). If so, the test construct may change 

for different participants depending on the paths they take for solving the items, which is 

a threat to construct validity. LCA and the MRM are statistical models used to examine 

this threat. 

Analysis of examinee responses to test items typically rests on the assumption that 

item parameters are homogeneous across examinees; that is, the items are assumed to 

behave in the same way for all examinees. In a conventional Rasch analysis, a single 

difficulty parameter is estimated for each item, and all item difficulty estimates are 

located on a single dimension along with a single ability parameter for each examinee. 

However, when examinees systematically differ in the ways they understand or solve 

items, this assumption may no longer hold. Differences in item solution processes, for 

example, can give rise to differences in item position parameters and hence to different 

latent classes. 
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The fundamental concept underlying LCA is straightforward: some of the 

parameters of a statistical model differ across unobserved subgroups. These subgroups, 

which are posited to be nations in this case, are the categories of a categorical latent 

variable (Vermunt & Magidson, 2004). The mixture Rasch model, on the other hand, is 

based on the Rasch model (Rasch, 1960), and was introduced by Rost (1990). It is a 

mixture of a latent trait approach and a latent class approach to model qualitative and 

quantitative ability differences. The model assesses a set of items as a whole. Therefore, 

it is the set of item parameters for all items that is tested for differences between latent 

classes rather than each item parameter being tested individually (Frick, Strobl, & Zeileis, 

2015).  

LCA estimates relationships between indicator variables due to class membership 

only. Also it calculates class membership probabilities instead of fixed class 

memberships. For example, if there are four suspected classes in a data set the probability 

of a participant being in each class might be as follows: 0.76, 0.14, 0.08, and 0.02. Since 

LCA does not provide fixed class memberships for each case, another step takes place 

within the model selection process called “quality of the classification of latent class 

membership” (Wang & Wang, 2012). A criterion value from Nagin’s (2005) study is 

used to determine the quality (.70 and higher). Finally, LCA requires each latent class to 

be defined in a meaningful manner so variance within the population can be described. 

As a result of this, latent class interpretation is a very important step of LCA.  
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 However, in the MRM, because each class of participants shows a different 

pattern of response, there are different parameter estimates for each class. The class-

related differences in item parameter estimates (the relative difficulty of items) provides 

differences in how the construct being examined is understood by that class's 

respondents. Unlike LCA, the class assignment method the MRM uses is a fixed 

assignment procedure called modal class. One important point is that LCA’s path for 

class membership divides the sample into different groups. Final class membership 

probabilities provide percentages rather than fixed class membership. At first, one might 

emphasize that LCA’s procedure can provide statistical optimization. However while 

gaining statistical optimization, classification interpretability and usability can be lost. 

Also, in the case of a follow up study with same participants, 72% of one case cannot be 

invited to a focus group while 28% of the same case stays in another group (Dallas & 

Wilse, 2013).   

The solution the mixture Rasch model provides on this matter is using item 

difficulty parameters. Since the main product of each class is item difficulty parameters, 

interpretation of classes is derived from differences in item difficulties. Therefore, there 

is no need to evaluate the quality of the classification of latent class membership, and to 

define the latent classes for modeling purposes in the MRM. 

Several studies have examined international test data using LCA or MRM. Choi 

and colleagues (2015) used a mixture three-parameter logistic model to explore possible 

latent classes within the TIMSS-2007 mathematics dataset using internet access as their 
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covariate. Two latent classes were found, mainly formed around the test performance 

dimension. In another study, data from the 2006 PIRLS assessment (International 

Association for the Evaluation of Educational Achievement, 2008) were used to explore 

differential item functioning using possible latent classes. PIRLS is also an international 

exam similar to TIMSS and PISA. The latent class approach yielded three latent classes, 

showing proof of heterogeneity in students’ response patterns (Oliveri, Ercikan, Zumbo 

& Lawless, 2014). Additionally, Zhang, Orrill and Campbell (2015) also studied the 

PISA-2009 dataset using responses for students in China where they explored two 

distinct latent classes via MRM analysis for both the mathematics and science sections of 

the exam.  

A simulation study along with analysis of real data was conducted where 

researchers compared results of latent transition analysis (LTA) which is similar to LCA 

but with the inclusion of longitudinal data used to see changes in the latent classes over 

time, with a combination of LTA-MRM techniques (Cho et al., 2010). MRM analysis 

provided more useful results in both simulation and real data applications. Additionally, 

the study with the real dataset showed that the MRM-related technique detected the 

intervention effect clearly. To summarize, past research with LCA and MRM analyses 

have typically found multiple latent classes in international test data. 

Log-linear Analysis 

In this paper, another statistical method, called log-linear analysis, is also used to 

compare the significance level of interaction between LCA, MRM and two of the 
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demographics such as nation and gender. Log-linear analysis is a method used widely in 

educational statistics to measure the associations between more than two categorical 

variables (Knoke & Burke, 1980). In the past, contingency tables--two-way tables formed 

by cross classifying categorical variables--were typically analyzed by using chi-square 

tests of association. If more than two variables were analyzed, the chi-squares for two-

way tables were computed and then computed again for multiple sub-tables formed from 

them in order to examine if associations and/or interactions were taking place among the 

variables. Goodman and Kruskal (1979) analyzed cross-classified data with multiple 

categorical variables and changed the field dramatically with the publication of a series of 

papers on log-linear models. 

Log-linear analysis is a more complex application of two-way contingency tables. 

The conditional relationship between two or more categorical variables is examined by 

taking the natural logarithm of the cell frequencies within a contingency table. Although 

log-linear models can be used to analyze the relationship between two categorical 

variables (two-way contingency tables), a more common version of the analysis called 

multi-way contingency tables involvings three or more variables was used to examine the 

relationships between expected latent class memberships for the MRM and LCA analysis 

as well as nation and gender (Gupta & Kapoor, 2000). The variables analyzed by the 

model were all treated as “response variables” which means, there were no distinctions 

made between independent and dependent variables. Hence, log-linear models only 

demonstrate associations between variables. 
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TIMSS-2011 

As the name indicates, The Trends in International Mathematics and Science 

Study is an international mathematics and science study in which numerous countries 

participate. TIMSS exams are administered at two grade levels. TIMSS-2011 was 

conducted with 4th-graders and 8th-graders. Nations that participated have different 

characteristics. Some are large. Some are small. Some are rich. Some are poor. They vary 

in religious, ethnic, language, economic, and cultural traditions. They have different 

educational goals and different expectations from their curriculas, and the meaning of 

achievement varies among these participating countries. 

Although a common reason to participate in such a large scale assessment is to 

compare results with those of neighbors or competitors, each of the participating nations 

has unique reasons as well. Among those reasons are to see what the effects of 

applications of educational policies and practices of countries whose students regularly 

achieve success in mathematics and science are; also to create a benchmark of data within 

a nation so future assessment results can be used to measure progress . 

There is no magic bullet for creating a better educational system, which means 

there is no clear path to be found by trying to simply copy neighbors which are ranked at 

higher positions in a large scale international assessment (Atkin & Black, 1997). In 

addition, same research shows that the educational systems which are admired are also 

not satisfied with their existing programs. It is important to consider that it can be risky to 
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alter the complete educational system based on the relationship between students’ test 

results and other parts of the countries’ educational system. 

The main goal of TIMSS is to create an international benchmark where 

participating countries can use their own data to improve mathematics and science 

education (Robitaille & Robeck, 1996). TIMSS-2011 is the fifth in a four-year-cycle of 

assessments (previously administered in 1995, 1999, 2003, and 2007). The study is 

conducted in four-year-cycles to be able to assess progress in student achievement. 

TIMSS measures the mathematics and science proficiency of children in two main 

populations: 4th-grade and 8th-grade students. Since TIMSS is applied with 4th and 8th-

graders, in four years, 4th-grade students will be 8th-graders. This four-year cycle has the 

advantage of being able to compare countries’ educational progress. TIMSS was 

designed to align with mathematics and science curricula in the participating countries. 

TIMSS results assess the mastery level to which students have learned mathematics 

subjects and aptitudes likely to have been taught. TIMSS tests put an emphasis on 

questions and tasks that offer insight into the analytical, problem-solving, and inquiry 

skills and capabilities of students. Moreover, organizers requested students, teachers, and 

school principals in each participating nation to complete surveys with respect to the 

context for learning mathematics and science in addition to achievement testing, so 

answers might provide logical explanations for interpreting the achievement score results 

and to track changes in instructional practices (Shen, 2000).  
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At the beginning of every TIMSS cycle, an expert group comprising curriculum 

experts in mathematics and science from participating countries builds the framework for 

the coming test. Although this framework should be confirmed by all member countries 

as being representative of their country’s curricula, since there are numerous countries 

participating and it is difficult to overlap all of those curricula, there is always some 

content that is not covered in the curriculum of every participating country. This problem 

is solved at the analysis stage of the test by removing the items to which a participant 

country objects. Using the appropriate technique, this item exclusion rarely has any 

positive or negative effect on a country’s score (Toker & Green, 2012). Four countries 

were selected for comparison in this study. Turkey is the focus of the work as this is the 

researcher’s home country. The USA was selected since the researcher is currently 

studying within the American education system. Finland and Singapore were selected 

because they are two top performing nations whose educational systems differ widely. It 

is anticipated that comparison of these four nations’ test results and education systems 

can provide useful information to all parties of education such as policy makers, leaders, 

teachers, parents. 

Starting in 1999, Turkey participated in three TIMMS studies including 2007 and 

2011 (Yücel et al., 2013). There were 38 countries that took part in TIMSS-1999. This 

was the first time Turkey participated. The international mean mathematics score was 

500 with a standard deviation of 100. Turkey’s mean score was 429. Turkey ranked 31st 

in the study. In this study, the overall international mean mathematics score for 8th-

graders’ was 487 (TIMMS-R Turkey Report, 2003). TIMSS-2007 was the second study 
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in which Turkey decided to participate. There were 48 countries at 8th-grade level and 

Turkey ranked 31st in the study with a mean score of 432. The international mean 

mathematics score and standard deviation were a mean mathematics score of 500 and a 

standard deviation of 100 in TIMSS-1999. Turkey also participated in TIMSS-2011. The 

mean mathematics score was again 500 with a standard deviation of 100. Out of 56 

countries participating in the 8th-grade mathematics test, Turkey ranked 24th with a score 

of 452. 

By comparison, the United Stated placed 19th in 1999 with a score of 502, 9th in 

2007 with a score of 508, and again 9th in 2011 with a score of 509. Finland administered 

the test to a random sample of 7th graders in both 1999 and 2011. From 1999 to 2011 the 

mathematics score of Finland dropped from 520 to 482 yet their 8th-graders ranked 8th 

with a score of 514 in 2011; Singapore has been within the top three best performing 

education systems in all TIMSS tests. The peak of Singapore scores was the 1995 

participation of the country with a score of 643 and a ranking of 1st place. In 1999, 

Singapore was placed 1st again but their score decreased to 604. Gaining one point in 

2003 placed Singapore at the top of the list once again. In 2007 Singapore went down to 

3rd place with a score of 593. Finally, in 2011 they were ranked 2nd with a score of 611 

(TIMSS 2011 International Results in Mathematics, 2012). 

TIMSS exams are widely recognized as high quality measurement tools. The 

quality of the TIMSS exam is supported by academicians and professionals in the field of 

educational measurement and evaluation. Having the opportunity for international 
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comparison is one of the main benefits of the test. In other words, countries that are tested 

can see how well or how badly they do globally. There is also another advantage of the 

test. Since the test is administered in four year cycles and administered with 4th and 8th-

graders, if a country participates in both 4th and 8th-grade there is an opportunity to see 

the development of the country within its’ own educational system. It is highly 

recommended to participate in all four-year cycles to see the development of a country in 

education basics.  Turkey has participated in three tests. 

TIMSS tests are high-profile international tests for mathematics and science 

achievement. It is important to apply high quality standards and advanced measurement 

techniques to address reliability and validity concerns. Since the test has major effects on 

both countries’ education systems and political decisions, it is important to ensure that the 

results are not impacted by outside factors. Organizers of TIMSS apply strict procedures 

to ensure the test is reliable. Reliability is a large part of assuring the quality of 

measurement. But since reliability is not enough by itself to support the worth of a test, it 

is also important to assess the validity of the test.  

The validity of test items is studied by organizers with the collaboration of 

participating countries. There is agreement on the part of educators in mathematics and 

science for assessment of both 4th- and 8th-grade students. This agreement means that 

the test items included in the tests measure agreed-upon elements of mathematics and 

science (TIMSS 2011 International Results in Mathematics, 2012). To achieve the goal of 

validity, organizers of TIMSS follow a strict procedure where they include experts from 
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participating countries for curriculum coverage, translation, scoring, and etc. purposes. 

Every step of the test is also controlled by the organizers in order to prepare and 

administer a valid and reliable assessment. 

However, reliability and validity procedures are not the main concerns of the 

current study. For comprehensive information related to the reliability and validity of the 

TIMSS exams, see the TIMSS technical reports (TIMSS 2011 International Results in 

Mathematics, 2012). The next section of this study briefly reviews the educational 

systems of Turkey, USA, Finland, and Singapore. The intent of this brief review is to 

provide background information about why data from these countries were selected for 

use in this study as the education systems differ substantially. 

Education Systems of Compared Countries 

Turkey 

Turkey has a population of over 77 million (Turkish Statistical Institute, 2015). It 

is expected to reach 84 million by 2023, 93 million by 2050, and 89 million by 2075 (10th 

Development Plan, 2013). According to data from Turkish Statistical Institute, during the 

2006-2007 school year, the pre-school enrollment rate was 24%, the primary school 

(including middle school) enrollment rate was 96.3%, and the secondary school 

enrollment rate was 86.6%. Applying gender-gap closing projects like “Girls, Let’s Go to 

School” increased the enrollment rate, especially for secondary education in the 2012-

2013 school year. The pre-school enrollment rate went up by 20%, reaching 44% of the 
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4-5 year old pupil population. The enrollment rate for primary education was 97.6%. For 

secondary education, the number went up by 10.2% and reached 96.8%. Higher 

education was also affected by the country’s educational progress.  

Pre-school education is one of the main concerns of the Ministry of National 

Education (MONE).  The Turkish National Education System is organized by laws on 

education and training, development plans, government programs, and recommendations 

of the National Education Councils. Recently the main focus was to increase the 

enrollment rate of pre-school education. 

The National Education System is structured on the National Education Basic Act 

No. 1739, which has two main parts, named “formal education” and “non-formal 

education.” Formal education is the standard education given within a school for 

individuals in a certain age group (excluding higher education where there are no age 

restrictions) and at the same level, under certain curricula developed in accordance with 

the goal stated in Act No. 1739. Formal education includes pre-primary, primary school, 

lower secondary school, upper secondary, and higher education institutions (Buyruk, 

2015). Figure 3 provides a schematic of the general organization of the system. 



 

Figure 3. Turkish Educational System (Age shown on the right) (MONE, 2014). 
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The primary objective of the Turkish Education System is to ensure that every 

child masters the basic knowledge, skills, behaviors, and habits to become a good citizen, 

is raised in line with national moral concepts, and is prepared for life and becomes a 

happy citizen with a job parallel to his/her interests and skills. 

United States of America 

According to US Census Bureau (2015), the United States of America has a 

population of some 321 million.  The American education system is one of the largest 

education systems in the world with a total of 57.4 million students being educated in 

public, charter, and private school systems.  

The American education system begins with daycare. Since the majority of the 

population is working it is very common for most kids to attend early childhood 

education starting with daycare around the age newborn to 3 years old. At the age of 3-4, 

families have the option to attend pre-schools. When children are 5 years old they also 

can go to kindergarten. The school system is structured as primary and secondary school 

for a combined total of 12 years. U.S. educators frequently use the term K-12 education 

to refer to all primary and secondary education, from kindergarten prior to the first year 

(or 1st grade) of formal schooling, through secondary graduation (12th Grade). Although 

there are small differences in school systems throughout the country (sometimes even 

within the states), the following pattern is usually used in the community: 
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 Elementary school (K-5), middle school (6-8), high school (9-12 U.S. children 

enter formal schooling around age 5.  

Elementary students are typically in one classroom with the same teacher most of 

the day. Recently schools have more art and music studios which prevents children being 

in the same class with the same children for most of the day. Some schools are designed 

to offer different options to children where they can attend classes based on their needs or 

interests. After completing elementary school, students proceed to junior high school 

(also called middle school in some districts), where they usually move from class to class 

each period, with a new teacher and a new mixture of students in every class. This is one 

of the unique characteristics of the western education system. Students can select from a 

wide range of academic classes and elective classes during elementary years. This gives 

them the option to focus on more specialized areas at early levels of their education.  

During both Elementary and Middle School (or Junior High), children generally 

stay in the classroom an average of 6.5 to 7 hours per day (Institute of Education, 2015). 

Families might select before and after school programs which are generally made 

available through the schools. However, these programs are not free for most families. 

Financial assistance is available from schools budget, state or federal funded programs 

for some families. Most of the time, the family will have to pay for the cost of the after 

school program. Also if the program is located somewhere else, transportation is 

provided by student’s school.  
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In High School, students are called freshman in their first year, sophomore in their 

second year, junior in their third year, and in their last and fourth year senior. Subjects 

have more variety than elementary school. Students generally sit in the classroom around 

7.5 hours per day and must earn a certain number of credits in order to be awarded a High 

School Diploma – there is no final examination like in many other countries (Institute of 

Education, 2015). 

The main requirement to enroll in postsecondary education is a high school 

diploma or equivalent. Some high schools offer college level courses where pupils 

transfer them to college level after successfully completing the requirements of the class. 

During their high school years, students are given "grades" for all their courses, and these 

are recorded. At the end of 12th Grade, the student's grades are averaged out to a "GPA" 

or Grade Point Average, which will often be used as a selection criterion when they apply 

to college or university along with some other documentation such as purpose statement, 

reference letters, and financial documents. Students in 12th Grade also take "SAT's", 

Scholastic Aptitude Tests, or “ACTs”, American College Tests. These are the second 

principal tests used as criteria for admission to college or university; although these are 

still large scale assessments, they are not exams in the same way as are their European or 

Far Asian equivalents (French baccalauréat, German Abitur, English "A" levels, Turkey’s 

University Entrance Exam), and are generally less demanding.  
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Although this is the general framework for transition to college level education, 

many students choose to attend 2 years of community college education where it is easier 

to be admitted and less expensive. Later they transfer their credits to 4-year colleges and 

complete their education (Institute of Education, 2015).  



 

Figure 4. US Educational System (Age shown on the right) (US Department of Education, 2015).
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Finland 

Academic life in Finland is different from most countries participating in TIMSS 

in the pace at which pupils enter academic life (Figure 5). Finnish students start school 

the year they turn seven. There is almost no or very little stress on academic education in 

a child’s life before they start school (Kupiainen, Hautamäki, & Karjalainen, 2009). 

Every citizen has the right to attend early childhood education before the age of 6 but 

enrollment rates are very low (Kamerman, 2000). There is one year of preschool or 

kindergarten attendance for children to ensure school readiness. 



 

Figure 5. Finnish Educational System (Finnish National Board of Education, 2015). 
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Both early childhood education and kindergarten mostly focuses on the pupils’ age-

related development other than stress on academic achievement (Kupiainen et al., 2009).  

The core of the Finnish education system is the compulsory nine year basic 

education between ages 7-16. The main goal of basic education is to support students’ 

growth towards humanity and ethically responsible membership in society and to equip 

them with the knowledge and skills needed in life. Basic education in Finland is non-

selective. Schools do not select their students. Every student is assigned to a nearby 

school, but they can also participate in another school with some restrictions (Finnish 

National Board of Education, 2015). 

Every school follows a national core curriculum, which includes the goals and 

core contents of different subjects. The education leaders, usually the local education 

boards and the schools can independently come up with their own curricula with the 

condition of staying within the framework of the national core curriculum. This is quite 

similar to the independence of schools in the US. 

Singapore 

The main purpose of education in Singapore (Figure 6) is to help students 

discover their talents, realize their potential, and develop a passion for learning which 

lasts through their life. The whole school system consists of three hundred sixty six 

schools which is smaller than some  



 

Figure 6. Singapore Educational System (Singapore Ministry of Education, 2015). 
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district in the US school system or a neighborhood school system in Turkey. Thinking 

Schools, Learning Nation (1997) and Teach Less, Learn More (2004) are the underlying 

projects that support the national education system of Singapore (Ng, 2007).  

The system starts with pre-school education years where students attend between 

ages 4 and 6 years old (see Figure 6). There is a broad curriculum applied for three years 

with the intent to build self-confidence, learn social skills, and develop learning 

dispositions. These main characteristics underlie a strong foundation for children’s future 

learning. There are total of ten kindergartens. The projected number is fifteen by the end 

of 2016 (Singapore Ministry of Education, 2015).  

Primary education is 6 years of compulsory education where students attend a 4-

year foundation stage from Primary 1 to 4 and a 2-year orientation stage from Primary 5 

to 6. The overall goal of primary education is to provide students with a good grasp of 

English, the Mother Tongue, and Mathematics. There are no school fees. Schools apply a 

subject-based banding type of education which allows students to take a mix of standard 

and foundation subjects, depending on their mastery levels. Along with their education all 

students are encouraged to participate in Co-Curricular Activities (CCA) and Community 

Involvement Programs. At the end of the 6th year of primary education, there is a final 

examination called the Primary School Leaving Examination (PSLE: Singapore Ministry 

of Education, 2015).  

Secondary education is based on how students perform on the PSLE. Based on 

their scores, the system places them in the Express, Normal (Academic) or Normal 
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(Technical) course. It is important that students face challenges based on learning 

abilities and interests. The different curricular emphases are designed to match students’ 

own learning pace. The total number of years a student spends during his/her secondary 

education years is 4-5 years. Schools have some fees, but the cost is less than 20 US 

Dollars a month and is based on family income. There is a national examination called 

General Certificate of Education ‘Ordinary’ Levels (GCE “O”) (for Express course) or 

General Certificate of Education ‘Normal’ Levels (GCE “A”) (for Normal course) 

(Ministry of Education, 2002b). All students take part in at least one CCA; CCA 

performance is considered for admission to junior colleges, centralized institutes, 

polytechnics, and institutes of technical education. 

Although the main goals of all these different education systems are similar and 

targeted to make their citizens’ lives better, paths they are taking have some 

commonalities and some differences due to culture, geographic location, and economic 

and social differences. It is often believed that countries that are at the top of the TIMSS 

rankings or perform well on any other standardized test study are comfortable with their 

education system. In reality, the world economy is not where it was twenty years ago. 

Change is inevitable and so is educational change. There is no educational reform that 

will hold a nation’s future in good hands for years on end. Each program has it is own 

barriers to leap which brings about the need for sustainable educational reform where 

palsied parts can be seen and renewed over time. 
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It is anticipated that comparison of these education systems may help policy 

makers and education leaders better understand what differences exist among them, and 

what reforms a better ranking country has implemented that are successful. On the other 

hand, it is also important to see what problems a lower ranking country has and what 

efforts they are making to fix them. Following was taken from TIMSS 2015 Study Flyer 

which is published by TIMSS organizers and available online: 

 A major purpose of TIMSS is to provide important background information 

that can be used to improve teaching and learning in mathematics and 

science. 

 TIMSS Advanced measures trends in advanced mathematics and physics for 

students in their final year of secondary school (twelfth grade in most 

countries). The assessment provides educational policy makers with valuable 

information about how many students are excelling at highly specialized 

material in a global context. 

 Participation in TIMSS enables evidence-based decisions for educational 

improvement. High quality, internationally comparative data about student 

achievement in mathematics and science are important for monitoring and 

improving the health of a country’s education system. Evidence of 

underperforming areas often spurs education reform, with subsequent 

assessments being effective monitors of changes in the educational system 

(TIMSS & PIRLS International Study Center, 2015, p. 1). 
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Although TIMSS and similar exams provide useful background information, it is also 

emphasized that TIMSS organizers provide valid and reliable test results by which a 

participating system can compare its outcome globally. Also, if a country participates in 

all the tests conducted, results can be tracked over time for within system comparisons.  

Furthermore, it is stated that TIMSS provides evidence of low performing areas 

which may trigger education reform, with four-year cycle re-assessments being effective 

monitors of changes in the system (TIMSS & PIRLS International Study Center, 2015). 

One can argue why relying on results of such a standardized test result to initiate a 

change in a system might end up being very costly. It is important to validate the quality 

of these results so participating systems can decide whether to use results to effect change 

or not. If so, should they link their reforms to future exam results? This study used two 

statistical procedures called latent class analysis and the mixture Rasch model to examine 

the item responses of students from four different nations to ascertain whether test results 

are stable under different analysis models.  

Definition of Terms 

LCA – Latent Class Analysis. LCA is a statistical technique for exploring 

unknown class membership among participants using categorical and/or continuous 

observed variables.  
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MRM – The Mixture Rasch Model. The MRM is a Rasch model using item 

difficulty parameters to make inferences about differential behavior difficulties of 

similarly constrained or facilitated - latent - classes of people (Rost, 1990). 

TIMSS – Trends in International Mathematics and Science Study is a large scale 

assessment provides an international perspective to participant nation and informs 

educational policy and reforms all over the world. 

PISA – Programme for International Student Assessment is also a worldwide 

exam done by the Organisation for Economic Co-operation and Development (OECD) on 

15-year old students. 
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Chapter Two 

Method 

Participants 

Data used in this study were taken from the TIMSS-2011 8th-grade mathematics 

section administered in 2011. Students’ responses to the items were used for both LCA 

and the MRM analyses. There were 26,596 8th-grade students from four different 

nations. Turkey participated with 6,928 students 49% of whom were girls and 51% boys. 

The USA participated with 10,477 students which were 51% girls and 49% boys. Finland 

participated with 4,266 students which were 48% girls and 52% boys. Singapore 

participated with 5,927 students which were 49% girls and 51% boys. The mean age for 

participating nations was 14.00 for Turkey, 14.20 for USA, 14.80 for Finland and 14.40 

for Singapore. For the analysis purposes only 1,225 students from Turkey, 1,990 students 

from USA, 1,229 students from Singapore, and 768 students from Finland were selected 

with a total of 5,212 (see Table 1). 

Table 1 

Gender and Age of TIMSS-2011 Subjects (based on booklet selection) 

  Gender (%)  

Nation Count Girl Boy Mean Age 

 Selected Population Selected Population Selected Population Selected Population 

Turkey 

USA 

1,225 

1,990 

6,928 

10,477 

48.70 

49.70 

49 

51 

51.30 51 14.08 14.00 

50.30 49 14.22 14.20 

Singapore 1,229 5,927 49.40 49 50.60 51 14.39 14.80 

Finland 768 4,266 50.30 48 49.70 52 14.75 14.40 

Note: Gender is shown in percentages. 
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Although Finland participated with slightly under 4,500 students, TIMSS 

administrators asked participating nations to join with at least 4,500 students so that there 

would be enough respondents for each item (TIMSS 2011 International Results in 

Mathematics, 2012).  

Instrument 

The TIMSS-2011 8th-grade mathematics test consisted of 217 items which 

included 118 multiple-choice items in 14 different booklets. Each booklet contained 10-

18 items. Six of the mathematics blocks were released. Eight of them were kept 

confidential for evaluating trends in 2015. Out of 217 questions, there were 48 released 

with item text. Some booklets did not contain enough items (i.e., at least 10 items) so 

they were excluded from the study.  Also some booklets had some overlapping items. 

Only Booklet One, Booklet Four, and Booklet Six were used due to having a larger 

number of released items in those booklets. The total number of released items included 

in these booklets is 40. According to TIMSS Technical Report (2012), some items were 

kept confidential so organizers could use the items in the future for trend analysis 

purposes. For item specific domain information please see 

http://timssandpirls.bc.edu/timss2011/downloads/T11_UserGuide.pdf. Three of the 

released items are shown in Figures 7, 8, and 9 below: 

  

http://timssandpirls.bc.edu/timss2011/downloads/T11_UserGuide.pdf
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Figure 7. Sample item in reasoning cognitive domain (TIMSS-2011 Report, 2012) 
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Figure 8. Sample item in applying cognitive domain (TIMSS-2011 Report, 2012) 
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Figure 9. Sample item in knowing cognitive domain (TIMSS-2011 Report, 2012) 
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 The test had two main domains which were content and cognitive areas. The 

content domain consisted of number, algebra, geometry, data, and chance. The cognitive 

domain, on the other hand, covered knowing, applying, and reasoning areas. Such 

differences in domains and areas tested might also lead different classes. 

Procedure 

An institutional review board (IRB) application was submitted prior to the study 

(see Appendix A). Since the data were available online to the public, the IRB committee 

decided that this project was exempt on February 4, 2016 (see Appendix B). 

TIMSS 2011 is the fifth stage of the series of international studies done by 

International Association for the Evaluation of Educational Achievement (IEA). IEA 

strongly emphasizes that it is important to work with participating countries on a one-on-

one basis so any concern or question that arises can be solved quickly. Each participating 

country assigns a National Research Coordinator to work collaboratively with the 

organizers of the exam. Participating countries tested the items on a sample of students 

and submitted the results to the TIMSS-2011 Science and Mathematics Item Review 

Committee of subject area experts (TIMSS-2011 Technical Report, 20012). Once items 

were approved the exam was administered. After conducting the test in each participating 

country, data were released on the official website of TIMSS. Data used in this study 

were taken from the internet release of item statistics and item responses 

(http://timss.bc.edu/timss2011/international-database.html). 

 

 

http://timss.bc.edu/timss2011/international-database.html
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Analysis 

Research question one. Does analysis of TIMSS-2011 8th-grade mathematics data from 

four proposed nations yield multiple latent classes using LCA techniques? 

The three booklets from the TIMSS-2011 8th-grade mathematics data were used 

to run the LCA method described in the previous chapter via Mplus Version 7.11 

(Muthén & Muthén, 2012a). To find the optimal number of classes, a k-class model was 

compared to a (k-1)-class model by increasing the class number. The Lo-Mendell-Rubin's 

Likelihood Ratio Test (LMR LR) test was used to compare models where a significant p-

value shows that a k-class model fits better than the (k-1)-class model (Wang & Wang, 

2012). The LMR LR test is used iteratively until finding a non-significant p-value 

between a (k+1)-class model and a k-class model which shows the (k-1)-class model was 

the optimal number of latent classes. The bootstrap likelihood ratio test (BLRT) p-value 

was also calculated from the log-likelihood differences in bootstrap samples from both k-

class and (k-1)-class models. Akaike’s information criterion (AIC) and the Bayesian 

information criterion (BIC) were checked to see if a best fit model could be clearly 

identified; the lowest value of these criteria amongst competing LCA models is 

considered as justification for determination (Samuelsen & Dayton, 2010). For 

classification purposes, estimated posterior probabilities are used to determine if 

individuals were assigned into a latent class based on their highest posterior probability 

value (e.g., Nagin’s (2005) criterion for minimum acceptable class membership 
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classification is exceeded when the average posterior probability was at least 0.70 for all 

groups). 

Finally, each latent class should be defined in a clear and interpretable way such 

that the differences in the population is described clearly (Wang & Wang, 2012). The 

best fitting model was also calculated with different sets of random starting values until 

the best log-likelihood value was the most frequent solution to provide evidence that the 

global maximum was reached (Samuelsen & Dayton, 2010; Wang & Wang, 2012). If, for 

any reason, an acceptable model was not found, implications for the validation of 

TIMSS-2011 would be discussed. 

Research question two. Does analysis of TIMSS-2011 8th-grade mathematics data from 

four proposed nations yield multiple latent classes using the MRM techniques? 

The three booklets were used to run the mixture Rasch model analysis using 

WINMIRA (von Davier, 2001a). Since the data were sparse, competing models were 

selected by means of information criterion values which were the Pearson Chi-square 

value and Cressie-Read statistic (Cressie & Read, 1984). (With the Cressie-Read 

statistics, the number of parameters is included in the model as a penalty term for over 

parameterization (Kang & Cohen, 2007)). WINMIRA calculates the information indices 

using conditional likelihood estimation (von Davier, 2001b). Information criteria used in 

this study were the Pearson Chi-square value and Cressie-Read where larger values show 

better fit.  
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Once the latent classes were identified, item fit was examined. Item fit statistics 

are handled slightly differently in the MRM than in a simple Rasch analysis. Each 

possible latent class yields its own Rasch analysis and its own set of item and person 

position estimates and fit statistics, along with point-scale indicators (comparable to 

discrimination indices). An item that overfits (p < .05) does not provide new information 

about the participants. An item that underfits (p > .95) has an item discrimination is 

lower than it is assumed by Rasch model.   

Research question three. Do LCA and the MRM analysis results differ in terms of : 

a. Item fit parameters for TIMSS-2011 8th-grade mathematics? 

b. Item class parameters for TIMSS-2011 8th-grade mathematics? 

Results from analysis of research question one and research question two were 

compared in order to see if two methods yield different results in terms of  number of 

classes, item parameters, fit indices, and class weights within the classes identified as the 

best fitting.  

Research question four.  Are there associations between LCA and the MRM latent 

classes, nation, and gender for TIMSS-2011 8th-grade mathematics? 

A four-way frequency table was constructed using class membership results from 

research questions one and two using SPSS 22.  Class membership from LCA, class 

membership from the MRM, nation, and gender were used to examine associations.  A 

simple cross-tabulation to check whether the frequencies per each cell were adequate to 
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allow log-linear analysis to be performed. Once cell frequencies were found adequate, 

model fit was examined using the chi-square statistic. Models tested were nested models, 

so chi-square differences were tested as models became more parsimonious.  Model 

testing begins with the saturated model and higher order terms are sequentially removed 

in a backward stepwise fashion until a model is identified that has adequate fit to the data 

and is the most parsimonious. A nonsignificant chi square value shows that the model fit 

the data. Significant partial associations were used to identify variable associations 

necessary to provide a fitting model.      

Additionally, data were normally distributed for all booklets. Values for skewness 

and kurtosis between -2 and +2 are considered acceptable in order to establish data are 

normally distributed (George & Mallery, 2010).  All items for booklets had skewness and 

kurtosis values within the acceptable range for normal univariate distributions. 
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Chapter Three 

Results 

Research question one. Does analysis of TIMSS-2011 8th-grade mathematics data from 

four proposed nations yield multiple latent classes using LCA techniques? 

The latent class structure of the TIMSS-2011 8th-grade mathematics data was 

assessed by exploratory LCA analysis with Mplus Version 7.11 (Muthén & Muthén, 

2012a) with the three-step modeling approach by Wang and Wang (2012): 1) Find the 

optimal number of latent classes (use fit indices), 2) evaluate the quality of the 

classification of latent class membership, and 3) define the latent classes. 

Number of Latent Classes 

The item response data from TIMSS-2011 8th-grade mathematics assessments 

were used as the input for LCA analysis. Each booklet had a different number of items 

and numbers of participants. Data were recoded into dichotomous responses to get 

sufficient values in each cell of the contingency table (Collins & Lanza, 2010). The 

analyzed latent class model can be seen in Figure 10 for Booklet One; the model for the 

remaining two booklets was identical except for use of different items (see Appendices D 

and F). Rectangle shapes show observed variables (items) and circle shapes show error 
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components (e1, e2, e3, etc.), and “C” is the latent construct. To find the optimal number 

of classes, the fit of the k-class model was compared with a series of increasing class 

number models (see Table 2, Table 6 and Table 10). Out of all solutions, classes with the 

smallest BIC values were selected since BIC works the best with larger sample sizes 

(Nylund, Asparouhov, & Muthén, 2007). Additionally LMR LR and BLRT p-values 

were calculated for model fit decision purposes. Also, the sample Mplus input files for 

each booklet used in this study can be seen in Appendices C, E, and G. 

Booklet One. The best model fit with the optimal number of classes was decided 

by analyzing the fit of a series of increasing class number models by comparing the k-

class model with the (k-1)-class model (Wang & Wang, 2012).  
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Figure 10. LCA model for Booklet One (Amos Version 22) 

The fit statistics and information criterion indices for the models, which ranged 

from 1 to 4 latent classes, are shown in Table 2. Based on the p-values of the LMR LR 

test (p = 0.06) and the BLRT test (p = 0.07), both were statistically nonsignificant at the 

4-class model; hence, the test failed to reject the 3-class model in favor of a four or more 

class model. Also non-decreasing BIC (22966) of the 4- class model supported evidence 

for the 3-class model, the non-decreasing AIC (22730) of the 4-class model supported 

evidence for the 3-class model. Therefore, the fit of the 3-class model was determined to 

be adequate and the preferred model for further analysis for Booklet One. 
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Classification Quality. Estimated posterior probabilities were used to examine 

the quality of the classification for the 3-class model for Booklet One. In LCA, 

membership of the individuals are not determined definitely. However each participant is 

assigned into the best possible latent class based on their largest posterior probability.  

Also, the probability of being in the wrong class is low when an individual’s highest 

posterior probability is close to 1.0 (Wang & Wang, 2012). The final class sizes and 

percentages for the latent classes are given in Table 3. Table 3 shows that, 519 students 

(29.5%) were assigned to Class 1, 743 students (37.6%) were assigned to Class 2, and 

502 students (28.5%) were assigned to Class 3. 

 

 

 

 

The average latent class posterior probabilities for the most likely latent class 

membership are reported in Table 4. The probabilities for most likely latent class 

Table 2 

LCA Model Fit Indices for Booklet One 

Model BIC AIC 

LMR LRT 

p-value 

BLRT 

p-value 

1-class N/A N/A N/A N/A 

2-class 23351 23214 <0.001 <0.001 

3-class 22938 22730 <0.001 <0.001 

4-class 22966 22687 0.06 0.07 

Note.  BIC = the Bayesian information criterion; AIC = Akaike’s information criterion; LMR LRT 

= Lo-Mendell-Rubin Likelihood Ratio Test; BLRT = Bootstrap Likelihood Ratio Test. 

Table 3 

Final Latent Class Size and Percentage for Booklet One 

Classes Size Percentage 

1 519 29.5 % 

2 743 42.1 % 

3 502 28.5 % 
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membership for students assigned to the first class was 0.90, while the probability of 

misclassification was 0.10. Similarly, for students assigned to the second class, the 

probability of correct class membership was 0.86, while the probability of 

misclassification was 0.14; for students assigned to the third class, the probability of 

correct class membership was 0.89, while the probability of misclassification was 0.11. 

According to Nagin (2005), average latent class probabilities for most likely latent class 

membership should be 0.70 or above which in this case meets his criterion for all groups.  

Another criterion used in this paper is the entropy statistic. Clark (2010) states 

that medium entropy values  (.between .60 and .80) support classification correctness. For 

Booklet One, entropy was .74 which shows that latent class membership classification 

quality was adequate enough for the 3-class model. 

Definition of Latent Classes. The differences in the sample population was explored by 

analysis of the estimated item-response probability of endorsing “Correct Response” for 

each of the 12 items. The three latent classes—highly skilled students, moderately skilled 

students, and somewhat skilled students —were labeled by the researcher based on the 

observed pattern of item response probabilities. The highly skilled students class, denoted 

as Class 1 consisting of 519 students, had the highest item-response probabilities for each 

Table 4 

Average Latent Class Probabilities for Most Likely Latent Class Membership for 

Booklet One 

Classes 
Probability of Class 1 

Membership 

Probability of Class 2 

Membership 

Probability of Class 3 

Membership 

1 0.90     0.10 0.00 

2 0.06     0.86 0.07 

3 0.00 0.11 0.89 
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of the 12 items. Class 2, which contained 743 students with the second highest item-

response probabilities for each of the 12 items, as moderately skilled students; Class 3 

was defined as somewhat skilled students, which contained 502 students and had the 

lowest item-response probabilities for each of the 12 items. The unconditional latent class 

probabilities and the conditional probabilities for endorsing “Correct Answer” are 

reported by latent class in Table 5. Conditional probability profiles for endorsing the 

“Correct answer” for the 3-Class model are tabulated in Figure 11. 

 

 

Table 5 

Three-Class Latent Class Membership for Booklet One 

Item 

Probability of 

Class 1 

Probability of 

Class 2 

Probability of 

Class 3 

 Unconditional 

 0.29 0.42 0.29 

 Conditional “Correct Answer” 

M032166 0.95 0.91 0.41 

M032721 0.68 0.37 0.31 

M032626 0.94 0.55 0.31 

M032595 0.96 0.78 0.33 

M032673 0.91 0.66 0.24 

M052216 0.99 0.87 0.41 

M052228 0.93 0.30 0.14 

M052214 0.74 0.39 0.28 

M052173 0.63 0.05 0.10 

M052302 0.99 0.92 0.52 

M052084 0.95 0.64 0.21 

 M052429 0.94 0.75 0.27 
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Figure 11. Conditional Probability Profiles of Endorsing “Correct Answer” for 3-Class 

LCA Model for Booklet One (Mplus Version 7.11) 

 

Booklet Four. The best model fit with the optimal number of classes was decided 

by analyzing the fit of a series of increasing class number models by comparing the k-

class model with the (k-1)-class model for Booklet Four (Wang & Wang, 2012). The fit 

statistics and information criterion indices for the models, which ranged from 1 to 4 latent 

classes, are shown in Table 6. Based on the p-values of the LMR LR test (p = 0.29) and 

the BLRT test (p = 0.14), both were statistically nonsignificant at the 4-class model; 

hence, the test failed to reject the 3-class model in favor of a four or more class model. 

Also non-decreasing BIC (21392) of the 4- class model supported evidence for the 3-

class model, the non-decreasing AIC (21207) of the 4-class model supported evidence for 

the 3-class model. Hence, the fit of the 3-class model was decided to be adequate and the 

selected model for further analysis for Booklet Four. 
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Table 6 

LCA Model Fit Indices for Booklet Four 

Model BIC AIC 

LMR LRT 

p-value 

BLRT 

p-value 

1-class N/A N/A N/A N/A 

2-class 21371 21256 <0.001 <0.001 

3-class 21332 21157 <0.001 <0.001 

4-class 21392 21207 0.29 0.14 

Note.  BIC = the Bayesian information criterion; AIC = Akaike’s information criterion; LMR LRT 

= Lo-Mendell-Rubin Likelihood Ratio Test; BLRT = Bootstrap Likelihood Ratio Test. 

Classification Quality. Estimated posterior probabilities were used to measure 

the quality of the classification for the 3-class model for Booklet Four. The final class 

sizes and percentages for the latent classes are given in Table 7. Table 7 shows that 473 

students (27.1%) were assigned to Class 1, 694 students (39.0%) were assigned to Class 

2, and 579 students (33.9%) were assigned to Class 3. 

 

 

 

The average latent class posterior probabilities for the most likely latent class 

membership are reported in Table 8. The probability for most likely latent class 

membership for students assigned to the first class was 0.87, while the probability of 

misclassification was 0.13. Similarly, for students assigned to the second class, the 

probability of correct class membership was 0.76, while the probability of 

misclassification was 0.24; for students assigned to the third class, the probability of 

correct class membership was 0.80, while the probability of misclassification was 0.20. 

Table 7 

Final Latent Class Size and Percentage for Booklet Four 

Classes Size Percentage 

1 473 27.1 % 

2 694 39.0 % 

3 579 33.9 % 
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All average latent class probabilities for most likely latent class membership exceeded 

0.70 which in this case meets Nagin’s (2005) criterion for all groups.  

Clark (2010) states that medium entropy values  (.between .60 and .80) support 

classification correctness. For Booklet Four, entropy was .69 which show that latent class 

membership classification quality was adequate enough for the 3-class model. 

Definition of Latent Classes. The differences in the sample population were explored by 

analysis of the estimated item-response probability of endorsing “Correct Response” for 

each of the 10 items. The three latent classes—highly skilled students, moderately skilled 

students, and somewhat skilled students —were labeled by the researcher based on the 

observed pattern of item response probabilities. The highly skilled students class, denoted 

as Class 1 consisting of 473 students, had the highest item-response probabilities for each 

of the 10 items. Class 2, which contained 694 students with the second highest item-

response probabilities for each of the 10 items, as moderately skilled students; Class 3 

was defined as somewhat skilled students, which contained 579 students and had the 

lowest item-response probabilities for each of the 10 items. The unconditional latent class 

probabilities and the conditional probabilities for endorsing “Correct Answer” are 

Table 8 

Average Latent Class Probabilities for Most Likely Latent Class Membership for 

Booklet Four 

Classes 

Probability of Class 1 

Membership 

Probability of Class 2 

Membership 

Probability of Class 3 

Membership 

1 0.87     0.13 0.00 

2 0.09    0.76 0.15 

3 0.00 0.20 0.80 
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reported by latent class in Table 9. Conditional probability profiles for endorsing the 

“Correct answer” for the 3-Class model are shown in Figure 12. 

 

 

Figure 12. Conditional Probability Profiles of Endorsing “Correct Answer” for 3-Class 

LCA Model for Booklet Four (Mplus Version 7.11). 

Table 9 

Three-Class Latent Class Membership for Booklet Four 

Item 

Probability of 

Class 1 

Probability of 

Class 2 

Probability of 

Class 3 

 Unconditional 

 0.27 0.40 0.33 

 Conditional “Correct Answer” 

M032094 0.99 0.74 0.38 

M032662 0.69 0.15 0.11 

M032419 0.87 0.59 0.30 

M032477 0.98 0.60 0.25 

M032324 0.76 0.32 0.19 

M032116 0.88 0.52 0.29 

M032100 0.89 0.69 0.34 

M032402 0.90 0.62 0.40 

M032397 0.84 0.70 0.33 

M032132 0.85 0.65 0.36 
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Booklet Six. The best model fit with the optimal number of classes was examined 

by analyzing the fit of a series of increasing class number models by comparing the k-

class model with the (k-1)-class model for Booklet Four (Wang & Wang, 2012). The fit 

statistics and information criterion indices for the models, which ranged from 1 to 4 latent 

classes, are shown in Table 10. Based on the p-values of the LMR LR test (p = 0.09) and 

the BLRT test (p = 0.07), both were statistically non-significant at the 3-class model; 

hence, the test failed to reject the 2-class model in favor of a three or more class model. 

Also non-decreasing BIC (33827) of the 3- class model supported evidence for the 2-

class model, the non-decreasing AIC (33522) of the 3-class model supported evidence for 

the 2-class model. Therefore, the fit of the 2-class model was decided to be adequate and 

the selected model for further analysis for Booklet Six. 

 

Table 10 

LCA Model Fit Indices for Booklet Six 

Model BIC AIC 

LMR LRT 

p-value 

BLRT 

p-value 

1-class N/A N/A N/A N/A 

2-class 34491 34290 <0.001 <0.001 

3-class 33827 33522 0.09 0.07 

4-class 33803 33395 0.16 0.11 

Note.  BIC = the Bayesian information criterion; AIC = Akaike’s information criterion; LMR LRT 

= Lo-Mendell-Rubin Likelihood Ratio Test; BLRT = Bootstrap Likelihood Ratio Test. 

 

Classification Quality. Estimated posterior probabilities were used to measure 

the quality of the classification for the 2-class model for Booklet Four. The final class 

sizes and percentages for the latent classes are given in Table 11. Table 11 shows that, 
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813 students (47.9%) were assigned to Class 1, and 889 students (52.1%) were assigned 

to Class 2. 

 

 

 

The average latent class posterior probabilities for the most likely latent class 

membership are reported in Table 12. The probabilities for most likely latent class 

membership for students assigned to the first class was 0.96, while the probability of 

misclassification was 0.04. Similarly, for students assigned to the second class, the 

probability of correct class membership was 0.96, while the probability of 

misclassification was 0.04. Most likely latent class membership was 0.70 or above for all 

groups.  

Table 12 

Average Latent Class Probabilities for Most Likely Latent Class Membership for 

Booklet Six 

Classes 

Probability of Class 1 

Membership 

Probability of Class 2 

Membership 

1 0.96 0.04 

2 0.04 0.96 

For Booklet Six, entropy was .86 which shows that latent class membership 

classification quality was adequate enough for the 2-class model. 

Definition of Latent Classes. The differences in the sample population was explored by 

analysis of the estimated item-response probability of endorsing “Correct Response” for 

Table 11 

Final Latent Class Size and Percentage for Booklet Six 

Classes Size Percentage 

1 813 47.9 % 

2 889 52.1 % 
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each of the 18 items. The two latent classes—highly skilled students, and moderately 

skilled students—were labeled by the researcher based on the observed pattern of item 

response probabilities. The highly skilled students class, denoted as Class 1 consisting of 

813 students, had the highest item-response probabilities for each of the 18 items. Class 

2, which contained 889 students with the lower item-response probabilities for each of 

the 18 items, as moderately skilled students. The unconditional latent class probabilities 

and the conditional probabilities for endorsing “Correct Answer” are reported by latent 

class in Table 13. Conditional probability profiles for endorsing the “Correct answer” for 

the 2-Class model are shown in Figure 13. 

Table 13 

Two-Class Latent Class Membership for Booklet Six 

Item Probability of Class 1 Probability of Class 2 

 Unconditional 

 0.48 0.52 

 Conditional “Correct Answer” 

M042041 0.97 0.61 

M042024 0.95 0.45 

M042016 0.77 0.40 

M042077 0.89 0.36 

M042235 0.95 0.40 

M042067 0.68 0.28 

M042150 0.65 0.34 

M042260 0.91 0.71 

M032352 0.92 0.48 

M032738 0.96 0.57 

M032295 0.99 0.65 

M032331 0.54 0.17 

M032623 0.77 0.17 

M032679 0.81 0.35 

M032047 0.67 0.41 

M032398 0.72 0.36 

M032507 0.68 0.20 

M032424 0.84 0.37 
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Figure 13. Conditional Probability Profiles of Endorsing “Correct Answer” for 2-Class 

LCA Model for Booklet Six (Mplus Version 7.11). 

 

Research question two. Does analysis of TIMSS-2011 8th-grade mathematics data from 

four proposed nations yield multiple latent classes using the MRM techniques? 

Number of latent classes  

To find the appropriate number of latent classes, competing models with one, two, 

three, and four latent classes were fit to the data for three booklets. Table 14 shows p-

values of the Pearson Chi-square and Cressie-Read for the four models. [It should be 

noted that there was agreement between the Pearson and Cressie-Read values in 

identifying the number of latent classes for all booklets.]These fit indices were employed 

due to data being sparse (von Davier, 2001b).  Table14 suggests that there were different 

numbers of latent classes for different booklets based on larger values of the Pearson Chi-
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square and Cressie-Read. Therefore, the models with higher values of the Pearson Chi-

square and Cressie-Read were selected for each booklet.  

Table 14 

p-values of Model Fit Indices for the MRM 

 Booklet One Booklet Four Booklet Six 

Model 

Cressie 

Read 

Pearson 

X2 

Cressie 

Read 

Pearson 

X2 

Cressie 

Read 

Pearson 

X2 

1-Class 0.00 0.00 0.00 0.00 0.00 0.05 

2-Class 0.10 0.48 0.13 0.15 0.48 0.90 

3-Class 0.20 0.58 0.00 0.15 0.45 0.80 

4-Class 0.00 0.18 0.10 0.03 0.08 0.68 

 

Results showed that the mean of the raw scores of class 1 was high (M=9.02 

SD=2.35), class 2 was medium (M=7.18, SD=2.26), and class 3 was low for Booklet One 

(M=3.42, SD=1.61). Also, for booklet three, class 1 was low (M=3.97, SD=1.77), class 2 

was high (M=6.39, SD=1.32), for Booklet Six class 1 was low (M=13.42, SD=3.16), 

class 2 was high (M=6.66, SD=2.63).  Comparing item parameters across different 

classes is critical when deciding on number of classes. This procedure provides critical 

information about the qualitative differences within the latent classes. This comparison 

supplies information about item difficulties where the researcher can focus on the items 

that are relatively more difficult in one class compared to other ones (Baghaei & 

Carstensen, 2013). These MRMs are closely related to latent class analysis. The 

following paragraphs focus on the latent class and item parameter results for each booklet 

used in this study. 

Booklet One.  The dataset consisted of 12 items with 1764 participants. To determine the 

appropriate number of classes, one, two, three, and four latent class solutions were fit to 
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the data. Table 14 provides p-values of Cressie-Read and Pearson Chi-square statistics. 

P-values for Booklet One of Cressie-Read and Pearson Chi-square were .20 and .58. 

Since the three class model had the highest p-value, a three-class solution was selected 

for Booklet One.  Class size values for each class shows that class 1 was expected to 

include about 42% of the sample. Class 2 was expected to include about 36% of the 

sample. Class 3 was expected to include 22% of the sample in the data set.  According to 

the Q-index, there was no need to remove any items since all of the items fit each class 

well (.05 < p < .95) (See Table 15).  

 

Table 15 

Item fit assessed by the Q-index for all classes of Booklet One 

  Class -1  Class -2  Class -3 

Item  Q-index Zq 

p 

(X>Zq) Q-index Zq 

p 

(X>Zq) Q-index Zq 

p 

(X>Zq) 

M032166 0.25 0.78 0.21 0.21 0.66 0.25  0.24 -0.89 0.81 

M032721 0.14 0.84 0.20 0.19 1.29 0.10    0.18 -0.44 0.67 

M032626 0.11 -0.28 0.62 0.17 0.17 0.43    0.24 0.44 0.33 

M032595 0.13 -0.18 0.57 0.15 -0.32 0.63 0.25 -0.01 0.50 

M032673 0.14 0.30 0.38 0.13 -0.66 0.75    0.24 0.00 0.49 

M052216 0.21 0.06 0.48 0.16 0.30 0.38    0.27 0.21 0.41 

M052228 0.09 -0.56 0.71 0.12 -0.99 0.84    0.21 -0.17 0.57 

M052214 0.50 -0.61 0.73 0.12 0.50 0.20    0.27 0.65 0.25 

M052173 0.06 -0.93 0.82 0.13 -1.22 0.89    0.22 0.19 0.42 

M052302 0.23 0.23 0.40 0.18 0.44 0.33   0.31 -0.07 0.53 

M052084 0.12 -0.22 0.59 0.15 -0.20 0.58   0.26 0.17 0.43 

M052429 0.17 0.59 0.27 0.16 0.02 0.49    0.29 0.09 0.46 

 Figure 14 shows that the three classes had different item difficulty parameters. 

The lines display items on which the three classes seem to converge and also to diverge. 

Item difficulty estimates were substantially different for the majority of items. It can be 

concluded that all classes found the items to be relatively easy as logit position was 

generally negative (see Table 16 for specific values including standard error). 
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Figure 14. Class specific item parameter profiles for Booklet One. 

 

Table 16 

Item parameters of Booklet One by classes 

 
Class-1 Class-2 Class-3 

Item Estimate Error Estimate Error Estimate Error 

M032166 -1.03 0.13 -2.33 0.14 -0.41 0.11 

M032721 1.88 0.10 0.50 0.10 -0.46 0.11 

M032626 0.36 0.10 -0.26 0.10 -0.26 0.11 

M032595 -0.38 0.11 -1.37 0.11 -0.19 0.12 

M032673 0.31 0.10 -0.75 0.10 0.18 0.12 

M052216 -1.66 0.16 -1.72 0.12 -0.38 0.11 

M052228 0.98 0.09 0.81 0.10 0.88 0.15 

M052214 -1.37 0.14 0.70 0.10 -0.08 0.11 

M052173 2.65 0.10 2.39 0.14 1.10 0.16 

M052302 -1.50 0.15 -2.71 0.16 -0.84 0.10 

M052084 -0.07 0.11 -0.46 0.09 0.34 0.13 

M052429 -0.16 0.11 -1.10 0.11 0.10 0.12 

 

 

Booklet Four.  The dataset consisted of 10 items with 1746 participants. To determine 

the appropriate number of classes, one, two, three, and four latent class solutions were fit 
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to the data. Table 14 provides p-values of Cressie-Read and Pearson Chi-square statistics. 

P-values for Booklet Four of Cressie-Read and Pearson Chi-square were .13 and .15. 

Since the two class model had the highest p-value, a two-class solution was selected for 

Booklet Four. It is important to note that since fit index values were close, as a general 

rule a more parsimonious model was selected. Class size values for each class presents 

that class 1 was expected to include about 66% of the sample. Class 2 was expected to 

include about 34% of the sample. The class sizes indicate that about 66 percent and 34 

percent of the sample can be fitted by a mixed Rasch model which was assumed to hold 

in these classes. According to the Q-index, there was one item (M032662) with a Zq 

value of 2.37 and p-value of .01 which shows lower discrimination in class one. In such 

cases, item removal is suggested from the scale only after examining the items content 

and additional information from the estimated model (von Davier, 2001b). Item category 

values for this item were acceptable. Out of 1,746 responses 1,251 students answered the 

item false and 495 students answered correct. Additionally, the item parameter value for 

class one was also acceptable with a value of .13. After examining the item category 

values and item fit, it is decided not to remove the item from analysis. All of the other 

items fit each class well (.05 < p < .95) (See Table 17).  
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Table 17 

Item fit assessed by the Q-index for all classes of Booklet Four. 

 Class -1 Class -2 

Item Q-index Zq 

p 

(X>Zq) Q-index Zq 

p 

(X>Zq) 

M032094 0.25 -0.04 0.51 0.38 -0.11 0.54 

M032662 0.32 2.37 0.01 0.17 0.08 0.47 

M032419 0.24 -0.58 0.71 0.12 0.02 0.49 

M032477 0.27 0.83 0.20 0.39 -0.54 0.71 

M032324 0.25 0.30 0.37 0.16 0.09 0.46 

M032116 0.25 0.33 0.37 0.15 -0.01 0.51 

M032100 0.22 -0.95 0.83 0.17 0.30 0.38 

M032402 0.27 0.80 0.21 0.14 -0.01 0.50 

M032397 0.21 -1.45 0.92 0.17 0.00 0.50 

M032132 0.25 -0.26 0.60 0.18 0.14 0.44 

 Figure 15 shows that the two classes had similar item difficulty parameters for 

the first six items and different item difficulty parameters for the last four items. These 

four items were slightly easier for first class then for the second class. The lines display 

items on which the two classes seem to diverge and later to converge. The majority of 

items were not markedly different in difficulty across classes. In general all classes found 

the items to be relatively easy as logit position was generally negative (see Table 18 for 

specific values including standard error). 
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Figure 15. Class specific item parameter profiles for Booklet Four. 

 

 

Table 18 

Item parameters of Booklet Four by classes 

 
Class-1 Class-2 

Item Estimate Error Estimate Error 

M032094 -0.57 0.06 -2.10 0.29 

M032662 1.62 0.09 1.51 0.09 

M032419 -0.14 0.07 0.21 0.12 

M032477 0.04 0.07 -1.38 0.21 

M032324 0.73 0.07 1.13 0.10 

M032116 0.05 0.07 0.20 0.12 

M032100 -0.45 0.06 -0.07 0.13 

M032402 -0.43 0.06 -0.06 0.13 

M032397 -0.46 0.06 0.32 0.11 

M032132 -0.40 0.06 0.24 0.12 

 

Booklet Six.  The dataset consisted of 18 items with 1701 participants. To determine the 

appropriate number of classes, one, two, three, and four latent class solutions were fit to 

the data. Table 14 provides p-values of Cressie-Read and Pearson Chi-square statistics. P-
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values for Booklet One of Cressie-Read and Pearson Chi-square were .48 and .90. Since 

the two class model had the highest p-value, a two-class solution was fitted for Booklet 

Six.  Class size values for each class presents that class 1 was expected to include about 

62% of the sample. Class 2 was expected to include about 38% of the sample. The class 

sizes indicate that about 62 percent and 38 percent of the sample can be fit by a mixed 

Rasch model which was assumed to hold in these classes. According to the Q-index, 

there were two items showing lower discrimination values as follows: M042077 with a 

Zq value of 1.99 and p-value of .02 and M042067 with a Zq value of 2.05 and p-value of 

.02 in class two. Based on von Davier (2001b), items were examined and it was decided 

that there was no need for removal of both of the items. Item category values for both 

items were acceptable. For item M042077, out of 1,701 responses 659 students answered 

the item false and 1,042 students answered correct. For item M042067, out of 1,701 

responses 894 students answered the item false and 807 students answered correct. 

Additionally, item parameter values for class two were also acceptable and as follows .29 

and .31. All of the other items fit each class well (.05 < p < .95) (See Table 19).  
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Table 19 

Item fit assessed by the Q-index for all classes of Booklet Six. 

 Class -1 Class -2 

Item Q-index Zq 

p 

(X>Zq) Q-index Zq 

p 

(X>Zq) 

M042041 0.19 -0.23 0.59 0.26 -1.00 0.84 

M042024 0.16 -0.31 0.62 0.29 -0.23 0.59 

M042016 0.21 1.46 0.07 0.27 -0.64 0.74 

M042077 0.15 -0.43 0.67 0.37 1.99 0.02 

M042235 0.24 0.22 0.41 0.31 -0.40 0.66 

M042067 0.13 -1.06 0.85 0.36 2.06 0.02 

M042150 0.19 0.94 0.17 0.30 0.13 0.45 

M042260 0.20 0.64 0.26 0.30 -0.19 0.57 

M032352 0.18 0.02 0.49 0.30 0.02 0.49 

M032738 0.24 0.25 0.40 0.24 -1.40 0.92 

M032295 0.46 0.11 0.46 0.29 -0.41 0.65 

M032331 0.14 -0.55 0.71 0.34 1.59 0.06 

M032623 0.13 -1.16 0.88 0.32 0.49 0.31 

M032679 0.16 -0.31 0.62 0.34 0.94 0.17 

M032047 0.17 0.36 0.36 0.26 -0.40 0.65 

M032398 0.16 -0.32 0.63 0.27 -40.00 0.66 

M032507 0.15 -0.44 0.67 0.30 0.34 0.37 

M032424 0.20 0.96 0.17 0.26 -0.86 0.81 

  

In general, the two classes had similar item difficulty parameters for the items 

(see Figure 16). Specifically, items M042041, M042024, M042235, M042067, M032738, 

M032623, M032679, M032507, and M032424 were similar in difficulty level for both 

classes. On the other hand, items M042016, M042077, M042150, M042260, M032352, 

M032295, M032331, M032047, and M032398 showed different difficulty levels. In 

general all classes found the items to be relatively hard as logit position was generally 

positive (see Table 20 for specific values including standard error). 
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Figure 16. Class specific item parameter profiles for Booklet Six. 

 

Table 20 

Item parameters of Booklet Six by classes 

 
Class-1 Class-2 

Item Estimate Error Estimate Error 

M042041 -1.42 0.13 -0.82 0.08 

M042024 -0.82 0.10 -0.04 0.09 

M042016 0.52 0.08 -0.09 0.09 

M042077 -0.12 0.09 0.29 0.09 

M042235 -1.06 0.11 0.43 0.09 

M042067 1.16 0.07 0.31 0.09 

M042150 1.19 0.10 0.07 0.09 

M042260 -0.73 0.09 -1.45 0.09 

M032352 -0.56 0.14 -0.31 0.08 

M032738 -1.61 0.24 -0.47 0.08 

M032295 -2.97 0.07 -0.78 0.08 

M032331 1.86 0.07 0.90 0.10 

M032623 0.84 0.08 1.16 0.11 

M032679 0.42 0.07 0.12 0.09 

M032047 1.07 0.07 -0.34 0.08 

M032398 0.90 0.07 -0.06 0.09 

M032507 1.17 0.07 0.89 0.10 

M032424 0.13 0.08 0.18 0.09 
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Research question three. Do LCA and the MRM analysis results differ in terms of : 

a. Item fit parameters for TIMSS-2011 8th-grade mathematics? 

b. Item class parameters for TIMSS-2011 8th-grade mathematics? 

Booklet One. Results from LCA analysis and the MRM analysis were compared. 

Both LCA and the MRM analysis provided a three-class solution for the data.  Although 

item parameters were not comparable, standard errors of the items had similar values for 

both analyses (see Table 21).  

Table 21 

Item parameter comparisons of Booklet One LCA and MRM by Class 

 Class-1 LCA/MRM Class-2 LCA/MRM Class-3 LCA/MRM 
Item Estimate Error Estimate Error Estimate Error 

M032166 2.90 -1.03 0.23 0.13 -2.35 -2.33 0.18 0.14 0.37 -0.41 0.15 0.11 

M032721 0.74 1.88 0.12 0.10 0.52 0.50 0.10 0.10 0.80 -0.46 0.10 0.11 

M032626 2.77 0.36 0.32 0.10 -0.20 -0.26 0.10 0.10 0.78 -0.26 0.11 0.11 

M032595 3.17 -0.38 0.29 0.11 -1.25 -1.37 0.15 0.11 0.71 -0.19 0.12 0.12 

M032673 2.32 0.31 0.19 0.10 -0.66 -0.75 0.13 0.10 1.17 0.18 0.13 0.12 

M052216 2.69 -1.66 0.18 0.16 -1.86 -1.72 0.18 0.12 0.34 -0.38 0.12 0.11 

M052228 2.54 0.98 0.30 0.09 0.83 0.81 0.14 0.10 1.84 0.88 0.15 0.15 

M052214 1.05 -1.37 0.13 0.14 0.45 0.70 0.10 0.10 0.94 -0.08 0.11 0.11 

M052173 0.52 2.65 0.15 0.10 3.02 2.39 0.29 0.14 2.21 1.10 0.16 0.16 

M052302 2.16 -1.50 0.14 0.15 -2.50 -2.71 0.18 0.16 -0.06 -0.84 0.14 0.10 

M052084 2.92 -0.07 0.27 0.11 -0.59 -0.46 0.13 0.09 1.30 0.34 0.13 0.13 

M052429 2.67 -0.16 0.24 0.11 -1.07 -1.10 0.13 0.11 1.00 0.10 0.13 0.12 

 

Additionally, although the Bayesian information criterion was not used in the MRM for 

identifying the model fit, both methods produced very close BIC values (see Table 22). 

 Table 22 

LCA and MRM 3 Class Model BIC Fit Indices for Booklet One 

Model LCA MRM 

3-class 22938 22970 

Note.  BIC = the Bayesian information criterion. 
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Furthermore, two analyses had somewhat different solutions for the class weights. 

Latent class analysis put the most cases into the middle class. The mixture Rasch model 

sorted classes based on similarity in their response patterns (see Table 23).  

Booklet Four. Results from LCA analysis and the MRM analysis were compared. 

The LCA model provided a three-class solution. On the other hand, the MRM analysis 

provided a two-class solution for the data. Since the solutions were based on different 

number of classes both item parameters and standard errors of the items were not 

comparable (see Table 24).  

Table 24 

Item parameter comparisons of Booklet Four LCA and MRM by Class 

 Class-1 LCA/MRM Class-2 LCA/MRM Class-3 LCA/MRM 

Item Estimate Error Estimate Error Estimate Error 

M032094 -2.26 -0.57 0.30 0.06 -1.03 -2.10 0.23 0.29 0.48 N/A 0.14 N/A 

M032662 -0.78 1.62 0.16 0.09 1.72 1.51 0.26 0.09 2.06 N/A 0.18 N/A 

M032419 -1.91 -0.14 0.23 0.07 -0.36 0.21 0.13 0.12 0.84 N/A 0.16 N/A 

M032477 -2.90 0.04 0.32 0.07 -0.39 -1.38 0.20 0.21 1.08 N/A 0.16 N/A 

M032324 -1.11 0.73 0.17 0.07 0.73 1.13 0.15 0.10 1.45 N/A 0.15 N/A 

M032116 -1.99 0.05 0.23 0.07 -0.08 0.20 0.15 0.12 0.91 N/A 0.14 N/A 

M032100 -2.07 -0.45 0.19 0.06 -0.81 -0.07 0.18 0.13 0.65 N/A 0.15 N/A 

M032402 -2.24 -0.43 0.25 0.06 -0.49 -0.06 0.15 0.13 0.39 N/A 0.12 N/A 

M032397 -1.62 -0.46 0.15 0.06 -0.85 0.32 0.18 0.11 0.72 N/A 0.16 N/A 

M032132 -1.76 -0.40 0.16 0.06 -0.61 0.24 0.17 0.12 0.59 N/A 0.13 N/A 

 

However, for identifying the model fit, both methods produced very close BIC values for 

different solutions based on different number of classes (see Table 25).  

Table 23 

LCA and MRM 3 Class Model Class Sizes for Booklet One 

Class LCA MRM 

1 28.0% 42.0% 

2 42.0% 36.0% 

3 28.0% 22.0% 
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Additionally, two analyses had different solutions for the class weights. Latent 

class analysis put the most cases into the middle class in a three-class model. The mixture 

Rasch model sorted classes based on similarity in their response patterns and places most 

of the cases into the first class in a two-class model (see Table 26).  

 

Booklet Six. Results from LCA analysis and the MRM analysis were compared. 

Both models supported a two-class solution. Similar to Booklet One, item parameters 

were not comparable but standard errors of the items had similar values for both analyses 

(see Table 27).  

 

 

 

 

 

Table 25 

LCA and MRM 3 vs. 2  Class Model BIC Fit Indices for Booklet Four 

Model LCA MRM 

2-class N/A 21301 

3-class 21332 N/A 

Note.  BIC = the Bayesian information criterion. 

Table 26 

LCA and MRM 3 vs. 2 Class Model Class Sizes for Booklet Four 

Class LCA MRM 

1 27.1% 66.0% 

2 39.0% 34.0% 

3 33.9% N/A 
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Table 27 

Item parameter comparisons of Booklet Six LCA and MRM by Class 

 Class-1 LCA/MRM Class-2 LCA/MRM 

Item Estimate Error Estimate Error 

M042041 -3.53 -1.42 0.27 0.13 -0.47 -0.82 0.08 0.08 

M042024 -2.84 -0.82 0.18 0.10 0.18 -0.04 0.08 0.09 

M042016 -1.21 0.52 0.09 0.08 0.37 -0.09 0.07 0.09 

M042077 -2.06 -0.12 0.15 0.09 0.57 0.29 0.08 0.09 

M042235 -2.89 -1.06 0.19 0.11 0.37 0.43 0.09 0.09 

M042067 -0.74 1.16 0.10 0.07 0.91 0.31 0.07 0.09 

M042150 -0.63 1.19 0.08 0.10 0.66 0.07 0.07 0.09 

M042260 -2.29 -0.73 0.13 0.09 -0.89 -1.45 0.08 0.09 

M032352 -2.55 -0.56 0.17 0.14 0.06 -0.31 0.08 0.08 

M032738 -3.44 -1.61 0.25 0.24 -0.29 -0.47 0.08 0.08 

M032295 -4.58 -2.97 0.40 0.07 -0.65 -0.78 0.09 0.08 

M032331 -0.17 1.86 0.09 0.07 1.54 0.90 0.09 0.10 

M032623 -1.20 0.84 0.12 0.08 1.54 1.16 0.10 0.11 

M032679 -1.46 0.42 0.11 0.07 0.59 0.12 0.07 0.09 

M032047 -0.75 1.07 0.08 0.07 0.35 -0.34 0.07 0.08 

M032398 -0.97 0.90 0.10 0.07 0.57 -0.06 0.07 0.09 

M032507 -0.78 1.17 0.09 0.07 1.35 0.89 0.09 0.10 

M032424 -1.69 0.13 0.11 0.08 0.52 0.18 0.08 0.09 

 

Although, as data were sparse, the MRM did not use the BIC value for model fit 

purposes, both methods produced very close BIC values for the two-class model (see 

Table 28).  

 

 

Table 28 

LCA and MRM 2  Class Model BIC Fit Indices for Booklet Six 

Model LCA MRM 

2-class 34491 33709 

Note.  BIC = the Bayesian information criterion. 
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Once again, the two analyses had different solutions for the class weights. Latent 

class analysis put the most cases into the second class in a two-class model. The mixture 

Rasch model sorted classes based on similarity in their response patterns and placed most 

of the cases into the first class in a two-class model (see Table 29).  

 

Research question four.  Are there associations between LCA and the MRM latent 

classes, nation, and gender for TIMSS-2011 8th-grade mathematics? 

 Booklet One. A four way log-linear analysis was performed with variables 

nation, gender, LCA class membership, and the MRM class membership. Hierarchical, 

nested models were fitted. In a hierarchical model it is sufficient to list the highest order 

terms. K-way effects were examined to see the contribution of each level of interaction. 

The likelihood ratio chi-square with no parameters and only the mean was 2582.89. The 

value for the first order effect was 2248.50. The difference 2582.89− 2248.50 = 334.38 is 

displayed on the first line of the table. The difference is a measure of how much the 

model improved when first order effects were included. The significant p value (< .001) 

means that the hypothesis of first order effects (main marginals) being zero is rejected. In 

other words, there was a first order effect. Similar reasoning is then applied to the 

question of second order effects. The addition of a second order effect improved the 

Table 29 

LCA and MRM 2 Class Model Class Sizes for Booklet Six 

Class LCA MRM 

1 47.9 % 62.0 % 

2 52.1 % 38.0 % 
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likelihood ratio chi-square by 2218.10. This was also significant. But the addition of a 

third and a fourth order term did not significantly improve fit (p > .05).  

Table 30 

K-Way and Higher-Order Effects for Booklet One 

 

K df 

Likelihood Ratio 

 Chi-Square p 

     

K-way Effects 1 8 334.38 <.001 

2 23 2218.10 <.001 

3 28 25.93 .58 

4 12 4.46 .97 

 

Table 31 shows that there were statistically significant associations between nation and 

LCA class membership (p <  .05), nation and the MRM class membership (p <  .05), and 

LCA class membership and MRM class membership (p <  .05) for Booklet One. All other 

interactions between other variables were not statistically significant (p > .05). 
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Table 31 

Partial Associations for Booklet One 

Effect df Partial Chi-Square Sig. 

NATION*ITSEX*LCA 6 6.81 .34 

NATION*ITSEX*MRM 6 8.60 .20 

NATION*LCA*MRM 12 9.90 .63 

ITSEX*LCA*MRM 4 1.07 .90 

NATION*ITSEX 3 3.46 .33 

NATION*LCA 6 300.25 <.001 

ITSEX*LCA 2 2.68 .26 

NATION*MRM 6 41.85 <.001 

ITSEX*MRM 2 5.67 .06 

LCA*MRM 4 1237.21 <.001 

NATION 3 181.54 .00 

ITSEX 1 .06 .81 

LCA 2 59.35 .00 

MRM 2 93.44 .00 

Note.  NATION= Countries, ITSEX=Gender, LCA= Latent Class Analysis 

Group Membership, MRM= Mixed Rasch Model Group Membership 

 

To further analyze the interactions, a custom model was created using two way 

interactions between nation, LCA class membership, and the MRM class membership 

variables. In Table 32, the goodness of fit test showed that the model fit the data 

adequately (p > .05).  

Table 32 

Goodness-of-Fit Tests for 2-way Interaction Model for Booklet One 

 Chi-Square df p 

Adjusted 

dfa p 

Likelihood Ratio 43.09 48 .67 40 .34 

a. One degree of freedom is subtracted for each cell with an expected value of zero. The unadjusted df is an 

upper bound on the true df, while the adjusted df may be an underestimate. 
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Associations. A crosstab analysis was run to see the exact membership percentages 

between interactions. If LCA group membership could be explained by the nation 

variable, class should be associated with country. Although class membership somewhat 

reflect countries’ success rates in TIMSS as indicated by the latent class, where USA and 

Finland fell in the table suggests that LCA classes were not a product of the nation 

variable (see Table 33). However, based on where the nations’ academic performance 

stands, the table supports the idea that latent class identification is based on skill level for 

Booklet One. 

Table 33 

Crosstabulation of Nation vs. LCA Class Membership for Booklet One 

 

LCA GROUP MEMBERSHIP 

Total Class 1 Class 2 Class 3 

NATION Turkey Count 

% within NATION 

99 91 248 438 

22.6% 20.8% 56.6% 100.0% 

USA Count  

% within NATION 

114 392 147 653 

17.5% 60.0% 22.5% 100.0% 

Singapore Count  

% within NATION 

285 102 30 417 

68.3% 24.5% 7.2% 100.0% 

Finland Count  

% within NATION 

21 158 77 256 

8.2% 61.7% 30.1% 100.0% 

Total Count  

% within NATION 

 743 502 1764 

29.4% 42.1% 28.5% 100.0% 

 

On the other hand, the MRM group membership values more closely paralleled the nation 

variable but, again, not purely relying on it (see Table 34). Finland and USA provided 

similar results where Singaporean students were mostly in class 1(65.0 %) and Turkish 

students were mostly in class 3 (50.7 %). 
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Table 34 

Crosstabulation of Nation vs. MRM Class Membership for Booklet One 

 

MRM GROUP MEMBERSHIP 

Total Class 1 Class 2 Class 3 

NATION Turkey Count 

% within NATION 

122 94 222 438 

27.9% 21.5% 50.7% 100.0% 

USA Count  

% within NATION 

229 319 105 653 

35.1% 48.9% 16.1% 100.0% 

Singapore Count  

% within NATION 

271 121 25 417 

65.0% 29.0% 6.0% 100.0% 

Finland Count  

% within NATION 

79 125 52 256 

30.9% 48.8% 20.3% 100.0% 

Total Count  

% within NATION 

 659 404 1764 

39.7% 37.4% 22.9% 100.0% 

 

Furthermore, analysis for Booklet One shows that LCA class memberships and the MRM 

class memberships overlapped by 70%. For class 1, the agreement level was 74.0 %. For 

class 2, the agreement level was 60.6 %. For class 3, the agreement level was 80.1 % (see 

Table 35). 

 

Table 35 
Crosstabulation of LCA Class Membership vs. MRM Class Membership for Booklet One 

 

MRM GROUP MEMBERSHIP 

Total Class 1 Class 2 Class 3 

LCA GROUP 

MEMBERSHIP 

Class 1 

Count  

% within LCA GROUP 

MEMBERSHIP 

384 135 0 519 

74.0% 26.0% 0.0% 100.0% 

Class 2 

Count  

% within LCA GROUP 

MEMBERSHIP 

291 450 2 743 

39.2% 60.6% 0.3% 100.0% 

Class 3 

Count 

 % within LCA GROUP 

MEMBERSHIP 

26 74 402 502 

5.2% 14.7% 80.1% 100.0% 

Total Count  

% within LCA GROUP 

MEMBERSHIP 

701 659 404 1764 

39.7% 37.4% 22.9% 100.0% 

 

 



 

94 
 

Booklet Four. A four way log-linear analysis was conducted with variables 

nation, gender, LCA class membership, and the MRM class membership. The likelihood 

ratio chi-square with no parameters and only the mean was 2326.18. The value for the 

first order effect was 1897.99. The difference 2326.18− 1897.99= 428.19 is displayed on 

the first line of Table 36. The significant p value (< .001) shows that there was a first 

order effect. The addition of a second order effect improved the likelihood ratio chi-

square by 1894.55. This was also significant. But the addition of a third and a fourth 

order term did not significantly improve fit (p > .05).  

Table 36 

K-Way and Higher-Order Effects for Booklet Four  

 

K df 

Likelihood Ratio 

 Chi-Square P 

K-way Effects 1 7 428.19 <.001 

2 17 1894.55 <.001 

3 17 3.43 1.00 

4 6 0.02 1.00 

 

Table 37 shows that there were statistically significant associations between nation and 

LCA class membership (p <  .05), nation and the MRM class membership (p <  .05), 

LCA class membership and MRM class membership (p <  .05), and nation and gender (p 

<  .05) for Booklet Four. All other interactions between other variables were not 

statistically significant (p > .05). 
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Table 37 

Partial Associations for Booklet Four 

Effect df Partial Chi-Square p 

LCA*NATION*MRM 6 .00 1.00 

LCA*NATION*ITSEX 6 3.25 .78 

LCA*MRM*ITSEX 2 .00 1.00 

NATION*MRM*ITSEX 3 1.33 .72 

LCA*NATION 6 65.39 <.001 

LCA*MRM 2 1362.86 <.001 

NATION*MRM 3 10.46 .02 

LCA*ITSEX 2 4.41 .11 

NATION*ITSEX 3 10.05 .02 

MRM*ITSEX 1 .13 .72 

LCA 2 42.13 <.001 

NATION 3 216.13 <.001 

MRM 1 169.78 <.001 

ITSEX 1 .15 .70 

Note.  NATION= Countries, ITSEX=Gender, LCA= Latent Class Analysis Group 

Membership, MRM= Mixed Rasch Model Group Membership 
 

To further analyze the interactions of nation, LCA class membership, and the 

MRM class membership variables a custom model was created with the significant two-

way associations. In Table 38, the goodness of fit test showed that the model fit the data 

adequately (p > .05).  

Table 38 

Goodness-of-Fit Tests for 2-way Interaction Model for Booklet Four 

 Chi-Square df p 

Adjusted 

dfa p 

Likelihood Ratio 7.99 26 1.00 10 .63 

a. One degree of freedom is subtracted for each cell with an expected value of zero. The 

unadjusted df is an upper bound on the true df, while the adjusted df may be an underestimate. 

 

Associations. A crosstab analysis was run to see the exact membership percentages 

between interactions. Table 39 results support latent class identification as based on skill 

level for Booklet Four. 
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Table 39 

Crosstabulation of Nation vs. LCA Class Membership for Booklet Four 

 

LCA GROUP MEMBERSHIP 

Total Class 1 Class 2 Class 3 

NATION Turkey Count 

% within NATION 

52 142 210 404 

12.9% 35.1% 52.0% 100.0% 

USA Count  

% within NATION 

138 302 242 682 

20.2% 44.3% 35.5% 100.0% 

Singapore Count  

% within NATION 

233 126 51 410 

56.8% 30.7% 12.4% 100.0% 

Finland Count  

% within NATION 

50 124 76 250 

20.0% 49.6% 30.4% 100.0% 

Total Count  

% within NATION 

473 694 579 1746 

27.1% 39.7% 33.2% 100.0% 

 

Since there was an interaction between nation and gender variables for Booklet Four, a 

crosstabulation analysis was done to see the levels. For this booklet, there were more 

male Turkish students than females (57.9% vs. 42.1%). Both USA and Singapore had 

almost equal percentages for gender (see Table 40). However, there were more girls than 

boys for Finland (54.0% vs. 46.0%). 

 

Table 40 

Crosstabulation of Nation vs. Gender for Booklet Four 

 

GENDER 

Total GIRL BOY 

NATION Turkey Count  

% within NATION 

170 234 404 

42.1% 57.9% 100.0% 

USA Count  

% within NATION 

353 329 682 

51.8% 48.2% 100.0% 

Singapore Count  

% within NATION 

207 203 410 

50.5% 49.5% 100.0% 

Finland Count  

% within NATION 

135 115 250 

54.0% 46.0% 100.0% 

Total Count  

% within NATION 

 865 881 

 49.5% 50.5% 
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The MRM analysis had a two-class solution for Booklet Four (see Table 41). Based on 

that, a majority of the Turkish, American, and Finnish students fell into the first class, 

82.9 %, 70.5% and 72.8 respectively.  However, Singaporean students were mostly in 

class 2 (64.6 %).   

Table 41 

Crosstabulation of Nation vs. MRM Class Membership for Booklet Four 

 

MRM GROUP MEMBERSHIP 

Total Class 1 Class 2 

NATION Turkey Count  

% within NATION 

335 69 404 

82.9% 17.1% 100.0% 

USA Count  

% within NATION 

481 201 682 

70.5% 29.5% 100.0% 

Singapore Count  

% within NATION 

145 265 410 

35.4% 64.6% 100.0% 

Finland Count  

% within NATION 

182 68 250 

72.8% 27.2% 100.0% 

Total Count  

% within NATION 

1143 603 1746 

65.5% 34.5% 100.0% 

 

Additionally, a crosstab analysis for Booklet Four was done to see LCA class 

memberships and the MRM class membership agreement level. Although LCA and 

MRM analysis provided a different number of classes for Booklet Four, LCA’s class one 

(highly skilled students) overlapped 100 % with MRM class two. LCA class two 

(moderate skill students) overlapped with both MRM class one (81.3%) and class two 

(18.7%). LCA class three (somewhat moderate skilled students) overlapped with only 

MRM class one (see Table 42). 
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Table 42 

Crosstabulation of LCA Class Membership vs. MRM Class Membership for Booklet Four 

 

MRM GROUP 

MEMBERSHIP 

Total Class 1 Class 2 

LCA GROUP 

MEMBERSHIP 

Class 1 

Count  

% within LCA GROUP 

MEMBERSHIP 

0 473 473 

0.0% 100.0% 100.0% 

Class 2 

Count  

% within LCA GROUP 

MEMBERSHIP 

564 130 694 

81.3% 18.7% 100.0% 

Class 3 

Count  

% within LCA GROUP 

MEMBERSHIP 

579 0 579 

100.0% 0.0% 100.0% 

Total Count  

% within LCA GROUP 

MEMBERSHIP 

1143 603 1746 

65.5% 34.5% 100.0% 

 

Booklet Six. A four way log-linear analysis was done with variables nation, 

gender, LCA class membership, and the MRM class membership. The likelihood ratio 

chi-square with no parameters and only the mean was 1829.25. The value for the first 

order effect was 1535.37. The difference 293.88 is displayed on the first line of the table 

(see Table 43). The significant p value (< .001) shows that there was a first order effect. 

The addition of a second order effect improved the likelihood ratio chi-square by 

1526.405. This was also significant. But the addition of a third and a fourth order term 

did not significantly improve fit (p > .05).  

Table 43 

K-Way and Higher-Order Effects for Booklet Six 

 

K df 

Likelihood Ratio 

 Chi-Square p 

K-way Effects 1 6 293.882 <.001 

2 12 1526.405 <.001 

3 10 8.957 1.000 

4 3 0.005 1.000 
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Table 44 shows what interactions were significant. Similar to the other booklets, there 

were statistically significant associations between nation and LCA class membership (p <  

.05), nation and the MRM class membership (p <  .05), and LCA class membership and 

MRM class membership (p <  .05). All other interactions between other variables were 

not statistically significant (p > .05). 

 

Table 44 

Partial Associations for Booklet Six 

Effect df Partial Chi-Square p 

NATION*ITSEX*LCA 3 1.98 .57 

NATION*ITSEX*MRM 3 3.52 .31 

NATION*LCA*MRM 3 3.83 .28 

ITSEX*LCA*MRM 1 .92 .33 

NATION*ITSEX 3 .94 .81 

NATION*LCA 3 104.55 <.001 

ITSEX*LCA 1 .04 .82 

NATION*MRM 3 72.23 <.001 

ITSEX*MRM 1 .17 .68 

LCA*MRM 1 1019.36 <.001 

NATION 3 185.68 <.001 

ITSEX 1 .42 .51 

LCA 1 3.48 .06 

MRM 1 104.28 <.001 

Note.  NATION= Countries, ITSEX=Gender, LCA= Latent Class Analysis Group 

Membership, MRM= Mixed Rasch Model Group Membership 
 

Table 45 shows the goodness of fit test indicating that the model including the 

main marginal and the significant associations fit the data adequately (p > .05).  

Table 45 

Goodness-of-Fit Tests for 2-way Interaction Model for Booklet Six 

 Chi-Square df p 

Likelihood Ratio 4.22 3 .24 
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Associations. A crosstab analysis was done to investigate the exact membership 

percentages between interactions. The agreement between nation and LCA class 

membership variables is shown in Table 46.  Most of the Turkish students fell into the 

second class of the LCA (73.9%). On the other hand, most of the Singaporean students 

fell into the first group of the LCA (80.3%). However, Finland and USA had comparable 

percentages for both classes (46.2% and 53.8% for Finland, 41.1% and 58.9% for USA).  

Table 46 

Crosstabulation of Nation vs. LCA Class Membership for Booklet Six 

 

LCA GROUP MEMBERSHIP 

Total Class 1 Class 2 

NATION Turkey Count 

% within NATION 

100 283 383 

26.1% 73.9% 100.0% 

USA Count  

% within NATION 

269 386 655 

41.1% 58.9% 100.0% 

Singapore Count  

% within NATION 

323 79 402 

80.3% 19.7% 100.0% 

Finland Count  

% within NATION 

121 141 262 

46.2% 53.8% 100.0% 

Total Count  

% within NATION 

 889 1702 

47.8% 52.2% 100.0% 

 

Additionally, the MRM analysis also had a two-class solution for Booklet Six (see Table 

47). A majority of the American, Singaporean, and Finnish students fell into the first 

class, 64.3 %, 86.1% and 62.1% respectively.  However, Turkish students were mostly in 

class 2 (65.8 %).   
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Table 47 

Crosstabulation of Nation vs. MRM Class Membership for Booklet Six 

 

MRM GROUP MEMBERSHIP 

Total Class 1 Class 2 

NATION Turkey Count  

% within NATION 

131 252 383 

34.2% 65.8% 100.0% 

USA Count  

% within NATION 

421 234 655 

64.3% 35.7% 100.0% 

Singapore Count  

% within NATION  

346 56 402 

86.1% 13.9% 100.0% 

Finland Count  

% within NATION 

162 99 261 

62.1% 37.9% 100.0% 

Total Count  

% within NATION 

1060 641 1701 

62.3% 37.7% 100.0% 

 

A crosstab analysis for Booklet Six was also run to see the LCA class membership and 

the MRM class membership agreement level. Table 48 shows that LCA’s class one 

overlaps perfectly with MRM’s class two. However LCA’s class two fell into both MRM 

class one and class two, 81.3% and 18.7% respectively. 

Table 48 

Crosstabulation of LCA Class Membership vs. MRM Class Membership for Booklet Six 

 

MRM GROUP 

MEMBERSHIP 

Total Class 1 Class 2 

LCA GROUP 

MEMBERSHIP 

Class 1  Count  

% within LCA GROUP 

MEMBERSHIP 

0 473 473 

0.0% 100.0% 100.0% 

Class 2 Count  

% within LCA GROUP 

MEMBERSHIP 

564 130 694 

81.3% 18.7% 100.0% 

Total Count  

% within LCA GROUP 

MEMBERSHIP 

1143 603 1746 

65.5% 34.5% 100.0% 



 

102 
 

 

 

 

Chapter Four 

Discussion 

This chapter presents a summary of the paper, important findings for each 

research question, limitations of the research, and recommendations for further research. 

Summary of the Study 

This study compared of the results of LCA and the MRM analyses for a major 

international assessment in mathematics. Although the two approaches and the outcomes 

in terms of class designations overlapped, assumptions about the nature of the data and 

the information derived from each analysis differed. The literature review summarized 

the theory and application of latent class analysis and the mixture Rasch model in 

identifying latent classes in the social sciences.  Also, a log-linear analysis was conducted 

to understand the interactions between latent classes identified by LCA and the MRM. 

The data set used in the study was from four diverse countries (Turkey, USA, Finland, 

and Singapore) participating in TIMSS-2011. There are instructional differences and 

historical performance differences for each country and analyses yielded results 

associated mostly with nation of the participants. 

The TIMSS-2011 8th-grade mathematics section contained 48 released items 

within 14 different booklets. Since booklets had overlapping items, to cover the largest 
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number of items within single booklets, booklets one, four, and six were selected for 

analysis. This method resulted in the coverage of 40 single items. 

Latent class analysis is used to determine if individuals can be divided into 

subgroups or latent classes based on an unobserved construct (Collins & Lanza, 2010). 

The analyses run by booklet revealed the number of underlying subgroups and suggested 

a potential meaning for classes. Models used in the study explored different subgroups 

within the data set based on participants’ responses. On the other hand, the mixture Rasch 

model is also used for similar purposes to understand the nature of the data. Mixture 

Rasch models, which combine Rasch models with latent class analysis, have been used to 

identify latent classes based on use of different problem-solving techniques or who use 

different skills in response to test items. For each technique, different fit indices were 

used to find the best model. The Bayesian information criterion (BIC) was used for LCA. 

Cressie Read and chi-square were used for the MRM.  

Results of log-linear analysis showed that overall the two techniques provided 

similar but not identical results. There were significant interactions between nation and 

identified latent classes for both LCA and the MRM. Also a crosstab analysis uncovered 

the agreement level of 2-way interactions from log-linear analysis showing the level of 

agreement between identified classes of LCA and nation and also identified classes of 

MRM and nation as well as identified classes of LCA vs. the MRM. 

Important Findings 
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Research question one.  Does analysis of TIMSS-2011 8th-grade mathematics 

data from four proposed nations yield multiple latent classes using LCA techniques? 

The three booklets from the TIMSS-2011 8th-grade mathematics data were used 

to run the LCA method explained in the previous chapter via Mplus Version 7.31 

(Muthén & Muthén, 2012a). The three-step modeling approach by Wang and Wang 

(2012) was used to explore possible latent structures. The main goal of the present 

research question was to identify distinct latent classes and descriptive features of the 

dataset. For each booklet, analysis yielded a different number of subgroups with adequate 

model fit and adequate quality, and seemed to define latent classes of different ability 

levels ranging between low to high ability level. 

The results suggest that TIMSS-2011 8th-grade mathematics data yield different 

subgroups based on ability levels of students. The interpretation of the classes was based 

on the demographic information related to students’ background. The students selected 

for the study were from different nations with different rankings on TIMSS achievement. 

Wang and Wang (2012) emphasize that, for a successful LCA model it is important to 

construct the definition of the latent classes in an interpretable manner.  

Initial thought about the LCA part of the study was if there were multiple latent 

classes, this would be considered a test validity issue. But analysis showed that the 

identified latent classes can be generally defined by the nation variable. For example, 

analysis of the data suggest that there were three possible latent classes for Booklet One. 

Results showed that 519 students (29.5%) were assigned to Class 1, 743 students (37.6%) 
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were assigned to Class 2, and 502 students (28.5%) were assigned to Class 3. Results of 

the analysis assigned one fourth of the students to the higher ability group, half of them to 

the moderate ability group, and one fourth of them to the low ability group for Booklet 

One. 

The ability levels of the students overlap with where their nation stands on the 

TIMSS mean score table. The three class (also 2-class) solutions suggested that latent 

classes are tied to the nation variable, in which instructional differences, class sizes, 

number of hours, money spent on education, etc. makes the main difference. So for LCA 

analysis, it is clear that multiple latent classes are associated with data being obtained 

from different nations that have clear performance differences on the test. Also, literature 

on TIMSS results suggests that the mean achievement score differences between 

countries that occur on an international test are the result of multiple practice differences 

within the system itself (Carnoy, & Rothstein, 2013; Stigler, Gonzales, Kwanaka, Knoll, 

& Serrano, 1999; Yücel, Karadağ, & Turan, 2013). So the results of the LCA analysis 

became a confirmatory result for the nature of the classes identified within the study.  

Research question two. Does analysis of TIMSS-2011 8th-grade mathematics 

data from four proposed nations yield multiple latent classes using the MRM techniques?  

Response data from the three booklets were used to run the mixture Rasch model 

analysis using WINMIRA (von Davier, 2001a). The main goal of the research question 

two was to find whether distinct latent subgroups were identified. For each booklet, 

MRM yielded a different number of latent classes with adequate model fit based on the 
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item difficulty and response patterns of the students. Once the latent classes were 

identified, item fit was examined. Item fit statistics are handled slightly differently in a 

MRM than in a simple Rasch analysis. Each possible latent class yielded its own Rasch 

analysis and its own set of item and person position estimates and fit statistics, along with 

point-scale indicators.  

Results of the current study show that examinees systematically differed in the 

ways they understand or solve items. For each booklet there was more than one class. 

MRM, in this case, provides valuable information to the field. Having distinct classes 

means that pupils may employ different strategies to solve test items, an idea which has 

been emphasized by cognitive psychologists doing psychometric studies for the past 

decades (Mislevy & Huang, 2007).  

In general, items were relatively easy for two booklets and relatively difficult for 

one booklet. For example, raw mean scores for Booklet One show that participants in 

classes one and two had substantially higher mean scores than participants in class two. 

Analysis showed that the mean of the raw scores of class 1 was high (M=9.02, SD=2.35), 

class 2 was medium (M=7.18, SD=2.26), and class 3 was low for Booklet One (M=3.42, 

SD=1.61). Also, for booklet three, class 1 was low (M=3.97, SD=1.77), class 2 was high 

(M=6.39, SD=1.32), for Booklet Six class 1 was low (M=13.42, SD=3.16), class 2 was 

high (M=6.66, SD=2.63).  Also item logit positions show that the same item was 

relatively hard for participants in different classes. For example, item M032047 of 

Booklet Six had an item difficulty parameter of 1.07 and a standard error of 0.07 for class 
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one and an item difficulty parameter of -0.34 and standard error of 0.08 for class two. 

The difference in logit measures were around more than three standard errors different 

which can be interpreted as item being comparatively hard for the students in class one 

for Booklet Six (Masters & Keeves, 1999). This also supports the idea that the 

appearance of distinct classes is related to person ability. 

The MRM can be used for different purposes. In this study, validity of the test 

was a concern of the researcher. Possible latent classes were seen as threats to validity. 

Messick (1989) states that, validity is not just guessing about some behavior but 

exploration of the strategies and processes that take part in the minds of participants 

during the exam. Similar to research question one, the reason why students belong to 

different latent subgroups could be because they are from different educational systems, 

which in this case they were (Mislevy & Huang, 2007).  

Having different latent classes means that construct validity may be called into 

question. In this case, this means that the same construct is not being measured similarly 

for all students. Additionally the interpretation of the construct does not apply to all latent 

classes similarly. Since there were threats to construct validity by the existence of 

different latent classes, examinee classification can be done prior to interpretation. 

Interpreting the tested construct would be more appropriate based on the latent class. 

Response patterns seemed different, possibly for different achievement groups. If there 

were no major differences between the item logit scores of the latent classes of the MRM 

analysis (see Figure 14, 15 and 16), results could be interpreted as the latent classes 
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describe the same dimension. In such a case results of the MRM analysis would support 

construct validity. However, differences in item logit positions per class suggest further 

investigation into test validity.   

Research question three. Do LCA and the MRM analysis results differ in terms 

of: 

a. Item fit parameters for TIMSS-2011 8th-grade mathematics? 

b.  Item class parameters for TIMSS-2011 8th-grade mathematics? 

Results from the analyses of research question one and research question two were 

compared to see if LCA and the MRM differ as far as item fit and item class parameters.  

For item parameters, both of the techniques calculate item logit values and 

standard errors. For LCA, item parameter estimates are on the logit scale, and therefore, 

can be somewhat difficult to interpret. The same information is given in a more 

interpretable scale under the MRM where item parameters are products of item difficulty 

measure for each class. However standard errors of the parameters have very close results 

for all booklets (see Tables 21, 24 and 27) 

The decision on number of classes differs in the two techniques. BIC and AIC 

were used to evaluate fit for LCA. On the other hand, since Winmira2001 considered data 

as being sparse, Cressie-Read and Chi-square values were used for model fit purposes. 

However, based on BIC values, both techniques provided similar results (see Tables 22, 

25, and 28).  So it can be concluded that selecting one model over another model did not 
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depend on fit values. Since a qualitative conclusion is important for LCA, model fit is not 

enough by itself. There are also other combinations of different values such as average 

estimated posterior probabilities for quality (Nagin, 2005) and entropy value (Clark, 

2010). Moreover, latent classes should be defined in an interpretable way as well. For the 

MRM, the solution is simpler. If there is model fit based on fit indices the next step is 

simply interpretation of the model. 

The two analyses had somewhat different solutions for the class weights for all 

booklets. It can be interpreted that latent class analysis puts the most cases into the 

middle class for three class solutions and to the second class for two class solution. LCA 

uses response probabilities in which students have the same probability of giving the 

correct answer within the same class. As a result of this, students in the same class have 

no quantitative differences. The only difference created and shown by LCA is between 

groups which is a product of qualitative differences. In our case, this would be interpreted 

as item correct response values based on students’ background. However, the mixture 

Rasch model, regardless of number of classes within the solution, sorts classes based on 

similarity in their response patterns which results in the placement of cases with an order 

where most student fall in to the first class, than second, than third etc. Since there are 

differences between item parameters within the same class for the MRM, interpretation 

changes and relies on two things: one being latent class membership and two being the 

class specific quantitative person parameter (Büsch, Hagemann, & Bender, 2010). 
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Research question four. Are there associations between LCA and the MRM 

latent classes, nation, and gender for TIMSS-2011 8th-grade mathematics? 

A four way log-linear analysis was performed with variables nation, gender, LCA 

class membership, and the MRM class membership. Results from the analyses of 

research question one and research question two as well as gender and nation were used 

to see if there were significant interactions between these variables. Results found 

significant interactions between nation vs. LCA class membership, nation vs. the MRM 

class membership, and also LCA class membership vs. the MRM class membership for 

all booklets. There was also another significant interaction between nation and gender for 

Booklet Six. A follow-up crosstab analysis was also run to help interpret the interaction. 

The results revealed that qualitative meaning of the latent class analysis rests on 

the idea of students being from different educational systems. Although there were four 

nations, none of the analyses created four distinct groups. This is likely because there 

were students who are from different nations but within the same ability level. Also LCA 

class memberships only reflect countries’ success rates in TIMSS. To some extent where 

the USA and Finland fell in the association table suggests that LCA classes were not a 

product of the nation variable (see Tables 33, 39 and 46). 

Similarly, there was a significant interaction between nation and the MRM class 

membership. However, the MRM results overlapped with nation data better than the LCA 

results (see Tables 34, 41, and 47).  Based on where nations stand within the TIMSS 

mean score placement, Singapore was in mostly one class, USA and Finland were 
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combined in another class, and Turkey was by itself for three class solutions. This was 

one advantage of the dataset where latent classes could be qualitatively defined based on 

students coming from different nations since the nation variable was provided before the 

analysis.  

Another interaction was found between nation and gender for Booklet Four. For 

this booklet, there were more male Turkish students than females (57.9% vs. 42.1%). 

Both USA and Singapore had almost equal percentages for gender (see Table 40). 

However, there were more girls than boys for Finland (54.0% vs. 46.0%). There was also 

significant interaction between LCA class membership results and the MRM class 

membership results for all booklets. The results of crosstab analysis showed that there 

was agreement between class memberships of both techniques (see Tables 35, 42, and 

48).   

Research question one and two explored whether analyses of TIMSS-2011 

mathematics data yielded multiple latent classes with LCA and the MRM techniques. 

Past studies have found that LCA and the MRM techniques commonly revealed the 

existence of distinct latent classes within international large scale assessments. Studies 

have shown that TIMSS and like tests (PISA, PIRLS) contain distinct latent classes, 

mostly based on item difficulty and related to student background (e.g., Choi et al., 2015; 

Oliveri, et al., 2014; Zhang et al., 2015). Findings of this study tally with the results of 

past studies conducted using similar datasets.  

https://www.seslisozluk.net/en/what-is-the-meaning-of-tally-with/
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Also a similar comparison study was conducted and found that a MRM-related 

technique presented a clearer interpretation of latent classes (Choi et al., 2010). The 

present study also suggests that, although two techniques provide similar results, the 

MRM provides more interpretable results in terms of definition of the latent classes. 

Implications for Research 

There are several connections between LCA and MRM. They are similar in the 

assumption that observed data structures result from a latent construct.  With both LCA 

and the MRM, observed variables are assumed independent, conditional on values of the 

latent variable. For LCA, the latent variable concludes the data structure is nominal 

(latent class membership). On the other hand, for the MRM, the latent variable that 

determines data structure is continuous (Collins & Lanza, 2010 ; von Davier, 2001a). 

The MRM can be called the ‘‘super combination’’ version of the Rasch and latent 

class analysis, because participants are assigned to the qualitatively scaled latent class 

variables based on their item response patterns; and they are also assigned quantitatively 

to a latent class based on the number of items solved (Rost, 1990; Tenenbaum, Strauss, & 

Büsch, 2007). On the other hand, results of LCA provided sample information 

(proportion of people in each class), item information (probability of correct response for 

each item from examinees from each class) and examinee information (posterior 

probability of class membership for each examinee in each class).  
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While using LCA, it was noticed that LCA can be an exploratory procedure for 

understanding data, since classes are not known prior to analysis and class characteristics 

are not known until after analysis. However the MRM was found more useful in the 

TIMSS-2011 dataset because students’ educational background was the main difference 

between examinees. When examinees systematically differ in the ways they understand 

or solve items, or coming from different educational backgrounds, the variance within the 

dataset might lead to differences in item solution techniques which most likely causes 

difference in item position parameters and therefore to different latent classes.  

LCA is useful in examining the relationships between indicator variables due to 

class membership only. Also it calculates class membership probabilities instead of fixed 

class memberships. For the dataset used in this paper, LCA created a three class solution 

for Booklet One where the MRM also provided the same number of classes. For Booklet 

One, since LCA does not arrange classes by the size of them and tries to emphasize the 

qualitative underlying idea of the dataset, class loadings were mostly on second class. 

The MRM, on the other hand align class loadings in an order starting with the biggest 

class. This gives one advantage to the MRM over LCA.  It makes easier to interpret the 

class loadings of the MRM results.   

At this point, researchers might emphasize that LCA provides statistical 

optimization. However gaining statistical optimization may mean that classification 

interpretability and usability can be lost where there is no background information 

supplied (Dallas & Wilse, 2013). The solution the mixture Rasch model provides on this 
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matter is using item difficulty parameters. For example, for Booklet Four, the MRM 

provided a two class solution where class sizes were 66.0% and 34.0% respectively. 

Since the main product of each class is item difficulty parameters, interpretation of 

classes is derived from differences in item difficulties (see Table 18).  

The findings of this paper do not reveal unequivocally whether a model based on 

primarily qualitative differences (LCA), that is, different strategies, instructional 

differences, curriculum etc. or a model including additional factors of quantitative 

differences within strategies (MRM) should be used with this particular dataset. Both of 

the tests provided similar results with more or less similar interpretations. Both 

techniques resulted in models that fit the data similarly. Nonetheless, for tests similar to 

TIMSS exams, item difficulty parameters can be useful for educational researchers, 

suggesting MRM analysis may be more productive.  

Implications for Turkish Educators 

One of the reasons for using the TIMSS-2011 data set was to be able to explore 

where Turkish students stand compared to their rivals within the TIMSS participants. 

According to the crosstab analysis of nation vs. the MRM results, Turkish students 

mostly fell into class three where student ability level was lower than the other 

participating nations for Booklet One (50.7%). Most of the items in this booklet were 

from the knowing cognitive domain with number and algebra content domain. For 

Booklet Four, where a two class solution was advised by the MRM analysis, Turkish 

students were mostly in class one (82.9%). For this booklet, selected items were slightly 
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easier for students in class-one (see Figure 15). Especially, items M032324, M032116, 

M032100, M032402 and M032397, which are in the geometry content domain, were 

easier for Turkish pupils. Additionally, for Booklet Six, Turkish students were mostly in 

class two (65.8%). Again, geometry content-related items were easy for this class. 

However, the algebra content domain related questions were harder for this class (see 

Figure 16).  

Overall, the MRM analysis and crosstab analysis of nation vs. the MRM results 

showed that most items were either easier or somewhat easier for classes where Turkish 

students are the majority. The average TIMSS-2011 mathematics score of 452 (M=500, 

SD=100)  for Turkish 8th-graders could be influenced by lower scores on open-ended 

questions with which Turkish students are not familiar since the educational system 

mostly relies on multiple choice-based large-scale assessments.  

As a result of this study, Turkish educators should note that although results from 

multiple choice item place Turkey at a higher level, Turkey’s place within the TIMSS-

2011 results acknowledge that students show weaker performance levels for the rest of 

the test.  Students being focused on test solving techniques more than real-life-related 

open-ended problems indicate that Turkey should consider evolving its high school and 

university entrance method to a more modern system than is the case currently. Also, 

recent education developments will not be felt by industry or society since students are 

mainly interested in the exam results more than what is being taught at schools. 
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However, it is important to note that limitations of the TIMSS exams are 

important. While TIMSS provides informative knowledge for countries, it is important to 

understand that inferences can be made for only those narrowly defined populations 

regarding its performance on a narrowly defined set of topics (Rutkowski & Rutkowski, 

2016). Turkey is one of the biggest participants of the TIMSS exams. Making policy 

change recommendations based on such results should be very carefully examined by all 

parties of the education system.  

Limitations of the Study 

As with any statistical approach that uses binary variables, recoding categorical 

responses into dichotomous responses was one of the limitations of the study since 

student responses might result in different classification based on the multiple choice 

responses. In any latent class model, the issue of reification is of great importance. Also 

using a real world dataset limited the radius of effect area of the study since conclusions 

are limited to the current data. 

Sampling techniques of TIMSS organizers is also another limitation. One simple 

example shows that number of students in Turkish and American educational systems are 

more than the whole population of Singapore and Finland. TIMSS requires each 

participant country to join with at least 4.500 students. Although this number covers most 

of the Singaporean and Finnish 8th-grade population, it is still small for systems like the 

US or Turkey (Rutkowski & Rutkowski, 2016). In this case, generalizability of the results 

are questionable. 
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Additionally, TIMSS organizers only released a small portion of the items. 

Running the analysis only on this small set of released items also limited the 

interpretation and generalizability of the results. Sample size was reduced due to the 

number of released items. There were only three booklets used out of 14 booklets. As a 

result of this, results found here may not be representative of other booklets in TIMSS-

2011. Therefore results of this study may show some limitations regarding 

generalizability to all of TIMSS. It is also important to note that countries in this study 

differed greatly in ability levels of students. This also brings up generalizability questions 

related to whether it is possible to find distinct latent classes if countries with more 

similar scores had been examined. 

Recommendations for Further Research 

This study provides useful information about two commonly used techniques in 

educational research. Since the data used in this study are from a real data set, none of the 

techniques were tested under controlled circumstances such as different levels of amount 

and type of missing data, presence of outliers, sample size (bigger, smaller), item 

distributions, score distributions, etc.  Monte Carlo simulation studies are recommended 

to see if the results differ under these different conditions.  

Further, TIMSS multiple-choice items were dichotomous; use of items with 

varied responses scales is also recommended, as are studies with item content very 

different from a mathematics achievement test.  For example, studies are recommended 

that compare LCA and MRM when the construct assessed is a personality variable or 
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attitudinal as well as achievement. The comparison of both techniques is limited to 

dataset used in this study. Therefore, it is suggested that same study can be done using 

other type of questionnaires.  

For international exams, cross-cultural comparisons are important. Participating 

countries were selected to create variance. Hence, the same study should be conducted to 

see if countries whose education systems are similar also provide similar results. Future 

research should also be conducted using data from other countries using different 

languages as well as at different ability levels. Researchers who are interested in 

comparison of LCA and MRM can replicate the study using data from countries that 

differ on characteristics other than education system. Moreover, same study can be done 

using items which have similar item difficulty parameters to see if latent subgroups occur 

in the data. Also it might be useful to group item based on their content area to see if both 

techniques produce same results. Furthermore, studies are recommended to see if the 

results differ based on the science section of the test. 
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