University of Denver

Digital Commons @ DU
Electronic Theses and Dissertations Graduate Studies

1-1-2017

Quantum Metrics on Approximately Finite-Dimensional Algebras

Konrad Aguilar
University of Denver

Follow this and additional works at: https://digitalcommons.du.edu/etd

6‘ Part of the Mathematics Commons

Recommended Citation

Aguilar, Konrad, "Quantum Metrics on Approximately Finite-Dimensional Algebras" (2017). Electronic
Theses and Dissertations. 1277.

https://digitalcommons.du.edu/etd/1277

This Dissertation is brought to you for free and open access by the Graduate Studies at Digital Commons @ DU. It
has been accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of Digital
Commons @ DU. For more information, please contact jennifer.cox@du.edu,dig-commons@du.edu.


https://digitalcommons.du.edu/
https://digitalcommons.du.edu/etd
https://digitalcommons.du.edu/graduate
https://digitalcommons.du.edu/etd?utm_source=digitalcommons.du.edu%2Fetd%2F1277&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.du.edu%2Fetd%2F1277&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.du.edu/etd/1277?utm_source=digitalcommons.du.edu%2Fetd%2F1277&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:jennifer.cox@du.edu,dig-commons@du.edu

Quantum Metrics on Approximately Finite-Dimensional Algebras

Abstract

Our dissertation focuses on bringing approximately finite-dimensional (AF) algebras into the realm of
noncommutative metric geometry. We construct quantum metric structures on unital AF algebras
equipped with a faithful tracial state, and prove that for such metrics, AF algebras are limits of their
defining inductive sequences of finite dimensional C*-algebras for the quantum Gromov-Hausdorff
propinquity. We then study the geometry, for the quantum propinquity, of three natural classes of AF
algebras equipped with our quantum metrics: the UHF algebras, the Effros-Shen AF algebras associated
with continued fraction expansions of irrationals, and the Cantor space, on which our construction
recovers traditional ultrametrics. We also exhibit several compact classes of AF algebras for the quantum
propinquity and show continuity of our family of Lip-norms on a fixed AF algebra. Next, given a C*-algebra,
the ideal space may be equipped with natural topologies. Motivated by this, we impart criteria for when
convergence of ideals of an AF algebra can provide convergence of quotients in quantum propinquity,
while introducing a metric on the ideal space of a C*-algebra. We then apply these findings to a certain
class of ideals of the Boca-Mundici AF algebra by providing a continuous map from this class of ideals
equipped with various topologies including the Jacobson and Fell topologies to the space of quotients
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Abstract

Our dissertation focuses on bringing approximately finite-dimensional (AF) al-
gebras into the realm of noncommutative metric geometry. We construct quan-
tum metric structures on unital AF algebras equipped with a faithful tracial state,
and prove that for such metrics, AF algebras are limits of their defining induc-
tive sequences of finite dimensional C*-algebras for the quantum Gromov-Hausdorff
propinquity. In this setting, we then study the geometry, for the quantum propin-
quity, of three natural classes of AF algebras equipped with our quantum metrics:
the UHF algebras, the Effros-Shen AF algebras associated with continued fraction
expansions of irrationals, and the Cantor space, on which our construction recovers
traditional ultrametrics. We also exhibit several compact classes of AF algebras for
the quantum propinquity and show continuity of our family of Lip-norms on a fixed
AF algebra. Next, given a C*-algebra, the ideal space may be equipped with natu-
ral topologies. Motivated by this, we impart criteria for when convergence of ideals
of an AF algebra can provide convergence of quotients in quantum propinquity,
while introducing a metric on the ideal space of a C*-algebra. We then apply these
findings to a certain class of ideals of the Boca-Mundici AF algebra by providing
a continuous map from this class of ideals equipped with various topologies includ-
ing the Jacobson and Fell topologies to the space of quotients with the quantum

propinquity topology.
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Chapter 1

Introduction

This dissertation details the advancement in the study of Noncommutative Met-
ric Geometry provided by bringing approximately finite-dimensional (AF) C*-algebras
of O. Bratteli [11] into this novel area. The reason to consider these algebras in this
context can be reduced to the question of continiuty of a particular map, which
we now describe. Given a C*-algebra, 2, its space of primitive ideals, denoted by
Prim(2(), can be equipped with various natural topologies including the Jacobson
(or hull-kernel) topology and Fell topology, which was introduced by J. M. G. Fell
in [26, 27] (see Definition (2.1.52) and Definition (2.1.58), respectively). Since ideals
of C*-algebras are C*-algebras and so are their quotients (see Theorem (2.1.44)),
one may define a function from the set of primitive ideals to the class of C*-algebras
by:

Qq : I € Prim(A) — A/I,

where 2(/I is the quotient C*-algebra. The existence of the Jacobson and Fell
topologies sparks curiosity about continuity of the map Qg as the continuity of Qg
would informally provide that the act of taking the quotient is continuous. This

would prove to be a powerful application of the Jacobson and Fell topologies.



However, the question of continuity of the map Qg has yet to be investigated
since one must first have a topology on the range of this map. This is where
Noncommutative Metric Geometry can be of great use. Indeed, if one can endow the
quotients with some additional structure, then Noncommutative Metric Geomtery
can provide a topology on the range of Qg. This topology is induced by a metric
— the quantum Gromov-Hausdorff propinquity of F. Latrémoliere [46] — which
provides a topology on certain classes of C*-algebras called quantum compact metric
spaces introduced by M. A. Rieffel in [59]. Together, these ideas have instigated
many advancements in the study of C*-algebras, including advancing the study of
finite-dimensional approximations of infinite-dimensional C*-algebras [62, 40, 69].
Thus, if we find a way to endow the quotients associated to a given C*-algebra
with certain quantum metric structure, then continuity of Qg can be discussed with
respect to the quantum Gromov-Hausdorff propinquity topology. This is our reason
for the use of Noncommutative Metric Geometry in the study of the map Qg. In our
work, will consider a particular, natural, class of C*-algebras that form quantum
metric spaces and are of particular interest: AF algebras.

A main reason to first consider an AF algebra 2( to study the continuity of Qg
is due to a prediction and suggestion of O. Bratteli. In Bratteli’s pioneering work
on AF algebras [11], he stated, “As AF-algebras are relatively simple to handle
without being trivial, they are especially well suited to test conjectures and to
provide examples in the theory of C*-algebras, and I think their principal interest
lies herein” [11, page 195]. This statement has held true many times. For instance,
the Elliott classification of C*-algebras program began with study of AF algebras in
[23]. Following Bratteli’s advice, we study a particular AF algebra called the Boca-
Mundici algebra § introduced in [54, 10], which seemed to hold promise. Indeed,
unique to F. Boca’s work on this AF algebra in [10] is his proof showing that the

Jacobson topology on a certain subset of primitive ideals of § is induced by the usual



topology of the irrationals in [0, 1] C R [10, Corollary 12], and the quotients by these
primitive ideals form the class of Effros-Shen AF algebras [22]. This connection to
such a classic topology suggested that further inspection may lead to a positive
answer to the continuity of Qz. In fact, the final main result of this dissertation,
which is Theorem (5.2.21), establishes that AF algebras were an appropriate first
consideration by showing the continuity of Oz on a nontrivial class of primitive ideals
of § equipped with either the Jacobson or Fell topologies. Therefore, the question
of the continuity of Qg naturally synthesizes the study of the Noncommutative
Metric Geometry and AF algebras. Of course, there are many more reasons to
study AF algebras in the context of Noncommutative Metric Geometry, which we
now introduce in more detail.

As stated by F. Latrémoliere in [39], Noncommutative Metric Geometry is the
study of noncommutative generalizations of the algebra of Lipshitz functions on
a metric space. A particular noncommuative generalization comes in the form of
a quasi-Leibniz quantum compact metric space [46, 45], which was introduced by
Latrémoliére inspired by the work of Connes [16, 17] and Rieffel [59]. In short, a
quasi-Leibniz quantum compact metric space is a unital C*-algebra with a quasi-
Leibniz Lip-norm, which serves as noncommutative generalization of the Lipschitz
seminorm. Next, Latrémoliére constructed the quantum Gromov-Hausdorff propin-
quity on the class of these spaces as a generalization of the Gromov-Hausdorff
distance on compact metric spaces [46]. With this metric, one may address in a
new light the notion of approximations of C*-algebras, continuous families of C*-
algebras, and identifying compact classes of C*-algebras [45]. One of the most
compelling results thus far involving the quantum Gromov-Hausdorff propinquity
was that it provided a way to approximate the Quantum Tori, a non-AF algebra,
by finite-dimensional C*-algebras. The result is due to Latrémoliere [40], in which

he provides explicit approximations and also shows that the Irrational Rotation



Algebras form a continuous family in the quantum Gromov-Hausdorff propinquity
topology with respect to their irrational parameter space. Other examples of quasi-
Leibniz quantum compact metric spaces include Hyperbolic Group C*-algebras [56]
and Curved Noncommutative Tori [42]. Therefore, our research focuses on studying
new examples of classes of quasi-Leibniz quantum compact metric spaces provided
by AF algebras and their topology for the quantum Gromov-Hausdorff propinquity
to better understand this new and fascinating topology.

Another motivating factor in studying the Noncommutative Metric Geometry
of AF algebras is that AF algebras laid the foundation for the Elliott classifica-
tion of C*-algebras program that began in [23] and is still an active and deep area
of research today [25]. Therefore, as quantum compact metric spaces are built
from C*-algebras, the task of bringing AF algebras into the realm of Noncommuta-
tive Metric Geometry seemed both natural and imperative. First, AF algebras are
constructed from finite-dimensional approximations as the C*-inductive limit of a
sequence of finite-dimensional C*-algebras. But, the question remained of whether
the sequence of finite-dimensional C*-algebras approximate the inductive limit with
resepct to the quantum Gromov-Hausdorff propinquity. Thus, in collaboration with
Latrémoliere [3], we were able to show that unital AF algebras with faithful tracial
states have quasi-Leibniz Lip norms. These quantum metrics allowed us to show that
these AF algebras had finite-dimensional approximations with respect to the quan-
tum Gromov-Hausdorff propinquity provided by any defining inductive sequence of
finite-dimensional C*-algebras. In particular, our construction recovers the usual
ultrametrics on the Cantor set, seen as the Gelfand spectrum of a commutative
AF algebra. We then proved that for our quantum ultrametrics, UHF algebras and
Effros-Shen AF algebras form continuous families indexed by the Baire space for the
quantum Gromov-Hausdorff propinquity, and we exhibit various compact subclasses

of these clases of AF algebras.



This dissertation contains 5 chapters including this chapter. Chapter 2 provides
the background needed for this dissertation an brief background on AF algebras,
topologies on ideal spaces, and Noncommutative Metric Geometry and contains
no original results. However, we do note that Chapter 2 does contain proofs of
certain classical results that may be difficult to find in the literature. This chapter
begins with definition of C*-algebras and ends with the quantum Gromov-Hausdorff
propinquity. We provide plenty of definitions and results for which our original
results rely in Chapters 3,4, and 5 to make for a more self-contained dissertation,
which Chapters 3, 4, and 5 contain the original results of the author found in [1, 2, 3],
in which the author collaborated with F. Latrémoliére for [3].

Chapter 3 is the first chapter of original results containing some of the author’s
collaboration with F. Latrémoliere [3] and the author’s work in [1]. In this chapter,
we give various constructions of quantum metric structure for AF algebras coming
from tracial states or quotient norms and study the finite dimensional approxima-
tions of AF algebras with respect to the quantum Gromov-Hausdorff propinquity.
We also validate our construction by considering it in the classical case of continuous
functions on the Cantor set.

With the tools provided by Chapter 3, we present our first convergence results
of AF algebras in the quantum Gromov-Hausdorff propinquity in Chapter 4. In
particular, we show that the Uniformly Hyperfinite (UHF) Algebras of Glimm [28]
and the Effros-Shen Algebras [22] form continuous images of the Baire space in
collaboration with F. Latrémoliére in [3]. These results also allowed us to discover
nontrivial compact classes of AF algebras. We conclude this chapter with a general-
ization of the convergence of AF algebras in quantum propinquity provided by the
author in [2].

Finally, Chapter 5 provides an AF algebra, §, for which the map Qg introduced

at the start of this chapter is continuous on a certain set of ideals with respect to



either the Jacobson or Fell topologies. This is done by providing general criteria of
convergence of quotients of AF algebras in the quantum Gromov-Hausdorff propin-
quity with respect to convergence of ideals in the Fell topology. In doing so, we also
develop a metric on the ideal space of an AF algebra that metrizes the Fell topology.
We find that, when this metric is applied to the ideals on the Boca-Mundici AF al-
gebra, we discover a new metric for irrational numbers that behaves much more like
the standard metric on the irrationals than the classical Baire metric. In particular,
this new metric is totally bounded, whereas the Baire metric is not (see Remark

(5.2.13)). The results of this chapter are from the author’s work in [2]. Enjoy!



Chapter 2

Background

Our original results in this dissertation, which are the contents of Chapters 3,4
and 5, pertain to the Fell topology on the ideal space of C*-algebras constructed
by J. M. G. Fell [26, 27] from the Jacobson topology on primitive ideals, approxi-
mately finite-dimensional (AF) algebras of O. Bratteli [11], quantum compact metric
spaces of M. A. Rieffel [59], and the quantum Gromov-Hausdorff propinquity of F.
Latrémoliere [46]. Therefore, to provide a reference and motivation for our work,
this chapter serves as a small introduction into each of these topics in which they
are covered in Sections (2.1.1,2.1.2, 2.2, 2.3), respectively.

We make a note on the structure of this chapter. The story of AF algebras and
quantum compact metric spaces begins with C*-algebras, which is the first section
of this chapter. Not only do we discuss ideals of C*-algebras and inductive limits of
C*-algebras in Section (2.1), but also Gelfand duality, which we will see provides a
powerful analogue for quantum compact metric spaces in Section (2.2) and the quan-
tum Gromov-Hausdorff propinquity in Section (2.3). In Section (2.2), we present the
category quantum compact metric spaces which are built from C*-algebras. Next
in Section (2.3), we summarize the construction of the quantum Gromov-Hausdorff

propinquity, which provides a distance on certain classes of quantum compact metric



spaces. This chapter contains mostly definitions and statements of theorems with
references to where their proofs may be found. However, proofs some results are
often difficult to find in the literature or stated in a context that strays far enough

from our terminology. We only provide proofs in these cases.

2.1 C#*-algebras

C*-algebras appear in quantum mechanics, representation theory, and dynamical
systems. Recent developments have shown that C*-algebras provide a pathway
for extensions of ideas from geometry which have proven helpful in the study of
singular spaces, mathematical physics, and symbolic dynamics, among others [17].
The category of unital commutative C*-algebras with unital *-homomorphisms is
dual to the category of compact Hausdorff spaces with continuous maps, which
is one of the main goals of this section and is treated in Theorem (2.1.30) and
Theorem (2.1.34). This duality provides a particular persepective on how to study
C*-algebras, sometimes called Noncommutative Topology and is a beginning to the
understanding of Noncommutative Metric Geometry presented in Sections (2.2,2.3).

A basic reference on functional analysis is A Course in Functional Analysis by
John B. Conway [18], and we shall assume that the reader is familiar with its content.
We will however give a very brief summary of basic C*-algebra theory to help us fix
our notations/terminology and provide some proofs to results that may be difficult

to find in the literature for the reader’s convenience.

Definition 2.1.1. An associative algebra over the complex numbers C is a vector
space 2 over C with an associative multiplication, denoted by concatenation, such

that:

a(b+c) =ab+ac and (b+ c)a = ba+ ca for all a,b,c € A



A(ab) = (Aa)b = a(Ab) for all a,b e A\ € C.

In other words, the associative multiplication is a bilinear map from A x A to .
We say that 2 is unital if there exists a multiplicative identity, denoted by 1g.
That is:

lyga = a = aly for all a € 2.

Convention 2.1.2. All algebras are associative algebras over the complex number

C unless otherwise specified.

Notation 2.1.3. When E is a normed vector space, then its norm will be denoted
by || - ||E by default and its zero will be denoted by Og. If E = C, then we denote the

zero by just 0.

Definition 2.1.4. A normed algebra is an algebra A with a norm || - ||a such that:

lablla < llallalbllac for all a,b e 2.

2 is a Banach Algebra when 2 is complete with respect to the norm || - ||a.
Remark 2.1.5. Note that for a complete normed algebra 2, the condition:
there exists K > 0 such that ||ab|| < K||a||u||blla for all a,b € A,

is equivalent to joint continuity of the multiplication of the algebra. It is simply
standard in the Banach Algebra definition to assume that K = 1, which causes no

loss of generality. The proof of this equivalence is outlined in [18, Exercise VII.1.1].

Definition 2.1.6. A C*-algebra, 2, is a Banach algebra such that there exists an
anti-multiplicative conjugate linear involution * : A — A, called the adjoint. That

is, * satisfies:

1. (conjugate linear): (A(a+ b))* = A(a* +b*) for all A € C,a,b € 2A;



2. (involution): (a*)* =a for all a € Y;
3. (anti-multiplicative): (ab)* = b*a* for all a,b € 2.

Furthermore, the norm, multiplication, and adjoint together satisfy:

laa*|o = ||al|% for all a € A (2.1.1)

called the identity the C*-identity.

We say that B C A is a C*-subalgebra of U if B is a norm closed subalgebra
that is also self-adjoint, i.e. a € B < a* € B.

We say that 2 is commutative if the multiplication of the underlying algebra is

commutative.

We will present some examples of C*-algebras in Example (2.1.13). But, first,
we introduce some more definitions related to C*-algebras, so that we may present
these examples in more detail.

Next, we define some fundamental elements in a C*-algebra. These definitions
are motivated by and are consistent with the same definitions of these elements in
the space of bounded operators on a Hilbert space H denoted by B(#) in Example
(2.1.13.3). For example, using the definition of unitary on the following defini-
tion, a unitary element in a C*-algebra corresponds to a unitary operator on some
Hilbert space. This will be immediate by one of the main results of this section,
which is Theorem (2.1.41) and follows from the well-known Gelfand-Naimark-Segal

construction — Theorem (2.1.40).

Definition 2.1.7. Let 2l be a C*-algebra. An element a € 2 is self-adjoint if a = a*,
and we denote the set of self-adjoint elements by sa(A) = {a € A :a = a*}.
An element a € U is a projection if it is self-adjoint and a® = a.

If 2 is unital, then an element a € 2 is unitary if aa™ = 19 = a*a.

10



The set of self-adjoint elements will play a key role in our work (for example, see
the definition of a quantum compact metric space in Definition (2.2.5)). Projections
and unitaries, among others, provide invariants for the classification of C*-algebras.
Before we introduce some examples of C*-algebras, we first discuss the morphisms

and isomorphisms in the category of C*-algebras. First, we define an isometry.

Definition 2.1.8. Let (X,dx) and (Y,dy) be two metric spaces. A function f :

X — Y is an isometry if for all a,b € X :

dy (f(a), f(b)) = dx(a,b).

If (E,||-||g) is a normed vector space, then we call the metricdg(-,-) = ||-—- || g,
the metric induced by || - ||g. Let (F,|| - ||r) be a normed vector spaces. We say that
w: E — F is an isometry if it is an isometry with respect to the metrics induced
by || |&, || ||F which is equivalent to ||w(e)||r = |le||g for all e € E, when 7 is linear

or conjugate linear.

An immediate consequence of the C*-identity is that the adjoint is an isometry,

which is the following lemma.

Lemma 2.1.9 ([18, Proposition VIIL.1.7]). If A is a C*-algebra, then the adjoint

*raeUAr— a* €Uis an isometry.
Now, we are in a position to define the morphisms between C*-algebras.

Definition 2.1.10. Let 24,9 be a C*-algebras. A function 7 : A — D is a *-

homomorphism if it is a linear map that is also:
1. (multiplicative): 7w(ab) = w(a)w(b) for all a,b € A, and
2. (*-preserving): w(a*) =m(a)* for all a € 2.
7 is a *-monomorphism if it is an injective *-homomorphism.

11



m 48 a *-epimorphism if 7 is a surjective *-homomorphism.

m is a *-isomorphism if 7 is a bijective *-homomorphism.

2 is *-isomorphic to D if there exists a *-isomorphism 7 : A — ©, and we then
write A =2

If both A, D are unital, then we call a *~homomorphism 7 : A — ® unital if
m(ly) = lo.

We call a *-homomorphism non-zero if it is not the zero *-homomorphism, i.e.

there exists a € 2 such that m(a) # 0g.

We will present examples of *-homomorphisms once we present examples of C*-
algebras in Example (2.1.13). Note that in Definition (2.1.10), we see that only
algebraic properties are required for the morphisms. The next result shows that
there are important analytical properties (such as continuity, contractibility, and
isometry) associated to these morphisms without further assumptions. Thus, only

algebraic requirements are indeed needed in Definition (2.1.10).

Proposition 2.1.11 ([19, Theorem 1.5.5]). Let A,® be C*-algebras.
If v : A — D is a *homomorphism, then m is continuous and contractive.

That is, its operator norm:

17 lls2.0) = sup{[|m(a)llo : lafla =1} <1,

or equivalently, for all a € A, we have ||7(a)|o < ||alla-
If m: A — © is a *~homomorphism, then 7 is an isometry if and only if 7 is

a *-monomorphism. In particular, *-isomorphisms are isometries.
Convention 2.1.12. The set of natural numbers, IN, contains 0.
Example 2.1.13. We present some classical examples of C*-algebras.

1. The complex numbers C is a C*-algebra with the standard algebraic opera-

tions, complex conjugation as the adjoint, the modulus as the norm, and 1 is

12



the multiplicative identity. We will denote 1¢ simply by 1. The self-adjoint

elements sa (C) = R.

. [18, Example VIII.1.4] If X is a compact Hausdorff space, then the space:

CX)={f:X — C| f is continuous}

equipped with point-wise operations induced by C for the algebra and point-
wise complex conjugation for the adjoint is a unital commutative C*-algebra
with supremum norm, which is defined by || fllc(x) = sup{|f(x)| : x € X} for
all f € C(X). We will see by the Gelfand-Naimark Theorem (2.1.30) with
its characterization of unital commutative C*-algebras, that this is a natural
algebraic structure and norm on the set C(X) for C(X) to be a C*-algebra.
Note that the constant 1 function is the multiplicative identity 1c(x). The
self-adjoint elements sa (C(X)) are the continuous real-valued functions on

X. Also, if X = {z} is a single point, then C(X) = C.

[18, Example VIII.1.6] If X is a locally compact Hausdorff space, then C(X)
might contain unbounded functions (X = R with its usual topology and f(x) =
x for all x € R, for example). In fact, for every non-compact locally compact
metric space X , there exists an unbounded real-valued continuous function fy,
on X — the proof of this fact is outlined in [71, Ezxercise 17J.3] and is an
application of [71, Tietze’s Extension Theorem 15.8]—, and thus the quantity
sup{|fu(z)| : z € X} = oo would fail to define a norm on C(X). Hence,
for a locally compact Hausdorff space X, we instead consider Co(X) which is
the space of complex-valued continuous functions vanishing at infinity equipped

with the same algebraic structure as C(X) defined by:

Co(X)={feC(X):VYe>0,{x € X :|f(z)| =€} is compact},
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which has finite supremum norm for all f € Cy(X) by [18, Proposition II11.1.7]
and is still a C*-algebra under the same operations by [18, Example VIII.1.4).
Next, when X is a non-compact locally compact Hausdorff space, the C*-
algebra Co(X) is non-unital. Indeed, first note that if Co(X) had a unit,
then it would have to be the constant 1 function on X, which follows from
the given algebra of point-wise operations and the fact that for every x €
X there exists a function f, € C(X) such that f,(x) # 0 — this is be-
cause locally compact Hausdorff spaces are Tychonoff [71, Theorem 19.3].
Now, if the constant 1 function 1o(x)y € Co(X), then for e = 1, the set
{reX:1= ‘IC(X)(.@)| > 1} = X is compact by definition of Co(X). Note
that when X is compact C(X) = Co(X), and in summary, for a locally com-

pact Hausdorff space X, the following assertions are equivalent:

(i) X is compact;

(ii) Co(X) is unital.

. [18, Example 1.2] Given a Hilbert space (H, (-, )y ) with inner product (-,-)%.

The space:
B(H)={T:H — H | T is linear and continuous}

is a unital C*-algebra with composition as multiplication and point-wise ad-

dition. The norm is given by the operator norm ||T||lsy) = sup{||Tx|ly :

|zl = 1}. If T € B(H), then the adjoint T* is given by the unique bounded

linear operator such that (T'z,y)y = (x, T*y)y, Yo,y € H [18, Theorem II.2.2,

Proposition II.2.6, and Proposition I1.2.7]. The identity operator is the mul-

tiplicative identity. If dim(H) = n < oo, then B(H) is *~isomorphic to M(n),
2

the algebra of n X n-matrices or the full matriz algebra of dimension n* in

which the adjoint is the conjugate-transpose of a matriz.
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4. Building from the previous example, let d € N\ {0} and {n(1),...,n(d)} C
IN\ {0}. The vector space sum @?:19.Tt(n(j)) of full matriz algebras forms
a C*-algebra with coordinate-wise addition, multiplication, and adjoint along

with the maz norm defined for all a = (a1, ...,aq) € @?:lim(n(j)) by:

lallga_ ey = max {||a;llomney) 17 € {1,...,d}}

These C*-algebras classify all finite-dimensional C*-algebras. Indeed, if A is a
finite-dimensional C*-algebra, then there exists d € IN\{0} andn(1),...,n(d) €

IN\ {0} such that A is *~isomorphic to @?:lfm(n(j)) by [19, Theorem III.1.1].

Now, that we have examples of C*-algebras, we make note of some *- homo-
morphisms between C*-algebras. In Theorem (2.1.34), we will see that unital *-
homomorpisms between two unital commutative C*-algebras C(X) and C(Y') are
completely determined by continous maps between Y and X. In Theorem (2.1.67),
we will see how one may construct unital *-homomorphisms from inductive lim-
its of C*-algebras to a given C*-algebra. Next, we present a classification of all
*_homomorphisms between finite-dimensional C*-algebras, which will be crucial in
our discussion of AF algebras in Section (2.1.2). The following Theorem-Definition

provides the first examples of these maps.

Theorem-Definition 2.1.14. Let j, k € N\ {0}. Consider the C*-algebras IM(j)
and M(k) of Example (2.1.13.3). If we define a map o : M(j) — M(k) by the

following rule:

for any b € M(j), the element a(b) is given by a matrix in M(k), which has
non-overlapping copies of b (allowing for no copies of b) placed on the diagonal and

0 elsewhere and this placement is independent of b and fixed for all b € (),

then o 1is a *~homomorphism.
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This rule can be displayed as:

a:beM(j)— e M(k),

daaka (b)

with a suitable choice of ko € IN\ {0}, and forp € {1,...,ka}, we have that du ,(b)
1s either b or a zero matriz of an appropriate dimension placed on the diagonal of
M(k), in which the diagonal of du () lines up with the diagonal of M(k). For each
p € {l,...,kq}, the values of dop, depend only on a. The blank parts of a(b) denote
zeros.

We call *-homomorphisms between full matriz algebras of this form canonical,
and the number of copies of a matriz that o places on the diagonal is called the

multiplicity of a.

Proof. Since the map o produces block diagonal matrices, it is a basic linear algebra

exercise to show that « is a *~homomorphism. O

Consider M(2) and M(4). An example of a unital canonical *-monomorphism

bi1 bi2

a: M(2) — M(4) is the following. Let b = € M(2).

b1 ba2o
bip big 0 0
beq b22 0 0
Define a(b) = € M(4). When context is clear, we will
0 0 b1 big

0 0 b271 b2’2

write a(b) = instead. This canonical *-monomorphism has multiplicity 2.

Note that b € MM(2) — € 9M(4) is also a canonical *-monomorphism,
Om(2)
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0
where Og(o) is the zero 2 x 2-matrix, as well as b € M(2) — e €

b

M(4), and both of these have multiplicity 1 and are non-unital. The canonical *-
homomorphisms b € M(2) —— Ogpsy € M(4) and b € M(4) — Ogp(2) € M(2) are
examples of non-injective canonical *-homomorphisms that have multiplicity 0.

An example of a non-canonical *-monomorphism is to fix a unitary U € IMM(4),U ¢
Clgp(sy and define 5(b) = Ua(b)U™ for all b € M(4), and it is routine to check that
B is a *-monomorphism. In fact, the canonical *-monomorphisms along with their
conjugation by unitaries comprise all *-monomorphisms between full matrix alge-
bras. This is Theorem (2.1.18), which is presented in the more general case of
finite-dimensional C*-algebras and thus contains the case of full matrix algebras.

Next, we extend the notion of a canonical *-monomorphism between full matrix
algebras to the finite-dimensional case. However, before we generalize to the finite-
dimensional case, we make a note on why the only *-homomorphism from a full

matrix algebra onto a full matrix algebra of smaller dimension is the zero map.

Remark 2.1.15. Let j,k € IN\{0},j > k. Consider the C*-algebras M(j), M(k) of
Ezample (2.1.13.3). Assume that o : M(j) —> M(k) is a homomorphism. Since «
is linear and the dimension of MM (k) is less than the dimension of M(j), the map o
cannot be injective, and thus, the set ker o = {b € M(j) : a(b) = Ogm(k)} 2 {0y }-
Also, the set ker «v is two-sided ideal of 9M(j) since o is a homomorphism. However,
it is a basic ring theoretic fact that the only two-sided ideals of 9M(j) are {Ogﬁ(]‘)}
and M(7). Hence, the set ker « = M(j) and a is the zero map.

A similar argument also shows that unital homomorphisms between M (j), M(k)
are injective, and in fact, any non-zero homomorphism between M (j), M(k) is in-

jective.

Definition 2.1.16. Using notation from Ezample (2.1.13.4), let A = @;-l:lim(n(j))

and B = ®7_M(m(k)) be two finite dimensional C*-algebras. For each j €
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{1,...,d},k € {1,...,¢e}, let 6; : A — M(n(j)) and e : B — M(m(k)) de-
note the projection mapping onto the j-th summand of A and k-th summand of B,
respectively.

For each j € {1,...,d} let 1; = (ap)Z:1 € A such that a, = Ogp(p(py) for p €
{1,...,d}\ {7} and a; = lonen(s)), and note that 1;A = {a = (ap)gzl eA:ap =
04fpefl,....dt\{j}, a5 € Mn(5))} = M(n(j)).

We call a *-homomorphism a : 2 — B canonical if the following hold:

1. for each j € {1,...,d}, there is a *-homomorphism oj : M(n(j)) — B such
that the restriction of o to 1;2 is aj 0 05, and thus a(a) = 2?21 ajodj(a) for

all a € A, and

2. foreachj e {1,...,d} k€ {1,...,e} there exists a canonical *-homomorphism
agj - M(n(g)) — M(m(k)) of Theorem-Definition (2.1.14) such that oy, j =

€k © Q.

For each j € {1,...,d},k € {1,...,e}, let (A)y; denote the multiplicity of
ar,j. We call the e x d-matriz A = ((A)kj)ke(l,...e}.je{l,....dy the matrix of partial

multiplicities of a.

Notation 2.1.17. Throughout this dissertation, we shall employ the notation xdy €
X @Y tomean that x € X and y € Y for any two vector spaces X and Y whenever

no confusion may arise, as a slight yet convenient abuse of notation.

The map:

a:a®be M2)®M3) — a @ a € M(7) ®M(2),

is an example of a canonical *-monomorphism from 90(2) @ M(3) to M(7) © M(2).
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a
In this case, we have ag : a € M(2) —> a ®a e M7 e M?2)
Oan(3)
Om(2)
and g : b € M(3) — Oaz(2) © Ogn(2) € M(7) © M(2). Now, using
b
Definition (2.1.16), the map:
a
ajp =¢e1o0ag ta € M?2) — a € 9(7) has multiplicity 2.

Oone(2)
Similarly, we have the map a9 1 = €2 0 ay has multiplicity 1, the map a2 = €102

has multiplicity 1, and the map a9 2 = €2 0 g has multiplicity 0. Hence, the partial

2 1
multiplicity matrix of o is A = . Next, we present the classification of

10

*_homomorphisms between finite dimensional C*-algebras by partial multiplicity

matrices.

Theorem 2.1.18 ([19, Lemma II1.2.1 and Corollary II1.2.2]). Using notation from
Ezample (2.1.13.4), let A = @?:1911(n(j)),% = ®5_M(m(k)) be two finite dimen-
sional C*-algebras.

If B : A — B is a *~homomorphism, then there exists a canonical *- homo-
morphism « @ A — B of Definition (2.1.16) and a unitary U € B such that

B(a) = Ua(a)U* for all a € A. Furthermore, the entries of the partial multiplicity

matriv A = ((A)kj)ke(1,...e}.jefl,...ay of o satisfy:

(A)gn(g) <m(k) for all k € {1,..., e}, (2.1.2)

d
=1

J

and each column of A has a non-zero entry if 5 is further assumed to be injective.
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Moreover, if B is a unital *-homomorphism, then « is a unital *-homomorphism
and Z;l:l(A)k,jn(j) =m(k) for all k € {1,... e}, and in particular, the matriz A

satisfies the product:

n(1) m(1)
al "o (2.1.3)
n(d) m(e)

and each column of A has a non-zero entry if 8 is further assumed to be injective.
Conversely, if there exists an e X d-matriz A with entries in IN that satisfies
Equation (2.1.3) and each column of A has a non-zero entry, then there exists a

unital canonical *-monomorphism o : A — B with partial multiplicity matriz A.

Proof. Everything up to the converse except injectivity is provided by [19, Lemma
I11.2.1 and Corollary II1.2.2]. For injectivity implying non-zero columns, we proceed
by contraposition. Thus, assume that 3 : 24 — B is a unital *-homomorphism and
that column p € {1,...,d} of the associated partial multiplicity matrix A has all
zero entries. Then, using notation from Definition (2.1.16) and following the proof

of [19, Lemma III.2.1], the set ker § would contain M(n(p)) = 1,A 2 {0y} since

(k) _ 440

n(p) n(p) would be the zero

in the notation of [19, Lemma II1.2.1], the map id
map for all k € {1,...,e}. Thus, § would not be injective. The same holds whether
or not [ is unital by [19, Corollary II1.2.2].

For the converse, assume there exists an e x d-matrix A with entries in IN that
satisfies Equation (2.1.3) and each column has a non-zero entry. Let k € {1,...,¢e}.
Since Z;l:l(A)k,jn(j) = m(k), for each j € {1,...,d}, we may choose canonical *-
homomorphisms ay, ; : M(n(j)) — M(m(k)) of Definition (2.1.14) with multiplicity
(A)g,; in such a way that their images populate distinct blocks of the diagonal of

M(m(k)) and populate the entire diagonal. Therefore:
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Za;w 19,71(71(] = 1933( (k) (2.1.4)

Next, for each j € {1,...,d}, define a map a; : M(n(j)) — B by the direct
sum of maps «aj(a) = aqj(a) ® -+ ® e j(a) for all a € M(n(j)). By construction,
we have that «; is a *-homomorphism and the map «ay; = e o o; for each k €
{1,...,e}. Furthermore, since each column of A has a non-zero entry, there exists
k€ {1,...,e} such that the multiplicty of oy, ; is non-zero. Hence, the map «; is a
*_monomorphism.

Lastly, define a : 24 — 9B by a(a) = Z?:l aj 0 dj(a) for all @ € A, which is a
*-linear map (it is linear and *-preserving) by construction whose restriction to 1,2
of Definition (2.1.16) is o 0 §; for all j € {1,...d}. Fix j,p € {1,...d}. For the
injectivity of «, consider a = (aq,...,aq) € A. By construction, « places at least
one copy of a; for each j € {1,...,d} on distinct blocks of the diagonals of the full
matrix algebras that comprise 8 and zeros elsewhere. Thus, since the norm of a
block diagonal matrix is the maximum norm of the norm of each of its blocks, we
have that « is an isometry by definiton of the norm on B from Example (2.1.13.4).
Hence, « is an injective *-linear map.

We check that « is multiplicative. Fix a = (aq,...,aq),b = (b1,...,bq) € 2A:

(avj 0 d5(a)) (ap 0 0p(D)) = avj(aj)ep(bp)
= (o1,5(a;) @& - ® ae,j(ay)) (a1,p(bp) ® -+ B cep(bp))

= (an,j(aj)anp(bp)) ® - & (ae,j(aj)aep(by)) , and

(aj 0 85(a)) (ap 0 6p(D)) =
Ogs JFDP

by construction of oy ; and multiplication of block diagonal matrices. It follows that
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a is a multiplicative map and therefore a *-monomorphism. For unital, by Equation

(2.1.4), we conclude that:

d
Ck(lg[) Zaj O(sj(lg)l)

j=1
d
= o (L)
j=1
d
= Z arj (L) @ - @ aej ()
j=1

d
( o1 1m (]))) DD Z%a‘ (1m(n(j)))
j=1

= lonm(1)) € - B Lon(m(e)) = 1,

which completes the proof. O

Remark 2.1.19. The converse in Theorem (2.1.18) can also be phrased in the case
that we are given a given a matriz A satisfying Inequality (2.1.2). Except in this
case, the canonical *-homomorphism constructed in the proof need not be unital and

need not be injective.

Representations of C*-algebras are *~homomorphisms to B(#). These represen-
tations are highly connected to states as we will see in Theorem (2.1.40). Thus, we
now discuss states and some of their properties. But, in order to define states, first,

we introduce positive elements and maps.

Definition 2.1.20. Let 2 be a C*-algebra. An element a € 2 is positive if there
exits b € A such that a = b*b.
Let A,B be C*-algebras. A function E : A — B is positive if for all positive

a € A, we have that E(a) is positive in B.
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All *-homomorphisms are positive maps, which follows directly by definition.
We will encounter other examples of positive maps when we introduce conditional
expecations in Section (3.1).

By definiton, all positive elements are self-adjoint. Thus, one would hope that
positive maps would also preserve self-adjoint elements. This is the case when the

positive map is also assumed to be linear.

Lemma 2.1.21. Let A,B be C*-algebras. If E : A — B is a linear positive
function, then E is self-adjoint. That is, for all a € sa (), we have that E(a) €

sa (B).

Proof. Assume that a € sa (). Then, by [19, Corollary 1.4.2], there exist positive
elements ay,a_ € 2A such that a = a4 —a_. Since E is positive there exist b,c € B

such that F(a4) = b*b, E(a_) = c*c. Since F is linear, we have:

which completes the proof. O

Definition 2.1.22. Let 2 be a C*-algebra. Define the state space of 2 by

S(A) ={p € A : ¢ is positive and |||l = 1},

where A’ is the dual space, or the space of C-valued bounded linear functions on 2.
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Let’s present some basic results about the state space. A great advantage of
Proposition (2.1.23) is that in the unital case, we have an easy way of checking
when a map is a state without having to check positivity. We will see an application

of this in the proof of Proposition (2.1.28).

Proposition 2.1.23. If A is a C*-algebra and o € A, then ¢ is positive if and only
if p(a*a) =0 for all a € .

If A is a unital C*-algebra, then the state space S (A) ={p e A : |lpllav =1 =

o(1a)}-

Proof. The first satement follows by definition and the fact that the positive elements
of the C*-algebra C are the non-negative real numbers.

For the second statement, combine [19, Lemma 1.9.5] and [19, Lemma 1.9.9], and
note that in the unital case, the approximate idenitity in [19, Lemma 1.9.9] may be

replaced with the unit 1g. ]

Proposition 2.1.24. If 2 is a unital C*-algebra, then 7 () is a convex set in A’

that is compact with respect to the weak™ topology on .

Proof. Convexity is a routine argument following from Proposition (2.1.23). Now,
note that if ¢ € A" and 1 > ||¢|lor = sup{|p(a)] : |jal]la = 1} with p(1y) = 1, then
1 = ||p|lav since |1yl = 1. Next, for a € A and, let a(p) = p(a) for all p € A’
denote the evaluation map. By definition of the weak™ topology, the function a is

continuous on 2’. By Proposition (2.1.23), we have that:

7@ ={pe:|plw <1=Ta(e)}
—{pe ol <Lpely (1))

= {pe oo <1}nTy ({1}).

The set gil({l}) is closed in the weak* topology since {1} is closed in € and Iy
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is continuous by the weak* topology, and the set {p € A" : ||¢|lor < 1} is compact
in the weak® topology by [18, Banach-Alaoglu Theorem V.3.1]. Hence, the . () is

compact in the weak* topology. O

This next results shows that the state space captures the norm of self-adjoints.

Proposition 2.1.25. Let 2 be a C*-algebra. If a € sa (), then:

lallar = sup {[e(a)| - ¢ € Z(A)}.

Proof. Let a € sa(2) and ¢ € .#(21). Since ¢ is a state, we have that |¢(a)| < ||aly.
Hence, sup {|p(a)| : ¢ € L(A)} < ||a|ly. Next, by [19, Lemma 1.9.10], there exists

a state u € () such that |u(a)| = ||a|la, which completes the proof. O

A fundamental result about commutative C*-algebras is the Gelfand duality,
which we present now. It states that the category of unital commutative C*-algebras
with unital *-homomorphisms is dual to the category of compact Hausdorf topo-
logical spaces with continuous maps via an equivalence of categories provided by a
contravariant Functor. A standard reference on category theory is [52]. We won’t
provide a complete proof of this equivalence of categories as this would require many
more defintions, but we will provide the main tools that motivate and prove this
equivalence, which are Theorem (2.1.30) and Thereom (2.1.34). The first main re-
sult is the Gelfand-Naimark Theorem (2.1.30). First, we require some definitions.
The name of the space in the following definition will be explained expliticty in
Section (2.1.1) in Theorem (2.1.47). However, Remark (2.1.27) already alludes to

this space’s nomenclature.

Definition 2.1.26. Let 2 be a unital commutative C*-algebra. The Maximal Ideal

Space is the set:

My ={p: A — C | ¢ is non-zero, linear, and multiplicative}.
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Remark 2.1.27. For any unital commutative C*-algebra A, the set My is non-
empty. Indeed, the set {0y} is a closed two-sided ideal of A and a standard Kuratowski-
Zorn’s Lemma [71, Section 1.18] argument then shows that 2 contains a mazimal
two-sided ideal M of 2 such that {0y} C M C A. Then, the proof of [19, Theorem
1.2.5] shows that M is closed and can be used to construct a linear multiplicative
function ¢ : A — C such that ker p = M, which implies that ¢ is non-zero, and

thus o € My.

Proposition 2.1.28 ([19, Theorem 1.2.5 and Theorem 1.2.6]). If 2 is unital com-
mutative C*-algebra, then O # My C (1), and when equipped with the weak*

topology, the space My is a compact Hausdorff space.

Proof. By [19, Theorem 1.2.5 and Theorem 1.2.6], we only need to show that My C
(), and non-empty is provided by Remark (2.1.27). Now, since ¢ is multi-
plicative, we have that ¢(ly) = ©(lyly) = @(1x)?, so ¢(ly) € {0,1} since ¢ is
valued in C. Assume by way of contradiction that ¢(1lg) = 0. Then, we have that
v(a) = plaly) = ¢(a)p(ly) = 0 for all @ € A, which contradicts the assumption
that ¢ is non-zero. Hence, we conclude 1 = ¢(1y). Lastly, by [19, Theorem I1.2.5],

we have that ||¢||lsr = 1. Therefore, by Proposition (2.1.23), we are done. O

By definition, given a unital C*-algebra 2, Proposition (2.1.28) shows that the
elements of My are unital and *-preserving by Lemma (2.1.21) since they are states.

Hence, we may define My as the set of unital *-homomorphisms from 2 to C.

Definition 2.1.29. Let 2 be a unital commutative C*-algebra. For a € A, define

a:p€ My+— ¢(a) € C. The Gelfand Transform of A is the function:

Fy:aeA—ae C(My),

which is well-defined by definition of the weak*-topology.
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The following theorem is the celebrated Gelfand-Naimark theorem.

Theorem 2.1.30 ([19, Theorem 1.3.1]). If A is a unital commutative C*-algebra,

then the Gelfand Transform Ty of A is a unital *~isomorphism onto C'(My).

Remark 2.1.31. Also covered in [19, Theorem 1.3.1] is the case when 2l is a non-
unital commutative C*-algebra. In this case, we have that My is locally compact
Hausdorff [19, Corollary 1.2.6], and we would replace C(Mgy) with Co(My) as we
have seen in Example (2.1.13.2). However, since this requires more work and our
concern is only for the unital case as we only work with quantum compact metric

space, we do not include these details in this dissertation.

Thus, for every unital commutative C*-algebra, there exists a compact Haus-
dorff space associated to it and vice versa by Example (2.1.13.1). Hence, we are
on our way to building a Functor from the category of compact Hausdorftf spaces
onto the category of unital commutative C*-algebras. But, a Functor must also send
morphisms to morphisms. This is Theorem (2.1.34), which also shows that a homeo-
morphism between two compact Hausdorfl spaces extends to a unital *-isomorphism
of the associated unital commutative C*-algebras and vice versa, which implies that
the study of compact Hausdorff topological spaces is the same as the study of unital

commutative C*-algebras. First, we present a proposition and a basic lemma.

Proposition 2.1.32 ([18, Theorem VIL.8.7]). If X is a compact Hausdorff space,

then the map defined by:

Axi{L'GX'—>5$€Mc(X),

where 6, (f) = f(x) for all f € C(X) is the Dirac point mass of x, is well-defined

and a homeomorphism onto Mc(x).

Lemma 2.1.33. Let X be a compact Hausdorff space. If p € C(X) is a projection,
then p = 1¢(x) if and only if p(x) # 0 for all x € 2.
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Proof. The forward implication of the equivalence is clear. For the backward im-
plication, assume that p # 1¢(x). Hence, there exists z € X such that p(x) # 1.
Now, since p is a projection, we have that p> = p = p (1C(X) —p) =0 =
p(z)(1 — p(x)) = 0. Since p is valued in C and 1 — p(z) # 0, then p(z) = 0, which

completes the proof by contraposition. ]

Theorem 2.1.34. If X, Y are two compact Hausdorff spaces, then X is homeomor-
phic to'Y if and only if there is a unital *~isomorphism from C(Y) onto C(X).

In particular, the following hold:

1. if f: X — Y is continuous, then the map:
Tr:beCY)—bo feC(X)

18 a unital *~homomorphism, which is a unital *-isomorphism when f is a

homeomorphism;

2. ifm: C(Y) — C(X) is a unital *~homomorphism, then the map:
frir€ X — AYHAx(z)om) €Y

is continuous, which is a homeomorphism when m is a unital *-isomorphism,
and in fact, if 7 : C(Y) — C(Y) is a *-homomoprhism, then the map fr is

well-defined if and only if © is unital;

3. if f: X — Y is continuous, then using the definitions in parts 1. and 2.:

le'f:f;

4. if m: C(Y) — C(X) is a unital *-homomorphism, then using the definitions
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in parts 1. and 2.:

Tf, = T.

Proof. We start with 1. It is routine to check that 7y is well-defined and a unital

*-homomorphism. Assume that f is surjective. Then, if b € C(Y'), then:

I77(0)llox) = supflbo f(2)] : x € X} = sup{[b(y)| : y € Y} = [|bllc(v)-

Hence, 7y is an isometry and therefore injective. Next, assume that f is a home-
omorphism, then f=! : Y — X is well-defined and continuous. Let a € C(X).
Thus, consider ao f~! € C(X) and ms(ao f~') =ao f~'o f = a. Therefore, 7y is
surjective and we are done.

Next, we prove 2. Assume that 7 : C(Y) — C(X) is a *~homomorphism. We
begin by showing that f is well-defined if and only if 7 is unital. First, assume that
7 is unital. Fix z € X. Since 7 is a *~homomorphism, we have that d, o is a linear

multiplicative continuous C-valued function. Since 7 is unital, we gather that:

0#1=1cx)(2) =7 (lo)) (@) = b (7 (Lo))) =0z o7 (Logy)) -

Hence, the function d, o 7 is a non-zero linear multiplicative C-valued function and
thus 6, om € Mg(y). Thus, since Ay is a surjection onto M¢(y) by Proposition
(2.1.32), we have that Ay (0, o) € Y, and so fr(z) € Mg (x). Since x € X was
chosen arbitrarily, the map f; is well-defined.

Second, assume that f; is well-defined. Then, for all x € X, we have that:
fr(@) =AY (Sz0m) €Y = b,0m € Mey, (2.1.5)

since Ay is a bijection by Proposition (2.1.32). Assume by way of contradiction

that 7 is non-unital. Since 7 is a *-homomorphism and legy) is a projection, we
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have that 1o(x) # 7 (1c(y)) = p is a projection. Now, by Lemma (2.1.33), there
exists z € X such that p(z) = 0. But, then §, o7 (1C(y)) = p(z) = 0. In particular,
the function §, o is a non-unital linear multiplicative continuous C-valued function,
which is a continuous linear and multiplicative since 7 is a *~homomorphism, such
that 0, om € Mg(yy by Expression (2.1.5). But, this is a contradiction to the
facts that M¢(yy C 7 (C(Y)) by Proposition (2.1.28) and that states are unital by
Proposition (2.1.23). Hence, the *-homomorphism 7 is unital.

For the remainder of the proof of part 2., we assume that 7 is a unital *-
homomorphism, so that f; is well-defined. For continuity of fr, let (x))aea C X be
a net that converges to x € X. Now, if we fix b € C(Y), then 0, o w(b) = 7(b)(z)).
Hence, since 7 is well-defined and thus 7(b) is continuous, the net (w(b)(x))) cn C C
converges to m(b)(z) = 0, o w(b) € C. Since b € C(Y) was arbitrary, the net (,, o
T)xea C Mgy converges to 6, om € Mc(yy in the weak™* topology. However, since
Ay is a homeomorphism, we have that the net (A;,l (02, © W))AGA C Y converges
to A;l(éx om) € Y. Therefore, the map f, is continuous. Next, assume that 7
is a unital *-isomorphism. Hence, the map 7! : C(X) — C(Y) is a unital *-
isomorphism. Let y € Y. Then, we have that A)}l(éy on~!) € X by the same

argument as above. However, we have:

Hence, the map f, is surjective. Next, we gather that since 7 is a surjective and

Ax, Ay are bijections by Proposition (2.1.32):
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Jo(@) = fa(a') = AP (Ax(2) o) = A7 (Ax(2)) o)
— Ax(z)or=Ax(z))on
— Jpom =0y 0T
— 7(a)(z) = 7(a)(2’) for all a € O(Y)
— b(z) = b(a') for all b € C(X)
— 6,(b) = 6,/(b) for all b € C(X)
= 0, = Oy
= Ax(z) = Ax(2)
= z=2,

where the last implication uses the fact that Ax is injective from Proposition
(2.1.32). Thus, the map fr is a continuous bijection between compact Hausdorff
spaces and is therefore a homeomorphism.

Next, we prove 4. Let f : X — Y be continuous. By part 1., the map
np : C(Y) — C(X) is a unital *~homomorphism. Thus, by part 2., the map
fr; + X — Y is well-defined and continuous. Let x € X, we then have fr (z) =

A6, o mp). Therefore:

75 (b)(x) = b(f(2)) it b€ C(Y) <= 8,(m;(b) = 87 (b) if b€ C(Y)
< §p0 Wf(b) = 5f(x)(b) if be C(Y)
<~ (5m07rf :5f(:c)
= dpomp = Ay(f(z))

— A;l(éz oms) = f(x)
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— fﬂ'f(x) = f(:II),

which implies that fr, = f since # € X was arbitrary.

Lastly, we prove 4. Let w: C(Y) — C(X) be a unital *-homomorphism. By
part 2., the map fr; : X — Y is well-defined and continuous. Thus, by part 1.,
the map 7 : C(Y) — C(X) is a unital *~homomorphism. Let b € C(Y'), we then

have ¢ (b) = bo fr. Therefore:

bpom(b) =0 0m(b) ifx € X == Ay (A (6, 0m))(b) = 0m(b) if x € X
b(AY (0 0m)) =6, 0m(b) ifz € X

b (A (650 m)) =7w(b)(z) if v € X

bo fr=m(b)

—
—
—
= b(fr(x)) = 7(b)(x) if x € X
—
> 7y, (b) = 7(b),

which implies that 7y = 7 since b € C(Y') was arbitrary.
To complete the proof, note that 7. and 2. imply that X is homeomorphic to

Y if and only if there exists a unital *-isomomorphism from C(Y) onto C'(X). O

Remark 2.1.35. Much like Remark (2.1.31), one would hope that Theorem (2.1.34)
could also be translated to the non-unital case. This can be done, but requires some
subtleties. We will not go into full detail since this dissertation does not concern
non-unital C*-algebras as we focus our attention on quantum compact metric spaces,
but we will give some ideas here. First, the equivalence of categories would be for

the category of locally compact Hausdorff space with proper continuous maps (in the

case of locally compact Hausdorff spaces, a continuous map is proper if it extends
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to a continuous map between the Alexzandroff (one-point) compactifications in the
obvious way) and the category of non-unital commutative C*-algebras with non-zero
*-homomorphisms (notice, of course, that the unital requirement is no longer there).

A reason to use proper continuous maps is because of the following. If X is
locally compact Hausdorff, then let Xoo = X U {ocox} denote its Alexandroff com-
pactification, which is compact Hausdorff. Now, the C*-algebra Co(X) is canonically
*-isomorphic to the mazimal two-sided ideal {a € C(X) : a(cox) = 0} of C(Xoo).
Nezt, any *-homomorphism 7 : Co(Y) — Co(X), where Y is some other locally
compact Hausdorff space, can be uniquely extended to a unital *-homomorphism
7T:C(Yoo) — C(Xs) — this can be done with any *~homomorphism between any
two C*-algebras extending to their unitizations (see [18, Proposition VIII.1.9] and
[19, Proposition 1.1.3] for the definition of unitization and a proof of this fact), and
note that the unitization of Co(X) is canonically *~isomorphic to C(X). Assume
also that 7 is non-zero, i.e. it is not the zero homomorphism. Now, using Theorem
(2.1.84.2), construct the continuous map fz : Xoo — Yoo. From basic calculations
and the fact that locally compact Hausdorff spaces are Tychonoff [71, Theorem 19.3],
one could deduce that fz(X) CY and fz(ocox) = ooy. Thus, we can see why we
would restrict our attention to proper continuous maps.

One reason we consider only non-zero *-homomorphisms and another reason to
constider proper continuous maps is the following. Let f : X — Y be a proper
continuous map between locally compact Hausdorff spaces. Using notation from the
above paragraph, let f: X — Yo be a continuous map that extends f such that
floox) = ooy. By Theorem (2.1.34.1), let Tribe C(Yao) —> bo f € C(Xoo) be
the unital *~homomorphism associated to ]? Now, since f is proper, we have that
Ty restricted to {b € C(Yx) : b(ooy) = 0} — which is canonically *-isomorphic
to Co(Y) — induces a *-homomorphism 7 : Co(Y) — Co(X). Now, since there

exists at least one y € Y such that f(x) = y for some x € X and since locally
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compact Hausdorff spaces are Tychonoff [71, Theorem 19.3], we have that there
exists a b € Co(Y) such that w(b) is not the zero element in Cp(X).

Much more work needs to be done to provide an equivalence of categories in
this case, but in the very least, we can see why we would restrict our attention to
proper continuous maps and non-zero *-homomorphisms instead of allowing for all

continuous maps and all *~homomorphisms.

There is only little more to be done to provide an equivalence between the
categories of compact Hausdorfl spaces and unital commutative C*-algebras via a
contravariant functor since Theorem (2.1.30) and Theorem (2.1.34) are the main
ingredients to provide this duality. A natural idea is thus to study C*-algebras as
noncommutative generalizations of topological spaces.

Next, we move on to providing the main representation theorem for C*-algebras.
We note that this fact relies heavily on the Gelfand-Naimark Theorem (2.1.30)
and the continuous functional calculus that it provides. For a description of the
continuous functional calculus, see [19, Corollary 1.3.2].

We now begin by detailing the Gelfand-Naimark-Segal (GNS) Construction,
which will be Theorem (2.1.40). A powerful consequence of this construction is
that every C*-algebra is *-isomorphic to an operator-norm closed *-subalgebra of
bounded operators on some Hilbert space [19, Theorem 1.9.12]. However, the GNS
construction is also useful for constructing quantum metrics (see Theorem (3.1.3)).

We will make note of certain cases of the GNS construction for the different
Hilbert spaces and representations it may produce, so we introduce the following

definitions.

Definition 2.1.36. Let 2 be a C*-algebra.
A state p € () is faithful if for a € A, p(a*a) =0 <= a = 0qy.
A state p € () is tracial if for all a,b € A, we have p(ab) = p(ba).
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A state p € L () is pure if it is an extreme point in . (2A). Denote the set of

pure states of 2A by P ().
Example 2.1.37. We provide some examples of states.

1. Let M(n) be the C*-algebra of n x n-matrices. The map tr, : a € M(n) —
%Tr(a) € C, where Tr is the trace of a matrix, is a faithful and tracial state,

and this is the unique faithful tracial state of M(n) by [19, Example IV.5.4].

2. Let X be a compact Hausdorff space and consider the C*-algebra, C(X). By
Proposition (2.1.32) and [36, Proposition 4.4.1], all pure states of C(X) are
of the form 6, for some x € X.

We also note that by the Riesz Representation Theorem [18, Appendiz C.18],

the state space S (C(X)) can be identified with Borel probability measures on

X, denoted by M(X), via:
n e M(X) — Yu € y(C(X))a

where o, (f) = [y [ dp for all f € C(X), and the pure states correspond to

points (point masses).

The GNS construction allows one to build the representation theory for C*-

algebras from states. Thus, we introduce the following definition.

Definition 2.1.38. Let 2 be a C*-algebra. A *-representation 7 of 2 is a *-
homomorphism 7 : A — B(H) for some Hilbert space H.

m is cyclic if there exists a vector h € H such that the set {m(a)h : a € A} is
norm dense in ‘H. The vector h is called the cyclic vector.

7 is irreducible if for any closed subspace M C H such that w(A)M C M, then
we have M = {0y} or H.

7 is faithful if for a € A, w(a*a) = O3y <= a = Oq.
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Proposition 2.1.39. Let A be a C*-algbera. A *-representation 7 is faithful if and

only if ™ is isometric.

Proof. We prove that faithful implies injective. Let m : 2 — B(H) be a faithful
*_representation for some Hilbert space H. Let a € 2 such that a € ker«, then by

the C*-identity on B(H):

0 = [m(@)5y = Im(@) 7 (a)llsr) = lIm(a”a)llsm)-

Thus 7(a*a) = Ogy) == a = Oy by faithfulness. Therefore, 7 has trivial kernel
and is injective by linearity. Hence, since 7 is a *-monomorphism, we have that =

is an isometry by Proposition (2.1.11). The other implication follows similarly. [

The following Theorem (2.1.40) is the GNS-construction in the unital case. The
non-unital case is also covered in [19, Theorem 1.9.6] and only differs in part 5.,
which requires the notion of an approximate identity. We provide 2 references for
this construction since their proofs complement each other well, and thus allows us
to provide a more complete picture of the construction. We note that most of the
parts of the statement of the following theorem are gathered from the proofs of [19,

Theorem 1.9.6] and [18, Gelfand-Naimark-Segal Construction VIII.5.14].

Theorem 2.1.40 ([19, Theorem 1.9.6] and [18, Gelfand-Naimark-Segal Construc-
tion VIIL.5.14]). Let 2 be a unital C*-algebra. If p € # (), then there is a cyclic
*-representation m, : A — B(L*(A, p))for some Hilbert space L*(A, p) called the

GNS representation of i and a unit cyclic vector z, € L*(A, u) such that:

/j’(a’) = <7T“(a)x/“xll>[,2(2(7u) for all a € 2.

Moreover:
1. The set N, = {a € A : p(a*a) = 0} is a norm closed left ideal of A. If p is
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faithful, then N, = {Oq}. If p is tracial, then N, is a norm closed two-sided

ideal of 2.

2. Let gy :a €A — a+ N, € A/N, denote the quotient map. For a,b € 2, we
have that (q,(a), qu(b»L?(m W = wu(b*a) defines a positive definite inner product
on A/N,,. The space L*(, 1) denotes the Hilbert space obtained by completing

/N, in the norm induced by this inner product defined by || - ||p2(e) =
V400) 00 0)) L2

3. For a € A, define a map m,,(a) : A/N, — A/N, by 7,,(a) (q.(b)) = qu(ab)

for all b € A, which is: well-defined since N, is a left ideal of 2, bounded

linear, and satisfies:

1700 (@)l /v, ) = sUD {1170 (@) (@ (D)) 12200 = NG (®) L2y = 1} < lalla

for all a € A. Thus, for each a € A, the map m,,(a) extends to a bounded
linear map on L? (A, p) denoted by m,(a) € B (L* (A, 1)), and furthermore,
the map m, : a € A — wu(a) € B (L* (A, p)) is a *representation of A

associated to the Hilbert space L* (A, ).

4. If p is faithful, then q, is injective and m, is faithful. The state p is pure if
and only if m, is irreducible by [19, Theorem 1.9.8].

5. The vector z,, = qu(1y) € L? (A, p) is a unit cyclic vector for m, such that:
,u(a) = <7ru(a)xuaxu>L2(Q[’”) fO’f’ all a € A.

Proof. By [18, Gelfand-Naimark-Segal Construction VIII.5.14] and [19, Theorem
1.9.6] and their proofs, we only check the faithfulness condition of part /. Assume

that p is faithful. The injectivity of g, is immedaite from part 1. since N, = {0g}.
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Next, let a € 2 such that 7, (a*a) = Og(z2(a,,))- We thus have that:

pla”a) = (mu(a”a) Ty, ) (g ) = (OB(L2(00) T ) 2o, = O

which implies that a = Oy since p is faithful and completes the proof. O

With this construction available, we may now state the main representation

theorem of C*-algebras.

Theorem 2.1.41 ([19, Theorem 1.9.12]). If 2 is a C*-algebra, then there exists a
Hilbert space Hg and a *-monomorphism 7y : A — B(Hy). In particular, the

abstract C*-algebra 2 is *~isomorphic to a concrete C*-algebra of operators.

2.1.1 Ideal space of C*-algebras

Ideals are a crucial aspect of the theory of C*-algebras, and in particular, the
representation theory. As ideals are natural structural objects in rings, closed ideals

are core structures for C*-algebras.

Definition 2.1.42. Let 2 be a C*-algebra. An ideal I C A of a C*-algebra is a
two-sided ideal of the algebra 2 that is also norm closed. We denote the set of ideals
of A by Ideal(A), in which we include the trivial ideals {Og} , 2.

We say A is simple if Ideal(2() = {{O0g},2A}.

The following lemma isolates a convenient fact about tracial states on simple
C*-algebras, which follows as a consequence of the GNS construction and thus we

present this now.

Lemma 2.1.43. Let 2 be a simple C*-algebra. If ju is a tracial state on A, then p
is faithful.

Proof. Let pi be a tracial state on A. By Theorem (2.1.40.1), the set N, € Ideal().

Assume by way of contradiction that N, =2, then p(a) = 0 for all positive a € 2.
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However, if x € 2, then it is a linear combination of positive elements of 2. Indeed,

the element x = y + iz, where y = %,z = ng € sa (), and by [19, Corollary
1.4.2], there exist positive y4,y—,z4+,2— € A such that y =y —y_, 2 = 24 — z_.
Thus, since p is linear, we have that u(z) = 0. Since x € 2 was arbitrary, the map
1 is the zero map, which is a contradiction to the assumption that p is a state.
Hence, the set N, = {0}, and thus p(a*a) =0 <= a = Oy, which completes the

proof. O

A far-reaching application of the C*-identity is that ideals of C*-algebras are C*-
algebras themselves as well as their associated quotients. This is the next theorem

due to Segal.

Theorem 2.1.44 ([19, Lemma 1.5.1 and Theorem 1.5.4]). Let 2 be a C*-algebra.
Every ideal of a C*-algebra is a C*-subalgebra of A, and therefore a C*-algebra itself.

Moreover, if I € Ideal(2), then the quotient /I is a C*-algebra.

Convention 2.1.45. Given a C*-algebra, A, and I € Ideal(2A), an element of the
quotient C*-algebra A /I will be denoted by a + I for some a € A. Furthermore, the

quotient norm will be denoted |a + I|lg/; = inf {|la + bl : b € I}.
Next, let’s point out some interesting types of ideals.

Definition 2.1.46. Let A be a C*-algebra. An ideal I € Ideal(2) is a maximal
ideal if for all ideals J € Ideal(2) such that I C J C A, then either I = J or J = 2.
Denote the set of maximal ideals as mldeal(2A).

An subset I C 2 is a primitive ideal if there exists a non-zero irreducible *-
representation m such that the kernel kerm = I. We note that this tmmediately

implies that I € Ideal(2). Denote the set of primitive ideals by Prim(2().

The following theorem explains the use of terminology for the maximal ideal

space, My, from Definition (2.1.26).
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Theorem 2.1.47 ([19, Theorem 1.2.5]). If A is a unital commutative C*-algebra.
The map:
@ € My — ker ¢ € mldeal(2)

18 a well-defined bijection.

For now, we provide a basic example of ideals, and we will go into further
examples once we introduce inductive limits in Section (2.1.2) and when we discuss

ideals of AF algebras in Section (5.1).

Example 2.1.48. Let X be a compact Hausdorff space. If U C X is a closed set,
then the set Iy = {f € C(X) : f(z) =0 for all x € U} € Ideal(C(X)).
In fact, by [18, Theorem 8.7] and [55, Theorem 5.4.4], we have that:

{I;;y € 1deal(C(X)) : 2 € X} = mldeal(C (X)) = Prim(C(X)).
Furthermore, by Proposition (2.1.50), we have:
{Iy € Ideal(C(X)) : U C X s closed} = Ideal(C(X)).

We continue by proving the last statement in the above example. First, a lemma.

Lemma 2.1.49. Let (X, 1) be a compact Hausdorff space with topology 7. IfU C X,
then Iy = {f € C(X) :Vu € U, f(u) = 0} € Ideal(C(X)) and Iz~ = Iy, where U’
denotes the closure of U with respect to T.
Proof. Fix x € X. Consider Ii,. It is routine to check that Iy, € Ideal(C(X)).
Now, let U C X. It is clear that Iy is a two-sided ideal. But, note that Iy =
Nzevlfy) is the intersection of closed sets and is therefore closed. Hence, the set
Iy € Ideal(C(X)).

The ideal Iz- C Iy since U C U'. Let fely. Letv e UT, then there exists a net

(ux)xear € U converging to v. Hence, we have f(uy) = 0 for all A € A, and since f
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is continuous, we conclude f(v) = 0. Therefore, the function f € (. Iz} = I

Thus, the ideal Iz = Iy. ]

Proposition 2.1.50. Let (X,7) be a compact Hausdorff space with topology 7. If
I € Ideal(C(X)), then Fi = {z € X : Vf € I,f(x) = 0} is closed and I =
Ip, of Lemma (2.1.49). Moreover, the map F —— Ip establishes a one-to-one

correspondence between closed subsets of (X, 7) and Ideal(C(X)).

Proof. Let FF C X be closed. By Lemma (2.1.49), we have that Ir € Ideal(C(X)),
and so, the map F' —— Ip is well-defined.

For surjectivity, assume I € Ideal(C(X)). If I = {0} or C(X), then F; = X or
(), respectively. Also, if I were maximal, then by [18, Theorem VIIL.8.7], the ideal
I = I,y for some x € X. Next, assume that I € Ideal(C'(X)) and not maximal

with {0} C I C C(X). We note that:

Fr={re X :Vfel, f(z)=0}=nrerf 1 ({0}), (2.1.6)

which shows that F7 is closed since each f € I is continuous. As in the statement
of the proposition, define Ir, = {f € C(X) : Vo € Fy, f(z) = 0} € Ideal(C(X)) by
Lemma (2.1.49).

First, we show that I C I,. Let f € I. Let € Fy, then by definition of Fr, we
have f(z) = 0. Since z € F1 was arbitrary, the function f € Iy, by definition and
by Lemma (2.1.49) since F7 is closed.

For the reverse containment, we show that C(X)\ I C C(X) \ Ir,. Assume
f e C(X)\I. Now, by Theorem (2.1.44), the space C(X)/I is a unital commu-
tative C*-algebra since I # C(X). By Theorem (2.1.30), let T'c(xy/r : C(X)/T —
C (M¢(x)/1) denote the Gelfand transform of C'(X) /I, which is a *-isomorphism and
Mg (x),1 is the space of nonzero multiplicative linear functionals on C'(X)/I associ-

ated to maximal ideals of C'(X)/I as kernels by Theorem (2.1.47). Since f & I, we
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have f+1 # 0+1 € C(X)/I. Thus, by injectivity I'c(x)/(f+I) #0 = f/ﬁ #0.
So, there exists ¢m € Mc(x),1, Where ker ¢, = m is a maximal ideal of C'(X)/I,

such that:

0% F+ I(om) = om(f +I). (2.1.7)

In particular, we have f 4+ I & ker ¢, = m.

Next, let ¢ : g € C(X) — (g9 + I) € C(X)/I denote the quotient map. For
all g € C(X), define: ¢,,/(9) = ©m o qr(g). Since o, € (C(X)/I) — the dual of
C(X)/I —, the map ¢,/ is the unique linear functional ¢, € C(X)" such that
ker o, 2 I by [18, Theorem V.2.2]. Let m’ = ker ¢,,,». Note that since m’ 2 I, the

space m'/I is well-defined. Therefore:

m' ={g € C(X) : on(g) =0}
={9€ C(X): pmoq(g) =0}
={9€C(X):(g+1) € ker oy}

={geC(X):(g+1) em}

and it follows that m’/I = m. Now, note that since ¢; is unital and multiplicative
and so is ¢, by Proposition (2.1.28) and Proposition (2.1.23), we have that ¢, is
a non-zero multiplicative linear functional and thus ¢,y € M¢(x). Finally, by 19,
Theorem 1.2.5], the ideal m’ is maximal in C'(X) such that m'/I = m.

Therefore, by [18, Theorem VIL.8.7], there exists y € X such that m' = I, =
{9 € C(X) : g(y) = 0}. But, the containment I C m’ = I,y implies that g(y) = 0
for all g € I. Thus, we gather that y € F7 by definition of F; in Expression (2.1.6).
Now, Expression (2.1.7) implies that f+1 ¢ m, but then, the function f & m' = I,
since m’ /I = m. Hence, we have f(y) # 0, yet y € Fy. Therefore, since Fy is closed,
we have f & I, by Lemma (2.1.49), and thus, the ideal I, C I, which completes

the argument for I = If,.
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Lastly, we have already established that the map F + [Ip is well-defined and
onto. What remains is injectivity. Assume F # E are closed subsets of X, then
choose e € E such that e ¢ F. By [71, Urysohn’s Lemma 15.6], there exists
f € C(X) such that f(v) = 0 for all v € F, but f(e) # 0. Since F is closed, we
have f € Ir by Lemma (2.1.49). But, also, we have that f ¢ Ir. Thus, the ideal
Ip # Ip. O

We present a connection between pure states and irreducible *-representations.

Theorem 2.1.51 ([19, Theorem 1.9.8]). Let 7 be a *-representation of a C*-algebra
A on some Hilbert space H with a cyclic unit vector x € H. Then, the for the state u

defined by p(a) = (m(a)x, ), for all a € A, the following assertions are equivalent:

1. w18 a pure state;
2. m 18 irreducible;

3. the set ker m € Prim ().

Informally speaking, Theorem (2.1.47) and Theorem (2.1.51) suggest that cer-
tain classes of ideals may be equipped with natural topologies since the maximal
ideal space and the pure states come naturally equipped with the induced weak*
topology. We will now introduce a topology on the set Prim(2), called the Jacobson
topology, which will have a close connection to the weak* topology on pure states
via Theorem (2.1.51) and the GNS-construction (Theorem (2.1.40)) provided by
Theorem (2.1.54).

Theorem-Definition 2.1.52. Let A be a C*-algebra. Let T C Prim(2). Define:

=Jacobson

T ={J € Prim(A) : J D Nrezl}.

==Jacobson

By [20, Lemma 3.1.1], the operation T on subsets T of Prim(2A) defines

a Kuratowski closure operation [71, Theorem 3.7], and therefore induces a unique
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=Jacobson

topology on Prim(2A), in which the operation T on subsets T of Prim(2l) is the
closure in this topology. We call this topology on Prim(2l), the Jacobson topology,
denoted by Jacobson.

Moreover, if F' is a closed set in the Jacobson topology, then there exists Ip €

Ideal(A) such that F ={J € Prim(A) : J D Ir} by [65, Theorem 5.4.7].

Next, we state some topological properties of Prim(2() with the Jacobson topol-
ogy. We note that a good reference for topology is General Topology by Stephen
Willard [71].

Theorem 2.1.53. If A is a C*-algebra, then Prim(2) equipped with the Jacobson
topology s a locally compact Ty space.

Moreover, if A is unital, then (Prim(2A), Jacobson) is compact.

Proof. This is the combination of [20, Proposition 3.1.3, Proposition 3.1.8, and
Corollary 3.3.8]. The definition of quasi-compact given in [20] is that every open
cover has a finite subcover. Thus, it is the definition of compact. The term quasi-
compact is simply the term sometimes used for compact when the space is not

necessarily Hausdorff. O

An immediate flaw of this space is that it is not Hausdorff in general. For
a non-trivial example of this, see [10, Remark 8.ii], where the Jacobson topology
on the Boca-Mundici AF C*-algebra is not even T let alone Hausdorff as there
are singletons that are not closed. One of the main remedies to this is the Fell
topology, which not only is Hausdorff, but also defines a compact topology on the
entire ideal space. It is built using the Jacobson topology. We will introduce this
Fell topology shortly in Definition (2.1.58) once we complete our discussion of the
Jacobson topology.

In the next Theorem (2.1.54), we continue by noting a powerful connection with

the Jacobson topology and that of the weak* topology on pure states.
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Theorem 2.1.54 ([57, Theorem 4.3.3]). Let A be a C*-algebra. The map:

pe P() — kerm, € Prim(),

where 7, is the GNS-representation (Theorem (2.1.40)) of p, is open and contin-

uous from P () equipped with the weak*-topoogy onto Prim(2d) with the Jacobson

topology.

Proof. By [57, Theorem 4.3.3], we only note that the map is well-defined by Theorem
(2.1.51). O

The next Theorem (2.1.55) displays a satsifying consequence of Theorem (2.1.54)
in the unital commutative case, which is that the Jacobson topology recovers the
weak* topology on the maximal ideal space, and therefore the Jacobson topology is

compact Hausdorff in this case.

Theorem 2.1.55. If A is a unital commutative C*-algebra, then the map:

© € My — ker ¢ € Prim(A).

is a homeomorphism from My equipped with the weak™ topology onto Prim(2l)
equipped with the Jacobson topology, and therefore Prim(2A) equipped with the Ja-

cobson topology is a compact Hausdorff space.

Proof. By [55, Theorem 5.4.4], the set Prim(2() is the set of maximal ideals. How-
ever, for all ¢ € My, the ideal ker ¢ is maximal by Theorem (2.1.47). Hence, the
map ¢ € My — ker ¢ € Prim(2() is a bijection by Theorem (2.1.47). Furthermore,
by [55, Theorem 5.1.6], the set of pure states on 2 is equal to My. Therefore, by
Theorem (2.1.54), the map ¢ € Mg — ker ¢ € Prim(2() is a homeomorphism onto
Prim(2l) since it is a continuous and open bijection. Since My is compact Hausdorff,

Prim(2A) with its Jacobson topology is a compact Hausdorff space. ]
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Next, we introduce the Fell topology, which will use the Jacobson topology to
produce a compact Hausdorff space on the set of all ideals of a C*-algebra. In fact,
the Fell topology is a compact topology on the closed sets of any topological space
and we present the construction in this generality and then apply it to the Jacobson
topology. Later, when we introduce the Hausdorff metric topology on the set of
closed sets of a compact metric space (Definition (2.3.4)), we will see that the Fell
topology agrees with the Hausdorff topology in this case (Proposition (2.3.5.3)).
This displays that the Fell topology is a generalization of the Hausdorff topology to

non-metric spaces. Just as Fell did in [27], we define:

Definition 2.1.56 ([27]). Let X be a topological space (no separation axioms as-
sumed). Let CI(X) ={F C X : F is closed}. Fizx a compact set C C X and a finite

family F of nonempty open subsets of X. Define:

UC,F)={Y €Cl(X):YNC=0andY NA+0 for all A€ F}.

We denote the collection of the sets as:

C C X 1is compact and
Bieu(X) = QU(C,F) CCUX) : Fis a finite family of nonempty

open subsets of X

Theorem-Definition 2.1.57 ([27, Lemma 1 and Theorem 1]). If X is a topological
space, then the set Byey(X) forms a basis for a topology on the closed sets Cl(X),
called the Fell topology, and Cl(X) is compact in this topology.

Moreover, if X is locally compact, then Cl(X) equipped with the Fell topology is

a compact Hausdorff space.
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Proof. We only verify that By (X) forms a basis for a topology on CI(X) since the
other results are detailed in the proofs of [27, Lemma 1 and Theorem 1]. For this,
we first show that CI(X) = UpeB;u(x)B- Let F contain no sets. Then, for any
compact set C' C X, we have that ) € U(C,F) and thus () € UBeB(x)B. Next,
let ) #Y € CI(X), then as () is compact, the set U((),{X}) contains ¥ and thus
Y € Upep,.,,(x)B- Hence, the set Cl(X) = UBeB; o (x)B-

Now, assume that U(C1, F1),U(Co, F2) € Bfeu(X). Let C = Cy U Cy, which
is compact and let 7 = {A C X : A € Fj or A € Fo}, which is a finite family
of nonempty open subsets of X. Let Y € U(C,F), then Y N(CLUCy) =0 =
YNCH)uYnNncy) =0 = (YNC1)=0and (Y NCs) = 0. Next, let A € Fy,
then A € F. However, we have Y N A # (). Thus, the set Y € U(C1, Fy1). Also, it
follows that Y € U(Cy, F2), so that Y € U(Cy,F1) N U(Csq, F2), which completes

the argument that B fell(X ) is a basis. ]

Now, we apply this construction to primitive ideals with the Jacobson topology
and utilize a bijection between closed sets in the Jacobson topology and ideals to

provide a topology on all ideals.

Definition 2.1.58 ([26]). Let 2 be a C*-algebra. Let Cl(Prim(2A)) be the set of
closed subsets of (Prim(2), Jacobson) with the Fell topology, denoted Tcipyim(s1)),
which is compact Hausdorff by Theorem-Definition (2.1.57) and Theorem (2.1.53).
Let fell : Ideal(2A) — CI(Prim(21)) denote the map:

fell(I) ={J € Prim(A) : J D I},

which is a bijection by [55, Theorem 5.4.7]. The Fell topology on Ideal(2(), denoted
Fell, is the initial topology on Ideal() induced by fell, which is the weakest topology

for which fell is continuous. Equivalently:
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Fell = {U C Ideal(A) : U = fell ' (V),V € Teiprim@) | »

and (Ideal(2),Fell) is therefore compact Hausdorff since fell is a bijection and

(Cl(PI‘im(Q{)),TCl(Prim(gl))) is compact Hausdorff.

As is, the Fell topology on ideals is a complicated construction. However, Fell
provided enough framework in his paper [26] to easliy deduce a useful and simple
characterization of net convergence in the Fell topology on ideals. This is the fol-
lowing Lemma (2.1.59), which is stated in [6, Section 2], where the Fell topology,

Fell, is denoted by 7. We provide a proof.

Lemma 2.1.59. Let A be a C*-algebra. Let (1), o © Ideal(A) be a net and

€

I € Ideal(). The net (I/'L)MEA converges to I with respect to the Fell topology if and

only if for all a € A, the net (Ha—i— IHHQ‘/IM) N C R converges to ||a+ Ily/r € R
pe

with respect to the usual topology on R.

Proof. By [26, Theorem 2.2], let Y € Cl(Prim(2l)), define:
My:aEle—>sup{Ha+IHm/[:I€Y} €R,

since in Fell’s notation, given an ideal S, we have S, = a + S according to his
definition of transform in [26, Section 2.1] in the context of the primitive ideal space
2l = Prim(2A). But, by the first line of the proof of [26, Theorem 2.2], we note that

Nrey ! € Ideal(2A) and:

My (a) = ||a+ﬂIeYI||m/(mIeY1)7 (2.1.8)

for all a € 2.
Let P € Ideal(2), then fell(P) = {J € Prim(2) : J O P} € Cl(Prim(2)) by
Definition (2.1.58). Note that Ngefeupy = P by [55, Theorem 5.4.3]. Thus, by
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Expression (2.1.8):

Mjyeupy(a) = lla+ Pllayp- (2.1.9)

Now, assume that (1), C Ideal(2) converges to I € Ideal(2) with respect
to the Fell topology. Since fell is continuous, the net (fell (1)), € Cl(Prim(2A))
converges to fell(I) € CI(Prim(2()) with respect to the topology on Cl(Prim(2l)).

By [26, Theorem 2.2], the net of functions (M Fell( [#)) converges pointwise to

HEA
M1y, which completes the forward implication by Equation (2.1.9).
For the reverse implication, assume that the net (Ha + Ll / Iu) N C R con-
pe
verges to ||a+1||yq,; € R with respect to the usual topology on R for all a € 2 and for
some net (IM)MEA C Ideal() and I € Ideal(2(). But, then by Equation (2.1.9) and

assumption, the net (Mfell(lu)) converges pointwise to My ). By [26, Theo-

peA
rem 2.2], the net (fell (1)), € Cl(Prim(2)) converges to fell(I) € Cl(Prim(%1))
with respect to the topology on CI(Prim(2l)). However, as fell is a continuous bi-
jection between the compact Hausdorff spaces (Ideal(2), Fell) and

(Cl(Prim(Ql)),TCl(Prim(Q[))), the map fell is a homeomorphism. Thus, we conclude

that (Iﬂ)ueA converges to I with respect to the Fell topology. O

2.1.2 Inductive Limits of C*-algebras and AF algebras

Inductive limits of C*-algebras provide a powerful tool in constructing C*-
algebras using morphisms and other C*-algebras. A primary application of this
is seen in the Elliott classification program. In this program, inductive limits have
been used to classify C*-algebras since the programs inception in [23] up to now
as seen in [25], in which a specific inductive limit called the the Jiang-Su algebra
(defined in [35]) is utililized to provide deep classification results. For our purposes
in Noncommutative Metric Geometry, inductive limits provide many possibilities of

continuous families for the Gromov-Hausdorff Propinquity.
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We follow [55, Chapter 6.1] for the definition of an inductive limit of an induc-
tive sequence of C*-algebras and provide some added details for clarity. First, we
introduce the notion of an enveloping C*-algebra, which requires the notion of a
*-algebra and C*-seminorm and resembles Definition (2.1.6) of a C*-algebra except

that we do not require completeness and a norm.

Definition 2.1.60. Let 2l be an algebra. If 2 is equipped with an anti-multiplicative
congugate linear involution * : A — A, called an adjoint, then we call A a *-algebra.

A C*-seminorm on a *-algebra 2 is a seminorm p : A — [0,00) such that
p(ab) < p(a)p(b) and p(aa*) = p(a)? for all a,b € A. The map p is called a C*-norm

if p is also a norm.

Now, for the definition of an enveloping C*-algebra associated to a *-algebra and

a C*-seminorm.

Theorem-Definition 2.1.61. Ifgl is a *-algebra with a C*-seminorm p, then:
1. kerp is a two-sided self-adjoint ideal of évl,
2. §l/ kerp is a *-algebra with the induced quotient operations from 5[,

3. the map ||-||la : a+kerp € A/ ker p —> p(a) € [0,00) is a C*-norm on A/ ker p,

and

4. the Banach space completion of 5[/ ker p with respect to || -||la denoted by 2 is a
C*-algebra with the norm || - ||a, in which the algebraic operations and adjoint
of 5[/ kerp are extended uniquely to 2. Ifévl is unital and p is non-zero, then

A is unital.

We call (A, ]| - ||a) the enveloping C*-algebra of A with respect to the C*-seminorm

p-
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Proof. 1. and 2 are routine to verify and so is 4. once we establish 3.
For 3., by [18, Proposition V.2.1], we have that p(a + kerp) = inf{p(a+z) : z €

ker p} is a seminorm on 5[/ ker p. Now, fix a € Az € ker p, then:

pla) =pla+x—x) <p(z)+pla+z)=pla+r) <pla) +plx) =pla),

which implies that || - [Jo is a seminorm on 2/ ker p, which is a C*-seminorm since
kerp is a two-sided self-adjoint ideal and p is a C*-seminorm. By construction, we

have | - [|o is a C*-norm on 2/ ker p. O

Now, we introduce the notion of an inductive sequence of C*-algebras.

Definition 2.1.62. Let (U,)nen be a sequence of C*-algebras such that for each
n € IN there exists a *-monomorphism oy : A, — 1. We call the sequence
Z = (U, ap)nen, an inductive sequence of C*-algebras. We say Z is unital if 2, is

unital and o, ts unital for all n € IN.

Proposition 2.1.63. If Z = (A, an)nen s an inductive sequence of C*-algebras,

then:

1. if we equip the product [ [, e 2n with coordinate-wise operations, then ][, o An

is a *-algebra and :

Ar = {a = (an)nen € H Ay, K, € N, ag(ag) = agy1, Vk > Ka}
nelN

is a *-subalgebra of [], i ™Un, and if T is unital, then [], oy ™An is unital with

unit (1g,, ),en and Az is unital,
2. for all a = (an)nen € Az, the sequence (lanll2t, ) penw € R is eventually con-
stant and the map:
pz:a = (ap)nen € Az — lim [lay,||g, € [0,00) C R
n—oo
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is a C*-seminorm on Az, and

3. the kernel of pr is:

ker py = {a — (an)nen € Az : 3K, € N, ap, = 0,k > Ka}.

Proof. For 1., the fact that «a;, is a *-~homomorphism for each n € IN implies that
A is a *-subalgebra of [, .y ™An. If 2, and «,, are unital for all n € IN, then clearly
(Lo, ) pen € Az. 3. follows quickly from 2.

*_monomorphism for each

For 2., let a = (an)nen € 5[1, then since a,, is a
n € IN, we have |lak,[lay, = llak,(ar,)l|2y, .1 = larx,+1llag, ., and an induction
argument shows that ||ar, |la,, = [axlla, for all k > K,. Hence, for each a € 2A, the
sequence (||lan|lar,),ew € R is eventually constant and therefore converges. Since

for each n € IN, the norms || - |9, are C*-norms, we have that pz is a C*-seminorm

in Az O

Finally, we define an inductive limit associated to an inductive sequence of C*-

algebras.

Definition 2.1.64. Let T = (2, an)nen, be an inductive sequence of C*-algebras.
From Proposition (2.1.63), let the inductive limit of the inductive sequence of
C*-algebras T be the enveloping C*-algebra (Theorem-Definition (2.1.61)) of Az
with respect to the C*-seminorm pr. We denote the inductive limit by A = hﬂ T
and its norm by || - [J«.
Note that if T is unital, then it is immediate from Proposition (2.1.63) that 2 is

unital.

Informally speaking, the idea of an inductive limit is to build up a C*-algebra
from a sequence of C*-algebras. This is motivated by the fact that we are choosing

a sequence of C*-algebras such that each space embeds into the next space by way

52



of *-monomorphisms. Thus, one would hope that there exists a copy of each C*-
algebra of the sequence inside the inductive limit and that these copies build up to

2. This is the purpose of the following Notation (2.1.65) and Proposition (2.1.66)

Notation 2.1.65. Let Z = (A, an)new be an inductive sequence of C*-algebras
with inductive limit A = h_H)l Z. Let m,n € IN and set o, be the identity map on

U if m =n, and otherwise, set .y to be defined by:
Qmsn A € Ay —> Q1 0 -+ 0 Ay 1 © Ay (Ay) € AWy
For each n € IN\ {0}, define:
a" :an € A — (bn)new € Az

by by, =0 for all k € {0,...,n—1}, and by, = an—i(ay) for all k = n, which is well-
defined by construction. If n = 0, then let a®(ag) = (by)new such that by = ag_x(ao)
for all k > 0.

Finally, let qr : 5[1 — 5[1/ ker pr C A be the quotient map. For each n € NN,
define:

oz_”):qzoanzﬁln—>§l1/kerng91,

and call the maps oz_">, the canonical *-homomorphisms of U, into 2.

Next, we show that the maps introduced in the above Notation (2.1.65) provide a

way to capture the C*-algebras of the inductive sequence inside the inductive limit.

Proposition 2.1.66. If 2 = hﬂ 7 is the inductive limit of an inductive sequence

of C*-algebras T = (A, an)nen, then using Notation (2.1.65):

1. ifmeN,ay, €Ay and N € N, N > m, then cﬁ(am) = aﬁN(amﬁN(am)), and
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in particular, the following diagram commutes:

§2Lrn iﬂ) le—l—l )
aerl
AN
A
2. for each n € IN, we have that OL)” : A, — A s a *~monomorphism and thus
OL;(Q[n) is a C*-subalgebra of A such that Oi;(g[n) =~ A, and if T is unital,
then for each n € IN, we have that 04” is unital and %”(ﬂn) has the same unit

as A,
3. for each n € IN, we have c1_>"(9ln) Ca" 1 (Apy1), and

4. the *-subalgebra Une]Na_T;(an), which is unital when T is unital, is dense in 2.

Proof. We begin with 1. Let m € N,a,, € 2, and N € N, N > m. By definition,
The element a_>m(am) = a™(am) + kerpz. Now, by construction, we have that
a™(an) — o (amsn(am)) = b = (by)nen, where by = 0 for k € {0,...,m — 1},
by, = amok(am) for k€ {m,m+1,...,N — 1}, and by = 0 for k > N. However, by

Proposition (2.1.63.3), we have that b € ker pz. Therefore, we conclude that:

0" (am) = a™ () + ker pr

= aN(am%N(am)) + b+ ker pr
(2.1.10)

= aN (am%N (am)) + ker bz

= a_>N(amﬁN(am))~

For conclusion 2., fix n € IN. It is immediate that oz_"> is a *-homomorphism.
Next, we check injectivity. Let a,,b, € 2, and assume that (J_T;(an) = oﬁ(bn). By
definition, we have that a"(a,) — a"(b,) € ker pz. This implies that there exists
K € N, K > n such that o, _k(an) — ank(by) = 0 for all £ > K. Hence, we have

ansi(an —by) =0 = |ansk(an —bn)lla, =0 <= |lap — bylla, =0 =
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an = by since aj is an isometry for all & € IN. Hence, for each n € IN, the map

aTL

ay is an isometry on a complete space 2A,,. Thus, the image a”

_>(91n) is complete

in the complete space 2l and thereofore closed. In conclusion, the image CL’;(an)
is a C*-subalgebra of 2 such that OL)”(an) =~ 9,. If Z is unital, by construction,
the unit 1y = 1'5[1 + ker pz, where 1§lz = (1g, )kew. Now, by definition, the image
a"(ly, ) = (bk)ken such that by = 0 for all kK € {0,...,n — 1} and by = 1y, for all
k > n since each ay, is a unital map. But, then, we have g, — a™(1g,) € kerpz.
Therefore, in the quotient we have that Oi;(lg[n) = 1lg by the same argument in
Expression (2.1.10).

For conclusion 3., fix n € IN. Let b € a_T;(an) Thus, there exists a, € 2,
such that a®(a,) = b. By part 1., we have that b = a%(a,) = o (a,(ay,)) €

@, a, SN

CL—H)(QlHJrl)-

For conclusion 4., we first note that by definition UnE]NOLn)(Q(n) C 511/ ker pz.
Next, let a + kerpz € 5(1/ ker pz. Now, the assumption that a = (ag)ken € Az
implies that there exists K, € IN such that ax(ay) = agyq for all & > K,. Next,
consider the element o« (ar,) € Az By construction and a similar argument to
part 1., we have that a + kerpr = afe(ag, ) + kerpr = oz_Ka)(aKa) € Une]NOi;(an).

Therefore, we have the sets Une]NOf)(an) = glz/ ker pz, and by definition of the

*

Banach space completion 2, we have that UnE]NoL")(an) is a dense *-subalgebra of

2, which is unital when Z is unital. ]

The following result provides an easy recipe to provide *-homomorphisms and

*_monomorphisms from an inductive limit to a C*-algebra.

Theorem 2.1.67. Let A = lim 7 be the inductive limit of an inductive sequence
of C*-algebras T = (U, an)nen. If B is a unital C*-algebra and there is a *-

homomorphism ™ : A, — B for each n € N such that the diagram:

95



an*> 2 +1

n
n+1
N i’”

B

commutes for all n € IN, then there exists a unique *-homomorphism ¢ : A — B :

an

A, o9
A
B
such that this diagram commutes for each n € IN.

Furthermore, if the map Y™ : A, — B is a unital *-monomorphism for each

n € IN, then the map ¢ : A — B is a unital *-monomorphism.

Proof. We only prove the last sentence of the theorem since the rest is proven in
[55, Theorem 6.1.2]. For unital, fix n € IN, then by Proposition (2.1.66), we have
that oﬁ(lg{n) = 1y. But, by the second commuting diagram in the statement of this
theorem, we have that ¢"(1g,) = ¢ o Oﬁ(lﬁn) = 1(1y). Since Y™ is assumed to be
unital, we have that v is unital.

Next, let a € Ungm(ﬁ(ﬂn). Thus, there exists k € IN,a; € 2, such that a =

oi];(ak). Hence, by the second commuting diagram in the statement of this theorem,

we have:

lé@)ls = ||v e o), = 5@, = larlly, = [at(@)], = lalla

since ¥* is a *-monomorphism by assumption and is a *-monomorphism by

k
@,
Proposition (2.1.66). In particular, ¢ is a linear isometry on the dense subspace

UnE]NoL”)(an) of 2 that is contractive on 2 by Proposition (2.1.11) as it is a *-

homomorphism on 2I.
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Hence, let € > 0 and a € 2, there exists a’ € Upena’y(Un) such that [a —a/[la <

€/2 by density. We gather that:

lv(a)lle — llallal < [llb(a)lls — 1 (a)lls| + [1v(a) s — lla'lla] + [lla’lla — llalla]
< [l¥(a) = 9(@)lls + 0+ [la" — all«
< |¥(a—d)lls +e/2
<lla—a'lla+e/2

<eg/24¢e/2=c¢.

Since € > 0 was arbitrary and a € 2 was arbitrary, we have that v is an isometry

on 2A. Therefore, the map 1) is a *-monomorphism on . O

By Proposition (2.1.66) and Theorem (2.1.67), we may now present a more
concrete realization of inductive limits of inductive seqeunces of C*-algebras, which
will allow for a smooth transition to AF algebras. We note that both settings of
inductive limits introduced in the next proposition have useful applications and will

both be used throughout this dissertation.

Proposition 2.1.68. If2 = hﬂ T is the inductive limit for an inductive sequence
of C*-algebras T = (Up, an)nen, then there exists a non-decreasing sequence of C*-
subalgebras (Bp)nen of A such that A, = B, for each n € N and UpenB, is dense
in A. And, if T were unital, then the algebras B, for alln € IN can be chosen to be
unital with the same unit.

Conversely, if 2 is a C*-algebra such that there exists a non-decreasing sequence
of C*-subalgebras (Bp)new of A such that U,enB,, is dense in A, then if we let
tn 2 B, — A denote the inclusion mappings for each n € IN, then the inductive limit
B = hgn Z, where T = (By,, tn)nenN, 18 *~isomorphic to A, in which i;(‘Bn) = 9%,

for each n € IN. If A were unital with B, unital for all n € N, then T is unital.

57



Proof. The first paragraph of this proposition is provided by Proposition (2.1.66),
in which we can take the spaces B, to be oﬁ(ﬁln) for each n € IN.
For the second paragraph of this proposition, for each n € IN, it is clear that the

following diagram commutes.

ln

%n I %n—i—l

\ an+1
ln

A

Therefore, by Theorem (2.1.67), there exists a unique unital *-monomorphism ) :

B — A such that the following diagram commutes for each n € IN :

n

%ni%

Rlﬂ

A

For surjectivity, note that by this commuting diagram, we have:

$(B) 2 ¢ (Unens(Ba)) = Unen B

Since ‘B is complete and 1 is a linear isometry, we have that i surjects onto 2 by

the density of U,enB,, in 2. O

This characterization of inductive limits allows us to present the fact that ideals
of inductive limits are determined by the inductive sequence, and thus provides a

basic way to determine when two ideals are the same.

Proposition 2.1.69 ([19, Lemma II1.4.1]). Let A be a C*-algebra such that there
exists a non-decreasing sequence of C*-subalgebras (UApn)nenw of A such that Upen2Ay,

is dense in A. If I € Ideal(2(), then:
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I=Unen TN2) 1™ = TA Upentt) ™
In particular, if 1,J € Ideal() and I NA,, = JNA, for alln € N, then [ = J.
As a corollary, we present that inductive limits of simple C*-algebras are simple.

Corollary 2.1.70. Let 2 be a C*-algebra such that there exists a non-decreasing
sequence of C*-subalgebras (Upn)nen of A such that Upeny, is dense in 2.

If A, is simple for all n € N, then A is simple.

Proof. 1f the C*-algebra is 20 = {0g}, then the proof is trivial. Assume that {Oy} C
2 and assume without loss of generality that for all n € IN, the C*-subalgebra
{09} € A,. Now, assume that I € Ideal(2d). It is routine to check that I N2, €
Ideal(2,,) for all n € IN.

In the first case, assume that for all n € IN we have that IN2l,, = {0y }. Therefore,
by Proposition (2.1.69), we have that I = {0y}.

On the other hand, assume there exists M € IN such that {Oy} € I N2Ays. Since
Ay is simple and I N2Ay, € Ideal(Aps), we have that I N Ay, = Aps. Now, assume
that & > M, then {0y} C Apr = INApr C INAL by (A,)new non-decreasing, which
implies that I N A, = Ay, since Ay is simple and I N A, € Ideal(™Ay). Next, assume
that £k < M, then INAr = 1IN A N™Apns) = (L NAy) NA, = Aps N AL = Ax by

(A )nen non-decreasing. Thus, for all n € IN, we have that I N2, = 2, and:
I =Upen (TN2)" = Gen®y 1™ = 2

by Proposition (2.1.69), which completes the proof. O

Remark 2.1.71. The hypothesis of Proposition (2.1.69) is not necessary. We shall

see in the proof of Theorem (4.2.1) that the Effros-Shen algebras are simple, but by
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their construction in Example (2.1.81), we see that they are an inductive limit of

non-simple C*-algebras.

With these tools available, we now introduce the notion of an approximately
finite-dimensional C*-algebra or AF algebra, which form a special class of inductive
limits (see Theorem (2.1.75)). The theory of AF algebras started with Uniformly
Hyperfinite Algebras or UHF algebras (see Example (2.1.79)) and were first sys-
tematically studied and classified by J. Glimm [28] for their strong ties to physics
via the Canonical Anticommutation Relation algebra or CAR algebra, which was
shown to be UHF by O. Bratteli [11, Section 5]. Also, in [11], O. Bratteli introduced
the notion of an AF algebra, which comprised a much larger class of C*-algebras
that included all the UHF algebras as well as the C*-algebra of C-valued continuous
functions on the Cantor Set (see Example (2.1.76)) and the Gauge Invariant CAR
algebra or GICAR algebra [11, Section 5]. Also, with the introduction of the Brat-
teli diagram associated to an AF algebra [11] and Definition (2.1.83), O. Bratteli
paved the way for the classification of AF algebras since all AF algebras associated
to a single Bratteli diagram are *-isomorphic, which is Theorem (2.1.88). However,
one may associate two distinct Bratteli diagrams to single AF algebras (see Remark
(2.1.89)), and thus the Bratteli diagram does not provide a complete invariant. But,
motivated by Bratteli’s work and using K-theory, G. Elliott was able to provide a
complete invariant for AF algebras [23].

Let’s consider the phrase “approximately finite-dimensional”. Given the norm
of a C*-algebra 2, it makes sense that this phrase should mean: given any £ >
0,a € 2, there exists a finite-dimensional C*-subalgebra B8 C 2 and b € B such
that |la — b|lg < e. This will essentially be equivalent to the definition of an AF

algebra (see Theorem (2.1.74)), but we begin with the following definition.

Definition 2.1.72 ([11]). A C*-algebra 2 is an approximately finite-dimensional

(AF) algebra if there exists a sequence of finite-dimensional C*-subalgebras of U,
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(An)nen such that:

1. the sequence (UAn)nen s non-decreasing. That is, for each n € IN, the C*-

subalgebra A, C Ap11, and
2. the C*-algebra 2 = m\\-llm_

First, we present a basic fact about tracial states on unital AF algebras, which is
a careful application of the [18, Hahn-Banach Theorem III.6.4] along with the fact
that every finite-dimensional C*-algebra has tracial states by [19, Example IV.5.4]

and the characterization of states in the unital case, which is Proposition (2.1.23).

Lemma 2.1.73 ([50, Proposition 3.4.11]). Let 2 be a unital C*-algebra. If A is an

AF algebra, then there exists a tracial state on 2.

Next, we present that Definition (2.1.72) truly captures the spirit of the phrase
“approximately finite-dimensional.” For the following theorem, note that every AF
algebra is separable. Indeed, every finite-dimensional C*-algebra is separable, and

by Definition (2.1.72.2), we have that AF algebras are separable.

Theorem 2.1.74 ([11, Theorem 2.2]). Let 2 be a separable C*-algebra.

A is an AF algebra if and only if for every finite set a,...,a, € A,n € IN and
e > 0 there exists a finite-dimensional C*-subalgebra B C A and by,...,b, € B
such that ||aj — bj|la < € for each j € {1,...,n}.

Furthermore, if A is unital and the converse of the above statement holds, then
the sequence of non-decreasing finite dimensional C*-subalgebras (Ap)nenw of A for

which A = Un@Nan”'HQl can be chosen so that 2, is unital for all n € IN.

Now, we cast the definition of AF algebras in the inductive limit setting, thus

showing that AF algebras are a subclass of inductive limits up to *

-isomorphism,
in which the inductive sequence is required to only contain finite-dimensional C*-

algebras.
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Theorem 2.1.75. A C*-algebra A is AF if and only if it is *isomorphic to an
inductive limit B = hg Z, where T = (B, Bn)nen and B, is finite-dimensional for
all n € IN.

Proof. This follows immediately from Proposition (2.1.68). O

Example 2.1.76 (Continuous functions on the Cantor set). Let Zo = {0,1} with

the discrete topology. The Cantor set is given by:

C:HZ2

nelN

with the product topology. To continue with this example, we introduce the following

notation, which will be used later in Section (3.1.1).

Notation 2.1.77. For alln € IN, we denote the evaluation map (2m)men € C — zp
by 1. Note that n, € C(C) is a projection and u, = 2n, — lo(c) s a self-adjoint
unitary in C(C). That is for each n € N, we have n2 = np,nn = 0 and uzu’, =

Loy = upn, un = uy,, which implies that u? = Loge-

We set g = Clg(ey and, for alln € N\ {0}, we set:

an = C* ({10(0),U0, e ,unfl}) 5

where C*(A) is the *-algebra generated by the set A, which includes finite products
of elements in the linear span of elements in AU {a* : a € A}, and then closed in
norm.

By definition, for each n € IN, the C*-subalgebra A, of C(C) is finite dimensional
with the same unit as C(C) and dim%A,, = 2". Moreover, A, C U471 for all n €
IN. Last, it is easy to check that Upen?dy, is a unital *-subalgebra of C(C) which
separates points; as C is compact, the [71, Stone-Weierstrass Theorem 44.5] implies

that C(C) = Unen@y, @
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Remark 2.1.78. It is no coincidence that the C*-algebra C(C) of C-valued contin-
uous functions on the Cantor space C is AF. In fact, for any totally disconnected
compact metric space X, the C*-algebra C(X) is AF and this characterizes unital
commutative AF algebras [12, Proposition 3.1] along with Theorem (2.1.55). Thus,

a basic example of a non-AF algebra is C(]0, 1]).

Example 2.1.79 ([28],Uniformly Hyperfinite Algebras or UHF algebras). A unital
C*-algebra A is UHF if there exists a sequence of unital simple finite-dimensional
C*-subalgebras of A, (Ap)new such that A, C Wpy1 for each n € N and A =
mﬂ'\\m_

The simplicity requirement is equivalent to requiring that for each n € IN, there
exists k, € N\{0} such that A, = M(k,), the C*-algebra of ky, X ky,-C-valued matri-
ces. Indeed, it is a standard ring theoretic exercise to show that M (d) is simple for all
d € N\ {0}. This fact along with Example (2.1.13.4), which is the characterization
of finite-dimensional C*-algebras, establishes this equivalence.

Combining this with Theorem (2.1.75), a C*-algebra A is UHF if and only if it
is *-isomorphic to an inductive limit B = lim Z, where I = (M (Kn), Bn)nen such
that By, is a unital *~monomorphism and k, € N\ {0} for all n € N. Note that by
Theorem (2.1.18) and the requirement that each B, must be unital, we have that k,
divides kpy1 for all n € IN.

Lastly, we note that the Canonical Anticommutation Relation Algebra or CAR
algebra is UHF by [11, Section 5]. In fact, for the CAR algebra CAR there exists
an increasing sequence of unital C*-subalgebras (A, )new such that A, = M(2"™) for

each n € N and CANR = m”-llwm'
We list some basic facts about UHF algebras.

Lemma 2.1.80. Let A be a C*-algebra. If A is UHF, then A is simple and has a

unique faithful tracial state.
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Proof. By Corollary (2.1.70), UHF algebras are simple. By definition of UHF in
Example (2.1.79), the C*-algebra 2 is unital. Therefore, there exists some tracial
state p on 2 by Lemma (2.1.73) and this tracial state is faithful by simplicity of 2
and Lemma (2.1.43).

Now, let (2,,)ren be a non-decreasing sequence of unital simple finite-dimensional
C*-subalgebras of 2l such that U,cn2A,, is dense in 2. Assume that there is some
other faithful tracial state v on 2. By Example (2.1.37), the restriction of yx and
v to U, agree for all n € IN since each 2, is simple finite-dimensional. Thus, the

states u and v agree on the dense subspace U,cn%2,. By continuity, the states agree

on . O

The next example is motivated by the classification of the irrational rotation
algebras, g [19, Chapter VI] for any 6 € (0,1) \ Q, i.e. the universal C*-algebra
generated by two unitaries U and V subject to UV = exp(2im0)VU. These algebras
form noncommutative deformations of the torus since 21y = C (TQ) and thus have
many fascinating applications in Noncommutative Geometry. However, it was of
utmost importance to classify these algebras up to their irrational parameters. In
[58], Pimsner and Voiculescu succeeded in this venture and showed that for 6,6’ €
(0,1) \ Q, the C*-algebras Ay and Ay are *-isomorphic if and only if § = 6. To
accomplish this, Pimsner and Voiculescu constructed, for any 6 € (0,1)\ Q, a unital
*-monomorphism from the irrational rotation C*-algebra 2y into AFg— the Effros-
Shen AF algebra [22]. This was a crucial step in their classification of irrational
rotation algebras and started a long and fascinating line of investigation about AF
embeddings of various C*-algebras, which is still active today [24]. In the next

example, we utilize certain basic number theoretic facts about continued fractions.

Example 2.1.81 (Effros-Shen AF algebra). We begin by recalling the construction
of the AF algebras ATy constructed in [22] for any irrational 6 in (0,1). For any

6 € (0,1)\Q, let (rj)jen be the unique sequence in IN such that the limit of continued
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ractions formed by finite initial sequences of (1;);ew converge to 0. This is displayed
3l

as:

0= lim ro+ . (2.1.11)

n—oo

r1+

o +
1

S
Tn

The sequence (rj)jen is called the continued fraction expansion of 0, and we will

simply denote it by writing 0 = [ro, 1,72, ...] = [1;]jew. We note that ro =0 (since

0 € (0,1)) and r, € N\ {0} for n > 1. We then obtain a sequence (Z—ZL) N with
ne

n

p? € N and ¢° € N\ {0} by setting:

p? q? ror1+1 m
Py ¢ T 1
(2.1.12)
(7] 0 (7] 0
Pn+1 9+t 1 1 p q
S " foralln e NN {0}
4 1 o) \pl_, &,

RIEY

We then note that (p

g ) converges to 0. For a basic number theory referenece
nelN

SO

see [32].
Ezpression (2.1.12) contains the crux for the construction of the Effros-Shen AF
algebras. To continue with this example, we introduce the following notation, which

will be used later in Section (4.2).

Notation 2.1.82. Let 6 € (0,1) \ Q and 0 = [rjljew be the continued fraction
expansion of 6. Let (p%)new and (¢%)nen be defined by Expression (2.1.12). We set
AFg0 = C and, for alln € N\ {0}, we set:

AT = M(¢h) & M(gh_y),
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and:

Qona®be AFg, — ' ®a € AFgn+1,

b

where a appears rny1 times on the diagonal of the right hand side matriz above,
which is a unital *-monomorphism by Theorem (2.1.18). We also set ag to be
the unique unital *-monomorphism from C to AFe 1, which is unique by Theorem
(2.1.18).

We thus define the Effros-Shen C*-algebra AFg, after [22]:

ng@ = h%rnl-@;

where Ly = (Ql%gvn,ozg’n)nelN. And, the C*-algebra AFy is AF by Theorem
(2.1.75).

Another key example of an AF algebra is the Boca-Mundici AF algebra § [10, 54],
which is crucial to our work in [2] and is presented in Section (5.2.1). We do not
present this example here since in Section (5.2.1), we present results which are
related to the structure of § itself and not only quantum metric structure.

Next, we present the notion of a Bratteli diagram associated to an AF algebra in-
troduced by Bratteli in [11, Section 1.8]. A major result of Bratteli in [11] was that if
two AF algebras have the same Bratteli diagram, then they are *-isomorphic, which
we present as Theorem (2.1.88). The motivation for the Bratteli diagram comes from
the characterization of finite-dimensional C*-algebras in Example (2.1.13.4) and
the characterization of *-homomorphisms between finite-dimensional C*-algebras
in Theorem (2.1.18). Just as Bratteli did in [11] , we present a Bratteli diagram

abstractly as a graph without any knowledge of an AF algebra.
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Definition 2.1.83 ([11]). We define a directed graph with labelled vertices where
multiple edges between two wvertices is allowed. We denote this graph by D =
(VD,ED), where VP will be the vertex set and ET will be the edge set, which
consists of ordered pairs from VP, in which the ordering denotes the direction.

For each n € IN, let v,? € IN. For each n € IN, we let:
VP ={(nk) e NxN:ke{0,....,00}},

and define VP = U,ewV,P and call the elements of VP the vertices of D. We label
of the vertices (n,k) € VP by [n,k]p € N\ {0}.

Next, the set EP C VP x VP defines edges of D if it statisfies:

(i) For alln € N, if m € N\ {n + 1}, then ((n,k),(m,q)) € EP for all k €

{0,...,0P} . qe{0,..., 0"

(it) If (n,k) € VP, then there exists ¢ € {0,...,v0, } such that ((n,k),(n +
1,q)) € EP.

(iii) If n € N\ {0} and (n,k) € VP | then there exists q € {0,...,vP |} such that
((TL - 17Q)7 (n’ k)) S ED'

If D satisfies the all of the above properties, then we call D a Bratteli diagram, and
we denote the set of all Bratteli diagrams by BY.

We also introduce the following notation. For each n € IN, let:
EY = (V. x V) N EP,

which by aziom (i), we have that EP = U,enEP. Also, for ((n,k),(n+1,q)) € EP,
we denote [(n, k), (n+1,q)]p € IN\{0} as the number of edges from (n, k) to (n+1,q).
Let (n, k) € VP, define:
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RO ={(n+1,9) € V.2 : ((n,k),(n+1,q) € EP},

which is non-empty by axiom (i). For n € IN, we refer to VP, EP, and (VD ED)

as the vertices at level n, edges at level n, and diagram at level n, respectively.

Remark 2.1.84. It is easy to see that this definition coincides with Bratteli’s of
[11, Section 1.8] in that we simply trade his arrow notation with that of edges and

number of edges. That is, given a Bratteli diagram D, the correspondence is given by:

(n, k) \P (n+1,q) if and only if (n, k), (n+1,q)) € EP and [(n, k), (n+1,q)]p = p.

One of the first of many useful properties of Bratteli diagram is that given a
Bratteli diagram there exists a unique AF algebra up to *-isomorphism associated
to the diagram [11, Section 1.8], [19, Proposition II1.2.7]. How we associate a Bratteli
diagram to an AF algebra is described in the following Definition (2.1.85) following
[11, Section 1.8].

Definition 2.1.85 ([11]). Let Z = (A, an)nen be an inductive sequence of finite
dimensional C*-algebras with inductive limit A of Definition (2.1.64). Thus, 2 is an
AF algebra by Theorem (2.1.75). Let Dy(2A) be a diagram associated to 2 constructed
as follows.

Fiz n € N. Since U, is finite dimensional, Example (2.1.13.4) implies that
A, = Dy M(n(k)) such that a, € N and n(k) € N\ {0} for k € {0,...,a,}.
Define:

i Ve {(n, kyeN?: ke {0, - ,va(Q‘)}},

n

and label [n, Klp, @ = /Am((n(k))) for k € { (Q‘)}.

Let A, be the any1 + 1 X an + 1-partial multiplicity matriz associated to the

*-monomorphism oy @ Ay, — Apyy from Theorem (2.1.18) with entries (Ay)ij €
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N,ie{l,...,ans1+1},5 € {1,...,a, + 1} given by Definition (2.1.16). Define:

EPY® = {((n,k),(n+1,q)) € N2 x N? : (Ap)gi1 401 # 0},

and if ((n,k),(n+ 1,q)) € EP*®  then let the number of edges be [(n,k),(n +

L a)lpy @) = (An)gr1h1-

Let VO = Uy VPP EPe®) — U, ey EPP®) | and Dy(1) = (VD) EDy),
By [11, Section 1.8] and Theorem (2.1.18), we conclude Dy(A) € BY is a Bratteli
diagram as in Definition (2.1.83), which completes the construction.

If A is an AF algebra of the form A = m”‘\\m where U = (A )neN s a non-
decreasing sequence of finite dimensional C*-subalgebras of A of Definition (2.1.72),
then the vertices of the diagram Dy(2) are constructed just as the inductive limit
case, and the edges are formed by the partial multiplicity matrix built from the partial
multiplicities of the inclusion mappings ty, : Apn — Apy1 for alln € N with respect to

the decomposition of ,, into factors given by Ap, = & (M(n(k)) for each n € IN.

Remark 2.1.86. We note that the converse of the Definition (2.1.85) is true in
the sense that given a Bratteli diagram, one may construct an AF algebra associated
to it. The process is described in [11, Section 1.8/, and in particular, the vertices
and their labels provide the finite-dimensional C*-algebras and one may construct

partial multiplicity matrices from the edge set, which then provide *-monomorphisms

by Theorem (2.1.18) and Remark (2.1.19) to build an inductive limit.

As an example, which will be used in Section (5.2.1), we display the Bratteli
diagram for the Effros-Shen AF algebras of Notation (2.1.82).

Example 2.1.87. Fiz 6 € (0,1) \ Q with continued fraction expansion 6 = [a;]jcN

0
using Expression (2.1.11) with rational approximations (%)nem given by Expres-

n

sion (2.1.12). Let ATy be the Effros-Shen AF algebra from Notation (2.1.82). Thus,
UOD”(QLS") =0 and VODb(Q‘S‘)) = {(0,0)} with [0,0]p,(az,) = 1. Forn € N\{0}, we have
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Ur?b(glge) =1 and VnDb(QL%’B) = {(na 0)7(“71)} with [na O]Db(m&'e) = qfw [nv 1]D;,(Ql§0) =

qu_l. Utilizing Definition (2.1.16), the partial multiplicity matriz for n = 0 is:

1 0

by Notation (2.1.82). Thus, we now have the edges to complete the construction. We
now provide the diagram as a graph, where the label in the edges denotes number of
edges and the top row contains the vertices (n, 1) with their labels with n increasing
from left to right with the bottom row having vertices (n,0) with their labels with n

increasing from left to right. Assumen > 4 :

qn 1
1 —a1> q1 —ag—> q2 —a3> q3 - —ap—s q —an+1> q il

Finally, to conclude this section, we present a main result of Bratteli in [11] that
states: two AF algebras with the same Bratteli diagram are *-isomorphic. This was
a major step towards the classification of AF algebras in [23]. For the following, we
provide a reference from [19], which is more in-line with our notation and stated

explcitly, but we note that the original proof can be found in [11, Section 1.8].

Theorem 2.1.88 ([19, Proposition II1.2.7]). From Definition (2.1.72), let A =
Uneﬂ\jglan‘m,% = UneN‘BnM% be two AF algebras, where (Ap)nen, (Bn)new are

non-decreasing sequences of finite-dimensional C*-algebras of A, B, respectively.
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Using Definition (2.1.85), if Dy(2A) and Dy(*B) are the associated Bratteli di-
agrams and Dy(A) = Dyp(B), then A is *~isomorphic to B. Moreover, for any
*_isomorphism mo : Ao —> By, there exists a *-isomorphism m : A — B such that

7 restricted to %Ay is .

Remark 2.1.89. Unfortunately, a single AF algebra can have multiple Bratteli
diagrams associated to it. Indeed, if A = m”'m s an infinite-dimensional AF
algebra, then if we consider any non-trivial subsequence of (2, )nen, then the closure
of the union of the subsequence will still be A, but its associated Bratteli diagram of
Defintion (2.1.85) will be different than the Bratteli diagram of the initial sequence by
the simple fact that the vertices will not agree. Yet, the possible differences between
two Bratteli diagrams associated to a single AF algebra can be characterized by an
equivalence relation, which is discussed in [8, Section 23.3, pages 178-180], and one

may classify AF algebras up to their Bratteli diagrams up to this equivalence relation.

Ideals of AF algebras are completely characterized as certain subdiagrams of any
Bratteli diagram associated to a given AF algebra. However, for ease of exposition,
we reserve our discussion of ideals of AF algebras until Section (5.1) since many

results there are immediate from the definitions.

2.2 Quantum compact metric spaces

One main motivation for the study of quantum compact metric spaces — in-
troduced by M. A. Rieffel in [59] — is to explain some finite-dimensional approxi-
mations of quantum spaces from Mathematical Physics [62]. A major advancement
in this endeavor has been the introduction of noncommutative analogues to the
Gromov-Hausdorff distance (see Section (2.3)), which was instigated by M. A. Ri-
effel in [61]. Later, F. Latrémoliere provided his novel quantum Gromov-Hausdorff

propinquity in [46] to strengthen Rieffel’s distance by providing finite-dimensional
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approximations in the form of C*-algebras and not just self-adjoint subspaces. We
build our quantum spaces on C*-algebras since the study of C*-algebras already
provides a noncommutative study of topology via Gelfand duality and commuta-
tive C*-algebras (see Theorem (2.1.30) and Theorem (2.1.34)). Thus, in order to
introduce the notion of a quantum compact metric space we first look to unital
commutative C*-algebras and how they may capture metric geometry.

Therefore, we restrict our attention from compact Hausdorff spaces to compact
metric spaces. Fix a compact metric space (X, dx) with metric dx. We look to find
a structure associated to the unital commutative C*-algebra C'(X) that captures the
metric space X much like how the maximal ideal space assocaited to C'(X) captures
the topology of X via Proposition (2.1.32). Towards this, consider the Lipschitz
seminorm on C(X) associated to dx defined for all f € C(X) by:

[f(z) = f(y)|

dx(2.7) ::U,yEX,x;éy}, (2.2.1)

Loy (F) = sup {

which may take value +o0o. With this seminorm, we may define a metric on the
state space of C'(X) called the Monge-Kantorovich metric, defined, for all two states
v, € S (C(X)), by:

mk, (¢, %) = sup {|p(a) — ¥(a)| : a € sa (C(X)), Loy (a) < 1}.

The next proposition displays how this structure on the state space captures the
metric space (X,dx) isometrically in the state space, and therefore considerably
strengthening the result of Proposition (2.1.32). Thus, this provides an appropriate

model for how to define a quantum metric space.
Proposition 2.2.1. If (X,dx) is a compact metric space, then:

1. the set {f € C(X) : Lq, (f) < oo} is a dense unital *-subalgebra of C(X) and
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the kernel L ({O}) Clox

2. the Monge-Kantorovich metric mky, metrizes the weak™ topology of #(C(X))

and the map:

Ax:z € (X,dx) — 0, € (Y(C(X)), kadX>

is an isometry onto its image, which is the maximal ideal space of C(X) de-
noted Mc(x) of Definition (2.1.26), where 0.(f) = f(x) is the Dirac point

mass of x,
3. the seminorm Ly, is lower semi-continuous with respect to || - ||lo(x), and

4. forall f,g € C(X), we have:
Lay (f9) < Lax (Nllgllec) + 1 fllecoLay (9)-

Proof. A proof of this will be provided in the proof of Theorem (2.2.10). O

Therefore, we propose to define a quantum compact metric space using a metric
on the state space of C*-algebras. To this end, we begin with a few well-known
technical observations. We do note that there is an established notion of a quantum
metric space in the non-unital case [38, 39] developed by F. Latrémoliere. However,

this is outside the scope of this dissertation.

Convention 2.2.2. Let 2 be a C*-algebra. If we assume that B is a subspace of
A, then we assume that B is a subspace over C. If we assume that B is a subspace

of the self-adjoints sa (), then we assume that B is a subspace over R.

Lemma 2.2.3. If 2 is unital C*-algebra and B is some dense subspace of sa (),
then B separates the points of /(). That is, if for p,v € #(A) we have that

wu(a) =v(a) for all a € B, then p=v.
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Proof. Let p,v € #(2) such that u(a) = v(a) for all @ € B. By density of B C

sa () and continuity of i, v, we have that p and v agree on sa ().

Next, assume that b € 2. Then, b = # + ibgf*, where #, b;g’* € sa(A).

Hence, by linearity:

u(b) = (b—;b* zb;éb*>
_ (b—;b*) i <b;ib*>
=v (bzb*> +iv <b;ib*> = v(b),
which completes the proof. O

Proposition 2.2.4. If (A,L) is an ordered pair where A is unital C*-algebra and
L is a seminorm defined on sa(2l) such that its domain dom (L) = {a € sa () :

L(a) < oo} is a dense subspace of sa (1), then the map:
(0, 9) € Z(A) x L (A) — mki(p, ¢) € [0, 00]

defined, for all two states @, € (), by:

mk_ (7, %) = sup {|io(a) — ¥(a)] : a € dom (L), L(a) < 1}

is an extended metric on ./ (2A), where extended means that the metric may take

value +0o0o.

Proof. Symmetry and triangle inequality are routine to check. What remains is the
axiom of coincidence.
Fix p,v € L (). Assume that mk(u,v) = 0, then p(a) = v(a) for all a €

dom (L) such that L(a) < 1. Let b € dom (L), then L ( <1 and:
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w(b) = max{1,L(b)}u <me{1b7|_(b)}> = max{1,L(b)}v (M) = v(b).

Therefore, by Lemma (2.2.3), we are done. O

Thus, we are in a position to make the following definition and the main definition
of this section introduced by Rieffel in [59] and cast in the setting of C*-algberas by

Latrémoliere in [46, 45].

Definition 2.2.5 ([59, 46, 45]). A quantum compact metric space (A, L) is an
ordered pair where 2 is unital C*-algebra and L is a seminorm defined on sa ()
such that its domain dom (L) = {a € sa () : L(a) < 0o} is a dense unital subspace

of sa () such that:
1. {a€sa(A):L(a) =0} = Rly,

2. the Monge-Kantorovich metric defined, for all two states p,1 € L (A), by:

mk_ (2, %) = sup {|io(a) — ¥(a)] : a € dom (L), L(a) < 1}

is a metric on () that metrizes the weak™ topology of .7 (),

3. the seminorm L is lower semi-continuous on sa () with respect to || - ||a-
The seminorm L of a quantum compact metric space (U, L) is called a Lip-norm.

In Rieffel’s pioneering work on quantum compact metric spaces [59], certain
equilavent conditions were given for the requirement that the Monge-Kantorovich
metric metrizes the weak™ topology of the state space. These conditions provide a
useful tool for verifying this difficult property. Further equivalences were given in
[56]. The following theorem summarizes all known characterizations of Lip-norms.

We include some proofs which at times vary from the original ones.
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Theorem 2.2.6 ([59, 60, 56]). Let (2, L) be an ordered pair where 2 is unital C*-
algebra and L is a lower semi-continuous seminorm defined on sa (1) such that its
domain dom (L) = {a € sa (A) : L(a) < oo} is a dense unital subspace of sa (2) and

{a €sa(A):L(a) =0} = Rly. The following are equivalent:
1. (A, L) is a quantum compact metric space;

2. the metric mky is bounded and there exists r € R,r > 0 such that the set:

{a €dom(L):L(a) <1 and |aljyg < 7}

is totally bounded in A for || - ||a;

3. the set:

{a + Rly € sa(A)/Rlgy :a € dom(L),L(a) <1}
is totally bounded in sa (A)/Rly for || - |lsa)/R1g:

4. there exists a state p € (1) such that the set:

{a € dom (L) : L(a) <1 and p(a) =0}

is totally bounded in A for || - ||a;

5. for all p € () the set:

{a e dom (L) : L(a) <1 and u(a) =0}

is totally bounded in A for || - ||u;

Proof. First, we note that by Lemma (2.2.3), we have that dom (L) separates the

points of .#(A). Second, since dom (L) C sa (), for all @ € dom (L), we have that:
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lalla = llallor @) = sup{la(e)| : € Z(A)}, (2.2.2)

where a(¢) = p(a) for all ¢ € #(A), and the equality is given by Proposition
(2.1.25). Hence, [59, Condition 1.5] is satisfied, and so, the equivalences of 1., 2.,
and 3. are the combination of [59, Theorem 1.8] and [59, Theorem 1.9].

The equivalence between 1. and 4. is given in [56, Proposition 1.3], but the
direction 1. = 4. is only given by a hint at the end of the proof. We will avoid
the hint suggested in the proof and prove this direction via different approach that

utilizes the Monge-Kantorovich metric itself. We begin with the following claim.

Claim 2.2.7. If (L) is a quantum compact metric space and p € . (1), then the
set {a € dom (L) : L(a) < 1 and u(a) = 0} is bounded in A for || - ||o.

Proof of claim. Assume that (2,L) is a quantum compact metric space and pu €
(). Assume by way of contradiction that £ = {a € dom (L) : L(a) < 1 and p(a) =
0} is not bounded in 2 for || - ||og. Thus, for each n € IN, there exists a, € E such
that ||an|ler = n. Since dom (L) C sa (), for each n € IN, there exists a v, € ()

such that |vp,(an)| = ||an|la by [19, Lemma 1.9.10]. Therefore, for each n € IN:

mky (p, ) = sup {|u(a) — vp(a)| : a € dom (L), L(a) < 1}
> |p(an) = va(an)|
= ‘O — Vp(an)|

= llan/la = n.
In particular, the metric mkg is unbounded, which is a contradiction to the fact that
it metrizes a compact topology (see Proposition (2.1.24)). O

Now, assuming 1., we will prove 4. By the claim, there exists an r € R with

r > (0 such that the set:
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{a e dom(L):L(a) <1and p(a) =0} C {a €dom(L):L(a) <1 and |ally <}

Set E={a € dom(L):L(a) <1and u(a) =0} and set F ={a € dom (L) : L(a) <
1 and lally <7}

We show that F' is totally bounded in 2 for || - ||g. Consider the map ": a €
sa (A) — a € C((A)). By Equation (2.2.2), this map is a linear isometry. There-
fore, the set F is bounded in C/(.%(2)) for [-llc(s @) Also, for a € dom (L), L(a) <1
and p,v € . (), we have that:

|a(p) — a(w)| = [u(a) — v(a)] < mky(p,v).

Therefore, F is equicontinuous in C(.#(2)). Thus, by [18, Arzela-Ascoli Theorem
VI.3.8], the set F is totally bounded in C(Z () for || - [|cr@)y. By Equation
(2.2.2), this implies that F' is totally bounded in 2 for || - |9 and so the same is true
for F by containment.

For 4. = 1., we will use the already established equivalence between 1. and
3. Assume that the set £ = {a € dom (L) : L(a) < 1 and p(a) = 0} is totally
bounded in A for || - |lo. Let ¢ : sa(A) — sa (A)/R1y denote the quotient map,
which is uniformly continuous with respect to the norms || - [lo and || - ||sa(20)/R1y
since it is bounded and linear. Thus, the image ¢(E) = {a + Rly € sa (A)/Rly :
L(a) < 1, u(a) = 0} is totally bounded in sa (2)/Rlg for || - ||sae)/Riq-

Clearly, the set ¢(E) C {a + Rly € sa(A)/Rly : a € dom(L),L(a) < 1}.
Let a + Rly € {a+ Rly € sa(A)/Rly : a € dom (L),L(a) < 1}. Next, we have
pla—p(a)ly) = pla) —p(p(a)la) = pla) —pla)p(la) = pla) —p(a)-1 = 0. Also, the
seminorm L(a—p(a)ly) = L(a) < 1 since L vanishes on Rly and p(a) € R by Lemma

(2.1.21) since a € sa (2A) and p is a state. Hence, the element a — p(a)ly € E, and
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therefore a+Rly = a—p(a)ly +R1y € q(F). Therefore, the set ¢(F) = {a+Rly €
sa(A)/Rly : a € dom (L), L(a) < 1}, which completes the proof since ¢(E) is totally
bounded in sa (A) /Ry for || - [[sq(a)/Riy-

The equivalence between 1. and 5. follows similarly as 1. and 4. since the

arguments used relied on an arbitrary state. O

With these equivalences at hand, we note that the structure provided by a Lip-
norm in Definition (2.2.5) is enough to provide separability of a C*-algebra. This
is the following result. One can consider this as a noncommutative analogue to the

result that every compact metric space is separable.

Proposition 2.2.8 ([43, Proposition 2.11]). Let 2 be a unital C*-algebra. If there
exists seminorm L defined on sa(2() such that its domain dom (L) = {a € sa () :
L(a) < oo} is a dense unital subspace of sa(2() and (A, L) is a quantum compact

metric space, then 2 is separable.

Now, we introduce the notion of a quasi-Leibniz quantum metric space, which
generalizes the relation between the multiplication and the Lipschitz seminorm on
C(X) (see Proposition (2.2.1.4)). The purpose to introduce this Leibniz property
is far from aesthetic and crucial to proving that the quantum Gromov-Hausdorff
propinquity (see Section (2.3)), is a metric up to the appropriate notion of isomor-

phism (see Theorem-Definition (2.3.16.5)).

Definition 2.2.9 ([46, 45]). A (C, D)-quasi-Leibniz quantum compact metric space

(A, L), for some C =1 and D > 0, is a quantum compact metric space such that:

1. the domain dom (L) of L is a Jordan-Lie subalgebra of sa (), where the Jordan
product is a o b = @ and the Lie product is {a,b} = ‘”’Q;iba for all a,b €

sa (), and
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2. the seminorm L is a (C, D)-quasi-Leibniz seminorm, i.e. for alla,b € dom (L):

max {L (a0b),L ({a,b})} < C([lallaL(b) + [[bllal(a)) + DL(a)L(b).

We call a (1,0)-quasi-Leibniz quantum compact metric space a Leibniz quantum
compact metric space. If we do not need to specify values for C > 1,D > 0, then

we call these spaces quasi-Leibniz quantum compact metric space.

Of course, Proposition (2.2.8) is still true if quantum compact metric spaces are
replaced with quasi-Leibniz quantum compact metric spaces.

Our first example of a quasi-Leibniz quantum compact metric space will be the
commutative case presented at the start of this section. Also, we note that when
X is a metric space, the Monge-Kantorovich metric considerably strengthens the
result of Proposition (2.1.32) by providing a surjective isometry instead of only a

homeomorphism.

Theorem 2.2.10. If (X,dx) is a compact metric space, then (C(X), L4y ) is a Leib-
niz quantum compact metric space, where Ly, is the Lipschitz seminorm associated

to dx defined in Equation (2.2.1) restricted to sa (C(X)) , such that the map:
Ay :z e (X,dy)— 0, € (y(C(X)), kadx)

is an isometry onto its image, which is the mazximal ideal space of C(X) denoted

Me(x) of Definition (2.1.32), where 6,(f) = f(z) is the Dirac point mass of x.

Proof. First, we check lower semi-continuity of Ly, . Fix xz,y € X. It is routine to
verify that the map L, : f € C(X) —> % € R is continuous. But, we have
that Ly, (f) = sup{ley(f): 2,y € X}. Hence, since a supremum of real-valued

lower semi-continuous functions is lower semi-continuous, we have that Lg, is lower

semi-continuous. Next, we show that Ly, is Leibniz. Let f,g € C(X). Fixz,y € X,
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we have:

[fg(x) — fa(y)| = |fa(x) — f(x)g(y) + f(x)g(y) — fa(y)]
< (@) (g(x) — g(y) +1(f (=) = f(y)g(y)]

< |flleeolg(@) = g + [ () = FW)lllgllex),

and it follows that L4, is Leibniz.

It is routine to show that {a € sa(C(X)) : Lay(a) = 0} = Rlg(x). Next, we
prove density of dom (Lg, ) in sa (C(X)). Since Lq, is a Leibniz seminorm, we have
that dom (L4, ) is a unital subalgebra of sa (C'(X)). Now, fix a,b € X,a # b and
consider the function on X defined by aq(z) = dx(a,z) for all x € X. Clearly,
the function aq € sa(C(X)). Also, we have for z,y € X that |a4(z) — aq(y)| =

|[dx(a,x) —dx(a,y)| < dx(z,y). Hence, the function:
aq € dom (de) and LdX (ad) < 1. (2.2.3)

Finally, a4(b) > 0 = aq4(a), which implies that dom (Lq, ) separates the points of X.
Therefore, by [71, Stone-Weierstrass Theorem 44.5], we conclude that dom (Lq, )
is dense in sa (C(X)). We note that since dom (Lq,) is a subalgebra over R of
sa(C(X)) as sa(C(X)) is commutative, it is also a Jordan-Lie subalgebra of the
self-adjoints sa (C'(X)). Fix s € R,s > 0, by [18, Arzela-Ascoli Theorem VI.3.8],

the set:

{f € dom (Lay) : Lay (f) < L [Ifllex) < s}

is totally bounded in C(X) for || - [[c(x). Next, we show that mk., is bounded.

Note that compact metric spaces are bounded (have finite diameter).

Claim 2.2.11. Ifr € (0,00) C R is an upper bound for the diameter of the compact

metric space (X,dx), then the kadX is bounded by 2r. Thus kadX 18 bounded.
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Proof of claim. Let r € (0,00) be an upper bound for the diameter of (X,dx).
Assume that f € dom (Lg, ), L4, (f) <1 and z,y € X. We have:

[f(x) = f(y)l < dx(z,y) <sup{dx(a,b) :a,b€ X} <,

and thus, sup{|f(z)—f(y)| : z,y € X} < r. Now, fix yo € X, by the above inequality,

we have:

|/ - f(y0>10(X)HC(X) = sup{|f(z) — f(yo)lox) ()| : € X}

= sup{|f(z) — f(yo)| : x € X} <,

where 1¢(x) is the constant 1 function on X.
In summary, we have for all f € dom (Lq, ), Ld, (f) < 1 there exists ks € R such
that || f — kflC(X)HC(X) <r. Now, let p, v € (C(X)) and f € dom (Lg, ), La, (f) <

1. We conclude that:

() —v(H) = [p(f) — ks + kg —v(f)|
= [u(f) = kpn (o) + kpv (lee) — v (1)
= [u(f) = 1 (krlow) +v (krleen) = v(f)]
=|u(f = kplow) = v (f = krlo)]

= |(u—v) (f = krlow)|

Hence, we have mky, (u,v) < 2r, and since p,v € #(C(X)) were arbitrary, the

metric kadX is bounded by 2r. O

Therefore, the pair (C(X),Lq, ) is a Leibniz quantum compact metric space by

Theorem (2.2.6).
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We finish the proof by verifying the isometry in the statement of the theorem.
Fix z,y € X,z #y. Let f € dom (Lyg, ), La, (f) < 1. We have:

Therefore, we gather that mky, (dz,dy) < dx(z,y).

Next, consider the function y4(a) = dx(a,y). We have that:

62(ya) — 0y(ya)| = [dx (2, y) — dx(y,9)| = dx(=,v),

and by Expression (2.2.3), we conclude that mky, (0z,0,) = dx(z,y), which com-

pletes the proof by Proposition (2.1.32). O

There are many more examples of quasi-Leibniz quantum compact metric spaces.
We will not cover them in detail since they lie outside the scope of this dissertation
and would require many more definitions. However, we will still make mention of
some examples with references. Some but not all examples of C*-algebras that
may be equipped with quasi-Leibniz Lip-norms include: noncommutative tori [59],
curved noncommutative tori [42], various classes of group C*-algebras including
Hyperbolic and Nilpotent groups [63, 56, 15], and noncommutative solenoids [49].
And, of course, one main goal of this dissertation is to present AF algebras as

quasi-Leibniz quantum compact metric spaces.

2.3 Gromov-Hausdorff Propinquity

Developed by F. Latrémoliére, the Gromov-Hausdorff propinquity [46, 43, 41,
45, 44, 48], a family of noncommutative analogues of the Gromov-Hausdorff dis-
tance, provides a new framework to study the geometry of classes of C*-algebras,

opening new avenues of research in noncommutative geometry. Various notions of
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finite dimensional approximations of C*-algebras are found in C*-algebra theory,
from nuclearity to quasi-diagonality, passing through exactness, to name a few of
the more common notions. They are also a core focus and major source of examples
for our research in noncommutative metric geometry. Examples of finite dimen-
sional approximations in the sense of the propinquity include the approximations of
quantum tori by fuzzy tori due to F. Latrémoliere in [37, 40] and the full matrix
approximations C*-algebras of continuous functions on coadjoint orbits of semisim-
ple Lie groups due to M. A. Rieffel in [62, 66, 69]. Moreover, the existence of finite
dimensional approximations for quantum compact metric spaces, in the sense of the
dual propinquity, were studied in [45], as part of the discovery by F. Latrémoliere of
a noncommutative analogue of the Gromov compactness theorem [30], we present
as Theorem (2.3.23).

Our primary interest in developing a theory of quantum metric spaces is the
introduction of various hypertopologies on classes of such spaces, thus allowing us to
study the geometry of classes of C*-algebras and perform analysis on these classes. A
classical model for our hypertopologies is given by the Gromov-Hausdorff distance.
While several noncommutative analogues of the Gromov-Hausdorff distance have
been proposed — most importantly Rieffel’s original construction of the quantum
Gromov-Hausdorff distance [61] — we shall work with a particular metric introduced
by F. Latrémoliere. This metric, known as the quantum propinquity, is designed to
be best suited to quasi-Leibniz quantum compact metric spaces, and in particular, is
zero between two such spaces if and only if they are quantum isometric (see Theorem-
Definition (2.3.16.5)) (unlike Rieffel’s distance). We now provide the definition of
the quantum propinquity along with the tools needed to compute upper bounds on

this metric.

Definition 2.3.1 ([46, Definition 3.1]). The 1-level set .71 (®|w) of an element w
of a unital C*-algebra ® is {p € L (D) : ¢((lp — w'w)) = ¢((lp — ww*)) = 0}.
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Next, we define the notion of a Latrémoliére bridge, which is not only crucial
in the definition of the quantum propinquity but also the convergence results of
Latrémoliere in [40] and Rieffel in [69]. In particular, the pivot of Definition (2.3.2)
and its use in the height of Definition (2.3.7) are of utmost importance in the con-

vergence results of [40, 69].

Definition 2.3.2 ([46, Definition 3.6]). A bridge from 2 to B, where A and B are

unital C*-algebras, is a quadruple (D, my, Ty,w) where:
1. ® is a unital C*-algebra,
2. the element w, called the pivot of the bridge, satisfies w € D and .1 (D|w) # 0,
3. my A =D and 73 : B — D are unital *~monomorphisms.

Remark 2.3.3. There always exists a bridge between any two arbitrary unital C*-
algebras [46, 45]. Indeed, let A, B be two unital C*-algebras and let © = AR B be
any C*-algebra formed over the algebraic tensor product of A and B, which always

exists (see [55, Chapter 6.3]). Now, the maps:

my:a€EAr—aRlgeD and g :beEBr— 1y RbED

are unital *-monomorphisms. For the pivot, consider w = 1o @ 1g = lg, which
provides that 1 (D|w) = L (D) # 0. Thus, the quadruple v = (D, 7y, T5,w) is a
bridge from A to B.

A bridge allows us to define a numerical quantity which estimates, for this given
bridge, how far our quasi-Leibniz quantum compact metric spaces are. This quan-
tity, called the length of the bridge, is constructed using two other quantities we
define shortly. However, to define these, we utilize the Hausdorff distance to pro-
vide a suitable tool to calulate distance between closed sets of metric space. We

define this metric now.
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Definition 2.3.4 ([33]). Let (X,d) be a (pseudo)metric space, where pseudo means
that d(x,y) = 0 need not imply x = y. Forb € X and A C X, let dist(b, A) =
inf{d(b,a) : a € A}.

Let CI(X) denote the closed sets of X. Define a map:

Hausq : CI(X) x CI(X) — [0,00] C R

by the quanitity Hausq(A, B) = max {sup,c 4 dist(a, B),supycp dist(b, A)} for any
A, BeCl(X).

Next, we display some useful properties of Hausy, which will allow us to define
the length of a bridge, while also making note of a nice connection with the Fell
topology defined in Theorem-Definition (2.1.57) for the sake of completion and to
show that the Fell topology is a valid generalization of the Hausdorff distance to

general topological spaces.
Proposition 2.3.5. If (X,d) be a pseudo metric space, then:

1. ([14, Proposition 7.3.3]) Hausq is an extended pseudo metric on CI(X). Ifd

is a metric, then Hausy is an extended metric on CI(X).

2. ([14, Proposition 7.53.7 and Blaschke Theorem 7.3.8]) If (X,d) is a complete
metric space, then Hausq is a complete extended metric on ClI(X). If (X,d) is
a compact metric space, then Hausq is a metric on CI(X) and (CI(X),Hausy)

1S a compact metric space.

3. ([4, Theorem 3.93]) If (X,d) is a compact metric space, then the Fell topology
of Theorem-Definition (2.1.57) on Cl(X) coincides with the topology on Cl(X)

induced by Hausy.

4. If we let K(X) denote the set of compact subsets of X, then Hausq is a pseudo

metric on K(X), which is a metric on K(X) when d is a metric.
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Proof. The fact that we can drop the adjective "extended” in part 4. follows from

the triangle inequality and the fact that compact sets have finite diameter. O

The height of a bridge assesses the error we make by replacing the state spaces
of the Leibniz quantum compact metric spaces with the image of the 1-level set of

the pivot of the bridge, using the ambient Monge-Kantorovich metric.

Notation 2.3.6. Let A, D be C*-algebras and 7w : A — D be a *~monomorphism.
Let 7 : ® — A’ denote the dual map, where ' is the space of complex-valued
bounded linear functions on A, and same for ®'. The dual map is defined by 7*(u) =

pwom forallp e ®'.

Definition 2.3.7 ([46, Definition 3.16]). Let (A, Ly) and (B,Ly) be two quasi-
Leibniz quantum compact metric spaces. The height ¢ (vy|Ly, L) of a bridge v =

(D, Ty, T3, w) from A to B, and with respect to Ly and L, is given by:
max {Hauskam ( (), 73 (A1 (D|w))). Hausmi, (7(B), w*%(yl(mw)))} ,

where my and Ty are the dual maps of wy and wy, respectively.

Remark 2.3.8. For any two quasi-Leibniz quantum compact metric spaces (2, Ly()
and (B, Ly) and any bridge v = (D, my, ms, w) from A to B, the height ¢ (y|Lg, L)
is finite. This is immediate from Proposition (2.3.5.2) since by the definition of a
quantum compact metric space (Definition (2.2.5)), the state space with the Monge-
Kantorovich metric space is a compact metric space as it metrizes the weak™ topology

and the state space is compact by Proposition (2.1.24).

The quantum propinquity was originally devised in the framework on Leibniz
quantum compact metric spaces (i.e. for the case C' =1 and D = 0), and as seen in
[45], can be extended to many different classes of quasi-Leibniz compact quantum

metric spaces. Thus, although the notion of quasi-Leibniz does ot appear until [45],
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the citations we provide for the following definitions come from [46], which is a more
complete reference of the quantum propinquity.

The second quantity measures how far apart the images of the balls for the
Lip-norms are in 2 & 8; to do so, we use a seminorm on 2 & B built using the

bridge.

Definition 2.3.9 ([46, Definition 3.10]). Let 2 and B be two unital C*-algebras.
The bridge seminorm bn, (1) of a bridge v = (D, my, 7y, w) from A to B is the

seminorm defined on A B by:

bn, (a,b) = ||ma(a)w — wry(b)|o

for all (a,b) € A D B.

We implicitly identify 2 with A ® {Og} and B with {Oy} & B in A& B in the

next definition, for any two spaces 2l and ‘B.

Definition 2.3.10 ([46, Definition 3.14]). Let (A, Ly) and (B,Ly) be two quasi-
Leibniz quantum compact metric spaces. The reach o (v|Ly,Ly) of a bridge v =

(D, T, 3, w) from A to B, and with respect to Ly and L, is given by:

Hausp, () ({a € sa () : Ly(a) <1}, {b € sa(B) : Ly(b) < 1}).

Remark 2.3.11. For any two quasi-Leibniz quantum compact metric spaces (2, Ly)
and (B, Ly) and any bridge v = (D, my, m, w) from A to B, the reach o (vy|Lg, L)
is finite. This is not immediate since although {a € sa () : Ly(a) < 1} and {b €
sa(B) : Ly(b) < 1} are closed by lower semi-continuity of Ly and Ly, respectively,
they are not compact since they contain the scalars, and thus Proposition (2.5.5.4)
does not apply. The argument for why the reach is finite is provided between [46,
Notation 3.13] and [46, Definition 3.14].
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We thus choose a natural quantity to synthesize the information given by the

height and the reach of a bridge:

Definition 2.3.12 ([46, Definition 3.17]). Let (A, Ly) and (B, Ly) be two quasi-
Leibniz quantum compact metric spaces. The length A (v|Ly,Ls) of a bridge v =

(D, o, T3, w) from A to B, and with respect to Ly and Lss, is given by:

max {< (7y|La, Les), 0 (7|Lar, Ls) } -

While a natural approach, defining the quantum propinquity as the infimum of
the length of all possible bridges between two given (C, D)-quasi-Leibniz quantum
compact metric spaces, for some fixed C' > 1 and D > 0, does not lead to a distance,
as the triangle inequality may not be satisfied. Instead, a more subtle road must be

taken. We introduce the notion of a trek.

Definition 2.3.13 ([46, Definition 3.20]). Fiz C > 1 and D > 0. Let (U, Ly) and
(B, Ly) be two (C, D)-quasi-Leibniz quantum compact metric spaces. A trek from

(A, Ly) to (B, Ly) is an n-tuple:

((Qllv Lla 71, Ql2a LQ) geeey (an) an Yns an+17 Ln+1)) 3

for some n € N\ {0}, where for all j € {1,...,n}, the pair (A;,L;) is a (C,D)-
quasi-Leibniz quantum compact metric space, while v; is a bridge from 2A; to A1,

and (Q[L Ll) = (Q[) LQ[) ) (an-i-l) Ln+1) = (%7 L%)

Note that all bridges are treks since a trek is a bridge if n = 1. Building from

bridges, we introduce the length of a trek.

Definition 2.3.14 ([46, Definition 3.22]). Fiz C > 1 and D > 0. Let (U, Ly) and
(B, Ly) be two (C, D)-quasi-Leibniz quantum compact metric space s and let

= (A1, L1,71,,L2) ..., (A, Ly Yoo, A1, L 1)) be a trek from (A, Ly) to
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(B,Ly). The length \(T') of T is:

n

AT) =D A (1L, Liga)-

j=1
Now, we define the quantum Gromov-Hausdorff propinquity.

Definition 2.3.15 ([46, Definition 4.2]). Fiz C > 1 and D > 0. The quantum
Gromov-Hausdorff propinquity between two (C, D)-quasi-Leibniz quantum compact

metric spaces (2, Ly) and (B, Ly) is the quantity:
Ac,p (A, La), (B, Ly)) = inf {\I") : ' is a trek from (A, Ly) to (B,Ly)}.

The following theorem provides a summary of the conclusions of [46] relevant
for our work. One can in some sense take the following as a definition of the quan-
tum propinquity due to part 6., which is why we use the term Theorem-Definition.
In part 5., the following also introduces the natural notion of an isomorphism be-
tween two quantum compact metric spaces, a quantum isometry. This notion is
natural because a quantum isometry provides the natural notion of isomorphisms
at the C*-algebra level and the metric space level on the state space with a suitable

compatiblity condition between the isomorphisms.

Theorem-Definition 2.3.16 ([46, 45]). Fiz C > 1 and D > 0. Let QQCMSc p
be the class of all (C, D)-quasi-Leibniz quantum compact metric spaces. There exists

a class function No.p from QQCMSep x QOCMSc p to [0,00) C R such that:

1. [46, Proposition 4.6] for any (2, Ly), (B, Ly) € QOCMSc p we have:
Ac,p((2A, Ly), (B, Ly)) < max {diam (7 (A), mky, ), diam (-7 (B), mkry)} ,
where diam denotes the diameter of a metric space,
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2. [46, Theorem 6.1] for any (A, Ly), (B,Ly) € QQCMSc p we have:

0< /\C,D((QL’ LQ[)? (%7 L%)) = AC7D((%7 L%)7 (le LQl))

3. [46, Theorem 6.1] for any (A, Ly), (B, Ly), (¢, Le) € QOCMSc p we have:

/\C,D((le LQ[)? (Q:, Lﬁ)) < /\C,D((Q[7 Lm)v (%7 L%)) + /\C,D((%a L%)7 (sz LQ)))

4. (Definition (2.8.15)) for all for any (A, Ly), (B,Ly) € QACMSc,p and for

any bridge v from A to B, we have:

Ao, p (R, L), (B,Ls)) < A(y[La, Les),

5. [46, Theorem 6.1] for any (A, Ly), (B,Ly) € QACMSc p, we have:

Acp((2,Ly), (B,Ly)) =0

if and only if (A, Ly) and (B,Ly) are quantum isometric, i.e. if and only
if there exists a unital *-isomorphism m : A — B whose dual map 7 is an
isometry from (7 (B), mkiy) into (7 (A), mky, ), or equivalently, there exists

a unital *-isomorphism m : A — B with Ly om = Ly,

6. (Definition (2.3.15)) if 2 is a class function from QOCMSc p x QQCMSc,p

to [0,00) which satisfies Properties 2., 3., and 4. above, then:

E((le LQ[)’ (%7 L‘B)) < AC,D((le LQl)a (%7 L%))

for all (A, Ly) and (B, Ly) in QOCMSc p
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Thus, for a fixed choice of C > 1 and D > 0, the quantum Gromov-Hausdorff
propinquity is the largest pseudo metric on the class of (C, D)-quasi-Leibniz quantum
compact metric spaces which is bounded above by the length of any bridge between
its arguments. Furthermore, by part 5., the quantum propinquity is a metric up to

quantum isometry.

Moreover, it was shown in [46] that the quantum Gromov-Hausdorff propin-
quity is a noncommutative analogue to the Gromov-Hausdorff distance. Before we
present this, we introduce the classic Gromov-Hausdorff distance on the class of
compact metric spaces, which is built from the Hausdorff distance introduced above

in Defintion (2.3.4).

Definition 2.3.17 ([31]). Let € denote the class of compact metric spaces. The
Gromov-Hausdorff distance between two compact metric spaces (X,dx), (Y,dy) € €

denoted by GH ((X,dx), (Y,dy)) is the quantity:

(Z,dz) is a metric space such that
inf § Hausg, (fx(X), fy(Y)): fx: X — Z, fy:Y — Z

are isometries.

Note that the quantity defining the Gromov-Hausdorff distance always exists and
is finite since for any two compact metric spaces there always exists a metric space
for which the two metric spaces isometrically embed into. Indeed, if (X, dx), (Y,dy)
are two compact metric spaces, then if C' = max{diam(X,dx), diam(Y,dy)}, then

the following defines a map on Z x Z where Z = X Y is the disjoint union:

dx(a,b) :a,be X
dz(a,b) = dy(a,b) :a,beY

C : otherwise

\
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which is a metric on Z for which the canonical inclusions for X and Y into Z are
isometries by construction, and their Hausdorff distance in Z is finite by Proposition
(2.3.5.4).

The next theorem, due to Gromov, shows that the Gromov-Hausdorff distance

is a metric up to the natural notion of isomorphism between metric spaces.

Theorem 2.3.18 ([14, Theorem (Gromov) 7.3.30],[31]). The Gromov-Hausdorff
distance is a pseudo metric on the class of compact metric spaces € such that for two
compact metric spaces (X,dx),(Y,dy) € €, the quantity GH ((X,dx), (Y,dy)) =0
if and only if there exists an isometry from X onto Y.

Hence, the Gromov-Hausdorff distance is a metric on the class of compact metric

spaces € up to the equivalence relation of isometry.

We now compare the quantum propinquity to natural metrics including Rieffel’s

quantum distance and the Gromov-Hausdorff distance.

Theorem 2.3.19 ([46, Corollary 6.4 and Theorem 6.6]). Fiz C > 1,D > 0. Ifdist,
is Rieffel’s quantum Gromov-Hausdorff distance [61], then for any pair (2, Ly) and

(B, La) of (C, D)-quasi-Leibniz quantum compact metric spaces, we have:

disty (2, La), (B, L)) < 2Ac.p (2, Lay), (B, L)) (2.3.1)

Moreover, for any compact metric space (X,dx), let Ly, be the Lipschitz semi-
norm induced on the C*-algebra C(X) of C-valued continuous functions on X by
dx defined in Equation (2.2.1). Note that (C(X),Lq,) is a Leibniz quantum com-
pact metric space by Theorem (2.2.10) and is thus a (C, D)-quasi-Leibniz quantum
compact metric space. Let € be the class of all compact metric spaces. For any

(X,dx), (Y,dy) € €, we have:

Ac.p ((C(X), Lax), (C(Y), Lay)) < GH((X, dx), (Y, dy)) (2.3.2)
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where GH is the Gromov-Hausdorff distance on the class of compact metric spaces
¢ defined in Definition (2.5.17).

Furthermore, the class function YT : (X,dx) € € = (C(X),Lqy) € QOCMSc,p
is a homeomorphism onto its image, where the topology on € is given by the Gromouv-
Hausdorff distance GH with respect to the equivalence relation of isometry, and the
topology on the image of Y is given by the quantum propinquity Ao, p with respect

to the equivalence relation of quantum isometry of Theorem-Definition (2.3.16.5)

Proof. Inequality (2.3.1) is provided by [46, Corollary 6.4], and Inequality (2.3.2) is
provided by [46, Theorem 6.6].

The map T is well-defined up to the associated equivalence relations and is
continuous by Inequality (2.3.2) and Theorem (2.3.18). Next, we show that T
is injective with respect to the associated equivalence relations. Therefore, as-
sume that there are two compact metric spaces (X,dx),(Y,dy) such that there
is a quantum isometry 7 : (C(X),L4,) — (C(Y),L4,). Now, the dual map
7 : C(Y) — C(X) is linear. Thus, since 7 is a quantum isometry and the state
spaces .7 (C(Y)),.7(C(X)) are convex, the dual map when restricted to .7 (C(Y))
is an affine isometry from (y(C(Y)), kady) onto (y(C(X)), kadx)' Now, recall
that the pure states of a C*-algebra are defined to be the extreme points of the state
space (Definition (2.1.36)), and note that affine bijections preserve extreme points
of convex sets. In particular, this implies that the dual map 7* restricted to the
pure states is an isometry from the pure states (L@(C(Y)), kady> onto the pure
states <9(C(X)), kadX) . Next, by Theorem (2.2.10) and [36, Proposition 4.4.1],
we have isometries from (X, dx) onto (,@(C’(X)), kadX) and from (Y, dy) onto
(3”(C(Y)), kady>. Therefore, we conclude that (X,dx) is isometric onto (Y, dy ).
Hence, the map T is injective up to the associated equivalence relations.

Therefore, we may now verify continuity of the inverse up to the associated

equivalence relations. Assume there exists a sequence of compact metric space
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((Xn,dx,)),cn and a compact metric space (X, dx) such that the sequence of Leib-

niz quantum comapct metric spaces ((C(Xn), Lq xn)) converge to the Leibniz

nelN
quantum compact metric space (C'(X),Lq, ) in the quauntum propinquity. By In-
equality (2.3.1), these quantum spaces converge in dist;. By [61, Theorem 13.16]

and its proof, the spaces ((X,,dx,,)),cn converge to (X,dx) in GH. O

Now, the class of quasi-Leibniz quantum compact metric spaces forms a natural
category where isomorphism is provided by quantum isometry (see [44, Section 2.2.2]
for more details). Thus, although Theorem (2.3.19) does not necessarily provide an
equivalence of categories between the category of compact metric spaces and the
category of quasi-Leibniz quantum compact metric spaces like Gelfand duality does
for unital commutative C*-algebras and compact Hausdorff spaces (see Theorems
(2.1.30, 2.1.34)), we have a somewhat more suitable connection to classical case,
which is that the quantum propinquity topology recovers the Gromov-Hausdorff
topology on compact metric spaces.

Before we continue with the next notion, we provide the following basic lemma
for motivation, which shows that finite sets in the classical setting is equivalent to

finite-dimensionality in the C*-algebra setting.

Lemma 2.3.20. Let X be a non-empty compact Hausdorff space. The C*-algebra
C(X) is finite-dimensional if and only if X has finite cardinality. Moreover, if X is
finite, then the dimension of C(X) is equal to the cardinality of X. And, if C(X)

is finite dimensional, then the dimension of C(X) is equal to the cardinality of X.

Proof. Assume that X has finite cardinality, so there exists N € IN such that X =
{zo,...,xn}. Since X is Hausdorff, the topology on X is discrete. For each j €
{0,..., N}, define the function:
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1 rx=ua
filx) =
0 : otherwise.
Since X has the discrete topology, the function f; € C(X) for each j € {0,...,N}.
It is routine to check that {f; € C(X):j € {0,...,N}} is a vector space basis for
C(X). Thus, the dimension dimC(X) = N + 1 = |X|, which is the cardinality of
X.

Before moving on to the forward direction, we prove the following claim.

Claim 2.3.21. Let X be any non-empty compact Hausdorff space. For each x € X,
let 6 : f € C(X) — f(z) € C denote the Dirac point mass of x, and note that
0y € L(C(X)) for each v € X.

Any finite set of distinct Dirac point masses is a linearly independent set in the

dual space C(X)'.

Proof of claim. Let N € IN and let {04,,...,0z,} be a finite set of distinct Dirac
point masses. Assume by way of contradiction that the set {0z,...,05,} is lin-
early dependent. Thus, there exists 7 € {0,..., N} and there exists A\, € C for
every k € {0,..., N} \ {j} such that >,y Ny (j3 MOz = 62, By [71, Urysohn’s
Lemma 15.6], there exists a function f € C(X) such that f(z;) # 0 and f(zx) =0
for all k € {0,..., N} \ {j}. However, we then have that:

Yoo M () =0,() = D Afla) = flay)
ke{0,...,N\{j} kef0,...NI\{j}

— Z )\k -0 = f(l'j)
ke{o,....N}\{j}

= 0= f(x;),

which is a contradiction. Thus, the set {04, ..., 0z} is linearly independent. [
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Now, for the forward direction, assume that dimC(X) = N, where N € IN.
Thus, the dual space C(X)’ is finite dimensional and dim C(X)" = N. Therefore,
there can only exists at most IV distinct Dirac point masses by the claim lest there
be a linearly independent set of C'(X) of cardinality greater than N. However,
by the homeomorphism of Proposition (2.1.32), we have that the cardinality of X
is at most N, and is thus finite. Now, assume by way of contradiction that the
cardinality of X is less than IV, then the reverse direction of the statement of this
Lemma, which was already proven, would imply that the dimension of C(X) would

be less than NV, which is a contradction. O

Next, we introduce a noncommutative analogue of the Gromov Compactness
Theorem in Theorem (2.3.23). The Gromov Compactness Theorem [14, Theorem
7.4.15] informally states that a set K is compact in the Gromov-Hausdorff topology
if there is a uniform bound on the diameter of all the compact metric spaces K as
well as a uniform bound on the cardinality of minimal finite e-nets for all € > 0
for all the compact metric spaces in the set K. Now, by the map YT in Theorem
(2.3.19) and by Claim (2.2.11), the notion of diameter of a compact metric spaces
translates to the diameter of the state space with the Monge-Kantorovich metric of
a quantum compact metric space, and approximations of compact metric spaces by
finite sets in the Gromov-Hausdorff distance translates to finite-dimensional approx-
imations of quantum compact metric space in the quantum propinquity by Lemma
(2.3.20). Therefore, one would hope that a noncommutative analogue of the Gromov
Compactness would arise from controlling the diameter of the states spaces and the
dimension of finite-dimensional approximations in the quantum propinquity. This

is provided by Theorem (2.3.23).

Definition 2.3.22 ([45, Definition 4.1]). Let C > 1 and D > 0. The covering

number cov(c, py (%4, L|e) of a (C, D)-quasi-Leibniz quantum compact metric space
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(A, L), for some ¢, is:

(B,Lg) is a
inf ¢ dimB : (O, D)-quasi-Leibniz quantum compact metric space, and

AC,D((QL L)v (%v L‘B)) e

Theorem 2.3.23 ([45, Theorem 4.2]). Let A be a class of (C,D)-quasi-Leibniz
quantum compact metric spaces, with C > 1 and D > 0, such that cov(c,py (%, L)]e) <
oo for alle > 0 and (A,L) € A. The class A is totally bounded for the quantum

propinquity Nc.p if and only if the conjunction of the the following two assertions

hold:

1. there exists A > 0 such that for all (A,L) € A:

diam (7(2(), mk.) < A,

2. there exists G : (0,00) — IN such that for all (A,L) € A and all € > 0, we
have:

COV(C’D) (Ql, L|8) < G(E)

Remark 2.3.24. Although we did not state the classic Gromov Compactness The-
orem ([14, Theorem 7.4.15]) explicitly, it can be recovered from Theorem (2.3.23).
Indeed, in Theorem (2.8.23), consider only the quantum compact metric spaces of
the form (C(X),Lqy) associated to a compact metric space (X,dx), then apply the
inverse of the homeomorphism Y from Theorem (2.3.19). One then deduces that
condition 1. of Theorem (2.3.23) provides a uniform bound on the diameter of com-
pact metric spaces via Theorem (2.2.10), and condition 2. provides the uniform

bound on minimal cardinalities of finite e-nets for every e > 0 via Lemma (2.3.20).
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As we noted, much more information on the quantum Gromov-Hausdorff propin-
quity can be found in [46] on this topic, as well as in the survey [44]. The extension
of the quantum propinquity to the quasi-Leibniz setting can be found in [45]. Two
very important examples of nontrivial convergences for the quantum propinquity
are given by quantum tori and their finite dimensional approximations, as well as
certain metric perturbations [37, 40, 42] and by matrix approximations of the C*-
algebras of coadjoint orbits for semisimple Lie groups [66, 67, 69]. Furthermore, we
will present other nontrivial convergences of AF algebras in Chapters 4 and 5.

Moreover, the quantum propinquity is, in fact, a special form of the dual Gromov-
Hausdorff propinquity [43, 41, 45], which is a complete metric, up to quantum isom-
etry, on the class of Leibniz quantum compact metric spaces, and which extends the
topology of the Gromov-Hausdorff distance as well. Thus, as the dual propinquity
is dominated by the quantum propinquity [43, Theorem 5.5], we conclude that all
the convergence results in this dissertation are valid for the dual Gromov-Hausdorff

propinquity as well.
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Chapter 3

AF algebras as quasi-Leibniz

quantum compact metric spaces

Before we can prove some classes of AF algebras are (nontrivial) continuous fami-
lies with respect to quantum Gromov-Hausdorff propinquity, we must first show that
AF algebras are points in the quantum propinquity space. That is, we must provide
AF algebras with quasi-Leibniz quantum compact metric structure as displayed in
Theorem-Definition (2.3.16). Thus, the purpose of this chapter is to provide several
candidates for quantum compact metric structure on AF algebras and study certain
aspects of these constructions to prepare for our continuity results of Chapters 4
and 5.

In [56], Ozawa and Rieffel utilized finite-dimensional filtrations, which are a
weakening of the AF structure, i.e. the subspaces of the filtration need not be sub-
algebras, of certain group C*-algebras to provide quantum metric structure. How-
ever, in the case of AF algerbas, one may equip AF algebras with filtrations that are
determined by finite-dimensional C*-subalgebras. This will prove advantageous to
us in Theorem (3.1.3), in that we will be able to use the quantum Gromov-Hausdorff

propinquity to show that AF algebras are metric limits of any inductive sequence of
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finite-dimensional C*-algebras that determine the AF algebra as the inductive limit
since the quantum Gromov-Hausdorff propinquity distinguishes algebraic structure
by Theorem-Defintion (2.3.16). This will be covered in Section (3.1) using condi-
tional expectations and in Section (3.2) using quotient norms. We also show that
the conditional expectation construction of Theorem (3.1.3) recovers the classical
case of continuous functions on the Cantor set in Section (3.1.1). In Section (3.3), we
give certain sufficient conditions for when two AF algebras are quantum isometric
(see Theorem-Definition (2.3.16.5) for the definition of quantum isometry) and thus
are a single point in the quantum propinquity space, which will assist us in Chapter
5 with certian convergence results (see Theorem (5.2.1) and Theorem (5.2.2)).
This chapter contains original results. We make a note of the publications for
which they were obtained. Sections (3.2, 3.3), Lemma (3.1.12), and Proposition
(3.1.13) are taken from the author’s work in [1]. The rest of this chapter is taken
from [3], which we co-authored with F. Latrémoliere and brought AF algebras into

the realm of Noncommutative Metric Geometry.

3.1 quasi-Leibniz Lip-norms from conditional expecta-

tions

We begin by observing that conditional expectations allow us to define (2,0)-

quasi-Leibniz seminorms on C*-algebras defined in Definition (2.2.9).

Definition 3.1.1. A conditional expectation E (-|B) : A — B onto B, where A is
a C*-algebra and B is a C*-subalgebra of A, is a linear positive map of norm 1 such

that for all b,c € B and a € A we have:

E (bac|®B) = bE (a|B)c.
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Lemma 3.1.2. Let A be a C*-algebra and B C A be a C*-subalgebra of A. If

E(:|B) : 2 — B is a conditional expectation onto B, then the seminorm:

S:aeUAw—|la—E(alB)|y

is a (2,0)-quasi-Leibniz seminorm.

Proof. Let a,b € 2. We have:

S(ab) = [lab — I (ab|B)||«
< [lab — ol (b]B)|a + [[aE (b]B) — E (abB) |2
< llallaflb — T (5]B) [l
+ [[aE (b]B) — E (aE (b]B)|B) + E (a(E (b]B) — )[B)[a
< [lallallo — T (0[B) o + lla — E (a|B))[|a ]| (b))l
+ 1B (a(b — E (6]5))[B) ||«
< llallallo =T (bB) o+ lla — E (a|B)l|a [T (6]B)]|«
+ llallallb — T (0Bl
< 2|alla )b — B (0[B) o + [|a — E (a]B))lla[blla

< 2([lallaS(0) + [|bllaS(a)) -

This proves our lemma. O

Note that the seminorms defined by Lemma (3.1.2) are zero exactly on the
range of the conditional expectation. Now, our purpose is to define quasi-Leibniz
Lip-norms on AF C*-algebras using Lemma (3.1.2) and a construction familiar in
Von Neumann theory, which we recall here for our purpose.

We shall work with unital AF algebras (Definition (2.1.72) and [13]) endowed

with a faithful tracial state. Any unital AF algebra admits at least one tracial state

102



[50, Proposition 3.4.11], and thus simple AF algebras admit at least one faithful
tracial state. In fact, the space of tracial states of unital simple AF algebras can be
any Choquet simplex [29, 9]. On the other hand, a unital AF algebra has a faithful
trace if, and only if it is a C*-subalgebra of a unital simple AF algebra [51, Corollary
4.3]. Examples of unital AF algebras without a faithful trace can be obtained as
essential extensions of the algebra of compact operators of a separable Hilbert space
by some full matrix algebra. Thus, one way to state our main assumption for the
construction of the Lip-norms of Theorem (3.1.3) is that we work on unital AF
algebras which can be embedded into unital simple AF algebras.

Our main construction of Lip-norms on unital AF algebras with a faithful tracial

state is summarized in the following theorem.

Theorem 3.1.3. Using Definition (2.1.64) and Proposition (2.1.66), let 2 be a
unital AF algebra endowed with a faithful tracial state p such that T = (Up, an)nen
s an inductive sequence of finite dimensional C*-algebras with C*-inductive limit
A, with Ag = C and where oy, is a unital *-monomorphism for all n € IN.

Let 7 be the GNS representation of A constructed from u on the space L?(2, )
of Theorem (2.1.40). For all n € N, let:

E (
be the unique conditional expectation of A onto the canonical image OL}” () of Ay,

0" (%)) = .
Let B:IN — (0,00) have limit 0 at infinity. If, for all a € sa (), we set:

w |~ (eles)],

) =sup B(n)

og(mn)) D

in A, and such that o & (

then (Ql, Lg u) is a (2,0)-quasi-Leibniz quantum compact metric space of Definition
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(2.2.9). Moreover for all n € IN:

2o ((Q[n L5, o og) , (m Léu)) < B(n)

and thus:
lim Agg ((an L2 oan) (91 L2 )) —0
n—oo LT =) » L ’
where Na g is the quantum Gromov-Hausdorff propinquity from Theorem-Definition

(2.3.16).

Proof. To begin with, we note that, from the standard GNS construction presented

in Theorem (2.1.40) where we will use £ instead of ¢, we have the following:

1. since yp is faithful, the map € : @ € A — a+ N, € L*(2,u) is injective
since N, = {0y}, and 7 is faithful and thus a unital *-monomorphism by

Proposition (2.1.39),

2. since [|§(a) |2,y = Vi(a*a) < [lally for all @ € 2, the map § is a continuous

(weak) contraction,
3. by construction, {(ab) = w(a)£(b) for all a,b € X,
4. if wis &(1y), then w is cyclic and {(a) = m(a)w.

Let n € IN. We denote the canonical unital *-monomorphism from 2, into 2[ by
a_>”. Thus £ o oﬁ; : A, — L2(2A, ) is a linear, weakly contractive injection. Since 2,
is finite dimensional, £ o OL”)(an) is a closed subspace of L?(2, 1) and ¢ restricts to a
linear homeomorphism of 2, onto & (oz_>”(21n)) Let P, be the orthogonal projection
from L2(2A, i) onto & o oy ().

We thus note that for all a € A, we have P,({(a)) € {o OLT;(Q[”)? thus, since ¢ is

injective, there exists a unique I, (a) € a_>”(91n) with £(E,(a)) = Ph(&(a)).
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Step 1. We begin by checking that the map E, : A — OL)"(an) is the conditional

—

expectation E ( a”(an)> of A onto 04_>”(an) which preserves the state p.

To begin with, if a € 2, then R@(a_’i(a)) = §(a_>”(a)) so E,(a) = a"(a). Thus
E,, is onto %”(an), and restricts to the identity on %”(an)

We now prove that P, commutes with 7(a) for all a € o//(An). Let a € o' (An).
We note that if b € off () then 7(a)§(b) = £(ab) € (ol (An)) since a'y(An) is
a subalgebra of 2(. Thus m(a) ({((ﬁ(%ﬁ)) C 5(041(9111))- Since %”(an) is closed
under the adjoint operation, and 7 is a *-representation, we have m(a*)§ (a5 (An)) S

§(a(An)). Thus, if we let x € f(c)z_>”(91n))L and y € {(a’y(An)), we then have:

ie. W(a)(f(%”(ﬂn))ﬂ C §(o£(22(n))L. Consequently, if z € L2(2, p), writing z =

P.x + Pz, we have:
Pym(a)x = Pyr(a) Pz 4+ Poyr(a)Pie = w(a) Py,

In other words, P,, commutes with 7(a) for all a € OL}”(an)

As a consequence, for all a € %”(an) and b € At
g(En(ab)) = Pnﬂ'(a)g(b) = W(a)Png(b) = W(a)f(En(b)) = é(aEn(b))

Thus En(ab) = aEn(b) for all a € ay(A,) and b € A
We now wish to prove that [, is a *-linear map. Let J : {(z) — & (z*). The key

observation is that, since u is a trace:

(JE(x), JE(y)) = pulyz™) = p(z*y) = (z,y)
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Hence J is a conjugate-linear isometry and can be extended to L?(2, ). It is
easy to check that J is surjective, as it has a dense range and is isometric, in fact
J = J* = J~L. This is the only point where we use that p is a trace.

We now check that P, and J commute. To begin with, we note that:

(JP,J)(JPJ) = JP,.J
and thus the self-adjoint operator JP,.J is a projection. Let a € 2. Then:
JPpJE(a) = JP.&(a”) = JE(En(a")) = §(Bn(a”)") € &(a(2Un))-
Now, if £(a) € £(a(Uy)), then since £(a*) € &(a (), we have:
JP,J&(a) = JPé(a”) = JE(a") = &(a).

Therefore, the projection JP,J surjects onto 5(04"@[”)) Thus JP,J = P,, so P,
and J commute since J2 = Lsr2@u))-

Consequently for all a € 2:
g(En(a*)) = Pn&(a*) = Pnjg(a) = Jpng(a) = JE(EH((Z)) = £(En(a)*),

so E,(a*) = E,(a)*.

In particular, we note that for all @ € 2 and b, ¢ € oﬁ(%ln) we have:

E, (bac) = bE, (ac) = bE,(c*a™)* = b(c"E,(a)*)*) = bE,(a)c.

To prove that I, is a positive map, we begin by checking that it preserves the
state y1. First note that 1o € off(%n) so w € {(a’y(2An)), and thus Pow = w. Thus

for all a € A:
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Hence I, preserves the state u. More generally, using the conditional expectation

property, for all b, c € OL)”(an) and a € A:

(b, (a)c) = u(bac).

We now prove that I, is positive. First, y restricts to a faithful state of cL’;(an)
and LQ(OL)”(an), 1) is given canonically by £(as (%)) as £(a;(2n)) is closed by finite-

dimensionality. Next, fix a € cﬁi(ﬂln), define:

mn(a) : §(2) € E((An)) — Elax) € £(as(An)),

which is well-defined since oz_:”(an) is a subalgebra and £ is injective. Also, we have

that m,(a) € B <L2 (s (%), ,u)) since '} (2An) is a finite-dimensional subalgebra and

£ is linear. Now, define:

T @ € o (An) — To(a) € B (LQ(g(mn),u)) : (3.1.1)

which is a unital *~homomorphism by definition of 7,, and the fact that 7 is a unital

*-homomorphism. Now, assume that a,b € oy(%y) such that m,(a) = 7, (). Then:

§(a) = f(alm) = Wn(a)f(lgl) = Wn(a)w = 7Tn(b)"‘) = f(b)
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Since £ is injective, we have a = b. Therefore, the map m, is injective. Let now
a € sa () with a > 0, and so there exists ¢ € 2 such that a = ¢*c¢. We now have

for all b € ot () that:

Thus, the operator m, (E,(a)) € B (LQ(OL)"(QLn),/LD is positive and so Ey(a) is
positive in a_>”(2ln) since 7, is a *-monomorphism. Hence IE,, is positive.

Since I, restricts to the identity on %”(an), this map is of norm at least one.
Now, let a € sa () and ¢ € (). Then ¢ o E, is a state of A since I, is positive
and unital. Thus |p o Ey(a)| < |lalle. As E,(sa(A)) C sa(2(), we have:

Va € sa(A)  |En(a)lly =sup{lpoEn(a)]: ¢ € 7 (A)} < llafa. (3.1.2)

Thus E,, restricted to sa (2) is a linear map of norm 1.

On the other hand, for all a € 2, we have:

0 < Ey, ((@a —Ep(a)” (a — En(a)))
=E, (a*a) — E, (E,(a)*a) — E, (a"Ey(a)) + E, (E,(a)"E,(a))

=E, (a"a) — E,(a)"E,(a).
Thus for all a € A we have:

IEn(@)ly = | En(a) En(a)]ly
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< En(a”a)lly

< |la*ally = ||a||% by Inequality (3.1.2).

Hence I[E,, has norm 1. We conclude that IE,, is a conditional expectation onto a_’;(an)

which preserves pu.
Now, assume T : A — oﬁ(i’ln) is a unital conditional expectation such that

woT = . As before, we have:

u(bT(a)c) = p(bac)

for all @ € A and b, ¢ € ()z_>”(9ln) Thus, for all z,y € oz_>”(21n) and for all a € A, we

compute:

where 7, was defined in Expression (3.1.1), and thus 7, (E,(a)) = m,(T(a)). Hence,
we have that E,(a) = T(a) since 7, is a *-monomorphism. As a € 2 was arbi-
trary, the map IE,, is the unique conditional expectation from 2 onto ol;(Q[n) which

preserves fi.

Step 2. The seminorm Lgu is a (2,0)-quasi-Leibniz Lip-norm on A, and E, is

weakly contractive for Lgy and for all n € IN.

We conclude from Lemma (3.1.2) and from Step 1 that Lg . 18 a (2,0)-quasi-

Leibniz seminorm.
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If a € sa(2) and L3 () = 0 then |la — Eq(a)|la = 0 and thus a € sa (%0(@)) -

Rlgy.

We also note that if a € sa () with Lg’u(a) < 1 then |la—Eo(a)|la < 6(0). Note
that Eg(a) = p(a)ly as Eg preserves p.

For all n,p € IN we have E; o E;, = Eyn(np) by construction (since P, P, =

Pringn,py)- Thus, if n < p and a € sa (A) then:
[En(a) — Ep(En(a)))lla = 0. (3.1.3)

In particular, we conclude that the dense Jordan-Lie subalgebra sa (UHE]N a_ﬁ(an)>
of sa () is included in the domain dom (Lg u) of Lg ,, and thus dom <L§ u) is dense
in sa (2A).

On the other hand, if p < n € IN and a € sa (), then:
B (a) = Ep(En(a)lla = [Ena = Ep(a))lla < [la - Ep(a)a- (3.1.4)
Thus, by Expressions (3.1.3) and (3.1.4), for all a € sa (),
L7 ,(Bn(a)) < L7 ,(a). (3.1.5)

Last, let € > 0. There exists N € IN such that for all n > N we have 3(n) < 5.

Let:

By = {a € sa(@y) : L7, (aN(a) < 1,u(a) = o} .

Since Eg = p(-)1y, we conclude:
By C{acsa@y): [lalla < B5(0)},

and since a closed ball in sa (2() is compact as 20 is finite dimensional, we conclude
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that By is totally bounded. Let §xy be a finite %—dense subset of By. Let now
a € sa(A) with p(a) = 0 and Lg’u(a) < 1. By definition of Lgu we have [ja —
En(a)lla < B(N) < §. Moreover, there exists a’ € §y such that ||Ex(a)—a'|la < 5.
Thus:

HCL - a/HQl < e,

and so:

{a €sa(A): Lgu(a) < Lu(a) = 0}

is totally bounded. Thus Lg ., is a Lip-norm on 2.

We conclude with the observation that as the pointwise supremum of continuous
real-valued functions, Lg . 1s lower semi-continuous on sa () with respect to || - ||«
since Lg . 18 the pointwise supremum of the continuous functions E™ for all n € N,

where E™ is defined by E"(a) = % for all a € sa () and for all n € IN.

Step 3. If n € IN, then <§2[n, Lgﬂ o oﬁ)) is a (2,0)-quasi-Leibniz quantum compact

metric space and Mo ((an, Lgu o a_)") , (Ql, Lgu)) < B(n).

The restriction of Lg . 10 a2 () is a (2,0)-quasi-Leibniz lower semi-continuous
Lip-norm on ay(2y) for all n € IN.

Fix n € IN. We now prove our estimate on Ag <<an, Lgﬂ o af}) , (Ql, Lgﬂ)).

The spaces (an, Lg 1 © aé‘) and (%”(%n), Lg u) are quantum isometric via the
unital *-isomorphism OLn) A, — cﬁi(%ln) and thus at distance zero for Ay . There-

fore:

Moo ((2L,) 5 (L2 0at)) = oo ((217,.) (a2, L2,.)).-

Let id : A — 2A be the identity and let ¢, : a_ﬁ(%) — 2 be the inclusion map.
The quadruple v = (2, 1y, tn,1d) is a bridge from OL”)(Q[”) to 2 by Definition (2.3.2).

We note that by definition, the height of + is 0 since the pivot of v is 1g. Thus, the
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length of v is the reach of v. If a € sa () with Lgu(a) < 1, then:
la —En(a)lla < B(n).
Since E,, is *-linear, we thus have E, (a) € sa (oﬁ(%ln)) . By Equation (3.1.5):
L7, (Bn(a)) < 1.

Since OZ_T;(Q[n) is contained in 2, we conclude that the reach of v is no more than
Bn).
We thus conclude, by Theorem-Definition (2.3.16):

Moo ((3@0),L7,) s (.17,,)) < B().

As (B(n))nen converges to 0, we conclude that:

. B n B _
Jm oo (212, 002)  (12,)) =0
and thus our theorem is proven. O

Remark 3.1.4. We may employ similar techniques as used in the proof of Theorem
(8.1.8) to show that AF algebras, equipped with the Lip-norms defined from spectral
triples in [5], are limits of finite dimensional C*-subalgebras. We shall see in this
dissertation, however, that the Lip-norms we introduce in Theorem (3.1.3) provide

a very natural framework to study the quantum metric properties of AF algebras.

It will also be useful for us to present Theorem (3.1.3) in the setting of the

definition of AF algebras given in Definition (2.1.72). This is the following.

Theorem 3.1.5. Using Definition (2.1.72), let 2 be a unital AF algebra with unit

1o endowed with a faithful tracial state p. Let U = (UAn)new be an increasing
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sequence of unital finite dimensional C*-subalgebras such that A = m”'”m with
Ay = Cly.

Let 7 be the GNS representation of A constructed from u on the space L?(2, i)
Theorem (2.1.40). For alln € N, let:

be the unique conditional expectation of A onto U, , and such that poE (-|A,) = p.

Let B :IN — (0,00) have limit 0 at infinity. If, for all a € sa (), we set:

Lfl,u(a) = sup { la = IZEZ‘)Q[n)‘|m in € ]N} ,

then <Q(, Lff,u) is a (2,0)-quasi-Leibniz quantum compact metric space of Definition

(2.2.9). Moreover, for all n € IN:

o (3014,) . (114,)) < 00

and thus:
e (30) (54,)) =0

where N is the quantum Gromov-Hausdorff propinguity of Theorem-Definition

(2.5.16).
Proof. The proof follows the same process of the proof of Theorem (3.1.3). O]

The Lip-norms of Theorem (3.1.5) are compatible with the Lip-norms in the
inductive limit case of Theorem (3.1.3). The next Proposition (3.1.6) establishes

what we mean by this.

Proposition 3.1.6. Let A be a unital AF algebra endowed with o faithful tra-

cial state p. Let T = (Ay, an)nen 5 an inductive sequence of finite dimensional
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C*-algebras with C*-inductive limit A, with Ay = C and where «,, is unital *-
monomorphism for alln € N. Let §: IN — (0,00) have limit 0 at infinity.

If we defined = (a_>"(2ln))n€]N, then the sequence U is an increasing sequence of
unital finite dimensional C*-subalgebras of A such that A = Unemoﬁ(%n)”%l with
%0(910) = Clg, and the Lip-norms Lgﬂ = Lg’#, where Lg,u is defined by Theorem

(3.1.3) and LZ“ is defined by (3.1.5).

Proof. By Proposition (2.1.66), the sequence U is an increasing sequence of uni-
tal finite dimensional C*-subalgebras of 2 such that A = LJne]lqcx_)"(an)”'H‘21 with

%O(ng) = Clg. The equality of the Lip-norms Lg b= Lf{’ ,, follows by definition. [

Theorem (3.1.3) provides infinitely many Lip-norms on any given unital AF-
algebra 2(, parametrized by a choice of an inductive sequence converging to 2 and a
sequence with positive entries which converges to 0. A natural choice of a Lip-norm
for a given AF algebra, which will occupy a central role in our current work, is

described in the following notation.

Notation 3.1.7. Let Z = (U, an)nen be a unital inductive sequence of finite dimen-

stonal algebras whose inductive limit A = hg(%ln, an)neN has a faithful tracial state
.o . . . . 1

. Assume that A is infinite dimensional. Letk € N, k > 0 and 8 = <7dim(mn)k)ne]1\1'

We note that lims, § = 0. We denote the Lip-norm Lgu constructed in Theorem

(3.1.3) by L%#. If k =1, then we simply write Lz ,, for L%?#.

Our purpose is the study of various classes of AF algebras, equipped with Lip-

norms constructed in Theorem (3.1.3). The following notation will prove useful.

Notation 3.1.8. The class of all (2,0)-quasi-Leibniz quantum compact metric spaces
constructed in Theorem (3.1.3) is denoted by AF. We shall endow AF with the

topology induced by the quantum propinquity Na .
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Furthermore, for any k € (0,00), let:

3T € Stetineysl A =1im T
AFF =S (U, Ly) € AF dp faithful trace on A such that Ly = Lgu

2 is infinite dimensional

where St viered 15 the class of all unital inductive sequences of finite dimensional

C*-algebras whose limit has at least one faithful tracial state.

A first corollary of Theorem (3.1.3) concerns some basic geometric properties of

the class AF”.

Corollary 3.1.9. Let 7,7 € W/é/and B,B" be two sequences of strictly
positive real numbers, converging to 0. Let u, v be faithful tracial states, respectively,

on ligrlI and @j. Then:
diam (5” (li&l’), mk'-g,;) < 26(0),
where diam (,) is the diameter of a metric space, and:
Moo (7. 17,,) . (lm 7,15, ) ) < max{5(0). 5'(0)}.
In particular, for all k € (0,00):
diam (Afk,/\g,o) <1

Proof. Let A = ligl and B = liglj.
Let a € sa () with Lgu(a) < 1. Then |la — p(a)|la < 5(0). Thus for any

0, € (), we have:

lp(a) = P(a)| = |p(a — pla)la) — Y(a — pla)ly)| < 25(0).
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Now, let ® = 2A®B be any C*-algebra formed over the algebraic tensor product
of 2l and B, which exists by [55, Chapter 6.3]. Let 7 : a € A+— a® 1y € D and
p:beEBr— 1g®b € D be the canonical unital *-monomorphisms. The quadruple
v=(®,1p,m,p) is a bridge from A to B.

Let a € sa () with Lgu(a) < 1. Then:

Im(a)lo — lop(pu(a)ls)lo = lla — pla)lalla < 5(0).

The result is symmetric in 2 and B. Thus the reach of v is no more than max{3(0), 8'(0) }.

As the height of v is zero, we have proven that:

Moo ((imZ,17,) . (lim7,17,)) < max{5(0), ()},

by Theorem-Definition (2.3.16). Note that this last estimate is slightly better than
what we would obtain with [46, Proposition 4.6].
We conclude our proof noting that if (2, Lz) € AF" then 3(0) = 1. O

We complete this section of taking note of the fact that the conditional expecta-
tions of Theorem (3.1.3) can be expressed explicitly in terms of matrix units, and we
provide some useful continuity results associated to these conditional expectations.

This valuable tool will be used throughout this dissertation.

Notation 3.1.10. For all d € IN, we denote the full matriz algebra of d x d matrices
over C by M(d). Let B = @é-vzlim(n(j)) for some N € N and n(1),...,n(N) €
N\ {0}. For each k € {1,...,N} and for each j,m € {1,...,n(k)}, we denote

the matriz (64 ) )u,v=1,...n(k) DY €kjm, 6 Matrix unit, where we used the Kronecker

-----

symbol:

1ifa=0,

0 otherwise.
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We note that for all j,m,j’,m’ € {1,...,n(k)} we have:

1 e .
. Wlf]zy'andm:m',
tr (€5, jmCh.jrm) =
0 otherwise

when tr is the unique tracial state of M(n(k)).
Now, let p be a faithful tracial state on B of the above Notation (3.1.10). Then
w1 is a convex combination with positive coefficients of the unique tracial states on

M(n(0)),...,M(n(N)) by [19, Example IV.5.4]. We thus deduce that:

{erjm:ke{l,...,N},jme{l,...,n(k)}}

is an orthogonal basis of L?(%B, p1).

Let us further assume that we are given a unital *-monomorphism « : 96 < 2
into a unital C*-algebra 2 with a faithful tracial state. The restriction of p to a(8) is
thus a faithful tracial state on a(B) and poa is a faithful tracial state on B. We will
use the notations of the proof of Theorem (3.1.3): let 7 be the GNS representation of
2l defined by p on the Hilbert space L?(21, u) and let £ : a € A — a+{0y} € L2(A, p).

We then can regard L?(a(B),u) as a subspace of L?(2, 1) (as noted in the
proof of Theorem (3.1.3), L?(a(B), u) is a(B) + {0y}, endowed with the Hermitian
norm from the inner product defined by p). Let P be the projection of L?(2A, i) on
L?*(a(B), it). Then for all a € A, we have:

N n(k) n(k)

(€(a).€ (olensn))
=222 e ,Jmm(a(ek,j,m))»“ (€jom))

k=1 j=1 m= 1

N e a
Sy S M ) (3.1.6)

k=1 j=1m= 1 (e, Chigim))

N € a
:f Z Z :U' k]m) )))a(ekJ,m)
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since P is an orthogonal projection and ¢ is linear. Next, if E (-|a(B)) is the con-
ditional expectation of 2 onto «a(8) which preserves p constructed from the Jones’
projection P as in Theorem (3.1.3), then &(E (ala(B))) = P¢&(a) for all a € 2A.

Hence, by injectivity of £ and Expression (3.1.6), we have that:

N W paleq n)a)

M(a(ez,j,mekvjvm

a(er jm)- (3.1.7)
k=1 j=1 m=1 N

Now, we present some preliminary continuity results of these conditional expec-
tations which will prove crucial in the continuity results of AF algebras, which is

Theorem (4.5.6).

Notation 3.1.11. Let N = INU {co} denote the Alexandroff compactification of N
with respect to the discrete topology of N. For N € N, let Nxy = {k € N: k > N},

and similarly, for Nsy.

Lemma 3.1.12. Let 2 = @;-V:lfm(d(j)) for some N € N\ {0} and d(1),...,d(N) €

IN. Let {7" : 4 — C}, . be a family of tracial states. Since 7" is a tracial state

for all n € N, for each (n,j) € N x {1,...,N}, let A j € [0,1] such that:
N
Tn(ah s aaN) = EAn,jtrd(j)(aj)v V(alv s ,CLN) €,
j=1

where trqj) is the unique normalized trace on M(d(j7)).
Then, (T"™)new converges to 7°° in the weak™ topology on () if and only if
((An1sAn2s - - Ap N ) )nelN converges to (Aoo,1, Ao 2; - - -, Aso,N) i1 the product topology

on RV,

Proof. We begin with the forward implication. For j € {1,2,...,N} , let I/ =
(b1,b2,...,bn) € A such that b = 0 for | # j and b; = lop4(;))- By assumption, for

each j € {1,2,..., N}, we have that:
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Jim Ay = lim Anstrag) (lanagy) = Jim 7"(F) = 7%(1) = Aocj,

which also provides convergence in the product topology since the product is finite.

For the reverse implication, fix b = (b1,be,...,by) € 2. Fix n € IN.

N N
7 (0) = 720 = || D Angtragy(bi) | = | D Asctrag (b))
j=1 j=1
N
= 1D (g = Aooj)trags) (bs)
j=1
N
< Zp‘n,j _)‘oo,j| ”bHQl
j=1

By convergence in the product topology, the sequence <Z§V: 1A — Aw7j|) N SO
ne
verges to 0. Hence, lim,,_,~ [7"(b) — 7°°(b)| = 0. As b € 2 was arbitrary, our result

is proven. ]

Next, we consider convergence of conditional expectations on finite-dimensional
C*-algebras. We note that in the hypothesis of Proposition (3.1.13), we now impose

that our tracial states are faithful.

Proposition 3.1.13. Let B be a unital C*-algebra. Let A be a finite-dimensional
unital C*-subalgebra of B such that A = @f:pﬁ(n(j)) for some N € IN and
n(l),...,n(N) € N\ {0} with *~isomorphism « : @ﬁlm(n(j)) — A. Let E
be the set of matriz units for @éyzli)ﬁ(n(j)) of Notation (3.1.10).

If {7" : B — C}, o is a family of faithful tracial states, then for all n € N,be
B:
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where " : B — A is the unique T"-preserving conditional expectation onto 2.
Furthermore, if (T™)nen converges to 7 in the weak-* topology on ./ (B), then the
map:

(n,b) €N x B — ||b—E"(b)||s € R,
is continuous with respect to the product topology on N x (B, | - [|»s)-

Proof. For n € N, by Expression (3.1.7), we have that for each n € IN:

since 7" is a faithful tracial state on 9%. By faithfulness, for e € F, we have
limy, 00 7" ((e*e)) = 7°(a(e*e)) > 0 by weak-* convergence. Since our sum is

finite by finite dimensionality, again by weak-* convergence:

) (a(e)*d) 7%(au(e)*b)
lim 3.1.8
n_mz Tn(Oé e*e) oo a 6*6 ( )

eckE

Furthermore, if we let C' = maxccp {||a(e)||s}, then:

7" (a(e)"d) 7(a(e)*b)
[E"(0) — E*()[p = ale) — oy ele)
B T (ale ;ET (a(e*e)) =
" (a(e)*b)  T°(a(e)*d) afe
ZE <Tn<a<e 3 - ) .
" (a(e)*b)  T(a(e)*d) e
<2 (T~ mtaicren) @),
7" (a(e)*d 7°(a(e)*b
- Z T"Eozgeze); B Toogage*)‘e); Ha(e)H%

and lim,_, ||E™(b) — E*°(b)||s = 0 by Expression (3.1.8).
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Fix n,m € IN and b, b € B. Then, as conditional expectations are contractive:

16— E™(b)[lgg — [|b — E™(¥)]I | < [|(0—E"(0)) — (0 — E™(¥))||
< |JEM(B) — EMY) + EMY) — E™ (V)|
+[]o - b/H%

<2 =¥l + 1B () — E™()g

and continuity follows. O

3.1.1 Continuous functions on the Cantor Set

As is standard practice in noncommutative geometry, we first look at the com-
mutative case of our construction in the previous section to verify that we recover
a natural classical structure. Since our focus is on AF algebras, we note that by
[12, Proposition 3.1], the C*-algebra C(X) is AF if and only if X is a totally dis-
connected compact metric space. The canonical case of this is when X = C is the
Cantor space, the space of sequences of 0’s and 1’s from Example (2.1.76). We
call this the canonical case since every totally disconnected compact metric space
is homeomorphic to a closed subspace of C [71, Section 30]. Now, the Cantor space
comes equipped with many standard ultrametrics [34, Proposition 9]. Namely, for
each r € (1,00) C R, the following is an ultrametric on C that metrizes its topology

given in Example (2.1.76):

0 ifr=y
der(x,y) = (3.1.9)

—-n

r : otherwise , where n = min{n € IN : z,, # y,. }.

Next, with this ultrametric on C, the C*-algebra C(C) already comes equipped
with a Lip-norm, which is the Lipschitz seminorm Lg, , induced by d¢,, and its

associated Monge-Kantorovich metric mkg 4, recovers the metric d¢ via the Dirac
T
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point masses d, by Theorem (2.2.10). Thus, in this section, we show that we can
recover this classical case by using the Lip-norms of Theorem (3.1.5) with suitable
choices of the 8 sequences and a fixed choice of sequence of subalgebras and fixed
faithful tracial state. This will be Corollary (3.1.19).

By Example (2.1.76), we have our standard description of C'(C) as an AF algebra,
and thus a specific increasing sequence of finite-dimensional unital C*-subalgebras
to use in Theorem (3.1.5). However, in order to construct our Lip-norm of Theorem
(3.1.5), we also require a particular choice of a faithful tracial state; as C(C) is
Abelian, we have quite some choice of such states. We will focus our attention on a

specific construction, which comes from a classic measure.

Lemma 3.1.14. The set C =[], .y Z2 is a group for the pointwise addition mod-
ulo 1. As C is compact with its natural topology given by the product topology on
[L.cw Z2 in which each copy of Zs is given the discrete topology, there exists a
unique Haar probability measure pc on C.

Furtheremore, if ) # F C N is finite and © = (x;)jer, where z; € {0,1} for
all j € F, and we define F, = {2 € C : Vj € F,z; = x;}, then we have that

pc(Fy) = 277F where #F is the cardinality of F.

Proof. The fact that there exists a unique Haar probability measure on any compact
group is [18, Haar’s Theorem V.11.4]. Fix a finite, nonempty F' C IN and let the
cardinality of ' be #F = n. Let Xr denote the set of all n-length vectors of the
form x = (z;)jer where z; € {0,1} for all j € F, and thus, the cardinality of Xg
is 2". Furthermore, for each z,y € Xp,x # y, we have that F, N F,, = (). Also, the
union Ugecx, Fy = C. Next, we note that for each z,y € Xp, there exists z € C such
that:

2+ F, = F, (3.1.10)

where + is the pointwise addition modulo 1. Indeed, for all j € F' such that z; = y;,
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we let z; = 0, and for all j € F' such that z; # y;, we let z; =1, and if [ € N\ F,
we let z; = 0.

Note that F, is open since it is the union of basic open sets (cylinder sets), and
thus F, is measurable and pc(F,) > 0 by [18, Haar’s Theorem V.11.4]. Thus, as
Haar measures are translation invariant under the group operation, by Expression
(3.1.10), we have that for each x,y € Xp, the measure uc(Fy,) = pc(Fp + 2) =

uc(Fy). Fix x € Xp. Hence, as y¢ is a probability measure, we summarize that:

1= pc(C) = pe (Uyex, Fy)

= Z :UC(Fy)

yeXF

= Z ,UC(Fx)

yeXF

= 2"ue(Fy) = pe(Fy) =2""=27#F

which completes the proof. O

Notation 3.1.15. The set C =[],y Z2 is a group for the pointwise addition mod-
ulo 1. By Lemma (3.1.14), as C is compact, there exists a unique Haar probability
measure pic. By the Riesz Representation Theorem [18, Appendiz C.18] and [18,
Theorem V.11.5], the measure pc defines by integration a faithful tracial state \ on
c(C).

Recall the evalutation maps n; @ (2n)new € C +—— z; for all j € IN of Example
(2.1.76). For any finite, nonempty F C IN, we have that HjeF n; is simply the

indicator function of the subset:
Fo,.1)={(za)nen €C:VjEF zj=1}.

Therefore, by Lemma (3.1.14), we have:
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A H | = /c H n; due = pe (F(l,...,l)) =2 #F

JEF jEF
where #F' is the cardinal of F' .

The primary advantage of our choice of tracial state is illustrated in the following

lemma.
Lemma 3.1.16. We shall use Notations (2.1.77) and (3.1.15), and for each j € IN,

recall the self-adjoint unitary u; = 2n; — lc(c) defined in Evample (2.1.76). If we

endow C(C) with the inner product:

(f:9) € C(C) = A(f9),

then u, € At for all n € N, where + is provided by the orthogonality induced by
the inner product. Moreover, we have that (HjeF uj)Fef, where F is the set of
nonempty finite subsets of IN, is an orthonormal family of L*(C(C), \), which is the

Hilbert space of the GNS construction associated to A of Theorem (2.1.40).

Proof. We let, for all n € IN'\ {0}:

B, =4 lee)s H uj : F' is a nonempty subset of {0,...,n —1}
jeEF

We note that 9B, is a basis for 2,,. We also note that <H]~€F uj>Fe]—‘ is a Hamel
basis of the space |, 2n-

Now, let n € N and F' C {0,...,n — 1} be nonempty. We have:

Moup [Twi | =2 @ —1ee) TT @n — 1)
JEF JEF

=2 I o -1tee)

jEFU{n}
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- Z (_1)#F+1—#G2#G>\ Hnj

GCFU{n} jeEG
_ Z (_1)#F+1—#G2#G2—#G
GCFU{n}
#F+1 ,
e
jeEFU{n} J

=(1-D** =0,

and thus:

Mougy [Ju | =0 (3.1.11)
jeF

Since B,, is a basis for 2,,, we conclude that indeed, u,, € Ql#
Moreover, we note that Expression (3.1.11) also proves that B = U,enB, is
an orthogonal family in L?(C(C),\). As the product of unitaries is unitary, our

definition of the inner product then shows that the family B is orthonormal. O

The primary advantage to our choice of increasing sequence of finite-dimensional

unital C*-subalgebras of C'(C) is illustrated in the following lemma.

Lemma 3.1.17. Let T = (U, )nen be the increasing sequence of finite-dimensional
unital C*-subalgebras of C(C) such that C(C) = mll'\\cm) defined in Example
(2.1.76).

Let x,y € C,x # y and N = min{n € N : x,, # y,}. If j € {0,...,N} and

g €A, then g(x) = g(y).

Proof. Let z,y € C,z # y and N = min{n € N : z,, # y,}. First assume that
N =0. If g € %y = Clg(c), then g is constant and g(x) = g(y).

Next, assume that N > 0. If j = 0, then the same argument for N = 0
implies that for g € ; we have that g(z) = ¢g(y). Thus, let j € {1,...,N}. Since

up, = 2, — 1g(ey for all k € IN, we have that 21, is the finite-dimensional unital
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C*-subalgebra of C(C) generated by the evaluation maps 7y for k € {0,...,7 — 1}
and 1¢(c). However, since j—1 < N and thus zj, = yj, for k € {0,...,7—1}, we have
that ng(z) = 2 = yx = Me(y) for k € {0,...,5 — 1} by definition. Thus, if g € 2;,
then as g is a finite linear combination of finite products of 7y for k € {0,...,j — 1}

and 1¢(c) by finite dimensionality, we have that g(z) = g(y). O

We now have the tools needed to state our main theorem for this section: Lip-
norms defined using Theorem (3.1.5) with the ingredients described in this sec-
tion naturally lead to ultrametrics on the Cantor space via the associated Monge-
Kantorovich metric by simply requiring the natural condition that the sequence 3 be
a decreasing sequence. We call this condition natural since we will see throughout

this dissertation that all 8 sequences that lead to desired results are decreasing.

Theorem 3.1.18. Let  : IN — (0,00) be a decreasing sequence with lims, f = 0
and let T = (An)new be the increasing sequence of unital finite-dimensional C*-

subalgberas of C(C) of Example (2.1.76). Using Notations (2.1.77) and (3.1.15)

and notation from Theorem (3.1.5), we have, for all x,y € C:

0 ifr =y,
ka?}\ ((51, 5y) =
26 (min{n € N:z, # yn}) : otherwise
induces an ultrametric on C via the homeomorphism z € C —— 6, € Mg of

Proposition (2.1.52), where Mccy is the maximal ideal space of C(C) and 6, are the
Dirac point masses defined by 0,(f) = f(z) for all f € C(C).

Proof. In this proof, we will denote by I (:|2l,,) the conditional expectation from
C(C) onto A, which leave A invariant.
Fix z,y € C. Note that if ¥ = y, then by definition J, = d, and mk s (dz,6,) =
T,A

0. Thus, for the remainder of the proof, assume that x # y. By Definition (2.2.5)
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and definition of the Dirac point masses, we have:

mk s (82, 0,) = sup {16.(/) = 8,(f)| : | € 5a(C(C)), LF, (/) <1}

T,A

= sup {|f (@) = f9)| : | € 50 (CO), LT ,(H) <1}

Our computation relies on the following observation. Let n > k£ € IN. Since
u, € At in L2(C(C),A\) by Lemma (3.1.16), we conclude that I (u,|2) = 0. Of

course, if k > n € IN then E (u,|2A;) = u,. Thus we have for all n € IN:

HunHC(C)
L2 Up) =max{ ———=: k<n
Talin) { B(K)

1 .
= max { k< n} as u, is unitary,

(k)

1 . .
= —— as [ is decreasing.

B(n)

We thus have Lg-’/\(ﬁ(n)un) < 1 for all n € IN.
Since x # y, let N = min{n € N : z,, # y,}. Then, by definition of uy, we have

that:

lun (2) —un(y)| = |25 (x) =1 = (2nn(y) — 1)

=2nn(z) —nn(y) =2-1=2

by nn(z) = zn # yn = nn(y), and therefore, since S(N)uy € sa(C(C)) and

L7, (B(N)uy) < 1:

mkes (3,6,) > BN [ux () — un (y)] = 28(N).

T,

On the other hand, if f € C(C), then E (f|2) € 2 for all k£ € IN. Hence, by
Lemma (3.1.17), we have that E (f|2,)(x) = E(f|2(,)(y) for all n < N. Thus, if
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f € C(C) with L7 (f) < 1, then:

|f(x) = f)| = |f(x) = E(f]A)(x) — (f(y) — E(f[2)(y))]
L2f = E(f12)llee

< 2B(n)
for all n < N. Since [ is decreasing, we thus get:
|f(2) = f(y)| < 2min{B(n) : n < N} = 2B8(N).

We thus conclude that:

mky s (6:,3,) = 28(N),

SA

as desired, and it is routine to check that kaa induces an ultrametric on C since
T,

[ is decreasing. O

We thus recognize standard ultrametrics on the Cantor set using the Monge-

Kanorovich metric.

Corollary 3.1.19. Letr € (1,00) C R, and set 5, : n € N — %r*”. Then, for any

two x,y € C, using the notations of Theorem (3.1.18), we have:

0 ifr =y,
ka%(éx,(sy) =

pomin{n€NanFynt . otherwise.

In particular, if we equip C with the ultrametric dc, of Expression (3.1.9), then
using the associated Lipschitz seminorm Ly, , of Theorem (2.2.10), we have that for
all x,y € C:

ka?—’:A<5m’5y> =de,(z,y) = mk'-dc,r((s”éy)’
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and the map v € (C,d¢c,) — 6, € <Y(C(C)),kagT ) is an isometry onto its
T

image, which is the mazimal ideal space Mc(cy of C(C).

3.2 Leibniz Lip-norms from quotient norms and finite-

dimensional approximations

Our work in [3] relied on the hypothesis of the existence of faithful tracial state for
a unital AF algebra. Of course, every simple unital AF algebra has a faithful tracial
state, but in the non-simple case, there exist unital AF algebras without faithful
tracial states. For example, consider the unitization of the compact operators on an
infinite-dimensional separable Hilbert space.

To remedy this, in Theorem (3.2.11), we introduce Leibniz Lip-norms that ex-
ist on any unital AF algebra built from quotient norms and the work of Rieffel
in [67], in which he established the Leibniz property for certain quotient norms.
Another consequence of this is that any unital AF algebra, 2, has finite dimen-
sional approximations in propinquity provided by any increasing sequence of unital
finite dimensional subalgebras (2, ),en such that 2 = m”'”m. Furthermore, in
Proposition (3.2.4), we show that any Lip-norm whose domain is the dense subspace
50 (Upew2ly) proves this fact of finite-dimensional approximations in propinquity.

We note that the introduction of these Lip-norms from quotient norms in The-
orem (3.2.11) does not replace or diminish the importance of the Lip-norms from
conditional expectations of Theorem (3.1.3). The conditional expectation Lip-norms
give us explicit projections onto the C*-subalgebras, while also providing key esti-
mates in quantum propinquity that are crucial to our continuity results about AF
algebras (see Theorem (4.2.12) and Theorem (4.5.6)).

We begin by providing some known examples of finite dimensional approxima-

tions for the quantum propinquity to gather a better understanding of the concept.
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What is especially enlightening is that there are non-AF algebras that have natural
finite-dimensional approximations in the sense of the propinquity. We note for part
1., 2., and 3. of Example (3.2.1) that for a compact metric space X, the C*-algebra

C(X) is AF if and only if X is totally disconnected by [12, Proposition 3.1].

Example 3.2.1. We provide some examples of finite-dimensional approrimations

in the sense of quantum propinquity.

1. For any C > 1,D > 0, all C*-algebras of the form C(X), where (X,dx)
is a compact metric space, have finite dimensional approximations in quan-
tum propinquity induced by finite e-nets, X, C X and C(X.). Indeed, the
Gromov-Hausdorff distance GH(X,, X) < € by [14, Example 7.3.11] and The-
orem (2.3.19) imply that A p ((C(X:),Ldy ), (C(X),Lay)) <e.

2. Motivated by Mathematical Physics and using a different approach [69] than
that of 1., the commutative C*-algebra C (52) — continuous functions on the
sphere — has finite dimensional approrimations in quantum propinquity pro-
vided by noncommutative finite-dimensional simple C*-algebras, where S? =

{(z,y,2) € R : 22 +y? + 22 = 1}, i.e. approzimations by full matriz algebras.

3. The quantum (noncommutative) tori — including C (T?), the C*-algebra of
continuous functions on the torus —, which are non-AF, as presented in [40]
have finite dimensional approximations in quantum propinquity provided by

fuzzy tori.

4. BEvery nuclear quasi-diagonal C*-algebra A such that (A, L) is a Leibniz quan-
tum compact metric space has finite-dimensional approrimations in quantum

propinquity by quasi-Leibniz quantum compact metric spaces [45, Section 5].

5. Any unital AF algebra 2 that can be equipped with faithful tracial state has

finite dimensional approrimations in propinquity provided by any inductive
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sequence of finite dimensional C*-algebras with inductive limit 2 by Theorem

(3.1.3).

One thing in common with all of these examples is that the existence of finite
dimensional approximations in propinquity are proven using specific Lip-norms. We
shall see in Proposition (3.2.4) that in the case of unital AF algebras, the existence
of a Lip-norm finite on the obvious dense subspace is all that is required to provide
finite dimensional approximations in propinquity. In some sense, this means that
the C*-algebra structure of an AF algebra is enough to provide finite dimensional

approximations in propinquity.

Notation 3.2.2. Let (U, Ly) be a quasi-Leibniz quantum compact metric space. Let

we L (RA). Denote:

Lip; (A, Ly) ={a €sa(A) : Ly(a) <1}
Lip, (917 LQ[?:U') = {a € sa (Ql) : LQl(a) < lvﬂ(a) = 0}
Lemma 3.2.3 ([46]). Let (A, Ly), (2B, Ly) be two quasi-Leibniz quantum compact

metric spaces. If v = (D,w, g, mw) is a bridge of Definition (2.5.2), then for any

two states oy € L (A), o € L (B), we have that:

Hausg (ma (£ipy (A, La) Jw, wrss (Lipy (B, L)) <
Haus@(ﬂﬁl(ﬁipl (QLJ LQU @m))waWW‘B(Qipl (%7 L%7 QOSB))) < 0.

Proof. The proof is the argument in between [46, Notation 3.13] and [46, Definition

3.14]. 0

To make for easier notation we will begin presenting results in the closure of the
union case rather than the inductive limit case. We have seen that this causes no
issue in Proposition (3.1.6). We note that in the following result, the proof does

not require any notion of quasi-Leibniz. We only only include it to utilize the full
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power of the quantum propinquity. The proof of Proposition (3.2.4) also does not
require that the subalgebras be finite-dimensional, but since no such example of a
lip-norm exists yet of this form outside the AF case, we leave this assumption there.
Also, thank you to F. Latrémoliere for pointing out an error of a previously incorrect
version of Proposition (3.2.4) and for offering advice on a fix to this error, which

resulted in this current version of Proposition (3.2.4)

Proposition 3.2.4. Fix C > 1,D > 0. Let 2 be a unital AF algebra such that
(A, L) is a (C, D)-quasi-Leibniz quantum compact metric space, in which the domain
of L contains sa (Upen@y,), where (A, )nen is a sequence of unital finite dimensional

C*-subalgebras such that A = Une]Nan”'”m. Define a seminorm on sa (2A) by:

L(a) : ifa€sa(Upentyn)
Ly(a) =

00 : otherwise .

Let Lf71 = {a € sa (Ql) : Lf(a) < 1}“”Q1

If we let L be the Minkowski functional of Ly on sa (21), i.e.

— 1
L(a) = inf {r >0:—-ae€ LfJ}
r
for all a € sa(2A), then:

L(a) = L¢(a) = L(a) <oo for all a € sa(UpewAy,) and,

{acsa():T(a) <1} = {a € sa(Upeny) L@ <1} (3.2.1)

I-llx

={a € sa(Upeny) : L(a) <1} 7,

and (A,L) and Ay, L) = (A, L) are (C, D)-quasi-Leibniz quantum compact metric
space for all n € IN such that lim,_ Ac,p ((an,t) , (Q[, D) =0.
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Proof. By [18, Proposition 1V.1.14], the map L is a seminorm on sa (2) such that
{a €sa(A):L(a) < 1} = Ly since Ly is closed. Indeed, the proof of [18, Propo-
sition IV.1.14] shows that {a € sa () : L(a) < 1} C L, and {a € sa () : L(a) <
1} D Ly1. Now, if a € sa () such that L(a) = 1, then by definition of L, we have
that there exists a sequence (7, )nenw C R that converges to 1 such that r, > 0 and

%a € Ly for all n € IN. In particular, we have that the sequence (%a) . CLjsy

ne
converges to a with respect to || - |lo. As Ly is closed, we have that a € Ly, which
establishes the equality of the sets L, and {a € sa () : L(a) < 1}.

Next, by construction, we have that L¢(a) < 1 < oo implies that Ly; =

{a € sa (Upeny) : L(a) < l}H'”m. The fact that L(a) = Ls(a) = L(a) < oo for
all a € sa(Upen2,) is routine to check. This establishes Expression (3.2.1). Also,
one can easily deduce that Ly is a lower semi-continuous seminorm dense domain
such that Eil({O}) = R1y by Expression (3.2.1).

Next, we show that (2,L) is a quantum compact metric space, and we use
equivalence 8. of Theorem (2.2.6) to accomplish this. Let ¢ : a € sa(2A) —
a+ Rly € sa(A)/Rly denote the quotient map, which is continuous with respect
to the assoicated norms. Now, since (2, L) is a quantum compact metric space, we
have that the set ¢({a € sa(2) : L(a) < 1}) = {a + Rly € sa(A)/Rly : L(a) < 1}
is totally bounded with respect to || - [|sa(2)/R1, Dy Theorem (2.2.6). Hence, by
containment and Expression (3.2.1), the set ¢({a € sa (Upen2y) : L(a) < 1}) =
q{a € sa(Upenly,) : L(a) < 1}) is totally bounded with respect to the norm
| - [lsa2)/Rig -

Now, since ¢ is continuous, we have that

E=gq ({a € 5a (Upenn) @ L(a) < 1}'”9‘>

”'”sa(Ql)/]RIQ[

C q({a € sa (UpenAn) : L(a) < 1}) 7

which implies that F is totally bounded by containment and since the set on the right
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of the containment is the closure of a totally bounded set. However, by Expression

(3.2.1):
E=q{acsa(A):L(a) <1}) ={a+Rly € s5a(A)/Rly: L(a) < 1},

and therefore, the pair (2, L) is a quantum compact metric space of Defintion (2.2.5)
by Theorem (2.2.6).

Now, we prove that L is (C, D)-quasi Leibniz. Our proof follows similarly to the
proof of [66, Proposition 3.1], which is the case of C' = 1, D = 0. Another similar
result is [40, Lemma 3.1], which does involve a more general case than the quasi-
Leibniz case. But, rather than just reference the proofs of these results, we verify
that these results still apply in our situation as there are some subtle differences
with our construction with regard to the closedness of certain sets and conditions

on the seminorm L.

Claim 3.2.5. The seminorm L is (C, D)-quasi-Leibniz.

Proof of claim. First, assume that a,b € sa () such that L(a) = 1 = L(b). By
definition of L, there exists a sequence (r,)neny C R that converges to 1 = L(a)
such that r, > 1 = L(a) and %a € Ly for all n € IN. In particular, we have
that the sequence (%a) C Ly converges to a with respect to | - ||o. Now, by

nelN
definition of Ly, for each n € IN, choose a,, € {c € sa(Upeny,) : L(a) < 1} such

that ‘ Gp — %CLHQ{ < % Therefore, for n € IN, we have:
1 1 1 1
lan —alla < ||an — —al| +|—a—a|| <—+|—a—a
Tn |y Tn a N rn 2

Thus, the sequence (ay,,),en converges to a with respect to |||l and L(a,,) < 1 = L(a)
for all n € IN. Since a # Oy as L(a) # 0, up to dropping to a subsequence, we have

that |lan| > 0 for all n € IN. Repeat the same process for b to find a sequence
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(bn)nen C sa(Upewy) of non-zero terms such that (b, )new converges to b with
respect to || - [Jar, while 0 < L(b,) < 1 = L(b) for all n € N. Now, for all n € IN
we have that a,b, + bpa, € sa (Upen2l,) such that (a,b, + bpan)nen converges to

ab + ba. Also, we gather that since L is quasi-Leibniz:

< C(L(a)|bnlla + L(b)llanll2) + DL(a)L(b)

< O(llnlla + llanlla) + D,

and since the right-hand side of the last inequality is non-zero, we have:

anby, + bpan

) <2 (Cbulla + lan]la) + D)

)SlforallnelN.

Now, the nce ( anbntbnan ) onverge abtba with
ow, the sequence | s, oy Hlanl)+D) ), oy OPVEEES YO E(pla+lal+D) W
respect to || - ||lo as all the scalars in the denominator are postive and converge to a

positive scalar. Thus, by Expression (3.2.1), we have that:

ab + ba
2(C([|blla + llalla) + D)

€ [ € 5a (Uneny) : L(o) <1371

={cesa(A):L(c) <1},

and thus:

ab + ba

C(aob) =L ( ) < O(Iblla + llalla) + D

(3.2.2)
for all a,b € sa (2) such that L(a) = 1 = L(b).

The same holds true for the Lie product {a,b} = 22,
Next, assume that a,b € sa () such that L(a),L(b) € (0,00) C R. Hence, we

have L <ﬁa) =1=L (ﬁb) . Thus:
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)+ o
2A 2A

1 1
= ¢ (1t + gglalla) + .

L(a)

where Expression (3.2.2) was used in the last inequality. Therefore:

Madﬁéu@uw<0<()Hh+LgﬂMm>+D>

= C (L(@)[1blla + L(b)llalla) + DL(a)L(b)

for all a,b € sa (A) such that L(a),L(b) € (0,00),

and the same holds for the Lie product {a,b}.

Now, for a,b € sa (), if either L(a) = oo or L(b) = oo, then the conclusion is
clear. Next, if a,b € sa () such that L(a) = 0 = L(b), then a,b € Rly and thus
aob € Rly and L(aob) = 0 = L({a,b}), which concludes this case. Finally, assume
that a,b € sa (), L(a) = 0 and L(b) € (0,00) C R. Thus, a = rly for some r € 2

and so ||a|lg = |r|- Now:

= [lallaL()

< C (llallaL () + [IbllaL(a)) + DL(a)L(b)

since C > 1,D > 0. Also, we have L({a,b}) =L (Tb;fb) = 0. The same holds if the
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roles of a and b are switched. Therefore, all cases are exhausted and the proof of

the claim is complete ]

Therefore, the pair (,L) is a (C, D)-quasi-Leibniz quantum compact metric
space of Definition (2.2.9).

For the C*-subalgebras. Fix n € IN. Since L is a quasi-Leibniz Lip-norm defined
on sa (U,en2Ly,), it is routine to check that L satisfies all but property 2. of Definition
(2.2.5) on sa (A,). To show property 2., we begin by noting that by Theorem (2.2.6)
there exists some state p € .(21) such that the set £ip, (Ql,[, ,u) is totally bounded

for || - ||a. However, since the set:
{a € sa(Ay,) : L(a) < 1,pu(a) =0} C Lipy (AL, 1)

and p € .#(2,), then by Theorem (2.2.6), the seminorm L is a quasi-Leibniz Lip-
norm on sa (2U,).

Now, we prove convergence. Let € > 0. The fact that Lip, (Ql, L, u) is totally
bounded by Theorem (2.2.6) implies that there exist ay,...,ar € Lip; (Ql, L, ,u) such
that Lip, (Ql,f, ,u) - U?:IBH'HQ( (aj,e/3).

By Expression (3.2.1), for each j € {1,...,k}, there exist a"i e Lip, (Ql,[) N

50 (Unen®ly) such that [la;—a’lly < e/3, and so |u(a})| = |u(a;—a})| < [laj—djlla <

/3 since states are contractive by definition. Hence:
Lip; (AL, 1) C Uj_ By (. 22/3) . (3.2.3)

Next, since af,...,a}, € sa (Upeny), let N =min{m € IN: {a],...,a}} C Ap,}.
Fix n > N. Let a € &ip; (A,L,p). By Expression (3.2.3), there exists b €
sa(An) C sa(2Ay) such that b € Lipy (An, L), [la — blla < 2¢/3, and |u(b)| < /3,

where p is seen as a state of 2,,. Now, we have that p(b) € R by Lemma (2.1.21)
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since p is positive, and so b — u(b)1y € £ip; (A, L, p) since Lip-norms vanish on

scalars. Therefore:

la = (b — ()1 g < lla — blla + [l(B) Lally < <. (3.2.4)

In summary, for each a € Lip, (Ql, L, ,u), there exists ¢ € Lip; (an,[, u) such that
la —¢c|la < & for n > N. Now, if a € Lip, (an,[, u), then a € Lip, (Q[,E, ,u,) and
la —alla=0<e.

Consider the bridge v = (2, 1y, idg, ¢5,) in the sense of Definition (2.3.2), where
idg : /A — A is identity and ¢, : A, — 2 is inclusion. But, since the pivot is 1g, the
height is 0. Now, combining Lemma (3.2.3), Inequality (3.2.4) and the subsequent
two sentences, we gather that the reach of the bridge is bounded by . Thus, by

definition of length and Theorem-Definition (2.3.16), we conclude:

Ae,p (2, L), (A, L)) <e,

which establishes convergence. The fact that (2,,L) = (,,L) for all n € IN is clear

by Expression (3.2.1), which completes the proof. O

Remark 3.2.6. Another nice consequence of Proposition (3.2.4) is that it utilizes
the notion of “closing” a Lip-norm in a non-trivial way. This notion was intro-
duced by Rieffel in [60] in the comments preceding [60, Proposition 4.4] to extend
a Lip-norm onto the completion of a space. Whereas, we use this notion to re-
strict our attention to a particular dense subspace to allow for finite-dimensional

approximations.

In order for Proposition (3.2.4) to have a powerful impact, we need to show
that all unital AF algebras may be equipped with quasi-Leibniz Lip-norms. In

Theorem (3.2.11), we show that this can be accomplished by using quotient norms
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and Rieffel’s work on Leibniz seminorms and best approximations [67]. However, to
accomplish this, we first prove a basic fact about certain Lip-norms in Proposition
(3.2.10). This fact is motivated by the observation that it can be the case that a
candidate for a Lip-norm, L, to be naturally defined on a unital dense subspace
dom (L) of 2 such that dom (L) N sa(2A) is dense in sa (A). Proposition (3.2.10)
will allow us to verify a condition in this candidates natural setting of dom (L) to
induce a Lip-norm on dom (L) Nsa (A). An example of an application of Proposition
(3.2.10) will be seen immediately in Theorem (3.2.11). But, first, a definition and

some basic results about best approximations.

Definition 3.2.7. Let 2 be a Banach space with norm || - ||q. We say that a norm
closed subspace B C 2 satisfies best approximation if for all a € A, there exists a
ba € B such that inf{[|a —bl|g : b € B} = [|a — by, where ||allg/p = inf{[la — blx :

b€ B} is the quotient norm.
The following result is well-known. However, we provide a proof.

Lemma 3.2.8. Let A be a Banach space with norm || - ||o. If B is a finite-

dimensional subspace of A, then B satisifes best approximation.

Proof. Let a € 2A. Consider the set B, = {b€ B : |la — bl < ||al]|a}, which is
non-empty since Oy € B, since Oy € B. Now, the sets {|la —b|ly : b € B} and
{|la = b||a : b € B,} are both bounded below by 0 and we claim that they have the
same infimum. Indeed, first, since B, C B, then [la|ly/p = inf {[|a — blo : b € B}
is a lower bound of {|la —b|ly:b € B,}. Assume by way of contradiction that
there is a lower bound [ of {|a —b|la: b € B,} such that |[als/s < . Now, since
|alla/s is the greatest lower bound of {|la — b|[y : b € B}, we have that [ is not
a lower bound of {|la —b||y : b € B}. Hence, there exists ¢ € B such that ||a —
clla < 1. Now, by definition of ®B,, we have that [ < ||allg. However, this implies

that |ja — ¢|la < < ||a||at, which shows that ¢ € B,. Yet, [ is a lower bound for
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B, and thus | < |la — ¢|lg < [, which is a contradiction. Thus, no such lower
bound for {[|a — bl[o : b € B, } exists, and so [|a||q/s is the greatest lower bound of

{lla = bljo : b € B,}. Therefore:
lallayss = inf {la — bl : b € BY = inf {[la— blla : b € B} (3.2.5)
Next, assume that b € B,. Then, we have that:
[1bllar < [la = bllac + llalla < flafla + [lalla = 2lall-

Therefore, the set B, = {b € B : |[a — b||a < |lalja} is bounded and is closed by
continuity of the norm and that B is closed by finite-dimensionality. By finite-
dimensionality, the set B, is compact. Now, define f, : ¢ € A — [la — c||s € R.
Again by continuity of norm, the map f, is continuous. However, since B, is
compact, we have that f,(B,) = {|la — || : b € B,} is compact in R. Thus, there

exists b, € B, such that:
la = balla = inf fu(Ba) = inf{la — blla : b € B, }.

But, by Expression (3.2.5), we have that |la|lgq/s = inf{[la —c[la : ¢ € B} =
inf{|la — clla : ¢ € By} = ||a — by|lau, which completes the proof as a € A was

arbitrary. O

Lemma 3.2.9. Let A be a C*-algebra. If B C 2 is a norm closed self-adjoint
subspace of A that satisfies best approximation, then for all a € sa () there exists
ba € 50 (B) such that the quotient norm ||al|s /s = |la — ba |-

Moreover, for all a € sa (), the quotient norms |lally/s = ||allsat)/sa()-

Proof. Let a € sa (). By assumption, there exists b € B such that [lallyq/p =

|a — blls. Now, set b, = 2= € sa (B) and:
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11, 11
—Ha—b—i—a—b*
o 2 2

2

a—b+b*
2 2

A

1 1 )
< 5”“‘17”91"'5 [(a—b)"lly

1 1
= Slla = b+ 5 llo — blly

= lla — bl

= HaHm/%

—inf{fla—cla: c € B} < Ha— bzb* .
since * is an isometry by Lemma (2.1.9). Therefore, we gather that [lalo/n =
la =25 [l = lla — bl

Next, let a € sa (), then by the above, there exists b, € sa (8) such that:

la — balla = lallo/os
= inf{||ja — b||o : b € B}
< inf{||a — bljy : b € sa (B)}

= |lallsa@)/sam) < lla = ballas

which completes the proof. O

Proposition 3.2.10. Let A be a unital C*-algebra and let L be a seminorm defined
on some dense unital subspace dom (L) of 2 such that dom (L) Nsa (2A) is a dense
subspace of sa (2A) and {a € dom (L) : L(a) = 0} = Clg.

If the set {a + Clgy € 2A/Clg : a € dom (L), L(a) < 1} is totally bounded in A/ Cly
for ||-lai/c1y > then the pair (A, L) formed by the dense unital subspace dom (L)Nsa (2A)
of sa () and the restriction of L to dom (L) Nsa (A) is a quantum compact metric

space.
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Proof. First, the set dom (L)Nsa (2A) is a dense subspace of sa (2() and {a € dom (L)N
sa(A) : L(a) = 0} = Rly. Next, let (a, + Rly),cn € {a+ Rly € sa(A)/Rly :
a € dom (L),L(a) < 1}. The sequence (an + Cly),cy € {a + Cly € A/Cly : a €
dom (L), L(a) < 1}. Hence, by assumption and total boundedness, there exists some
Cauchy subsequence (an,, + Clg), o With respect to || - [[a/c1y -

The space Clg is finite dimensional and therefore satisfies best approximation in
2 by Lemma (3.2.8). Also, we have that sa (Clg) = Rly. Note that a,, € sa () for
each n € IN. Hence, by Lemma (3.2.9) , the subsequence (ay,, + Rlgy), .y is Cauchy

with respect to || - [[sa()/R14» Which completes the proof. O

Theorem 3.2.11. Let 2 be a unital AF algebra with unit 1o such thatU = (A )neN
s an increasing sequence of unital finite dimensional C*-subalgebras such that 2 =
m”’“m, with Ag = Cly. For each n € N, we denote the quotient norm of A/,
with respect to || - ||la by Syp. Let B : IN — (0,00) have limit 0 at infinity.

If, for all a € A, we set:

LY (a) = sup { S ]N} ,

then the domain of LZ contains Upewy,, and

1. using notation from Proposition (3.2.4), we have that (QK, Lg), (an,L5>,
(91,@), and (an,@> for all n € N are Leibniz quantum compact metric

spaces where we view Lg restricted to sa () such that

2. limy, oo N0 ((an,@) , (Ql, @)) = 0 and lim, o A1 ((le '—Z) , (Q@@)) =
0.

Proof. We begin by proving 1. By [67, Theorem 3.1], for all n € IN, we have that
since 2, is unital, the quotient norm S,, satisfies condition 2. of Definition (2.2.9)

for C' =1, D =0, and therefore, so does Lg. Thus Lg is a Leibniz seminorm.
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To show that the seminorm only vanishes on scalars, note that 20g = Cly C U,
for each n € IN'\ {0} implies that LZ_l({O}) = Cly.

For the domain, let a € U,en2,, then there exists N € IN such that a € 2
for all & > N. Therefore, the seminorm Si(a) = 0 for all £ > N, and hence, the
seminorm Lg evaluated at a is a supremum over finitely many terms, and is thus
finite. Therefore, the domain of Lg contains Upen2,.

Since quotient norms are continuous, we have that Lg is lower semi-continuous
as a supremum of continuous real-valued maps.

Now, note that since [ is convergent, we have K = sup{S(n) : n € N} < oc.

Let go : A — A/Ag = 2A/Cly denote the quotient map. Define:
Ly = {a € Uneny 1 L (a) < 1}.

By way of Proposition (3.2.10), we now show that go(L1) totally bounded with re-
spect to the quotient norm on 2/Clgy, in which the quotient norm is simply Sy
since g = Clg. Let ¢ > 0. By definition of Lg, there exists N € N such that
B(N) < €/3, so that Sy(a) < B(N) < ¢/3 for all a € L;. Since Ay is a finite
dimensional subspace, there exists a best approximation to a in Ay for all a € Ly
by Lemma (3.2.8). Thus, for all a € Ly, by axiom of choice, set by(a) € An to be

one best approximation of a. Define:
By = {bN(a) eUN:a€ Ll}.
If a € Ly, then since g = Clg :

So(bN(CL)) = inf{HbN(a) — AlQ[HQl A E C}
= inf{|[bx(a) — a+a— Mgl : A € C}

< ||bwv(a) — allg + inf{[ja — Aly|| : A € C}
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= Sn(a) + So(a)

< B(N) + B(0) < 2K.

Hence, the set qo(By) C An/Cly is bounded with respect Sy on 2y /Cly,
and therefore totally bounded with respect to Sy on Ayx/Cly since Ay is finite
dimensional. Let Fiy be a finite £/3-net of go(Bx), so let fy = {bn(a1),...,bn(an) €
Ay :aj € L1,1,< j < n < oo} such that Fiv = qo(fwn).

We claim that go ({a1,...,a,}) is a finite e-net for go(L1). Indeed, let a € Ly,
then by(a) € By, so there exists by (a;) € fy such that Sy(by(a) — bn(aj)) < /3.

Therefore:

So(a — a;) < So(a —bn(a)) + So(bn(a) — bn(a;)) + So(bn(a;) — a;)
< lla—bn(a)lla+ /3 + [|bn(as) — ajlla

= Sn(a) +¢/3+ Sn(a;) <e.

Hence, the set go ({a1,...,an}) serves as a finite e-net for go(L1). Therefore, by
Proposition (3.2.10), the pair (Ql, Lg) is a Leibniz quantum compact metric space,
where we view Lg restricted to sa ().

The remaining conclusions follow by Proposition (3.2.4). O

Remark 3.2.12. We note that 2. of Theorem (3.2.11) is not obtained from an
inequality like that of 1., 2. of Theorem (5.1.3), and we suspect that in general, 2. of
Theorem (3.2.11) cannot be obtained from an inequality. This is because it is unlikely
that for a € 2, Lg(a) < 1 we have that Lg(bn(a)) < 1 for any best approxzimation of a
in2y, for alln € N, which was a crucial step for the the inequality of Theorem (3.1.3)
achieved by conditional expectations rather than best approximations. This highlights
a vital strength of the faithful tracial state case with the Lip-norms from Theorem

(8.1.3) since the inequality of Theorem (3.1.3) is crucial for our convergence results
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of AF algebras as we will see in the proof of Theorem (4.5.6). But, the Lip-norms of
Theorem (3.2.11) are vital for the general theory of AF algebras as quantum metric
spaces to provide natural finite dimensional approrimations in propinquity for all

unital AF algebras.

Remark 3.2.13. Proposition (3.2.4) and Theorem (3.2.11) can be easliy translated

to the inductive limit setting of AF algebras.

3.3 Quantum isometries between AF algebras

We find conditions that provide quantum isometries (Theorem-Definition (2.3.16))
between AF algebras with the Lip-norms from Theorem (3.1.3), or equivalently,
when their distance is 0 in the quantum propinquity, or equivalently, when they
produce the same equivlance classes that form the quantum propingtuiy metric
space. First, this is motivated by Bratteli’s conditions for *-isomorphisms for AF
algebras [11, Theorem 2.7]. Second, Inequality (4.5.8) of Theorem (4.5.6) along
with the convergence results of [3] display the importance of providing quantum
isometries not only at the level of the entire AF algebra, but also at the level of the
finite-dimensional C*-subalgebras.

We now present conditions for quantum isometries for AF algebras in the faithful
tracial state case. We note that the hypotheses of the theorem are natural since they
are chosen specifically to preserve the trace and the finite-dimensional structure of
the AF algebra, which are the ingredients used to construct the Lip-norms. Also,
Theorem (3.3.1) will be used in Theorem (5.2.1) to find appropriate inductive limits
that are quantum isometric to quotients. This is vital for convergence results since
the inductive limit setting is more appropriate to provide convergence as seen in
Section (4.5) and since most of our examples thus far are presented in the inductive

limit setting.
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Theorem 3.3.1. Let A be a unital AF algebra with unit 1y endowed with a faith-
ful tracial state p. Let U = (UAn)new be an increasing sequence of unital finite
dimensional C*-subalgebras such that A = mwm with Ag = Clg. Let B
be a unital AF algebra with unit 1y endowed with a faithful tracial state v and
V = (Bn)new be an increasing sequence of unital finite dimensional C*-subalgebras
such that B = m\\‘ll% with By = Clg. Let 5 : IN — (0,00) have limit 0
at infinity. Let LZW Lgyy denote the associated (2,0)-quasi-Leibniz Lip-norms from
Theorem (3.1.5) on A, B respectively.

If ¢ : A — B is a unital *~-monomorphism such that the following hold:
1. ¢(™Ay) =By, for alln € N, and
2. u=vodao,

then:

¢ (2{ Lf{,#) — (%,L@ﬁl’)

is a quantum isometry of Theorem-Defintion (2.5.16) and:

A2 ((m LZ#) : (%, L€7V)> = 0.

Moreover, for all n € N, we have:

Aoo (2L, ) » (B L)) = 0.

Proof. Fix a € 2. Let n € IN. By Example (2.1.13), since B, is finite dimensional,
the C*-algebra B,, = @lezm(n(j)) for some N € IN and n(1),...,n(N) € N\ {0}
with *-isomorphism 7 : @£1W(n(j)) — B,,. Let E be the set of matrix units
for EB;V:lDJT(n(j)) given in Notation (3.1.10). Define E, = {n(b) € B,, : b € E}. .
Furthermore, since ¢ : 2l < 9B is a *monomorphism that satisfies hypothesis 1.,

the map ¢ : A — B is a *-isomorphism by [11, Theorem 2.7]. Hence, by Proposition
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(3.1.13) and p =vo ¢ <= po¢ ! =, we gather that:

6(a) — E (6(a)|Ba)lg = |[6fa) - 3 LE2D),

v (e*e)

RN G o) ]
Y9 = X T )

A

la = (al2An) g,

where the last equality follows from Proposition (3.1.13) and the fact that ¢~ 1o :
@j-v:lfm(n( j)) — 2, is a *-isomorphism by assumption.

Thus, since n € IN was arbitrary, we have:

Ly, © éla) = Ly ,(a) (3.3.1)

for all a € 2. Hence:

o: (AL,) — (B.L5,)

is a quantum isometry by Theorem-Definition (2.3.16).
Also, we have (le, LZ u) is quantum isometric to (%m, L€ V) by the map ¢

restricted to %, for all m € IN by hypothesis 1., which completes the proof. O

Now, in Theorem (3.3.2), we provide quantum isometries in the case of the

Leibniz Lip-norms from Theorem (3.2.11) of the form Lg, and as a corollary, we will
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do the same for the Leibniz Lip-norms of the form Lg with the same hypotheses.
Now, since neither of these Lip-norms require information about a faithful tracial
state, the conditions to provide quantum isometries are weaker than for Theorem

(3.3.1). Indeed:

Theorem 3.3.2. Let A be a unital AF algebra with unit 1g. Let U = (Up)nen be
an increasing sequence of unital finite dimensional C*-subalgebras such that A =
mll-\\m with A9 = Cly. Let B be a unital AF algebra with unit 1y and
V = (Bn)nen be an increasing sequence of unital finite dimensional C*-subalgebras
such that B = m\l'll% with By = Cly. Let f: N — (0,00) have limit 0 at
infinity. Let Lg, L€ denote the associated Lip-norms from Theorem (3.2.11) on 2, B
respectively.

If ¢ : A — B is a unital *-monomorphism such that ¢(A,) = B, for alln € N,

then

o (A1) — (B.L7)

is a quantum isometry of Theorem-Defintion (2.5.16) and:

Avo ((m Lf,) , (iB, Lﬁ)) —0.

Moreover, for all n € N, we have:

i ((mn Lf,) : (%n, L€>> —0.

Proof. For eachn € IN, let S> : /A, — R denote the quotient norm and similarly
denote SP. Fix a € . Since ¢ : A — B is a *-isomorphism by [11, Theorem 2.7],

we have for all n € IN:
Sp (¢(a)) = inf {||¢(a) — bl|s : b € By}
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= inf {||¢™" (p(a) —b) [la: b € B}
= inf {[la — ¢~ (b) ]|l : b€ By}
= inf {|ja — d'|jo : @' € A, }

= 5;(a),

where in the second to last equality we use the fact that ¢—(8,) = A,. The rest
of the proof follows exactly as the rest of the proof of Theorem (3.3.1) starting at

Equation (3.3.1). O

We will now provide quantum isometries for the Lip-norms that provide the
desirable convergence of finite-dimensional spaces as seen in Theorem (3.2.11), and
we see a direct application of the importance of having quantum isometries that

preserve finite-dimensional approximations.

Corollary 3.3.3. Let 2 be a unital AF algebra with unit lo. Let U = (Ap)nen be
an increasing sequence of unital finite dimensional C*-subalgebras such that A =
mll‘\\m with g = Cly. Let B be a unital AF algebra with unit 1l and
V = (Bp)nen be an increasing sequence of unital finite dimensional C*-subalgebras
such that B = m\l'llw with By = Cly. Let f: N — (0,00) have limit 0 at
infinity. Let @,@ denote the associated Lip-norms from Theorem (3.2.11) on 2, B
respectively.

If ¢ : A — B is a unital *~monomorphism such that ¢(A,) = B, for alln € N,

then there exists a quantum isometry (not necessarily ¢) from (Ql, Lg) to (‘B, Lﬁ)

o (3. () =o.

and thus:

Moreover:

Ao ((an,@> , (%n,@)> =0 for alln € IN.
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Proof. By Proposition (3.2.4), we have that (Q(n,@> = (an, LZ) and (%n,@) =
(‘Bn, L@) for all n € IN. Thus, by Theorem (3.3.2), we have that:

A1,0 ((%n,@> , (%m@)) —0

for all n € IN by the triangle inequality.

Next, by the triangle inequality, we have:

Mo ((2.8) . (3.15)) < Mo ((2.1) . (20.157))

() (3 )) o

o (30.5)- (5.

Hence, we have A1 g ((Ql, @) , <‘B,@>> = 0 by part 2. of Theorem (3.2.11). There-
fore, by Theorem-Defintion (2.3.16), there exists a quantum isometry from (91,@)

to (%,@). 0

Remark 3.3.4. The reason we state “(not necessarily ¢)” in the above corollary
is that in the case of the Lip-norms LTB, we do not know explicitly how they are
defined outside sa (Upew®ly,) and therefore on their entire domains. Hence, the proof
of Theorem (3.3.2) cannot be used in this case. Thus, we see that the proof of
this corollary as a consequence of the quantum propinquity and the importance of
preserving finite-dimensional approrimations. The map ¢ worked as a quantum

isometry in Theorem (3.3.2) since we have an explicit definition of Lg on all of 2.
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Chapter 4

Continuous families of AF
algebras with respect to

Gromov-Hausdorftf Propinquity

Now that quantum metric structure has been established for AF algebras, just
as compact metric spaces are studied in the classical Gromov-Hausdorff topology
of Definition (2.3.17), we seek to study quantum metric spaces in the quantum
Gromov-Hausdorff propinquity topology of Theorem-Definition (2.3.16).

The main classes of AF algebras we study in this chapter are the UHF algebras
of Glimm [28] and the Effros-Shen algebras of Effros and Shen [22]. Both of these
classes are deeply rooted in the history of C*-algebras as discussed in Section (2.1.2).
Thus, we felt it necessary to begin our study of AF algebras in the quantum Gromov-
Hausdorff propinquity topology with these classes.

In Section (4.1), we show that the class UHF algebras equipped with quantum
metric structure from Theorem (3.1.3) form a continuous image of the Baire space
via their defining multiplicity sequences. In Section (4.2), we do the same for the

Effros-Shen algebras, which also establishes this class as a continuous family with
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respect to there defining irrational parameters. Due to these results and a character-
ization of compact subsets of the Baire space, we establish some nontrivial compact
classes of UHF and Effros-Shen algebras in Section (4.3). Section (4.4), shows how
one may continuously vary the Lip-norms of Theorem (3.1.3) on a fixed AF algebra.
Lastly, Section (4.5) utilizes the examples of convergence established in Sections
(4.1,4.2) to provide general criteria of convergence of AF algebras. This criteria not
only provides the continuity results of Sections (4.1,4.2), but also gives a valuable
tool to provide the convergence results of Chapter 5.

As a final note, Section (4.5) is taken from the author’s work in [1], and the
remaining sections of Chapter 4 are due the work of F. Latrémoliere and the author

in [3], in which they established the first examples of convergence of AF algebras.

4.1 UHF algebras

As introduced in Example (2.1.79), a uniform, hyperfinite (UHF) algebra is a
particular type of AF algebra obtained as the limit of unital, simple finite dimen-
sional C*-algebras. UHF algebras were classified by Glimm [28] and, as AF algebras,
they are also classified by their Elliott invariant [19]. In this section, we will study
UHF algebras in the context of Noncommutative Metric Geometry. To accomplish
this, one must first provide quantum metric structure for UHF algebras. By Lemma
(2.1.80), UHF algebras are always unital simple AF algebras, and thus they admit
a faithful tracial state. Moreover, the tracial state of a UHF algebra 2l is unique.
Therefore, we have two choices for quantum metric structure via conditional expec-
tations from Theorem (3.1.3) or via quotient norms from Theorem (3.2.11). It will
be evident in Theorem (4.1.7) that the right choice is the conditional expectation
construciton from Theorem (3.1.3) and the inequality it provides on the distance

from the finite-dimensional C*-subalgebras.
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By Theorem (2.1.18), up to unitary conjugation, a unital *-monomorphism « :
B — 2A between two unital simple finite dimensional C*-algebras, i.e. two nonzero
full matrix algebras 2 and B, exists if and only if dim 2 = k% dim B for k € IN, and

o must be of the form:

a€Br— e, (4.1.1)

in which there are k-copies of a on the diagonal and 0’s elsewhere.
It is thus sufficient, in order to characterize a unital inductive sequence of full

matrix algebras, to give a sequence of positive integers:

Definition 4.1.1. Let T = (2,,, an)nen be an inductive sequence of unital, simple

finite dimensional C*-algebras with o, a unital *-monomorphism for each n € IN

and Ay = C.
The multiplicity sequence of Z is the sequence <\ / m) . of positive inte-
ne
gers, where dginnflﬁzl is the multiplicity of v, for each n € N by Definition (2.1.14)

and Example (2.1.79).

A multiplicity sequence is any sequence in IN \ {0}. A UHF algebra is always

obtained as the limit of an inductive sequence in the following class:

Notation 4.1.2. Let .S Ful? Soittvctiie be the set of all unital inductive sequences
of full matriz algebras whose multiplicity sequence lies in (IN'\ {0,1})N and which

starts with C.

UHF algebras have a unique tracial state, which is faithful since UHF algebras
are simple. We make a simple observation relating multiplicity sequences and tracial
states of the associated UHF algebras, which will be important for the main result

of this section.
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Lemma 4.1.3. Let T = (n, n)neN in Tt Futl Sonttective.  Let A = limZ and
let pgy be the unique tracial state of A, which is faithful. Let ¥ be the multiplicity

sequence of T.

1. If a € A, then:
1

15 90)

where Tr is the unique trace on A, which maps the identity to dim2A,,.

Tr(a)

2. Let J = (Bn, A)neN in it Tt # Sorttootive and set B = hglj. Let psg the
unique tracial state of 5. If the multiplicity sequences of T and J agree up to
some N € N, then for all n € {0,..., N}, we have 2,, = B, and moreover,

for all a € A, =B, we have:
pa 0 as(a) = psp 0 o (a).

Proof. Every UHF algebra has a unique faithful tracial state by Lemma (2.1.80).
Assertion 1. follows from the uniqueness of the tracial state on 2, for all n €
IN, which follows from the characterization of tracial states finite-dimensional C*-
algebras in [19, Example IV.5.4].

Assertion 2. follows directly from Assertion 1. O

The set A" of sequences of positive integers is thus a natural parameter space
for the classes UHF* of Notation (3.1.8). .4 can be endowed with a natural metric

d, and we thus can investigate the continuity of maps from (.4, d) to (Z/l’H]-— k. /\270).

Definition 4.1.4. The Baire space 4 is the set (IN\{0})™ endowed with the metric

d defined, for any two (x(n))nen, (y(n))nen in A, by:

0 cif x(n) = y(n) for alln € N,
d ((z(n))new, (¥(n))new) =
o— min{neNz(n)Zy(n)} . piherwise.

154



Remark 4.1.5. We note that it is common, in the literature on descriptive set

theory, to employ the metric defined on A" by setting on (z(n))nen, (Y(N))new € A :

0 cif x(n) = y(n) for alln € N,
d' ((z(n))nen, (Y(n))nen) = 1 Yy

TFmmneNamZym)] - Otherwise.

It is however easy to check that d and d' are topologically, and in fact uniformly
equivalent as metrics. Our choice will make certain statements in our paper more

natural.

We now prove the result of this section: there exists a natural continuous sur-

jection from the Baire space .4 onto UHF* for all k € (0,00). We recall:

Definition 4.1.6. A function f : X — Y between two metric spaces (X,dx) and

(Y,dy) is (c,r)-Holder, for some ¢ =0 and r > 0, when:

dY(f(x)v f(y)) < CdX(x7y)T

forall xz,y € X.

Theorem 4.1.7. For any 8 = (3(n))nen € A, we define the sequence X by:

1ifn=0,
XB=néeNr—

Hg—:& (B(j) + 1) otherwise.
We then define, for all 5 € A, the unital inductive sequence:
Z(B) = (M (KB(n)) , an),en

where M(d) is the algebra of d x d matrices and for all n € W, the unital *-

monomorphism o, is of the form given in Expression (4.1.1).
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The map u from A to the class of UHF algebras is now defined by:

(ﬁ(n))nE]N €N r— u((ﬂ(n))nE]N) = hﬂz(ﬁ)

Let k € (0,00) and B € A . Let Lg be the Lip-norm Lg(ﬁ)u on u(B) given by

Theorem (3.1.3), the sequence ¥ : n € IN — KB(n)* and the unique faithful trace p

on u(p).
The (2,0)-quasi-Leibniz quantum compact metric space (u(ﬁ), Lg) will be de-

noted simply by ubf (5, k).

For all k € (0,00), the map:
ubF (- )+ (A, d) — (UHFF, No)

is a (2, k)-Hélder surjection, where UHF* is defined in Notation (3.1.8).

Proof. We fix k € (0,00). Let f € A and write Z(8) = (2, @ )nen. Note that
A, = M(XSB(n)) for all n € IN. Moreover, we denote ubf (53, k) by (2, Ly).
We begin with a uniform estimate on the propinquity.

Fix n € IN. By definition, K3(n) > 2". By Theorem (3.1.3), we conclude:

Moo (2 La), (@20, L) ) <BB(m)~* < 277,

Now, (a_T;(an), LQ[) and (ﬂn, Ly o 04”) are quantum isometric of Theorem-Defintion

(2.3.16) via the quantum isometry o : A, — a/y(2y), so:

Aso ((m, Lo, (mn Ly o g;)) <2k (4.1.2)

Let now n € A and write Z(n) = (B, &), )nen. Note that B, = M(Xn(n)) for

all n € IN. Moreover, we denote ubf (n, k) by (B,Ly).
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Let N = —logyd(8,n) € N. If N = 0, then the best estimate at our disposal is

given by Corollary (3.1.9), and we conclude:

A2,0((; L), (B, L)) < max{®B(0),Xn(0)} =1 =d(n, ).

Assume now that N > 1. By definition, X3(j) = Kn(j) for all j € {0,...,N}.
By Lemma (4.1.3), we note that 2Ax = By = M(KF(N)), and moreover:

J — 1y
o = o
U9 © & sy © &

for all j € {0,...,N}.
We now employ the notations of Notation (3.1.10). For all j € {0,..., N}, we
thus fix the canonical set {ex ,, € M(XB(5)) : k,m € I;} of M(KB(j)), where:

I ={(k,m) e N*: 1 < k,m < KB(j)}.

Next, for all j € {0,..., N}, we have that (U;, ;) = (B;,a ;). Therefore, if
j S {0,.. . ,N — 1}, then QjN-1 = ON-1 0 --00Q; = O/N—l o:--0 O/j = O/j,N—l-
Also, by definition of the canonical maps oz_>" and Proposition (2.1.66), we have that
if ¢ € A;, then ci];(c) = a_>N(ozj7N_1(c)) = a_>N(a’j,N_1(c)) for j € {0,...,N — 1}.
Thus, from Expression (3.1.7) for all a € M(KB(N)),j € {0,..., N — 1} we note:

A
N pa (e (e (@))
= ()4_)(@)— . o (ep)
lel; M (Oﬁ)(‘f}kel)) N
o (ajn-1(e))a (@)
_ a—>N(a) B b1 _>N]N 1€ — )CV_>N(O(] N_l(el))
e (@ (esa(egen)

2A
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i (@ (v (€)a)

—a-

IeT; s (04_>N(aj7N—1(€Z‘ er))

N / *
pa oty (oj n-1(ejer)
el o () M(RB(N))
N / *
pss 0 &N (o5 n-1(ef)a)
= G_ZM%OO[/—]\;(O/]N l(eiel))aj:Nl(el)
el — Y : M(RB(N))

- 5 (S (@ n1(ep)a)) o)
= |laa” (a) — a (& N-1(€]
7 T (O/_>N(Oé iN-1(¢f 61))) Y .
I . (e @)

If j > N, then B (og(a))%j(mj)) = a/(a) and E (o/_>N(a)

a4(B)) = o’ (a)

by definition of conditional expectation. Consequently, by definition:

N IN
Loio 't =1 o
A ; B 5

SO:

/\2,0(<2{N,Lmoa_>N),(%N,L%O(ﬂ)) —0. (4.1.4)

Hence, by the triangle inequality applied to Inequalities (4.1.2) and (4.1.4):

Na.o(uF (6. ), ubf (0. ) < 5z < 24(5,)"

Last, we show that the map ubf(-, k) is a surjection. By Example (2.1.79), if

il is a UHF algebra, then there exists an inductive sequence Z = (2, ap)nen of
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full matrix algebras whose limit is 4 and such that 2o = C, while the multiplicity
sequence 8 of Z is in IN'\ {0,1}. Thus u((8(n) — 1)pew) = 4. Moreover, any Lip-
norm L on 4 such that (4, L) € UHF* can be obtained, by definition, from such a

multiplicity sequence. O

Remark 4.1.8. Inequality (4.1.2) is sharp, as it becomes an inequality for the
sequence ¢ = (1,1,1,...) € A, and we note that the UHF algebra u(c) is the CAR

algebra presented in Example (2.1.79).

Remark 4.1.9. Since d is an ultrametric on A, we conclude that d* is a topo-
logically equivalent ultrametric on A as well. Hence, we could reformulate the

conclusion of Theorem (4.1.7) by stating that ubf (-, k) is 2-Lipschitz for d*.

4.2 Effros-Shen algebras

The original classification of irrational rotation algebras, due to Pimsner and
Voiculescu [58], relied on certain embeddings into the AF algebras constructed from
continued fraction expansions by Effros and Shen [22]. In [40], Latrémoliere proved,
in particular, that the irrational rotational algebras vary continuously in quantum
propinquity with respect to their irrational parameter. It is natural to wonder
whether the AF algebras constructed by Pimsner and Voiculescu vary continuously
with respect to the quantum propinquity if parametrized by the irrational numbers
at the root of their construction. We shall provide a positive answer to this problem
in this section.

In [58], Pimsner and Voiculescu construct, for any 6 € (0,1)\ @, a unital *-mono-
morphism from the irrational rotation C*-algebra 21y, i.e. the universal C*-algebra
generated by two unitaries U and V' subject to UV = exp(2inf)VU, into an AF
algebra. These AF algebras, denoted 2AFy, were the AF algebras defined in Example

(2.1.72). This was a crucial step in their classification of irrational rotation algebras
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and started a long and fascinating line of investigation about AF embeddings of
various C*-algebras.

In order to apply our Theorem (3.1.3), we need to find a faithful tracial state on
AFg, for all # € (0,1) \ Q. We shall prove that for all § € (0,1) \ Q, there exists a
unique tracial state on AFy which will be faithful as 4§y is simple. The source of
our tracial state will be the K-theory of 2Fy.

We refer to [19, Section VI1.3] for the computation of the Elliott invariant of AgFy,

which reads:

Theorem 4.2.1 ([22]). Let 6 € (0,1)\ Q and let Cy = {(x,y) € Z? : 6z +y > 0}.
Then Ko(AFg) = Z* with positive cone Cy and order unit (0,1). Thus the only state
of the ordered group (Ko(A§p), Co, (0,1)) is given by the map:

(z,y) € Z* — Bz + 9.

Thus ATy has a unique faithful tracial state, denoted by oy.

Proof. By [19, Section VI.3], we only check that oy is faithful. However, the C*-
algebra gy is simple by its diagram in Example (2.1.87) the diagramatic character-
ization of unital simple AF algebras in [19, Corollary 111.4.3]. Therefore, by Lemma

(2.1.43), the tracial state oy is faithful. O
Therfore, we have all the ingredients to define our quantum metric on 2AgFy.

Notation 4.2.2. Let 6 € (0,1)\ Q and k € (0,00). The Lip-norm L on Ay

is the lower semi-continuous, (2,0)-quasi Leibniz Lip-norm L%) defined in Nota-

00

tion (3.1.8) based on Theorem (8.1.3), where Ty = (ATg.n, on)new as in Notation
(2.1.82).

As Theorem (3.1.3) provides Lip-norms based, in part, on the choice of a faithful

tracial state, a more precise understanding of the unique faithful tracial state of AgFy
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is required. We summarize our observations in the following Lemma (4.2.3) and

Lemma (4.2.5).

Lemma 4.2.3. Let 0 € (0,1) \ Q and let op be the unique faithful tracial state of
AFe, and fir n € IN\ {0}. Using Notation (2.1.82), let:

Ogn = 09O oﬁ.

Let trg be the unique tracial state on IM(d) for any d € N. Then, if (p?)nen and

(@) new are defined by Expression (2.1.12), then:

0ot a®beE ATy — t(0,n)tree(a) + (1 — t(0,n))trqz_1(b),

where

10, m) = (~1)""f (9451 — )1 € (0,1).
Proof. The map oy 5, is a tracial state on AFy , = M(q?) @M(q?_,), and thus there
exists t(n, 0) € [0, 1] such that for all a ® b € AFy

opn(a®b) =t(0,n)trpe(a) + (1 —t(0,n))tre (D).

An—1

Let 0, : Ko(AF9) — R be the state induced by oy on the K group of AFy. We then

have:

t(9, n) = Ugm(l{m(qz) D 0)

= 09 o ay(loyey B 0)
4 (4.2.1)

@

= 0.0 K (oﬁ) . ,
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where K (a?) is the map from Ko(AFy,) = 72 to Ko(AFg) = Z* induced by OLTL)-
—>

By construction, following [19, Section VI.3|, we have:

0 0

0

Ay — —q q
t(0,n) = (—1)" o, el £ I
*pﬁ—1 P?L 0

0 0

An—19

_ (_1)11—10_* n—14n

—Pz—ﬂz

= (1" (Bab_, — B ).

Since 6 is irrational, £(6,n) # 0. Since Lop(ge) @ 0 is positive in AFg, and less
than lgg, ., we conclude ¢(0,n) € (0, 1].
To prove that t(6,n) < 1, we may proceed following two different routes. Ap-

plying a similar computation as in Expression (4.2.1), we get:

G0 (00 Ion_ ) = (~1)"dhy (0a) ~ 5

and again as 0 is irrational, this quantity is nonzero. As1 = oy, <1gm(qz) D l‘m(q‘),l))’
our lemma would thus be proven.

Instead, we employ properties of continued fraction expansions and note that

since plgy_y —ph_1q; = (=1)" "

1—t0,n)=1-(-1)""b(0¢5_ —p°_y)

= ()" (D)™ = ah0a i)
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= (=" (b — Phoadh — ah(0aby — D))
= (1) (2(6a3-1) — a1 )

= (=g, (HCJfL - pi) :

which is nonzero as 6 is irrational, and is less than one since ¢(f,n) > 0. This

concludes our proof. O

Remark 4.2.4. We may also employ properties of continued fractions expansions
to show that t(0,n) > 0 for all n € N. We shall use the notations of the proof of

Lemma (4.2.3). We have:

0 0

b
1% <0< 3n+1
4z don+1

and thus 0¢5, — p%, > 0 and p%, ., — 045, > 0, which shows that t(,n) > 0 for

alln € IN (note that ¢° € N\ {0} for alln € N since § > 0).

We wish to employ Expression (3.1.7) and thus, we will find the following com-

putation helpful:

Lemma 4.2.5. Let 0 € (0,1)\ Q and let n € IN\ {0}. Let {e1jm € AFpn : 1 <
d,m < g%} and {eajm € UTo, : 1 < jym < ¢2_1} be the standard family of matriz

units in, respectively, M(q?) and M(¢%_,) inside AFp,, = M(¢4) ® M(¢%_,) via

)
Qg.n, as in Notation (3.1.10) and with (p!)

O Vnew and (¢2)new defined by Expression

(2.1.12).

For1<j,m< qg, we compute:
n( * ) ) _ (_1)71—1(9 0 0 )
) Oé_> 617]7m61,],m dn—1 = Pn—1
while, for 1 < j,m < qz_l:

9(a} (€3 j me2,jm)) = (—=1)"(0dh — pY).
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Proof. Let 1 < j,m < ¢®. By Lemma (4.2.3), we have:

op (ﬁ(ei,j,mel,j,m)) =t(6, n)trqf1 (e}"j’meldw) +(1-1t(6,n))-0

= (-1)""10¢%_, —pl_,).

And, a similar argument proves the result for the other matrix units. O

Our proof that the map 6 € (0,1)\ Q — (2Fg, Lp) is continuous for the quantum
propinquity relies on a homeomorphism between the Baire space of Definition (4.1.4)
and (0,1)\ Q, endowed with its topology as a subspace of R. Indeed, the map which
associates, to an irrational number in (0, 1), its continued fraction expansion is a
homeomorphism (see, for instance, [53]). We include a brief proof of this fact as,
while it is well-known, the proof is often skipped in references. Moreover, this will

serve as a means to set some other useful notations for our work.

Notation 4.2.6. Define cf : (0,1)\ Q — A by setting cf(0) = (bn)nen if and only
if 6 = [0,bg,b1,...]. We note that cf is a bijection from (0,1)\ Q onto A", where
N is the Baire space defined in Definition (4.1.4). The inverse of cf is denote by
ir: 4/ —(0,1)\ Q.

Notation 4.2.7. We will denote the closed ball in (A ,d) of center v € A and
radius 2N by A [z, N] for N > 0. It consists of all sequences in A whose N first

entries are the same as the N first entries of x.

Proposition 4.2.8. The bijection:

cf - ((0,D\NQ,[-]) — (47,d)

1s a homeomorphism.
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Proof. The basic number theory facts used in this proof can be found in [32]. Since
every irrational in (0,1) has a unique continued fraction expansion of the form
given by Expression (2.1.11), and every sequence of positive integers determines
the continued fraction expansion of an irrational via the same expression, cf is a
bijection.

We now show that cf is continuous. Let b = (b, )nen € A and let:

f = lim € (0,1)\ Q.

n—o0

bo +

b+ ———

S
S

Let V = A4'[b, N]| for some N € IN\ {0}.
Let n € of (V) and let (x,)nen = cf(n). Thus, for all j € {0,...,N — 1}, we

have x, = b,. Define Iy, as the open interval with end points:

and )

bo + bo +
1 1
b+ — b1 +

. 1 . 1
g bn—1 g by_1+1

and let On, = Ing, \ Q.

By construction, © y , is open in the relative topology on (0,1)\ Q, and since 7 is
irrational, we conclude n € Oy, \ Q. Furthermore, cf(Oy,) C V, which concludes
the argument since the set of open balls in .4 is a topological basis for 4.

Next, we show continuity of ir by sequential continuity. Let (b"),en be a sequence

in 4, where, for all n € IN, we write b" = (b}},)men. Assume (b"),eN converges to
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some b € 4 for d. Denote § = ir(b) € (0,1) \ Q and 6,, = ir(b") € (0,1) \ Q for all
n € IN.

Let € > 0, using Notation (2.1.12), there exists N; € IN such that 2/ (q%,l)2 <e.
Next, By Definition (4.1.4) of our metric d on .#", we have that there exists N € IN
such that for all n > N, we have b?, = b,, for all m € {0, ..., N1}, and thus ¢’» = ¢¢,
and pf» = pf for all m € {0,..., N1 }.

Let n > N, then standard estimates for continued fraction expansions lead to:

lir(®™) — 0] = |ir(v™) — o, Ja%, + %, /d%, — 9‘

< ir(®™) — p%, /%,

+ )p?vl/Q?vl —9’

0 0
= |0n — P, JaX ‘le/qu —9‘

1/ (qﬁ’@ +1/ (q]evl)Q

=2/ (q]@\h)Q <e.

A

Thus, we conclude that lim, o ir(b") = 6 = ir(b) as desired, and our proof is

complete. ]

Our main result will be proven in four steps. We begin by observing that the
tracial states of AFy provide a continuous field of states on various finite dimensional

algebras.

Lemma 4.2.9. Let 6 € (0,1)\ Q and N € N. Let (p!)nen and (¢2)new be defined
from cf(0) using Expression (2.1.12). For alln € {0,..., N}, the map:

sn: (z,a) € A[cf(0), N + 1] X ATy n > Tir(a) (%(a)) (4.2.2)

is well-defined and continuous from N [cf(0), N + 1] X (AFon, || - lag,.,.) to R.
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Proof. We note that the result is trivial for n = 0 since sq is the identity on C = 2§, o
for all x € A,

Let z,y € A[cf(0), N] and set n = ir(x) and £ = ir(y). Since d is an ultrametric
on ./, we note that d(x,y) < 2%\,

We now use the notation of Expression (2.1.12). The key observation from

Expression (2.1.12) is that the functions:

2 e N[eF0). N +1] o (5, 50)

are constant for all n € {0,..., N}, equal to (¢Z,p!) — since d(z,cf(f)) < 2]\,%

implies that the sequences = and cf(#) agree on their first N entries.

Thus, setting B,, = ATy, we have:
M(qp) & M(gp—1) = B

for all n € {0,..., N}, and the maps defined by Expression (4.2.2) are well-defined.
Let now n € {1,..., N} be fixed. Let a € B,, and write a = a’ ® a” € M(¢?) ®

M(¢®_,). By Lemma (4.2.3), we compute:

n

70 02(a) = oy 0 (@) = [H(Em) 10 ing &) ~ g ()
< 2[(€ n) — t(n,n)ll|alls,
= 2|g5(Edh—1 — Ph_y) — do(ndhy—1 — Po—1)lllalls,,
= 2|qhap1[1€ — nlllalls,

= 2|qngn-1|lir(y) — ir(2)ll|alls,-

As n < N is fixed, and ir is a homeomorphism, we conclude that if (y,)men is a

sequence in 4|0, N 4 1] converging to x then:
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151y, © @, (@) = 0 0 )| = 0.
Thus we have established that the partial function s,(-,a) are continuous for all
a € B,.

We now prove the joint continuity of our maps. Let a,b € 9B,, and 7, £ as above.

Then:

= () = 0 o (050) = (250
o (159) =020

(ego) (4]

o (140) - (50)|

It follows immediately that the map s,, defined by Expression (4.2.2) is continuous

+

< lla = blla, +

as desired. O

Our second step is to prove that, thanks to Lemma (4.2.9), the Lip-norms in-
duced from AFy on their finite dimensional C*-subalgebras form a continuous field
of Lip-norms [61]. Moreover, we obtain a joint continuity result for these Lip-norms,

which are thus in particular continuous rather than only lower semi-continuous.

Lemma 4.2.10. Let § € (0,1)\ Q and N € IN. Let (p?)new and (¢2)nen be defined
from cf(0) using Expression (2.1.12). For alln € {0,...,N} and k € (0,00), the

map:

b (2,0) € A[eF(0), N + 1] x ATy — LE) <%(a)> (4.2.3)
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defined using Notation (4.2.2), is well-defined and continuous from A [cf(8), N +
1% (B, |- 3, to R.

Proof. We note that the proof of Lemma (4.2.9) also establishes, by a similar argu-
ment, that the maps |,, are well-defined for all n € {0,..., N}. We also note that Iy
is constantly 0, and thus the result is trivial for n = 0.

Fixn e {1,...,N}. Let z,y € A[cf(0), N+1] and write n = ir(z) and £ = ir(y).
As within the proof of Lemma (4.2.9), we note that for all M € {0,...,n}, we have
that and set qpr = q]‘g\/[ =q) = qﬁ/l and similarly, pys = p?w =pl, = pﬁ/[ (using
the notations of Expression (2.1.12) ). Furthermore, for all M € {0,...,n}, we
set (B, anr) = (AFo,mapnr) = (AFyar, o) = (ASe, v, e vr) - Note further
that aprp—1 = ap_10---0ay = g Mn—1 = Oy Mn—1 = Q¢ Mn—1 for all M €
{0,...,n—1}.

Fix M € {0,...,n — 1}, we employ the notations of Notation (3.1.10) and thus,
we have a set {e1jm € By : 1 < j,m < g} of matrix units of M(qar) € B and
aset {ezjm € B : 1< j,m < qy—1} of matrix units for M(gar—1) C Bas.

To lighten our notations in this proof, let:

L={1jmeN:1<jm<qu}, b={(27m) ecN:1<jm<qu_1}

and I = 11 U L.

Let a € B,. By Expression (3.1.7) and the same argument provided by Equation

(4.1.3) in the proof of Theorem (4.1.7), we conclude that:

%@M))

ahf) (@

Oﬁ(aM,n—l@;)a)) anrn-1(e;)
)

A3,

Bn
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and

o) -® (sgofesimm)], oz -2 (golgm)],
G ) N
NE ) L
- bZ% @(W 1(6;)b))aM (e))
L og Og( 6j)> .
< lla =0,
o | og(amn-i(ef)a) ) oe | of(a (e})b)
M(qnr)
M(arr-1)

Sn, <JZ, aM,n—l(e;)a) Sn, (y, aM,n—l(e;)b>
E : - : €;j
“ qu—1ir(x) — par—1 qm—1ir(y) — pym—1
Jjeh

Sn |2, anmn—1(€})a Sn Yy amn—1(€5)b
> - ¢

quir(z) — py quvir(y) — pm

= [la = b, +

M(qnr)

+

el M(qnr—1)
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where we used Lemma (4.2.5) in the second inequality above, and s,, is defined by
Expression (4.2.2). Now, since ir is a homeomorphism from .4 to the irrationals
in (0,1), and the map s, is continuous by Lemma (4.2.9), we conclude that as

I = I, U I is finite:

(z,a) € A[cf(0),N + 1] x B,
1
T B

(4.2.4)

n

ol (@) — B (%@

e (SBM)>

Q[Sir(a:)

1
((aar)2+(ani—1)2)" "

Last, we note that since for all j > n we have:

is continuous, where S(M) =

B <%<a> a{ﬂmaﬂ-)) = af (@)

by definition of conditional expectation, and therefore, the function I, is the maxi-
mum of the functions given in Expression (4.2.4) with M ranging over {0,...,n—1}.
As the maximum of finitely many continuous functions is continuous, our lemma

is proven. [

Our third step establishes a bound for the propinquity between finite dimensional
quantum compact metric spaces which constitute the building blocks of the C*-

algebras AFy.

Lemma 4.2.11. Let § € (0,1)\ Q and N € IN. Let (p?)new and (¢2)nen be defined
from cf(0) using Expression (2.1.12). For alln € {0,...,N} and k € (0,00), setting
B, = ATy, the map:

qn:x € Acf(0), N + 1] — (SBn, Likr(x) o O‘ﬁ@;) (4.2.5)

defined using Notation (4.2.2), is well-defined and continuous from (A, d) to the

class of (2,0)-quasi-Leibniz quantum compact metric spaces metrized by Nag.
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Proof. The statement is obvious for n = 0. Thus, let n € {1,..., N}. Let 20 be any
complementary subspace of Rly in sa (B,) — which exists since sa (28,,) is finite
dimensional. We shall denote by & the unit sphere {a € 20 : ||a||s, = 1} in 20.
Note that since 20 is finite dimensional, & is a compact set.

We let z € A[cf(0), N + 1]. Let (ym)men be a sequence in A [cf(0), N + 1]
converging to x. Let:

S={z,ym :meN} x6&

which is a compact subset of .4 x 2. Since the function:
l, : (u,a) € A[cf(0), N] x B, —> Likr(u) <aﬁ(u (a))

is continuous by Lemma (4.2.10), |, reaches a minimum on S: thus there exists
(z,¢) € S such that mingl,, = |,,(z,¢). In particular, since Lip-norms are zero only
on the scalars, we have I, (z,¢) > 0 as [|c[lsg = 1 yet the only scalar multiple of 1g,,
in 2 is 0. We denote mg = l,(z,¢) > 0 in the rest of this proof. Moreover, |, is
continuous on the compact S so it is uniformly continuous.

Let ¢ > 0. As |, is uniformly continuous on S, there exists M € IN such that for

all m > M and for all a € & we have:

b (Y @) — (0, @)| < mie.

We then have, for all a € & and m > M:

a— |n(ymva)a — “Tb(ym’a) B |Tb(x7a)| HCLH%n
ln(z,a) g, I (z, a)
Em%
< —= < mge.
mg

Similarly:
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a

-

n(Ym, @)

< mge, (4.2.6)
B

by switching the roles of y,, and =x.
We are now ready to provide an estimate for the quantum propinquity. Let

m > M be fixed. Writing id for the identity of 9B,,, the quadruple:

v = (B, 1y, 1d,1d)

. . k k
is a bridge from (%n, Lir(ym) ) a?r(ym ) to (‘Bn, Lir(m) ) ag(wg).
As the pivot of 7 is the unit, the height of v is null. We are left to compute the

reach of ~.
Step 1. Assume that a € Rlg,, .

We then have that |,,(ym,a) = 0 as well, and that |a — al|s, = 0.
Step 2. Assume that a € G.

We note again that I,,(z,a) > mg > 0. By Inequality (4.5.4), we note that:

N

|
Ha—ln(x’a)a emg < ely(z,a),

n(Ym @)

B

while I, (ym, %a) = l,(z,a).

Step 3. Assume that a = b+ tlyg, withbe &.

Note that I,(z,b) = l,(x,a). Therefore, let ' € sa(9B,) be constructed as in

Step 2. We then check easily that:
la =@ +tly,)ls, = b= Vs, <eh(z,a)
while I, (ym, V' + tlm,) = ln(ym, V) < o (z,a).
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Step 4. Let a € sa(B,,).

By definition of & there exists r,t € R such that a = rb+tlyg, with b € &. Let
b € sa(2A) be constructed from b as in Step 3. Then set @' = rb’. By Step 3, we
have l, (ym, V') < 1(z,d’) and ||a’ = V||, < elp(x,a’).

Thus by homogeneity, we conclude that:

Va € sa(B,) Jd €s5a(B,) |la—d|s, <elu(z,a) and |, (ym,d’) < (2, a).
(4.2.7)

By symmetry in the roles of x and y,, we can conclude as well that:

Va € sa(B,) TJd' €sa(B,) |la—d|s, <elnlym,a) and l,(z,a") < 1, (ym, a).
(4.2.8)
Now, Expressions (4.5.5) and (4.5.6) together imply that the reach, and hence

the length of the bridge ~ is no more than . Therefore, for all m > M, we have:

/\2,0 ((%nv |n($, ))a (%na |n(yma ))) <e¢g,

which concludes our proof. O
We are now able to establish the main result of this section.

Theorem 4.2.12. For all k € (0,00) and using Notations (2.1.82) and (4.2.2), the
function:

6e(0,1)\Q— (%9, L’;) c AFF

is continuous from (0,1) \ Q, with its topology as a subset of R, to the class of

(2,0)-quasi-Leibniz quantum compact metric spaces metrized by No .

Proof. The golden ratio ¢ = 1+72\/5 and & = ¢ —1 = % be its reciprocal. The

continued fraction expansion of ® is given by:
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1+

1+
1

1+
1+

and 2AF¢ is sometimes called the Fibonacci C*-algebra [19]. Its importance for our
work is that the associated sequence (¢2),ew defined by Expression (2.1.12) is the
least possible sequence of the form (¢2),cn given by the same expression, over all
possible 6 € (0,1) \ Q (where the order is defined entry-wise).

Let 6 € (0,1) \ Q. By Theorem (3.1.3), we have for all n € IN:

k k
1 1
A2 ((%a,Lg)v(ﬂ%,m'n(@, '))) < (W) < ((qg’)2+(q§1)2> ’
(1.2.9)

where |,, is defined in Lemma (4.2.10).
Let (0)men be a sequence in (0,1) \ Q converging to 6. Let € > 0. To begin

with, let N € IN such that for all n > N, we have:

Do ™

k
1
<<qg>>2 T <q:f_1>2) s

We thus have, for all m € IN, that:

N2 ((9[397 Lp), (Ao, ngm)> < e+ Moo (ATo,n, In(0,-)), (AT, 8- 1N (Oms ) -
(4.2.10)
Now, let x,, = cf(6,,) for all m € IN and x = cf(#). Since cf is a continuous, the
sequence (T, )men converges to x in 4", Thus there exists M; € IN such that, for

all m > M, we have d(z, x,,) < QN—IH, ie. xy € Az, N +1].
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We thus apply Lemma (4.2.11) to obtain from Expression (4.2.10) that:

Moo ((ngg, Lp). (Ao, ngm)) <e+Noo(an(0),an(0m)) -

Now, Lemma (4.2.11) establishes that qu is continuous. Hence:

lim sup Az, ((9139, LEY, (Ao, | L’gm)) <e.

m—0o0

As £ > 0 was arbitrary, our Theorem is proven. ]

4.3 Some compact families for AF algebras

The search for compact classes of quantum compact metric spaces for the quan-
tum propinquity is a delicate yet interesting challenge. The main result on this
topic is given by an analogue of the Gromov compactness theorem, proven in [45]
by Latrémoliere.

Our construction in Theorem (3.1.3) is designed so that AF algebras with faithful
tracial states are indeed limits of finite dimensional quasi-Leibniz quantum metric

spaces, so we may apply Theorem (2.3.23) to obtain:

Theorem 4.3.1. If U,L : N — IN\ {0} are two sequences in IN \ {0} such that
limy L = limy, U = 0o while L(n) < U(n) for alln € N, and if k € (0,00), then

the class:

9T = (An, On)new A =lim T

Ao = C
AFHL,U) = 4 (91, Ly) € AFF]
VYneN L(n) <dim®, <U(n)

du faithful tracial state on A Ly = Lé,u )

is totally bounded for the quantum propinquity No .
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Proof. Let € > 0. Let N € N such that for all n > N we have L(n) > ¢ % If
(A,L) € AF*(L,U) then by definition, A = lim7 where 7 = (A, ) such that
U(n) > dime¢ 2, > L(n) for alln € N and L = L%M for some faithful tracial state
of 2.

Therefore, by Theorem (3.1.3):

1 1
N < < < e.
Aao((AL). (A, Lo o)) < oarear < Frgr <<

Thus cov(gg) (&4, Lle) < U(N). Moreover, diam™ (2, L) < 2, and thus by Theorem
(2.3.23), the class AF¥(L,U) is totally bounded for A . O

The quantum propinquity is not known to be complete. The dual propinquity
[43], introduced and studied by Latrémoliere, is a complete metric and the proper
formulation of Theorem (2.3.23) can thus be used to characterized compactness of
certain classes of quasi-Leibniz compact quantum metric spaces. However, we face
a few challenges when searching for compact subclasses of AFF.

As the quantum propinquity dominates the dual propinquity, Theorems (3.1.3),
(4.1.7) and (4.2.12) are all valid for the dual propinquity, as is Theorem (4.3.1).
However, we do not know what is the closure of the classes described in Theorem
(4.3.1) for the dual propinquity, and thus we may not conclude whether these classes
are, in general, compact. It should be noted that, as shown by Latrémoliere in
[45], there are many quasi-Leibniz quantum compact metric spaces which are limits
of finite dimensional quasi-Leibniz quantum compact metric spaces for the dual
propinquity.

Moreover, we do not know what the completion of the classes in Theorem (4.3.1)
are for the quantum propinquity either. Thus it is again difficult to describe compact

classes from Theorem (4.3.1).
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Yet, the situation is actually quite interesting if looked at from a somewhat
different perspective. Indeed, Theorems (4.1.7) and (4.2.12) provide us with con-
tinuous maps from the Baire space to subclasses of AF¥. Thus, knowledge about
the compact subsets of .4 provides actual knowledge of some compact subclasses
of AF* for the quantum propinquity.

To illustrate this point, we begin by giving a theorem characterizing closed,
totally bounded, and compact subspaces of the Baire space. This theorem is well-
known in descriptive set theory; however the proofs of these results seem scattered
in the literature and, maybe more importantly, rely on a more complex framework
and terminology than is needed for our purpose. We thus include a short proof for

the convenience of our readers.

Notation 4.3.2. Ifz € A andn € IN then we denote the finite sequence (g, . . ., xy)

by x|,

Theorem 4.3.3. The Baire Space A is complete for the ultrametric d, defined for

all z,y € N by:
d(x, y) — 9 min{nE]NU{oo}:ﬂngéyM}.

Thus the compact subsets of A are its closed, totally bounded subsets. Moreover,

for any X C N:

1. the closure of X is the set:

{reN :VneNIyeX zlp=yl}

2. X 1is totally bounded if and only for all n € IN:

{z|p:z € X}

is finite.
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Proof. We prove each assertion of our theorem in each of the following step.
Step 1. The space (A ,d) is complete.

Let (z™)men be a Cauchy sequence in (.47,d). For all n € IN, there exists
M € NN such that, if p,q > M, we have d(aP,z?) < 2% Since d is an ultra-metric,

we have equivalently that d(z, 2P) < 2% for all p > M: thus for all m > M we

m

™) men is an eventually constant function for all

have 2|, = 2P|,. In particular, (z
n € IN. It is then trivial to check that the sequence (limy, 00 )" )nen is the limit of
(mm)mE]N-

Step 2. The closure of X C A is:
Y={zeN/:VneNIyecX z|=yht

Note that by definition, X C Y. We now check that Y is closed. Let (2™),,en be
a sequence in Y converging to some z € 4. By definition of d, for all N € IN, there
exists M € IN such that for all m > M we have d(2™, z) < 2% Thus 2|y = 2z|§
by definition. So z € Y as desired, and thus Y is closed.

Let now y € Y. Let n € IN. By definition, there exists " € X such that
"n = yln, 1e. d(z™,y) < 2% Thus (z")nen converges to y. Thus Y is contained in
the closure of X. Since Y is closed, it follows from the minimality of closures that

Y is indeed the closure of X.
Step 3. A characterization of totally bounded subsets of the Baire Space.

Assume now that X is totally bounded. Then for all n € IN there exists a finite
subset X,, of X such that for all z € X there exists y € X,, with d(z,y) < 2%, or
equivalently, such that x|, = y|,. Thus {z|, : x € X} = {z|, : x € X,,}, the latter

being finite. Conversely, note that X, converges to X for the Hausdorff distance
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Hausg, and thus if (X,)nen is finite for all n € IN, we conclude easily that X is

totally bounded. O

Remark 4.3.4. Theorem (4.3.3) is well-known in descriptive set theory, though the
proof is often presented within a much more elaborate framework. QOur assertion
about the closure of sets is often phrased by noting that a subset of A is closed if
and only if it is given as all infinite paths in a pruned tree. In this context, a tree
over the Baire Space is a subset of the collection of all finite sequences valued in
IN\ {0} with a simple hereditary property: if a finite sequence is in our tree, then so
is its sub-sequence obtained by dropping the last entry. A pruned tree is a tree T such
that every sequence in it is a proper sub-sequence of another element of T'. Last, a
path is simply a sequence x € N such that x|, € T for all N. This relation makes
the translation between Theorem (4.3.3) and the terminology of certain branches of
set theory.

Moreover, a tree is finitely branching when given a finite sequence x of length
n in the tree, there are only finitely many possible finite sequences of length n + 1
whose n first entries coincide with x. It is easy to see that Theorem (4.5.3) exactly
states that a subset of the Baire space is compact if and only if it consists of all
infinite paths through a pruned tree with finite branching (and our theorem makes

the tree explicit)
We now consider the Effros-Shen AF algebras.

Corollary 4.3.5. For all k € IN and all sequence B : N — IN'\ {0} with % €

IN\ {0,1} for all n € N, the class:
UHF* N AF*((2")nen, B)

is compact for the quantum propinquity No .

180



Proof. Let:

X:{xEJV:VnE]N Tn+1< B(n+1)}

By construction, ubf(X,k) = UHF* N AF*((2")nen, B) (the lower bound on the
dimension of the matrix algebras was observed in the proof of Theorem (4.1.7)). On
the other hand, by Theorem (4.3.3), the set X is compact and by Theorem (4.1.7),

the map ubf (-, k) is continuous. So UHF* N AF*((2"),en, B) is compact. O
We also obtain:

Corollary 4.3.6. Let C,B € /4, and set:

X=<60€(0,1)\Q:0= lim andVn e N C(n) <r, < B(n)

n—o0

ry 4 ———

Then the set:
{(m, L) € AFF 2 € mgx}
is compact for the quantum propinquity Nag.

Proof. This follows from Theorem (4.3.3) and the continuity established in Theorem

(4.2.12). 0

We were thus able to obtain several examples of compact classes of quasi-Leibniz
quantum compact metric spaces for the quantum propinquity and consisting of

infinitely many AF algebras, which is a rather notable result. We also note that

181




since the dual propinquity [43] is also a metric up to isometric isomorphism and
is dominated by the quantum propinquity, the topology induced by the quantum

propinquity and the dual propinquity on these compact classes must agree.

4.4 Family of Lip-norms for a fixed AF algebra

In this section, we consider the situation in which we fix a unital AF-algebra with
faithful tracial state and consider the construction of the Lip-norm from Theorem
(3.1.3), in which we vary our choices of the sequence S. From this, we describe
convergence in quantum propinquity with respect to this notion. We note that

Section (4.2) essentially provides an outline for the process.

Notation 4.4.1. Let § : IN — (0,00) be a positive sequence that tends to 0 at
infinity. Denote the space of real-valued sequences that converge to 0 as co(IN,R).
Define:

cg={recc(IN,R):Yn e N, 0 <z(n) <B(n)}.

Theorem 4.4.2. Let 2 be an AF algebra endowed with a faithful tracial state p such
that T = (A, an)nen s an inductive sequence of finite dimensional C*-algebras with
C*-inductive limit A, with Ao = C and where oy, is a unital *~monomorphism for
alln € N. If B: IN — (0,00) is a positive sequence that tends to 0 at infinity and

(:nk)kG]N U{z} C cp such that z* converges point-wise to x, then using the notations

of Theorem (3.1.3):

lim Az ((2UL5,) . (2LF,)) =0.

Proof. The proof follows the procedure from Section (4.2).
Let 5 : IN — (0,00) be a positive sequence that tends to 0 at infinity. Assume

that (mk)kG]N U {z} C cs such that 2* converges point-wise to x. Next, we show
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convergence of the finite dimensional spaces 2, for all n € IN. Thus, fix N € IN. Let

y € cg, so that y(n) > 0 for all n € IN, and let a € Ax. Then:

@}(%))

o (@) - E (a¥(a)

y(n)

LY ool (a) = max HQ‘:ne]N,ngN

M —>

Define RY = {y = (y(0),y(1),...,y(N)) € R¥*t : vn € {0,1,...,N},y(n) >
0}. For z,y € Rf, we define doo(z,y) = max{|z(n) —y(n)| :n € {0,1,...,N}}.

Thus, (Rf, doo) is a metric space. Define g : Rﬁ x Ay — R by:

(%)

o (@)~ B (a%(a)

Hm meNn<N,,
y(n)

9(y,a) = max

which is finite by definition of Rf . Therefore, it follows that:
g: (Rfvdoo) X (Q(Na || : ”QlN) - R

is continuous. Denote the class of all (2, 0)-quasi-Leibniz quantum compact metric

spaces by QOCMSs . Next, define G : Rf — QOCMS, by:

G(y) = An, 9y, ),

which is well-defined by definition of g. Thus, following the proof of Theorem
(4.2.11), we conclude that G : (RY,ds) — (QQCMS20,M2p) is continuous. If
y € RN then we denote y|n = (y(0),y(1),...,y(N)). Since (mk)kG]NU {z} C cs, we

have that (z*|y), _U{z|n} C RY. Furthermore, the assumption that z* converges

keEN

pointwise to x implies that limy_,,, doo (:/ck|N7 x\N) = 0. Therefore:

lim Agg (G (mk|N> ,G(:c|N)> —0.
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But, for all £ € IN:

Moo (v, 15 0a?) (v, 15, 00%)) =Moo (G (#*Iv) . G (alv))

We thus have:

lim Asg ((mN ER og) , (mN, P a_f{)) —0. (4.4.1)

k—o0

As N € N was arbitrary, we conclude that Equation (4.4.1) is true for all n € IN.
Let € > 0. There exists M € IN such that for all n > M , B(n) < /2. Hence, if

n > M, then by Theorem (3.1.3) and definition of cg:

Aso ((mn o 04_7;) , (91 qu)) < 2"(n) < B(n) < £/2

for all £ € IN and:

Ao (s L5,00%) (A L5,)) < a(n) < B(n) < e/2.

By the triangle inequality and Equation (4.4.1), we thus get:

lim sup Agg ((9{ Lg’fu) (2, L%H)) <e.

k—o00
As € > 0 was arbitrary, limy_,o A2 ((Q{, Lgy) , (Qg L%’#)) =0. n

In particular, for the Cantor set, we can use this result to discuss continuity in
quantum propinquity of the continuous functions on the Cantor set with respect
to the quantum ultrametrics discussed in Section (3.1.1). All that is required is a
sequence in cg, which converges point-wise to some element in cg. We present this
in the case of the standard ultrametrics, and note that although we are using the

same C*-algebra, C(C), if r # s, then the associated standard ultrametrics on the
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Cantor set are not isometric. This implies that the function defined in the following
Corollary (4.4.3) is not constant up to quantum isometry since the dual map of a
quantum isometry provides an isometry between pure states as seen in the proof of

Theorem (2.3.19).

Corollary 4.4.3. Let r > 1, and set B, : n € N — %r‘”. Using the notations of

Theorem (3.1.5) along with Notations (2.1.77) and (3.1.15), the function:
u:re(l,00) — <C(C), Lgf/\>

is continuous from (1,00) to the class of (2,0)-quasi-Leibniz quantum compact metric

spaces metrized by the quantum propinquity Nog.

Proof. Let (ry)newU{r} C (1, 00) such that lim,,_,« |7, —7| = 0. Since (7 )newU{r}
is a compact set, there exists some a > 1 such that for all n € IN, r,,7 € [a,00).
Therefore, for all n € IN, we have that 3,,,8, € cg,. The sequence (B, )nen

converges point-wise to 3, since:

: i L 1. —m| _
lim |3, (m) = Bp(m)| = lim [5r,™ — 377" =0

for all m € IN. Hence, by the Theorem (4.4.2),
lim Ago(u(ry),u(r)) = 0.

n—oo

Thus, sequential continuity provides the desired result. O
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4.5 Criteria for Convergence of AF algebras in the quan-

tum Gromov-Hausdorff propinquity

Taking stock of our construction of Lip-norms for unital AF algebras with faithful
tracial state in Theorem (3.1.3), it is apparent that the construction relies on the
inductive sequence, faithful tracial state, and some real-valued positive sequence
converging to 0. Thus, this section provides suitable notions of convergence for
all 3 of these structures, which in turn produce convergence of AF algebras in the
quantum propinquity. This is motivated by our arguments of continuity in Section
(4.1) of UHF algebras and in Section (4.2) of Effros-Shen AF algebras, and in fact,
we can reproduce these continuity results as a consequence of Theorem (4.5.6).

We now introduce an appropriate notion of merging inductive sequences together

in Definition (4.5.1).
Definition 4.5.1. We consider 2 cases of inductive sequences in this definition.

Case 1. Closure of union

For each k € N, let A* be a C*-algebras with Ak = Unem%kyn“'”‘z‘k such that
Uk = (Qlkﬂ)nelN is a non-decreasing sequence of C*-subalgebras of A*, then we say

{A* . k € N} is a fusing family if:
1. There exists (cn)new € IN non-decreasing such that lim,_,o ¢, = 00, and
2. for all N € N, if k € N>y, then Upp = Ao for alln € {0,1,...,N}.
Case 2. Inductive limit

For each k € N, let Z(k) = (Ugn, Uen)nen be an inductive sequence of C*-
algebras with inductive limit, A*. We say that the family of C*-algebras {A* : k € IN}

is an IL-fusing family of C*-algebras if:
1. There exists (cn)new C IN non-decreasing such that lim,_,o ¢, = 00, and
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2. for all N € N, if k € Ny, then (A, apn) = Uoons Qoon) for all n €
{0,1,...,N}.

In either case, we call the sequence (¢p)nen the fusing sequence.

Remark 4.5.2. The results in this section are phrased in terms of IL-fusing families
since our propinquity convergence results are all in terms of inductive limits. But, we
note that all the results of this section are valid for the closure of union case as well
with appropriate translations, but most convergence results are convergence results
are more easily fulfilled in the inductive limit case. Note that any IL-fusing family
may be viewed as a fusing family via the canonical *~homomorphisms of Notation
(2.1.65) and Proposition (2.1.66), which is why we don’t decorate the term fusing

family in the closure of union case.

Hypotheses 2. and 3. in the following Lemma (4.5.3) introduce the remaining
notions of convergence that together with fusing families will imply convergence
of quantum propinquity of AF algebras in Theorem (4.5.6). Indeed, 2. is simply
an appropriate use of weak-* convergence for the faithful tracial states in relation
to fusing families, and 3. is an appropriate use of pointwise convergence of the
sequences that provide convergence of the finite dimensional subspaces in Theorem
(3.1.3).

Furthermore, Lemma (4.5.3) provides that the Lip-norms induced on the finite

dimensional subspaces form a continuous field of Lip-norms, a notion introduced by

Rieffel in [61].

Lemma 4.5.3. For each k € N, let Z(k) = (g n, Qkn)nen be an inductive sequence
of finite dimensional C*-algebras with inductive limit A¥, such that Wpo=Apo=C
and oy, p, is a unital *-monomorphism for all k, k' € N,n € N.

If:
1. {AF : k € N} is an IL-fusing family with fusing sequence (cp)nen,
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2. {rF . AF C}rew s a family of faithful tracial states such that for each

N

N € N, we have that (Tk o a]kv> converges to T o o in the weak-*
k‘E]N26N j

H
topology on . (Uso N), and
3 {pF N — (0,00)}pew 78 @ family of convergent sequences such that for all
N € N if k € Nxey, then BF(n) = >(n) for alln € {0,1,..., N} and there
ezists B : IN — (0, 00) with B(co) =0 and 8™(l) < B(l) for all m,l € N,

then for all N € N, if n € {0,1,..., N}, then the map:
R k n
IN: (kya) € Noey X Qoo — Lﬁ(kw °aj(a) R

1s well-defined and continuous with respect to the product topology on

N x (Qloo,m | - ||9100,n), where Lﬁk

(k) 7k is given by Theorem (3.1.3).

Proof. First, we establish a weak-* convergence result implied by (2). Let N € IN.

in the weak™ topology on

— -
L (Uoom) for each m € {0,1,...,N}.

Claim 4.5.4. <7‘k o a}?) converges to 7 o ol
k‘EIN>CN

Proof of claim. Let m € {0,1,..., N}. The case m = N is given by assumption. So,
assume that N > 1 and m € {0,..., N —1}. Fix a € 2 m, we have by Proposition

(2.1.66) and definition of IL-fusing family:

k
o ap(@) = o o (@100 k(@) = 70 0 (-1 0+ 0 oein(a)
for k € N>CN, which proves our claim since (Tk o a{gv > converges to 7o ak)
— k€N>CN
in the weak™* topology on .7 (s N)- O

Next, we establish a more explicit form of our Lip-norms on the finite-dimensional

subspaces. Fix N € N and n € {0,1,..., N}. 1Y is well-defined by definition of a
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IL-fusing family. Furthermore, as & (

ai(ﬂw)) is a conditional expectation for
%

all k € IN,j € IN, we have that:

e (o}

for j > n,a € A .

Therefore:

o ()
F=Gm)

IN(k,a) = max

which will allow use to apply Proposition (3.1.13).

Fix m € {0,...,n—1},k > N,a € A ,,. Since Aoy, is finite dimensional, the
C*-algebra Ao m = @;yzlim(n(j)) for some N € IN and n(1),...,n(N) € IN\ {0}
with *-isomorphism 7 : EBjN:li)ﬁ(n(j)) — Aoo,m- Let E be the set of matrix units for
@j\’:pﬁ(n(g)) Now, define o m—sn = Qp—10 -+ 0 Qm, and by definition of IL-
fusing family, we have that o m—n = Qoo,m—n. Therefore, by Proposition (2.1.66)

and Proposition (3.1.13):

ecE TH & (ak,m—wl(fy 6*6) ok (452)
B . Tk(an(aoo,m%n(f)/(e)*)a))
) %<a_e L T af(ammon (e “mm ) ) -
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Hence, by Claim (4.5.4) and Proposition (3.1.13), the map:

at(a) —E | al(a)|la?(Rso.m
(kya) € Nagy X oo — 2 (_@()_@( 7)> 2R
) >c 00,1 o
" pee(m)
is continuous for each m € {0,...,n — 1}. As the maximum of finitely many con-

tinuous real-valued functions is continuous, our lemma is proven by Expression

(4.5.1). O

This next Theorem (4.5.5) establishes conditions for the convergence of the finite

dimensional subspaces of an AF algebra.

Theorem 4.5.5. For each k € N, let Z(k) = (g n, Uen)nen be an inductive se-
quence of finite dimensional C*-algebras with inductive limit A*, such that Ao =
o = C and oy, ts a unital *-monomorphism for all k, k' € N,n e NN.

If:
1. {AF : k € N} is an IL-fusing family with fusing sequence (¢ )nen,
2. {rF . AF = Clicrw s a family of faithful tracial states such that for each

H
topology on /(Ao N), and

N € N, we have that <7‘k o ozév) converges to 7° o a¥ in the weak-*
e i

3 {p" N — (0,00)} pew 48 a family of convergent sequences such that for all
N € N if k € Nx., then g¥(n) = >(n) for alln € {0,1,..., N} and there
exists B : IN — (0, 00) with B(oo) = 0 and 8™(1) < B(l) for all m,l € N,

then for every N € N and n € {0,..., N}, the map:

k

Frjzv ke N201\/ — (Qlk,na Lg(k)Jk © Oﬁ) € (QQCM82,07A2,0)
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is well-defined and continuous, and therefore:

k

oom, N0 ((9"“" L2hy.rt ° Oﬁré) ’ (%’7“’ Loy 0&)) =0

where L2 *

(k). is given by Theorem (3.1.3).

Proof. Fix N € N and n € {0,...,N}. If n =0, then ;¢ = Ao = C and since
Lip-norms vanish only on scalars by Definition (2.2.9), the map F" is constant up
to quantum isometry and therefore continuous.

Assume that n € {1,...,N} and k > cn. Set B, = Ay, = Ao, by definition
of IL-fusing family. Let 20 be any complementary subspace of Rly in sa (8,) —
which exists since sa (B,,) is finite dimensional. We shall denote by & the unit
sphere {a € 20 : ||a||s,, = 1} in 20. Note that since 20 is finite dimensional, & is a
compact set. Set S = INs., x &, which is a compact set in the product topology.
Since the function I is continuous by Lemma (4.5.3), it reaches a minimum on S.
Thus, there exists (K,c) € S such that: mingl)Y = IV(K,¢). In particular, since
Lip-norms are zero only on the scalars, we have IV (K,c) > 0 as ||c|lag = 1 yet the
only scalar multiple of 1gg, in 20 is 0. We denote mg = IY(K,a) > 0 in the rest of
this proof.

Moreover, the function 1Y is continuous on the compact set S, and thus, it is
uniformly continuous with respect to any metric that metrizes the product topology.
In particular, consider the max metric, denoted by m, with respect to the norm on
& and the metric on IN defined by da(n,m) = [1/(n+1)—1/(m+1)| for all n,m € N
with the convention that 1/(co+41) = 0, in which the metric da metrizes the topology
on IN.

Let ¢ > 0. As 1Y is uniformly continuous on the metric space (S, m), there exists
§ > 0 such that if m(s,s’) < &, then |IIV(s) — IZV(s')] < m%e. Now, there exsits

M € N>, such that 1/M < 6. Let m > M and a € &, then by definition of the
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metrics m and da:
m((m,a),(00,a)) =1/(m+1) <1/m < 1/M <.
Thus, for all m > M and for all a € & we have:
1 (m, a) — 1Y (00, a)| < me.

We then have, for all a € & and m > M, since I,IIV is positive on S:

a— |g(maa’)a _ “nN(mva) —|£[(oo,a)|HaH
|N - IN( ) B,
00 T, niee (153)
em?,
< < Mmge.
mgs
Similarly:
|N
a— Ma < mge. (4.5.4)
IN(m,a) »,

We are now ready to provide an estimate for the quantum propinquity. Let

m > M be fixed. Writing id for the identity of B,,, the quadruple:
v = (Bp, ly,,id,id)

is a bridge in the sense of Definition (2.3.2) from (%n, ngnm) m O a%) to

Uy
(B0 Loy 0 0% ).

As the pivot of 7y is the unit, the height of v is null. We are left to compute the
reach of ~.

Let a € sa (*B,). We proceed with three cases.
Case 1. Assume that a € Rlg,,.

We then have that I (co,a) = 1Y (m,a) = 0 , and that ||a — a|s, = 0.
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Case 2. Assume that a € G.

. N / 1N (00,a)
We note again that I}/ (c0,a) > mg > 0. Thus, we may define a’ = B ) O By

Inequality (4.5.4), we have:

IV (c0,a
a— Wu < emg < el (00, a),

Bn

la = a'lls, =

while IV (m,a') = 1N (m, I%((onjjg)) a) = 1NV (00, a).

Case 3. Assume that a € sa (B,,).

By definition of & there exists 7, € R such that a = rb + tly, with b € &.
We may assume r # 0 since the case r = 0 would be Case 1. If » < 0, then
—r >0,—b€ &S and a = —r(—b) + tly,. Hence, we may assume that r > 0.

Note that IV (co,a) = 1Y (00, 7b). Let b € sa(%B,,) be constructed from b € & as

in Case 2. Now, consider a’ = rb/ + t1g, . Thus, by Case 2 and r > 0:

Ha — a"‘%n = Hrb +tly, — (Tb' + tlg")

=,

=rfo=¥y,
< rel (00, b)

= 6|£LV(OO,T’b> = Eli:f(oo, a)a

while 1Y (m,a’) = IN(m,rd") = rI¥ (m,b') < rI¥(co0,b) = IN(c0,rb) = IV (00,a) by

Case 2, 7 > 0, and since Lip-norms vanish on scalars. Thus, from Case 3:

Va € sa(B,), 3d’ € sa(B,) with |ja — d||s, <l (o0, a), 1N (m,d) <1V (c0,a).
(4.5.5)
By symmetry in the roles of co and m and Inequality (4.5.3), we can conclude as

well that:
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Va € sa(B,), 3d’ € sa(B,)with|la — d'||ls, < el (m,a), 1N (co,d’) <1 (m,a).
(4.5.6)
Now, Expressions (4.5.5) and (4.5.6) together imply that the reach, and hence the
length of the bridge « is no more than e.

Thus, by definition of length and Theorem-Definition (2.3.16), we gather:

/\2:0 ((“an |7]¥(OO, ))7 (%m InN(mv ))) <€

for all m > M, which concludes our proof. ]

Next, we are now in a position to provide criteria for convergence of AF algebras

in quantum propinquity.

Theorem 4.5.6. For each k € N, let Z(k) = (Ugn, Qn)nen be an inductive se-
quence of finite dimensional C*-algebras with inductive limit A*, such that Ao =
o = C and oy ts a unital *-monomorphism for all k, k' € N,n € NN.

If:
1. {AF : k € N} is an IL-fusing family with fusing sequence (¢p)nen,
2. {1k . AF - C}ren s a family of faithful tracial states such that for each

N € N, we have that <Tk o o/,j) converges to 7° o a¥ in the weak-*
—/ keN.,, —

topology on ¥ (Uso N), and

3 {p" N — (0,00)} pew 48 a family of convergent sequences such that for all
N € N if k € Nx.,, then B¥(n) = >°(n) for alln € {0,1,..., N} and there
ezists B : IN — (0,00) with B(co) = 0 and 8™(1) < B(l) for all m,l € N

then, for each N € IN, we have for all k > cn:
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oo

Ao (2L o) s (2L e ) ) < 2BON) + A (B (R), FRY (), (45.7)

k

where Li(k),ﬂv is given by Theorem (8.1.8) and FY (k) is given by Theorem (4.5.5).

Furthermore:

i (1,.). (322,)) =0

Proof. Fix N € IN. Then, for all k € IN:

Moo (25,50 10 ) » (R, Ly o0 o ) ) < B5(N) < BY)

by assumption and Theorem (3.1.3). And, by the triangle inequality:

o (3453, )- (455,
k

B N B N
< 2B(N) + Moo (v L o0 0f ) - (Foevs Lo e 00 ))

Now, assume k > cy. Then, we have:

Ao (2L ) s (250LE 0 e ) ) S 2BON) + Mg (FRY (K), FY (00))

and:

hlf:is;ip Aoy ((Qlk, L%@;k) ) (Qloo, L?();)’TOJ) < 2B(N),

kEIN>cN

since F{Y is continuous by Theorem (4.5.5). And, thus:

lim sup Ag,o ((m’f Lgfk)ﬁk) : <9[°°, ng;)’foo)) < 2B(N). (4.5.8)

k—o0
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Hence, as the left hand side of Inequality (4.5.8) does not depend on N, we gather:

limsup Az ( (25,5 ) (47,150 ) ) < Jim 2B(N) =0,

k— o0 N—o0

which concludes the proof. O

Theorem (4.5.6) provides a satisfying insight to the quantum metric structure
of the Lip-norms of Theorem (3.1.3). Indeed, hypotheses 1., 2., and 3. of Theorem
(4.5.6) are simply appropriate notions of convergence relying on the criteria used to
construct the Lip-norms of Theorem (3.1.3) and nothing more.

Another powerful and immediate consequence of Theorem (4.5.6) is that, in the
Effros-Shen AF algebra case, since the proof of Theorem (4.2.12) uses sequential
continuity and convergence of irrationals in the Baire Space , it is not difficult to see
how one may use this Theorem (4.5.6) to achieve the same result and we present a
proof of this here in Theorem (4.5.7). For the UHF case Theorem (4.1.7), one could
also apply Theorem (4.5.6) to achieve continuity, but although Theorem (4.5.6) does
not directly provide the fact that the map in Theorem (4.1.7) is Holder, one may
use Inequality (4.5.7) in the statement of Theorem (4.5.6), to deduce such a result.

We present the Effros-Shen AF Algebra case here as Theorem (4.5.7) to display
how one may use the results of this section to prove Theorem (4.2.12) with ease.
We note that another substantial application of Theorem (4.5.6) is used in [2] to
provide convergence of quotients via convergence of ideals in a suitable setting, which
is presented as Theorem (5.2.21) in this dissertation.

Although the following proof of Theorem (4.5.7) cites results from Section (4.2),
the results used from Section (4.2) only pertain to the metric structure of the Baire
space and the definition of the faithful tracial states on the finite dimensional sub-
algebras and are not the convergence results themselves. Now, we display a new

proof of Theorem (4.2.12) using the power of Theorem (4.5.6).
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Theorem 4.5.7. Using Notation (2.1.82) and notation from Theorem (3.1.3), the

function:
0€((0.D\Q 1) — (A50, L7, ) € (QQCMS20,Mz0)

is continuous from (0,1)\ Q, with its topology as a subset of R, to the class of (2,0)-
quasi-Letbniz quantum compact metric spaces metrized by the quantum propinquity
N, where og is the unique faithful tracial state of Theorem (4.2.1), and By is the

sequence of the reciprocal of dimensions of the inductive sequence, Iy.

Proof. Let (0"),cx C (0,1) \ Q such that lim, o 6" = 6°°. For each n € NN, let
cf (") = [a?n] jen denote the continued fraction expansion of #". By Proposition
(4.2.8), the sequence (cf(6™))nen converges to cf(6°°) in the Baire space metric de-
fined in Definition (4.1.4). By definition of convergence, there exists a non-decreasing
sequence (¢ )nen C IN such that lim,, o ¢, = 00, and if k > ¢y, then

1

d_y (cf(8%), cf(8)) < 3%

for each N € IN. By definition of the metric d_s, this implies that for each N € IN,
if k € N>y, then aflk = a?” for all n € {0,..., N} and thus the same holds for
pff and qzk by Equation (2.1.12). Therefore by Notation (2.1.82) and Definition
(4.5.1), the family {AFgn : n € N} is a fusing family with fusing sequence (c,)nen-
Therefore, hypothesis 1. of Theorem (4.5.6) is satisfied.

For hypothesis 2. of Theorem (4.5.6), fix N € IN and assume k& € IN5.,. By
Lemma (4.2.3) and Lemma (3.1.12), we only need to show that (£(6%, N)),eny C R
converges to (0>, N), where t(6,n) = (—1)""1¢%(0¢°_, —p%_,) forall 6 € (0,1)\ Q

and n € IN'\ {0}. Now, by our fusing sequence (¢, )nen, if & > cy, then:

t(0%, N) = (—)N %7 (0%aX 1 — p1).
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Therefore, since lim,, o " = 6>, we have that (£(6%, N)),eny C R converges to
t(6°°, N), which establishes hypothesis 2. of Theorem (4.5.6).

For hypothesis 8. of Theorem (4.5.6), consider the continued fraction cf(®) =
[1]jenv, which is given by & = 1 — ¢, where ¢ is the golden ratio ¢ = HT‘/E By
definition of the rational approximations defined by Equation (2.1.12), we have that

¢? > qf for all 0 € (0,1) \ Q and n € IN. Now, if we define:

1 1

T dimA3en) (692 + (¢ )2

Bo(n)

for all @ € (0,1)\ Q and n € IN'\ 0, then Syp(n) < Bs(n) for all € (0,1) \ Q and
n € IN\ {0}. Therefore, the family of sequences {Bgn : n € IN} along with the
sequence B(n) = B¢(n) for all n € IN satisfy hypothesis 3. of Theorem (4.5.6) with

the fusing sequence (¢,,)nen, which completes the proof. O
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Chapter 5

Convergence of quotients of AF
algebras in the quantum
Gromov-Hausdorff propinquity

by convergence of ideals

The Fell topology as shown in Section (2.1.1) is a natural topology on the ideal
space of a C*-algebra constructed from the Jacobson topology on primitive ideals.
Now, a natural map can be created from the ideal space of a C*-algebra to the
quotients, which are also C*-algebras by Theorem (2.1.44), and this map has the
Fell topology on its domain. Thus, this sparks the question of whether the operation
of taking a quotient is continuous. However, this question is not well-defined unless
the range of this map comes equipped with a topology. If the quotient C*-algebras
are equipped with quantum metric structure, then this codomain may be equipped
with the quantum Gromov-Hausdorff propinquity topology, and thus providing a

new possible application of Noncommutative Metric Geometry.
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The goal of this chapter is to provide criteria for when this map is continuous,
while also providing a concrete example of a continuous family of quotients of the
Boca-Mundici AF algebra. The first task is to provide a metric for the Fell topology
on ideals in the AF case, which is Section (5.1). Next, we look at convergence of
quotients with respect to this metric in Section (5.2), which also presents a concrete
example of such a convergence. The entire content of this chapter is from the

author’s work in [2].

5.1 A metric on the ideal space of C*-algebras

For a fixed C*-algebra, the ideal space may be endowed with various natural
topologies. We may identify each ideal with a quotient, which is a C*-algebra itself.
Now, this defines a function from the ideal space, which has natural topologies,
to the class of C*-algebras. But, if each quotient has a quasi-Leibniz Lip-norm,
then this function becomes much more intriguing as we may now discuss its con-
tinuity or lack thereof since we now have topology on the codomain provided by
quantum propinquity. Towards this, we develop a metric topology on ideals of any
C*-inductive limit. The purpose of this is to allow fusing families of ideals to provide
fusing families of quotients in Proposition (5.1.12) — a first step in providing con-
vergence of quotients in quantum propinquity. But, our metric is greatly motivated
by the Fell topology (seet Definition (2.1.58)) on the ideal space and is stronger than
the Fell topology.

Now, the Fell topology induces a topology on Prim(2() via its relative topology.
But, the set Prim(2() can also be equipped with the Jacobson topology (see Defi-
nition (2.1.52)). Thus, a comparison of both topologies is in order in Proposition

(5.1.1), which can be proven using Lemma (2.1.59).
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Proposition 5.1.1. The relative topology induced by the Fell topology of Defini-
tion (2.1.58) on Prim(A) contains the Jacobson topology of Definition (2.1.52) on
Prim ().

Proof. Let F' C Prim(2A) be closed in the Jacobson topology. Then, there exists a
unique I € Ideal(2) such that F = {J € Prim(2() : J D Ir} by Definition (2.1.58).

Let J € Prim(%() such that there exists a convergent net (J*),ea C F' that
converges to J € Prim(2() in the Fell topology. Let x € Ip, then x € J# for all
€ A. Thus, the net (Hx + J“Hwﬂ)ueA = (0)en, which is a net that converges
to [|z + Jlg,; by Lemma (2.1.59). Thus, the limit [z + Jlly,; = 0, which implies
that x € J. Hence, J D Ir and since J € Prim(2l), we have J € F'.

Thus, F is closed in the relative topology on Prim(2l) induced by the Fell topol-

ogy, which verifies the containment of the topologies. O

The next two Lemmas concern the question of how the Jacobson and Fell topolo-
gies behave with respect to *-isomorphic C*-algebras. This is more or less evident
by construction, but we still present it here to familiarize ourselves with these struc-

tures. First, we discuss the Jacobson topology.

Lemma 5.1.2. If 2,8 are C*-algebras that are *-isomorphic, then using notation
from Definition (2.1.52), the topological spaces (Prim(2l), Jacobson) and
(Prim(®B), Jacobson) are homeomorphic.

In particular, if a: A — B is a *~isomorphism, then:
a; : I € Prim(A) — «a(I) € Prim(*B)

is well-defined and a homeomorphism from (Prim(2l), Jacobson) to

(Prim(B), Jacobson).

Proof. Let a : % — B be a *-isomorphism. We begin by establishing that «;

is well-defined. Let I € Prim(2(). By Definition (2.1.52), there exists a non-zero
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irreducible *-representation 7 : A — B(H) such that kern; = I, where B(H)
denotes the C*-algebra of bounded operators on some Hilbert space, #. But, the
composition ;0 a~! : B — B(H) is a non-zero irreducible *-representation on B

lis a *-isomorphism and 77 is a non-zero irreducible *-representation. We

since o™
show that the kernel of 77 o a1 is a(I).
Consider a(I) C . The set a(l) € Ideal(2l) since « is a *-isomorphism. How-

ever:

acall) = ala)tel
— afa)"! € kerm;

<~ ackermroal,

and thus, the ideal a(I) = ker ;o o~ € Prim(2l) by Definition (2.1.52).

Therefore, the following map is well-defined:
a; : I € Prim(A) — «a(I) € Prim(B),

and is injective since « is a *-isomorphism. For surjectivity, let I € Prim(B). The
fact that a=1(I) € Prim(2) follows the same argument for proving that «; is well-
defined. Also, the image a;(a~!(I)) = a(a~!(I)) = I since «a is a bijection. Hence,
the map «; is a well-defined bijection.

Now, we establish continuity. Let F' C Prim(®8) be closed. By Definition
(2.1.52), there exists an I € Ideal(8) such that F' = {J € Prim(*B) : J D Ip}.
Consider a; *(F) = {I € Prim(2A) : a;(I) € F}. Assume that I € o; '(F). Then, we

have that «;(I) € Prim(2() by well-defined, and moreover:

a(I) D Ip = ala " (Ir)) = I2a '(Ir) € Ideal(2)
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since a is a bijection and a~! is a *-isomorphism. Next, assume that I € Prim(2()
such that I D a~'(Ir), then a(l) D I since « is a bijection, which implies that
a;(I) € F and I € a;'(F) by well-defined. Combing the inclusions, the set
a; ' (F) = {I € Prim(2) : T D a~'(Ir)}, which is closed by Definition (2.1.52).

The continuity argument for a; ! follows similarly, which completes the proof. [

Let’s continue by proving that the Fell topology also satisfies the conclusions of
Lemma (5.1.2), which will prove useful later in Corollary (5.1.24) by showing that
the metric topology we develop is preserved homeomorphically by *-isomorphisms

in the case of AF algebras.

Lemma 5.1.3. If 2,8 are C*-algebras that are *-isomorphic, then using notation
from Definition (2.1.58), the topological spaces (Ideal(), Fell) and (Ideal(B), Fell)
are homeomorphic.

In particular, if o : A — B is a *~isomorphism, then:
a; : I € Ideal(A) — a(l) € Ideal(B)

is well-defined and a homeomorphism from (Prim(2(), Fell) to (Prim(B), Fell).

Proof. Let o : 2 — B be a *-isomorphism, then the map «; : I € Ideal() —

a(I) € Ideal(B) is a well-defined bijection. Assume that (I}) C Ideal()

HEA

is a net that converges with respect to the Fell topology to Iy € Ideal(2A). We

show that (ai (Iﬁ))uEA C Ideal(8) converges with respect to the Fell topology to

a; (Iy) € Ideal(B). Let b € B, then a~*(b) € A. Thus, by Lemma (2.1.59), we have
-1 -1

(Ha (b)+I§me/1§)ueA converges to ||a (b)+191H21/1m' But, fix p € A, then

since « is a *-isomorphism:

Hofl(b) + Iﬁ”m/[ﬁ = inf{”ofl(b) + aHQl ta € Iéf}
= inf {||b+ a(a)llg :a€ Iﬁ}
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=inf {|[b+ V|| : ' € a(I})}

= Hb-i— oy (15) H%/O@'(Iﬁ) ’

and similarly, the limit ||~ (b) + IQ[HQWQ( = [1b+ i (1)l s (1) -

Hence, the net <Hb+ai (IQ)H%/%(I&))MEA converges to |[b+ o (Ta)llas /o, (1)
Therefore, since b € B was arbitrary, the net (oai (Iéf))ue A C Ideal(B) converges
with respect to the Fell topology to «; (Iy) € Ideal(®8) by Lemma (2.1.59). Thus,
«; is continuous, and since both topologies are compact Hausdorff, the proof is

complete. 0

As stated earlier, it is with the Fell topology for which we will provide a notion
of convergence of quotients from ideals of AF algebras. But, it seems that a metric
notion is in order to move from fusing family of ideals to a fusing family of quotients
as we will see in Proposition (5.1.12).

Next, we develop a metric on the ideal space on any inductive limit in the sense
of Definition (2.1.64), and the following Proposition (5.1.5) is key for defining our
metric. But, first, a remark on our change in the language of inductive limits for

some of the following results.

Remark 5.1.4. By [55, Chapter 6.1], if T = (2, an)nen s an inductive sequence

with inductive limit A = lim T as in Definition (2.1.64), then (o (An))nen is a

lI-lla by

non-decreasing sequence of C*-subalgebras of U, in which A = UHET_’;(QLTJ
Proposition (2.1.66). Thus, in some of the following definitions and results, when
we say, "Let A be a C*-algebra with a non-decreasing sequence of C*-subalgebras
U = (A)nen such that A = m“'”m, 7 we are also including the case of inductive
limits. The purpose of this will be to avoid notational confusion later on if we were
to work with multiple inductive limits (see for example Proposition (5.1.12)), and

the purpose of this remark is to note that this does not weaken our results.
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Proposition 5.1.5. Let A be a C*-algebra with a non-decreasing sequence of C*-

subalgebras U = (A )new such that A = Une]NQ(nH'”m. The map:

i(,U) : T € Ideal(A) — (I NAp), ey € | ] Ideal(2An)
nelN

is a well-defined injection.

Proof. Since I € Ideal(2) and 2, is a C*-subalgebra for all n € IN, we have that
INnA, € Ideal(,) for all n € IN. Thus, the map i(-,U) is well-defined.

Next, for injectivity, assume that I, J € Ideal() such that i(I,U) = i(J,U).
Hence, the sets I N2A, = J N, for all n € N, which implies that U,en(I N2A,) =
Unen(J N2Ay,). Therefore, the closures m\\'llm = m“'”m. But,

by Proposition (2.1.69), we conclude I = J. O
With this injection, we may define a metric.

Definition 5.1.6. Let 2 be a C*-algebra with a non-decreasing sequence of C*-
subalgebras U = (Ap)nenw such that A = Une]Nan”'Hm. We define a map from
Ideal(A) x Ideal(2A) to [0,1] such that for all I,J € Ideal(A):

0 fvneN, InA, =JNA,
ML, J) =
27" otherwise, where n = min{m € W: TN, # JNW,}

Proposition 5.1.7. If A is a C*-algebra with a non-decreasing sequence of C*-

subalgebras U = (A )new such that A = UnelNanH'”m, then:
(Ideal(Ql), mi(u))

is a zero-dimensional ultrametric space, where myqy) is given by Definition (5.1.6).
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Proof. Consider the metric on [], . Ideal(2l,,) defined by:

0 itvneNlNI,=J,
m ((In)nelNa (Jn)nelN) =

27"  otherwise, where n = min{m € N : I,,, # J,,,}

Thus, (I],cn Ideal(2,), m) is a zero-dimensional metric space since it metrizes the
product topology on ], iy Ideal(2;,), in which Ideal(%y,) is given the discrete topol-
ogy for all n € IN. But, the identification m;q,) = m o (i(-,U) x i(-,U)) implies
that (Ideal(RA), m;q) is a zero-dimensional metric space since i(-,if) is injective by

Proposition (5.1.5). O

Remark 5.1.8. If A is any C*-algebra, then, A = m“'”m, where A, = A for
alln € N. If we set U = (Un)new- then, the metric m;y) of Proposition (5.1.7) is a
metric on the ideal space of any C*-algebra, but we see in this case that this metric
simply metrizes the discrete topology. However, the metric of Proposition (5.1.7)
is not always trivial as we shall see in the case of AF algebras (Theorem (5.1.21)),
in which the metric spaces will always be compact. In particular, if an AF algebra
were to contain at least infinitely many ideals (see Section (5.2.1) for an example of
such an AF algebra), then the metric of Proposition (5.1.7) could not be discrete.

Furthermore, this implies that the conclusion of Theorem (5.1.13) is not trivial.

Remark 5.1.9. The metric of Proposition (5.1.7) can be seen as an explicit pre-
sentation of a metric on a metrizable topology on ideals presented in [7], where this
metrizable topology is presented only in the case of AF algebras and metrizes the Fell
topology in the AF case, which we also prove for the metric of Proposition (5.1.7) via
a different approach in Theorem (5.1.21). But, we note that the metric of Propo-
sition (5.1.7) is more general as it exists on the ideal space of any C*-inductive
limit — and on any C*-algebra by Remark (5.1.8)—, and in the AF case (Section

(5.1.1)), we define a metric entirely in the graph setting of a Bratteli diagram on the
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space of directed and hereditary subsets of the diagram (Theorem (5.1.21)), which
in turn is isometric to the metric of Proposition (5.1.7). This allows us to explicitly
calculate distances between ideals in Remark (5.2.13), and therefore, make interest-
ing comparisons with certain classical metrics on irrationals. And, in Proposition
(5.1.12), the metric of Proposition (5.1.7) will explcitly provide fusing families of

quotients.

Before we move to fusing families of quotients, we show that being a fusing
family of ideals is equivalent to convergence in the metric on ideals of Proposition

(5.1.7).

Lemma 5.1.10. Let A be a C*-algebra with a non-decreasing sequence of C*-

subalgebras U = (Ap)new such that A = Une]NQ(nH'”Ql, and let (Ik) ~ € Ideal(2).

keEN
Then, using notation of Proposition (5.1.7), the sequence (Ik)ke]N converges to
I°° with respect to the metric myqy if and only if the family

{I’C = UpenI® N QLan k€ ]N} is a fusing family of Definition (4.5.1).

Proof. We begin with the forward direction. Assume that (I¥) C Ideal(2A)

keN
converges to [°° € Ideal(2l) with respect to m;,). Thus, we have
limg 00 My (Ik, I°°) = 0. From this, construct an increasing sequence (¢, )neNn C

IN'\ {0} such that:
mz(Z/[) (Ik,IOO> < 27(n+1)

for all k& > ¢,. In particular, fix N € N, if £ € N>, , then "N, = I1° N, for
all n € {0,..., N}, which implies that {I"C = m”'”m ke ]N} is a fusing
family with fusing sequence (¢, )nen by Definition (4.5.1).

For the other direction, assume that {Ik = mll-\\m 1k € ]N} is a fusing
family with fusing sequence (¢, )nenw. Therefore, for all N € IN, if £ € N>, then
I"NA, = I*NA, for all n € {0,...,N}. Hence, let € > 0. There exists N € IN
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such that 2N <e. If k> ey € IN, then
i) (Ik,IOO) <2 WHD) 9N o

which completes the proof. O

In the context of this paper, the main motivation for the metric of Proposition
(5.1.7) is to provide a fusing family of quotients via convergence of ideals. First,
for a fixed ideal of an inductive limit of the form 2 = mll-\\m , we provide an
inductive limit in the sense of Definition (2.1.64) that is *-isomorphic to the quotient.

The reason for this is that given I € Ideal(2(), then 2/I has a canonical closure of

union form as A/T = Upen((™An + I)/I)”'”wl (see Proposition (5.1.12)), but if two
ideals satisfy I N %A, = J N, for some n € N, then even though this provides
that (2, + I)/I is *-isomorphic to (A, + J)/J as they are both *-isomorphic to
A, /(IN2,) (see Proposition (5.1.12)) , the two algebras (A, +J)/J and (A, +1)/I
are not equal in any way if I # J, yet, equality is a requirement for fusing families
(see Definition (4.5.1)). Thus, Notation (5.1.11) will allow us to present, up to *-
isomorphism, quotients as IL-fusing families as we will see in Proposition (5.1.12)
from convergence of ideals in the metric of Proposition (5.1.7). Note that the next

Proposition (5.1.12) is in the case of AF algebras.

Notation 5.1.11. Let 2 be a C*-algebra with a non-decreasing sequence of C*-

subalgebras U = (A )new such that A = Unemﬁn”'”m. Let I € Ideal(2A). For n € IN:
Yin - a+ N, e an/(I N an) —a+ (IﬂQ[nJrl) S an+1/(lmgln+1),

is a*-monomorphism by the same argument of Claim (5.1.14) andU is non-decreasing.

Let Z(A/T) = (A /(I N 2A), V1 n) ey, and denote the C*-inductive limit by lim Z(A/I).

Let B C A be a C*-subalgebra and I € Ideal(). Let B+I ={b+c:beB,ce I}'l’Hm.
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Proposition 5.1.12. Let A be a C*-algebra with a non-decreasing sequence of finite-
dimensional C*-subalgebras U = (Ap)nen such that A = Une]NQLn”‘HQl. Using Nota-
tion (5.1.11), if I € Ideal(2), then there exists a *-isomorphism ¢y : lim Z(A/T) —

A/I such that for all n € N the following diagram commutes:

n

/(1 2y) > liny T(AU/T) |
o id’l

A/ 1

where for alln € IN, the maps ¢ : a+(INA,) € Ay, /(INA,) — a+1 € (A, +1)/I C
/1 are *-monomorphisms onto (U, + I)/1, in which A, + I ={a+becA:ac
A, b € I} is a C*-subalgebra of A containing I as an ideal and Upen (A, + 1)/1)
is a dense *-subalgebra of A/I with ((An, + I)/I)nenw non-decreasing.

Furthermore, if (I*)pew C Ideal(A) converges to I € Ideal(A) with respect to
m;q) of Proposition (5.1.7), then using Definition (4.5.1), we have
{Ik = mll'\\m 1k e ]N} s a fusing family with respect to some fusing se-
quence (Cp)neN such that {hﬂ T (Ql/[k) ke N} is an IL-fusing family with fusing

sequence (Cp)neN-

Proof. Let I € Ideal(2(). Fix n € IN. Note that 2, + I is a C*-subalgebra of 2 since
I € Ideal(), and furthermore I € Ideal(A, + I). Now, we have A, + [ = {a +b €
A:aeA,,be I} since A, and I are both closed in 2 and 2, is finite dimensional.
Next, we have ¢} is an injective *-homomorphism by Claim (5.1.14). If a € U,
then ¢7(a +2,/(IN2,)) = a+ I and the composition ¢7 (7, (a + (INA,))) =
¢ (a+(INAy41)) = a+1. Hence, for all n € IN, the following diagram commutes:

YI,n

Q[n/(] N an) H%n_t,_l/(l N an+1) .

n+1
&7 i%
AT
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Hence, by Theorem (2.1.67), there exists a unique *-monomorphism
¢r : lim Z(A/I) — A/I such that for all n € IN the diagram in the statement of this
theorem commutes. Furthermore, ¢y is an isometry by Proposition (2.1.11).

Next, fix n € N. Let x € (U, +I)/I, and so x =a+ b+ I, where a € 2,,,b € I.
Thus, we havea+b—a=bel = z—(a+1)=0+1 = z =a+ 1. But,
then, the image ¢7}(a + (I NA,)) = =. Hence, the map ¢7 is onto (A, +1)/1. We

thus have:

01 (Unewy} 2/ (I N2))) = Uners (2 +1)/1),

in which the right-hand side is a dense *-subalgebra of 21/ by continuity of the quo-
tient map and the assumption that Unew®y is dense in 2. Hence, since lim Z(A/I)
is complete and ¢; is a linear isometry on lim Z(%/I), we have ¢y surjects onto /.
Thus, the function ¢ : lim Z(A/T) — A/ is a *-isomorphism.

Next, assume that (I k)n e © Ideal(21) converges to I°° € Ideal(2A) with respect
to m;). By Lemma (5.1.10), the family {Ik = m\\'llm ke ]N} is a fusing
family with fusing sequence (b,)nen by Definition (4.5.1).

Let ¢, = bpy1 for all n € IN. Then, the sequence (¢,)nen is a fusing sequence
for {Ik = Unen oo, ™ e]N}. Fix N € N,n € {0,...,N}, and k € Na., .
Then, the equality I* N2, = I°° NA, implies that A, /(IF NA,) = A, /(I° N2Ay).
But, also, we gather vy, = v, since 1 /(TF N Api1) = A1 /(I N Apyr)
as ¢, = byy1. Hence, the familiy of inductive limits {hgn A (52[/[’“) = N} is an

IL-fusing family with fusing sequence (¢,)nen- O

For the ideal space, Proposition (5.1.7) provides a zero-dimensional Hausdorff
space metrized by an ultrametric. We will see that if the sequence of C*-subalgebras
(An)nen are all assumed to be finite dimensional (or if 2 is AF), then the metric
space of Proposition (5.1.7) will be compact in Theorem (5.1.21). But, we will

approach this by first providing a compact metric on the directed hereditary subsets
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of a Bratteli diagram in Proposition (5.1.18), and then translating this metric back to
the setting of Proposition (5.1.7), which will provide compactness with ease. This
provides another in the line of many applications of the novel Bratteli diagram.
But, before we continue in this path, we see that in the very least, the metric
of Proposition (5.1.7) can be utilized as a tool to provide convergence in the Fell
topology as the metric topology is stronger. This is the content of following Theorem
(5.1.13). Later on, this will show in the AF algebra case that the Fell and metric

topologies agree by maximal compactness in Theorem (5.1.21).

Theorem 5.1.13. If A = Unen\@lnH'”Ql is a C*-algebra in which U = (Ap)nenN s a
non-decreasing sequence of C*-subalgebras of A, then on Ideal(2), the Fell topology

is contained in the metric topology of myyy).

Proof. First, we prove the following claim to provide norm calculations.

Claim 5.1.14. Let J € Ideal(). For each k € IN, the map:
ok a+ (JNAL) €A/ (TNAp) —> a+J €A/, (5.1.1)

is a *-monomorphism.

Proof of claim. Assume that a,b € 20 such that a + JN™A, = b+ J N A, which
implies that a — b€ JNA, CJ = a+J =b+ J, and thus, ¢§ is well-defined.
Next, assume that a,b € 2 such that a + J = b+ J, which implies that a — b € J.
But, we have a —b €A =— a—be JNA, and a+ J NA = b+ J N, which
provides injectivity. Thus, for each & € IN, we have § is a well-defined injective

*_homomorphism since J is an ideal. O

Let F C Ideal(2) be closed with respect to Fell. We show that F' is closed
with respect to the metric topology of m;q). Since the topology of m;q,) is met-

ric, we may use sequences. Thus, let (I l) C F and I € Ideal() such that

lelN
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limy— 00 My (I LI ) = 0. Now, we claim that this sequence converges with respect
to the Fell topology, and thus, we will approach by Lemma (2.1.59).

Let € > 0,a € 2. By density of Upen2l, in 2, there exists N € IN such that
an € Ay and |la — an|ly < /2. By convergence in m;,, there exists ky € IN such
that I' N Ay = I N Ay for all I > ky. Furthermore, since gb?lf is an isometry by
Claim (5.1.14) and Proposition (2.1.11), we have that HaN +1I'n QlNHQ[N/(ﬂth) =

HaN + IZHQL/N for all [ > ky. But, we have:

HaN + 1! ﬂQlNH )= lan + TN An oy yzray) = lan + Illyy;

2An/(IN2AN

for all I > ky since I' N Ax = I N Ap. Therefore, for | > ky, we conclude:
l _
HaN+1 HW = llaw + Illo 7 - (5.1.2)

Now, let | > ky, then by Expression (5.1.2) and the fact that any quotient norm of

2 with respect to || - [|o is bounded above by || - [|o, we gather:

I 1 !
oty = o | <l 7 = o+ 01,
1
#flaw + 2, = Nl + Tl
+[llan + Tllays = lla+ Il
I
<l + 2 = o+ s
I
+Ha—aN+I Hm/ﬂ+|’a_aN+I”Ql/I
!
<2l —aly+ |an + 1, = llaw + Tl
<e+0
Therefore, we may conclude lim;_,., Ha—i—[le/ﬂ = Ha"‘IHm/p and by Lemma
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(2.1.59), since a € A was arbitrary, the net (IZ)ZGIN converges with respect to the
Fell topology to I. But, as F' is closed in Fell, we have that I € F. Thus, F is

closed with respect to m;,). This completes the containment argument. O

5.1.1 Metric on Ideal Space of C*-Inductive Limits: AF case

In this section, the ultrametric of Proposition (5.1.7) is greatly strengthened in
the AF case. For instance, its induced topology will be compact. The notion of a
Bratteli diagram will prove quite useful in providing these advantages. Thus, for
the moment, we introduce a new metric based entirely on the diagram structure.
And, we will see in Theorem (5.1.21) that, when AF algebras are reintroduced,
the inductive limit metric and diagram metrics are isometric and form a topology
that equals the Fell topology on ideals. We begining by defining what an ideal of
a Bratteli diagram diagram is, where Bratteli diagram was defined in Definition

(2.1.83).

Definition 5.1.15. Let D = (VP EP) be a Bratteli diagram as defined in Definition
(2.1.83). We call D(I) = (VI ET) an ideal diagram of D if VI € VP EI C EP

and:
(i) (directed) if (n,k) € VI and ((n,k),(n+1,q)) € EP, then (n+1,q) € V1.

(ii) (hereditary) if (n,k) € VP and Ra K S VI then (n,k) € V1.

(iii) (edges) If (n,k),(n + 1,q) € VI such that ((n,k),(n + 1,q)) € EP, then
(n,k),(n+1,q)) € EL.
Furthermore, if (n,k) € VPNV then [n,klp = [n, klpay. And, if ((n,k), (n +
1,q)) € EPNE!, then [(n, k), (n+1,¢)p = [(n, k), (n + L q)]pn-
Also, for n € N, denote V! = VP N V! and EL = EP n B! with I,, = (V! El)
to also include all associated labels and number of edges, and we will refer to VI as

the vertices at level n of the diagram. Let Ideal(D) denote the set of ideals of D.
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Lemma 5.1.16. Using Definition (2.1.83), let D = (VP EP) be a Bratteli diagram.
Using Definition (5.1.15), if I, J € Ideal(D) such that there exists n € N with VI # ()

and VI =V, then I, = Jp, for allm < n.

Proof. Assume that n € N\ {0} and V! = VJ £ (. Let (n — 1,k) € VL. By
directed, for all (n,q) € R(Dn—l,k)’ we have that (n,q) € VI = V.J. Therefore, the
set R@_Lk) C V7. Hence, by hereditary, we have that (n —1,k) € anfl. Thus, the
set VI | C V7 | and the fact that the argument is symmetric in the other direction
implies that V! | = V7 ;. We may continue in this fashion to show that vertices
of the ideals agree up to n. By the edge axiom in Definition (5.1.15), we thus have
that E,In = E;fl for all m < n — 1, but by the directed property, we also have that
Bl = EJ. As the labels of vertices and number of edges for both I and J are both

inherited from D, our proof is finished. O

We now define a metric on ideals of a Bratteli diagram.

Definition 5.1.17. Using Defintion (2.1.83), let D € B be a Bratteli diagram
and for eachn € N, let Z,p = HZ’ZO Zs.

Let Cp = [l,ew Zyp- Denote an element in x € Cp by x = (z(0),2(1),...),
where x(n) = (z(n)o,z(n)1,...,z(n),p) € Zyp for alln € N. Define a metric on

Cp by:

0 if x(n) =y(n),¥n € N
me(z,y) =
27" otherwise, where n = min{m € N : z(n) # y(n)}.

We note that it is a routine argument that me is a metric. Furthermore, if each Z,p
is given the discrete topology and Cp is given the product topology, then m¢ metrizes
this topology. As each Zyp is finite and nonempty, (Cp,m¢) is a Cantor space, a

nonempty perfect zero-dimensional compact ultrametric space.
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Proposition 5.1.18. Using Definition (2.1.83), let D be a Bratteli diagram. Using

Definitions (5.1.15, 5.1.17), if we define:
im(-, D) : Ideal(D) — Cp
coordinate-wise in the following way:

1 if (n,k)e V!
im(I,D)(n)) = ,
0 if (n,k) e VP\ V!

then im (-, D) is a well-defined injection such that (iy,(Ideal(D), D), m¢) is a zero-
dimensional compact ultrametric space.
Furthermore, let m; (py = mc o (iy(, D) X im(-, D)). Then, the metric space

(Ideal(D), m,-m(p)) s a zero-dimensional compact ultrametric space.

Proof. The map i,,(-, D) is well-defined by construction. For injectivity, assume
that there exist I, J € Ideal(D) such that i,,(I, D) = i,,(J, D). By definition, this
implies that i, (I, D)(n) = im(J,D)(n) for each n € N, and therefore, the vertices
VI =V for each n € IN. Thus, applying Lemma (5.1.16), we have that I = .J.
For compactness of (i, (Ideal(D), D), m¢), we need only to show that
im(Ideal(D), D) is closed as (Cp, m¢) is compact. Thus, assume j € Cp such that
there exists (J")pew C Ideal(D) with limy, oo me (i (J™, D), 5) = 0. With this,

construct an increasing sequence (¢, )nenv C IN such that for fixed n € IN, we have:
me(im(J', D), §) < 27D
for all [ > ¢,. By definition of m¢, for each n € IN,p € {0,...,n}, we gather that

j(p) = im(J', D)(p) for all | > ¢,. In particular, we also have that:
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](p) = im(Jcnﬂp)(p) = im(Jcn+q7D)(p) (513)

for all n € N,q € N,p € {0,...n} since (¢;)nen is increasing. Thus:

v/ =yl (5.1.4)

for all g € N,n € IN,p € {0,...n} by definition of i,,(-, D). Thus, for each n € IN,
define V./ = V" Now, let:

V=] v/
nelN

Form E’ by imposing the edge axiom (iii) from Definition (5.1.15). For J =
(V7,E7), inherit the vertex labels and number of edges from D as done in Defi-
nition (5.1.15). We claim that J € Ideal(D) and that i,,(J, D) = j.

First, let (n,k) € V7 such that ((n, k), (n +1,¢)) € EP. But, (n,k) € V;/" =
V7! by Bquation (5.1.4). Since V/"*! is an ideal, by the directed axiom (i), we

have that (n+1,q) € V/ i V,Z?H = anIH C V7, which provides directed axiom

(i) for J.
Next, for the hereditary axiom (ii), let (n, k) € VP and R(Dn K S V7. Now, the set
R(Dn,k) < Van{“. Thus, since V/""*" is an ideal, then (n,k) € V"' = v/ c v/

by Equation (5.1.4), which proves the hereditary axiom (ii) for J. Axiom (iii) for
edges is given by construction. Furthermore, as the labels of vertices and number
of edges are inherited from D, we have that J € Ideal(D) by Definition (5.1.15).

Next, fix n € N,k € {0,...,vP}, then by Equation (5.1.3), we have j(n)y

1 <= in(J"D)n) =1 <= (k) c V" —= k) cV/" =V C
V) <= in(J,D)(n) = 1.

Now, assume that j(n); = 0. Then, by Equation (5.1.3), we have 0 = j(n); =
im(J, D)(n)), implies that (n,k) € VP \ V" = nien (VP \ V™). Thus, the
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vertex (n, k) € VP\V.J" = VP\ V.J. However, for all m € IN\ {n}, the set V,J does
not contain a vertex of the form (n,1) for any I, and thus the vertex (n, k) ¢ V;;| for
all m € IN\ {n} as well. Hence, the vertex (n,k) € VP\ VY <= i,(J,D)(n), = 0.

For the reverse implication, assume that i,,(J, D)(n); = 0, then (n,k) € VP '\
VY = Miew (VP\V}/"). Hence, it must be the case that (n,k) ¢ V)" = V/.
Again, the vertex (n,k) ¢ V7™ for all m € IN\ {n} as well. Thus, the vertex
(n,k) € VP\ V' which implies that j(n)r = im(J,D)(n)r = 0 by Equation
(5.1.3). Hence, we conclude j(n)y = 0 <= in(J,D)(n)ry = 0 for n € N,k €
{0,...,vP}.

Therefore, we have iy, (J, D)(n) = j(n) for all n € IN. Hence, the space
(im(Ideal(D), D), me) is a compact metric space. Zero-dimensional is inherited from
(Cp, me). The fact that the metric space (Ideal(D), m;,.(p)) is a

zero-dimensional compact metric space follows from the fact that i,, (-, D) is injective

and that i,,(Ideal(D), D) is compact in (Cp, m¢). O

The metric of Proposition (5.1.18) is stated entirely in the setting of Bratteli
diagram without reference to an AF algebra. But, we would like utilize Proposition
(5.1.18) to provide compactness of the metric of Proposition (5.1.7) in the case of

AF algebras. Thus, we now begin this transition.

Notation 5.1.19. Let A = mll'”m be an AF algebra where U = (Ap,)nen i
a non-decreasing sequence of finite dimensional C*-subalgebras of A. Let Dy(2) be
the diagram given by Definition (2.1.85).

Let I € Ideal(2) be a norm closed two-sided ideal of 2, then by [11, Lemma 3.2/,
the subset A of Dy(2l) formed by I is an ideal in the sense of Definition (5.1.15),
and denote this by Dy(A)(I) € Ideal(Dy(A)), where Ideal(Dy(2A)) is the set of ideals
of Dy(A) from Definition (5.1.15).
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Proposition 5.1.20. [11, Lemma 3.2/ Let A = m“'”m be an AF algebra where
U = (Ap)nen is a non-decreasing sequence of finite dimensional C*-subalgebras of A
and Bratteli diagram Dy(2L) from Definition (2.1.85). Using Notation (5.1.19) and
Definition (5.1.15), the map:

i(-, Dy(RA)) : T € Ideal(A) —s Dy(A)(I) € Ideal(Dy(2A))

given by [11, Lemma 3.2] is a well-defined bijection, where the vertices of VnDb(m)(I)

are determined by I N2, for each n € IN.
We are now prepared to strengthen Proposition (5.1.7) in the case of AF algebras.

Theorem 5.1.21. If 2 = m“'”m is C*-algebra where U = (A, )pnen is a non-
decreasing sequence of finite dimensional C*-subalgebras of 2, then using Definition
(5.1.6), we have that the map i(-, Dy(2A)) of Proposition (5.1.20) is an isometry from
the metric space (Ideal(%l), mi(u)) of Proposition (5.1.7) onto the metric space
(Ideal(Dy(2)), m;, (D)) using notation of Definition (2.1.85) and Proposition
(5.1.18).

Therefore, the space (Ideal(Ql), mi(u)) 18 a zero-dimensional compact ultrametric
space, and moreover, the topology induced by m;qy on Ideal(A) is the Fell topology
of Definition (2.1.58).

Proof. The isometry is given by Proposition (5.1.20). Indeed, since the vertices
of VnD"(m)(I) are determined by I N2, for each n € IN for any I € Ideal(2A), if
I,J € Ideal(2A), then i(I, Dy(A))(n) = i(J, Dp(A))(n) if and only if INA, = JNA,
by Lemma (5.1.16). Thus:

i(-, Dp(A)) : I € Ideal(A) — Dp(A) (1) € Ideal(Dy(A))

is an isometry from (Ideal(2), m, ) onto the metric space
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(Ideal(Dy(2)), m;,, (p,())) - Therefore, (Ideal(2), m;qy)) is a zero-dimensional com-
pact ultrametric space. But, by Theorem (5.1.13), the metric topology of

(Ideal(%l), mi(u)) is a compact Hausdorff topology that contains the compact Haus-
dorff topology, Fell. Therefore, by maximal compactness, the two topologies equal,

which completes the proof. ]

We now begin a sequence of Corollaries that highlight the consequences of The-
orem (5.1.21). All of these following Corollaries are phrased in terms of m;(,, but
can be translated in terms of the diagram metric m;  (p) by Theorem (5.1.21), and
we note that m; (py will prove useful in its own right in the proof of Theorem
(5.1.28), Proposition (5.2.10), and the main result of Section (5.2.1), which is The-
orem (5.2.21), since many results and constructions with regard to AF algebras are
phrased diagramatically. First, Theorem (5.1.21) provides that the notion of fusing
family of ideals is a topological and metric notion, which motivates the definition of

fusing family (Definition (4.5.1)).

Corollary 5.1.22. Let 2 be a C*-algebra with a non-decreasing sequence of finite
dimensional C*-subalgebras U = (Ay)nen such that A = Une]NanH'”m.

If (IF) e © Ideal(A), then the following are equivalent:

1. {Ik = UpenIF® ﬂanH“m k€ IN} is a fusing family of Definition (4.5.1),

2. (Ik)kelN converges to 1°° with respect to the metric myy,

3. (Ik)ke]N converges to 1°° in the Fell topology.

Proof. Apply Theorem (5.1.21) to Lemma (5.1.10). O

Next, the metric topology has same comparison with the Jacobson topology as

the Fell topology.

Corollary 5.1.23. If 2 is a C*-algebra with a non-decreasing sequence of finite

dimensional C*-subalgebras U = (Ap)nen such that A = UnE]Nan”'Hm, then using
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notation from Proposition (5.1.7), the space (Prim(ﬂ),mi(u)) is a totally bounded
zero-dimensional ultrametric space in which the relative topology on Prim(2) induced
by the metric topology myyy) or the Fell topology contains the Jacobson topology on
Prim(A).

Proof. Apply Theorem (5.1.21) to Proposition (5.1.1). And, since total boundedness

and zero-dimensionality are hereditary properties, the proof is complete. ]

Another immediate consequence of Theorem (5.1.21) is that, although the metric
is built using a fixed inductive sequence, the metric topology with respect to an
inductive sequence is homeomorphic to the metric topology on the same AF algebra
with respect to any other inductive sequence. In particular, concerning continuity
or convergence results, Corollary (5.1.24) provides that one need not worry about
the possibility of choosing the wrong inductive sequence, and therefore, one may
choose any inductive sequence without worry to suit the needs of the problem at

hand.

Corollary 5.1.24. Let A, B be C*-algebras with non-decreasing sequences of finite
dimensional C*-subalgebras Uy, = (A )neN,Us = (Bn)nen, respectively, such that
9 — m”'llm and B — mll'\\%'

If A and B are *-isomorphic, then the metric spaces (Ideal(%l), mi(um)) and
(Ideal(%), mi(u%)) are homeomorphic.

-l

In particular, if A = Upen2 = UnGINQLQ’n”.Hm, where Uy = (A1 p)nen,Us =

(A2 )new are non-decreasing sequences of finite dimensional C*-subalgebras of 2,

then the metric spaces (Ideal(2), m;q,)) and (Ideal(2A), m;q4,)) are homeomorphic.
Proof. Apply Lemma (5.1.3) to Theorem (5.1.21). O
Furthermore, as another consequence of Theorem (5.1.21), we may strengthen

Proposition (5.1.11) with the Fell topology in the case of AF algebras.
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Corollary 5.1.25. Let 2 be a C*-algebra with a non-decreasing sequence of finite
dimensional C*-subalgebras U = (Ay,)nen such that A = Une]NanH'”m.
If (I")new C Ideal(RA) converges to I°° € Ideal(2A) with respect to m;qy) or the

Fell topology, then using Definition (4.5.1), the family:
{1 =GeenIm A2 ™ 0 e W}

is a fusing family with fusing sequence (¢p)nen such that {hﬂ ZRA/I) :n € N} is

an IL-fusing family with fusing sequence (¢p)neN-
Proof. Apply Theorem (5.1.21) to Proposition (5.1.11). O

Now, that we have this identification with the Fell topology, we finish our discus-
sion of the metric topology by considering it in the commutative case. The reason
for this is because if 2 is a commutative C*-algebra, then the Jacobson topology
on the primitive ideals of 2 is homeomorphic to the maximal ideal space with its
weak™ topology, which is a classic result for which we provided a proof of in the
unital case as Theorem (2.1.55). Furthermore, in the unital case, we will show that
the relative topology on the primitive ideals induced by the metric topology will
be compact, which will provide that this metric topology agrees with the Jacobson
topology since it is compact in the unital case. This result rests on a characteri-
zation of Bratteli diagrams associated to unital commutative AF algebras provided
by Bratteli as [12, Expression 3.1] along with his diagrammatic characterization of
primitive ideals found as [11, Theorem 3.8], [12, Expression 2.7]. We return to di-
agrams and some common notation with respect to Bratteli diagrams and vertices

that are connected by a sequence of edges.

Notation 5.1.26. Let D € AY be a Bratteli diagram of Definition (2.1.83). For

(n, k), (m,7r) € VP m > n, we write:
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(n, k) § (m,r)

if there exists a sequence ((n, kp))yL,, C VP such that (n, k) = (n, k) and (m,r) =

(m, km) and ((n,kp), (p+ 1,kps1)) € EP for all p € {n,...,m —1}.

We require more information for the diagram associated to the AF algebra as a

quotient of an ideal of an AF algebra. This is Remark (5.1.27).

Remark 5.1.27. Let 2 be a unital C*-algebra with a non-decreasing sequence of
finite dimensional unital C*-subalgebras U = (Ap)nen such that A = ml\'ﬂm‘
Let I € Ideal(21)). Recall the map, i(-, Dy(A) defined in Proposition (5.1.20). We
define the graph D(A/I) = (VDb(Q[) \ Vil Do) Em/l) , where E*1 is all edges from
EPo@) petween vertices in VP \ VILP@) glong with the induced labels and
number of edges from Dy(21). By [11, Proposition 3.7], the diagram D(2/I) satisfies
azioms (i),(i1),(ii) of Definition (2.1.83). Furthermore, the diagram D(2(/I) forms
the diagram associated to the Bratteli diagram Dy(24/I) from Definition (2.1.85) up

to shifting the placement of vertices as done in [11, Proposition 3.7].

Thus, we are now in a position to compare the relative metric topology with the

Jacobson topology on the primitive ideals of a unital commutative C*-algebra.

Theorem 5.1.28. Let 2 be a unital C*-algebra with a non-decreasing sequence of
unital finite dimensional C*-subalgebras U = (A, )new such that A = |, e Q[n”'HQI.
If A is commutative, then the metric space (Prim(?l), mi(u)) with relative topology

induced by the metric topology of m;q) (Proposition (5.1.7)):
1. is a zero-dimensional compact ultrametric space,

2. has the same topology as the Jacobson topology or the relative Fell topology on
Prim(2A), and
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3. is homeomorphic to the space of non-zero multiplicative linear functionals on
A denoted Mgy with its weak-* topology, in which the homeomorphism is given
by:

¢ € My — ker p € Prim(2().

Proof. We start by verifying conclusion I.. For this, we show that Ideal(2()\ Prim(2()
is open in (Ideal(2), m;y)). Note that 2 € Ideal(2) is not primitive by Definition

(2.1.52). Thus, we approach the proof in two cases.
Case 1. Assume [ = 2.

We show that 2 is isolated. Note that {P € Ideal(2) : m;(P,2) <27} is a
basic open set such that {2} C {P € Ideal(2) : m;p(P,2) < 271 }. However, let
K € {P € Ideal() : M (P, 2A) < 271}, then by definition of m;), we have 2y =
AN Ay = KNy and thus K would be unital, which implies that K = 2. Hence,
the ideal I € {2} = {P € Ideal(2) : m;p(P,2A) < 271} C Ideal(A) \ Prim(2A).

Case 2. Assume I € Ideal(2) \ Prim(2) such that I # A

Recall the map i(-, Dyp(21)) defined in Proposition (5.1.20). By [12, Expression

2.7], since I is not primitive:

there exists N; € IN such that for all m > Ny, (m,r) € VP \ L)
(5.1.5)

there exists (N7, k) € VP \ VIEP() guch that (N7, k) i (m,r)
using Notation (5.1.26).
Next, we consider the vertices of i(I,Dy(2)), where I # 2A. Assume by way
of contradiction that there exists & € IN such that V,:(I’Db(m)) = VkD”(m), then by
definition of i(I, Dy(2A)), this would imply that N2, = 2Ak. Since Ay, is unital, then I

would contain the unit, and thus, the ideal I = %, a contradiction to our assumption

that I # 2 of Case 2. Therefore, we have that () C VJ\?’(Q[) \VX}I’DI’(Q‘)) - VJ@”(Q[) for

223



all M € IN. Therefore, at Ny + 1, there exists (Ny + 1,7) € VP \ Vill.Do(1) | By
Expression (5.1.5), since I is not primitive, there exists (N7, k) € VP\VH{LPe() such
that (N7, k) ¥ (Nr+1,r). Let D(/I) denote the diagram associated to 2(/I defined
in Remark (5.1.27). Thus, since D(2/I) satisfies axiom (iii) of Definition (2.1.83)
and (N7, k) §f (N7 +1,r), we have that there must exist (Ny,1) € Vjelb(m) \V]i[(I’Db(m))

I
such that (N7,1) |} (N7+1,7), and so the cardinality of VJ\?I b(m)\V]@(f’D”(m)) is greater
than or equal to 2.

Thus, consider the basic open set
B, (1,2=WNit2)) = {J € Ideal() : myy (1, J) < 2-N1+2 1 Let

JeB (1,2=N1+2)) . Therefore, since i(-, Dy()) is an isometry by Theorem

m; )

(5.1.21), we have V1§7(117Db(m)) _ V]if(IJ:Db(Ql)) and VJ\?}IJ(Q[) \ V]@(II,DIJ(Q[)) _ Vﬁ[b@l) \

D)

N, , which thus has cardinality greater than or equal to 2, and so there

exists (N7, k), (N7,1) € Vo I\ VP ) such that k # 1.

We claim that J € Ideal(2) \ Prim(2(). Assume by way of contradiction that
J € Prim(2(). Thus by [12, Expression 2.7], there exist m > N; and (m,r) €
VP Vi Pe() such that (N7, k) I} (m,r) and (N7,1) § (m,r).

Let (N1, kp))ptn, C VP ) and (N1, k))pln, C VP be the sequences de-
fined by (Np,k) | (m,r) and (Ny,1) | (m,r), respectively, and Notation (5.1.26).
Thus, the vertices (m, ky,) = (m,r) and (m,l,,) = (m,r). Hence, since (Ny, k) #
(N1,1), there exists p € {N; + 1,...,m} such that (p — 1,k,—1) # (p — 1,1p—1)
and (p,k,) = (p,l,) lest the condition || not be satisfied. But, then, the edges
(p—1,kp-1), (D, kp))s (0 — 1,1p—1), (p, kp)) € EP* . Since the diagram Dy (2l) is a
Bratteli diagram of a unital commutative AF algebra, by Bratteli’s characterization
of Bratteli diagrams of unital commutative AF algebras as [12, Expression 3.1], we
have reached a contradiction since (p — 1,k,—1) # (p — 1,1,—1). Therefore, the ideal
J € Ideal(2) \ Prim(2A) and I € Bm,g,, (1,27 W12) C Ideal(A) \ Prim(2).
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Combining Case 1 and Case 2, the set Ideal(2() \ Prim(2() is open, and thus
Prim(2) is closed in the zero-dimensional compact metric space (Ideal(2), m;qy)),
which is compact by Theorem (5.1.21). Therefore, the space (Prim(‘)l), mi(u)) is a
zero-dimensional compact metric space with its relative topology.

For conclusion 2., the comment about the relative Fell topology is already estab-
lished by Theorem (5.1.21). By Theorem (2.1.55) and Corollary (5.1.23), we have
that the Jacobson topology on Prim(2() is a compact Hausdorff topology contained
in the compact Hausdorff topology given by (Prim(%),mi(u)), which is compact
Hausdorff by part 1. By maximal compactness, the topologies equal.

For conclusion 3., by Theorem (2.1.55), the set Prim(2() with its Jacobson topol-
ogy is homeomorphic to My with its weak-* topology. Thus, by part 2., we conclude
that (Prim(Ql), mi(u)) is homeomorphic to My with its weak-* topology by the de-

scribed homeomorphism. O

5.2 Ciriteria for convergence of quotients of AF algebras

In the case of unital AF algebras, we provide criteria for when convergence
of ideals in the Fell topology provides convergence of quotients in the quantum
propinquity topology, when the quotients are equipped with faithful tracial states.
But, first, as we saw in Corollary (5.1.25) and Proposition (5.1.12), it seems that an
inductive limit is suitable for describing fusing families with regard to convergence of
ideals. Thus, in order to avoid the notational trouble of too many inductive limits,
we will phrase many results in this section in terms of closure of union.

Now, when a quotient has a faithful tracial state, it turns out that the
*_isomorphism provided in Proposition (5.1.12) is a quantum isometry
(Theorem-Definition (2.3.16)) between the induced quantum compact metric spaces
of Theorem (3.1.3) and Theorem (3.1.5), which preserves the finite-dimensional

structure as well in Theorem (5.2.1). The purpose of this is to apply Theorem
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(4.5.6) directly to the quotient spaces. This utilizes our criteria for quantum isome-

tries between AF algebras in Section (3.3) as Theorem (3.3.1).

Theorem 5.2.1. Let A be a unital AF algebra with unit 1y such that U = (An)neN
is an increasing sequence of unital finite dimensional C*-subalgebras such that 2 =

Unemgln||“‘m with g = Cly. Let I € Ideal(A) \ {A}. By Proposition (5.1.12), the

C*-algebra A/T = Upen (@ + D/ ™" and denote U/T = (A + I)/nex, and
note that (Ao + 1)/ = Clyy;.

If A/ 1 is equipped with a faithful tracial state, u, then using notation from Propo-
sition (5.1.12), the map po ¢y is a faithful traical state on lim Z(2A/T).

Furthermore, let  : IN — (0,00) have limit O at infinity. If L2 is the

Z(A/T), o

(2,0)-quasi-Leibniz Lip norm on hglI(Ql/I) given by Theorem (3.1.3) and LU/I,M is

the (2,0)-quasi-Leibniz Lip norm on A/I given by Theorem (3.1.5), then:

o' (QL/I, u/m) (lﬂz (A/1), L 9‘/1 H°¢>1)

is a quantum isometry of Theorem-Definition (2.3.16) and:

Ao (B (/D). a1y o, ) (2T iyn,0) ) =0

Moreover, for all n € N, we have:

/\270(( W/ (TN, L (m/l)uomoy[) ((m + /L, )):o.

Proof. Since I # 2, the AF algebra 2(/I is unital and (Ao + I)/I = Clg; as
Ao = Cly. Since p is faithful on 2A/I, we have p o ¢ is faithful on hﬂI(Ql/I) since

¢r is a *-isomorphism by Proposition (5.1.12).

Using Notation (5.1.11), define U(A/I) = <'y}” /(I N le))) . By Propo-
— meN
sition (2.1.66), the sequence U(A/I) = (’y}" /(I NA)) is an increas-
— meN
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ing sequence of unital finite dimensional C*-subalgebras of th(Ql/ I) such that

ling (/1) = Uy (71 2)) 57" i of (2 (1'0126) = Clyriayn

on hﬂI(Ql/I) from Theorem (3.1.5), and LZ/I i

Thus, we may define L UQ/T) oy
on /I from Theorem (3.1.5).

Now, fix m € IN, since ¢y o v]* = ¢}* by Proposition (5.1.12), we thus have:
_)

iy (A /(10 Um)) = ¢1" 0 O (A /(I NAm)) = &7 (Am +1)/1).

Also, since the chosen faithful tracial state on hﬂI(Ql/I ) is o ¢y, we have
by Theorem (3.3.1) that (71 (A /(I NA)), 161(21/1) pody ) is quantum isometric
to ((le +1)/I,L7 U, u) by the map ¢; ' restricted to (2, + I)/I for all m € IN.

However, the space <qi”> /(I NA)) LL’B{(Q[ D)0 ¢1> is quantum isometric to

((le/(l N2Ap)), Lg(m/l) jody © 7}”) by the map ~}". Since quantum isometry is an
’ __> _>

equivlance relation, we conclude that:

Ao ((Ba/ (1 V), L) gy © 98 ) 5 (B + DD/LLG ) ) =0

by Theorem-Definition (2.3.16).

Moreover, Theorem (3.3.1) also implies that:

o' (Q[/L Z/I/Iu> (ﬂu(m/I% um/r)uom)

is a quantum isometry. Next, define L? from Theorem (3.1.3). By Propo-

Z(A/T),pody
sition (3.1.6), we may replace Lu(m D Wlth LI(Q[ J1) oy which completes the

proof. O

Thus, the quantum isometry, ¢y, of Theorem (5.2.1) is in some sense the best

one could hope for since it preserves the finite-dimensional approximations in the
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quantum propinquity. Next, we give criteria for when a family of quotients converge

in the quantum propinquity with respect to ideal convergence.

Theorem 5.2.2. Let A be a unital AF algebra with unit 1y such that U = (Ap)neN
is an increasing sequence of unital finite dimensional C*-subalgebras such that A =

Unelean, with Ao = Clg. Let (I"),, o € Ideal(A) \ {A} such that {p AT —
C : k € IN} is a family of faithful tracial states. Let Q¥ : A — A/I* denote the

quotient map for all k € N. If:

1. (I")new C Ideal(A) converges to I°° € Ideal(A) with respect to m;qy) of Def-
inition (5.1.6) or the Fell topology (Definition (2.1.58)) with fusing sequence

(cn)nen for the fusing family {I” = UgenI™N QlkMQl in € N},

2. for each N € N, we have that (,uk o Qk) converges to [ieo © Q% in the

kE]N;CN

weak-* topology on . (An), and

3 {pF N — (0,00)}pew 78 @ family of convergent sequences such that for all
N € N if k € Nscy, then BF(n) = (n) for alln € {0,1,..., N} and there
ezists B : IN — (0, 00) with B(co) =0 and 8™(l) < B(l) for all m,l € N,

then using notation from Theorem (5.2.1):

. n ﬁn (o.9] Boo —
Jim Az ((Ql/f ,Lu/pl,un> ; (Ql/f 7Lu/1w,um)) =0

Proof. By Corollary (5.1.25), the assumption that (I"),en C Ideal(2) converges to
I°° € Ideal (1) with respect to m; ) of Definition (5.1.6) or the Fell topology implies
that:

{1 =GeenIm A2 ™ 0 e W}

is a fusing family with some fusing sequence (c¢;,)nen such that

{h_n; Z(A/I™) :n € N} is an IL-fusing family with fusing sequence (¢p,)nen-.
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Fix N € N and k € IN>.,. Let z € 2y, and let Q’f\, C Ay — An/(IF N Ay)
and QF : Anx — An/(I>* N Ay) denote the quotient maps, and let Let ¢p :
lim Z(A/I¥) — A/T* denote the *-isomorphism given in Proposition (5.1.12) and
recall that Z(A/I%) = (2, /(I* mmn)’%kﬂ)nem from Notation (5.1.11). Now, by

Proposition (5.1.12) and its commuting diagram, we gather:

o 9107 0 Q) = o 6 0 QA (0

= ik 0 dp(x + I N A)

= puk(z + I¥)
= pux 0 Q(x).
Therefore, by hypothesis 2., the sequence <,uk o¢ o flek o Q’K,) converges
_)

k?EIN>CN
t0 floo © oo © 7}\; o QY in the weak-* topology on . Hence, the sequence
—

_>
S (An/ (I N2Ax)) by [18, Theorem V.2.2]. Thus, by hypothesis 3. and by Theo-

(Mk o Pk o'y;\,i) converges to fioo © Proo © 7}\; in the weak-* topology on
keNs, —

rem (4.5.6), we have that:

tim Az ( (1 ZO/ 1), U1y ooy ) + (B YTV LS ey )) = O

n—oo

But, as qﬁf_nl is an isometric isomorphism for all n € IN by Theorem (5.2.1), we

conclude:
: n | B" oo | B _
nh—>n<;lo/\2’0 <<Ql/1 ,Lu/In#n) 9 (QL/I ’LU/IOO,MOQ)> - 07
which completes the proof. O

5.2.1 Continuous families of quotients of the Boca-Mundici algebra

The Boca-Mundici AF algebra arose in [10] and [54] independently and is con-

structed from the Farey tessellation (see [10] for a definition). In both [10] and
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[54], it was shown that the all Effros-Shen AF algebras (Notation (2.1.82)) arise
as quotients up to *-isomorphism of certain primitive ideals of the Boca-Mundici
AF algebra, which is the main motivation for our convergence result of this section,
Theorem (5.2.21). In both [10] and [54], it was also shown that the center of the
Boca-Mundici AF algebra is *-isomorphic to C([0,1]), which provided the framework
for C. Eckhardt to introduce a noncommutative analogue to the Gauss map in [21].

We present the construction of this algebra as presented in the paper by F. Boca
[10] due to its diagrammatic approach. Asin [10], the definition of the Boca-Mundici

AF algebra in Definition (5.2.6) begins with the following Relations (5.2.1).

q¢(n,0) =q(n,2""") =1, p(n,0)=0, p(n,2""")=1 neN\{0}
q(n+1,2k) = q(n, k), p(n+1,2k) = p(n, k), n €N\ {0},
ke{0,...,2" 1}
gn+1,2k+1) = q(n, k) + q(n, k + 1), n € IN\ {0},
ke{o,...,2n" 1 —1};
p(n+1,2k+1) =p(n, k) + p(n, k + 1), n € N\ {0},

ked{o,...,2"" 1 —1};

r(n,k) = 22, n e\ {0},

ke{o,...,2"" 1 —1}.
(5.2.1)

We note that the above relations presented here are the same as in [10, Section 1],
but instead of starting at n = 0, these relations begin at n = 1. We now define the
finite dimensional algebras which determine the inductive limit § that defines the

Boca-Mundici AF algebra of Definition (5.2.6).
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Definition 5.2.3. For n € N\ {0}, define the finite dimensional C*-algebras:

2n—1

Sn = @ M(q(n,k)) and Fo = C.

k=0

Next, we define *~homomorphisms to complete the inductive limit recipe. We

utilize partial multiplicity matrices by Theorem (2.1.18).

Definition 5.2.4. For n € IN\ {0}, let F}, be the (2" +1) x (2"~ + 1) matriz with

entries in {0, 1} determined entry-wise by:

(

1 if (h=2k+1,ke{0,....,2" '} Aj=k+1)
(Fn)nj = V(h=2kke{l,....2" MA(G=kVji=k+1));

0 otherwise.

For example,

(1000 0]

1100 0

(10 0| 01000

10 110 01100
FF=|11|,F2=|010|,f3=]100100
01 01 1 00110
(00 1| 00010

00011

00001

We would like these matrices to determine unital *-monomorphisms, so that our
inductive limit is a unital C*-algebra. By Theorem (2.1.18), this motivates the

following Lemma (5.2.5).
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Lemma 5.2.5. Using Definition (5.2.4), if n € IN\ {0}, then:

q(n,0) q(n+1,0)
g | e | [ e
q (n, 2"_1) q(n+1,2")

Proof. Let n € N\ {0}. Let k € {1,...,2" '} and consider g(n + 1,2k — 1). Now,
by Definition (5.2.4), row 2k — 1 + 1 = 2k of F,, has 1 in entry k and k + 1, and 0

elsewhere. Thus:

((Fu)2kts - (F)agan-141) - . =q(n,k—1)+q(n,k—1+1)

=q(n+1,2k—-1)

by Relations (5.2.1). Next, let k& € {0,...,2" '} and consider q(n + 1,2k). By

Definition (5.2.4), row 2k + 1 of F,, has 1 in entry k + 1 and 0 elsewhere. Thus:

q(n,0)

q(n,1)
(Fu)2ks1,1s - > (Fo)aksr,an-141) - . =q(n,2k) = q(n + 1,2k)

q (n, 2n—1)
by Relations (5.2.1). Hence, by matrix multiplication, the proof is complete. O

Definition 5.2.6 ([10, 54]). Define @o : o — &1 by po(a) = a®a. Forn € IN\ {0},
by Theorem (2.1.18) and Lemma (5.2.5), we let v, : Fn — Fnt1 be a unital *-

monomorphism determined by F,, of Definition (5.2.4). Using Definition (5.2.3),
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we let the unital C*-inductive limit (Definition (2.1.64)):

g = hﬂ(gny Son)nelN

denote the Boca-Mundici AF algebra.
By Proposition (2.1.66), let §" = go_)”(%n) for alln € N and Uz = (F")nen, which

is a non-decreasing sequence of unital C*-subalgebras of § such that § = UnE]NS””'H‘?,

where F° = Cl;.

We note that in [10], the AF algebra § is constructed by a diagram displayed
as [10, Figure 2], so in order to utilize the results of [10], we verify that we have
the same diagram up to adding one vertex of label 1 at level n = 0 satisfying the

conditions at the beginning of [10, Section 1].

Proposition 5.2.7. The Bratteli diagram of §, denoted Dy(F) = (VDb(S),EDb(g))

of Definition (2.1.85) satisfies for alln € N\ {0}:
(i) ViP'S) — {(n,k) : k € {0,...,2"1}}

(ii) ((n,k),(n+1,1)) € gD @) if and only if |2k — 1] < 1. And, there exists only

one edge between any two vertices for which there is an edge.

Proof. Property (i) is clear by Definition (5.2.3). By Definition (2.1.85), an edge
exists from (n,s) to (n+ 1,¢) if and only if its associated entry in the partial mul-
tiplicity matrix (F,)¢+1,s+1 1S non-zero.
Now, assume that |25 —¢| < 1. Assume t = 2k+1 for some k € {0,...,2" "1 —1}.
We thus have |2s —t| <1 <= k<s<k+1 < sec {kk+ 1}, since s € IN.
Next, assume that t = 2k for some k € {0,...,2" 1}, We thus have
2s —t| <1 <= —-1/2+k<s<1/24+k < |s—k| <1/2 < s =k since
s € IN. But, considering both ¢ odd and even, these equivalences are equivalent to

the conditions for (F},)4+1,s+1 to be non-zero by Definition (5.2.4), which determine
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the edges of Dy(F). Furthermore, since the non-zero entries of F,, are all 1, only one

edge exists between vertices for which there is an edge by Definition (2.1.85). O

Next, we describe the ideals of §, whose quotients are *-isomorphic to the Effros-

Shen AF algebras.

Definition 5.2.8 ([10]). Let 0 € (0,1) \ Q. We define the ideal Iy € Ideal(F)
diagrammatically by the one-to-one correspondence of Proposition (5.1.20).

By [10, Proposition 4.i], for each n € IN \ {0}, there exists a unique j,(0) €
{0,...,2"7Y — 1} such that r(n,j.(0)) < 0 < r(n,jn(0) + 1) of Relations (5.2.1).
The set of vertices of the diagram of the ideal D(ly) of Definition (5.1.15) is defined
by:

VPN ({(n,a(0)), (n,3a(0) + 1) : n € N\ {0} U{(0,0)})

and we denote this set by VPUo) . Let EPU0) be the set of edges of Dy(§), which are

between the vertices in VPUo) and let D(I5) = (VD(IQ), EPUe)). By [10, Proposition

4.1], the diagram D(Iy) € Ideal(Dy(F)) is an ideal diagram of Definition (5.1.15).
Using Proposition (5.1.20), define:

Ip = i(-, Dp(3)) "t (D(Ip)) € 1deal(5).
By [10, Proposition 4.i], if n € N\ {0,1} and 1 < j,(#) < 2"~ — 2, then:
105" =" (120 Mla(n, k) @ {0} @ {0} & (&7, ) s Maln, 1)) ) -
If jn(0) = 0, then:
10§ = ¢ ({0} {0} & (875, 9)2MMa(n, k) )

If jn(0) = 2"~ 1 — 1, then:
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105" =" (@0 Man, k) @ {0} & {0}) .

and if n € {0,1}, then IyNF™ = {0}. We note that Iy € Prim(F) by [10, Proposition
4],

Before we move on to describing the quantum metric structure of quotients of
the ideals of Definition (5.2.8), let’s first capture more properties of the structure of

the ideals introduced in Definition (5.2.8), which are sufficient for later results.

Lemma 5.2.9. Using notation from Definition (5.2.8), if n € N\ {0},6 € (0,1)\Q,

then ju1(6) € {27(6), 27 (8) + 1}.

Proof. We first note that the vertices VPs(%) \VD(I(’) determine a Bratteli diagram
associated to the AF algebra §/Ip, which we will denote Dy(2(/1Ip), as in Defini-
tion (2.1.85) by [11, Proposition 3.7] up to shifting vertices, in which the edges for
Dy(2A/Iy) are given by all the edges from EP»() between vertices all vertices in

VP \ yPUe) | Thus, by Defintion (5.2.8), the vertex set for Dy(A/Iy) is:
VPRI VPUD) = {(n,j,(0)), (n, jn(0) + 1) € N : n € N\ {0} } U{(0,0)}, (5.2.2)

and in particular, this vertex set along with the edges between the vertices satisfy
axioms (i),(ii), (iii) of Definition (2.1.83).

Consider n = 1. Since there are only 3 vertices at level n = 2, the conclusion is
satisfied since j2(0), j2(0) +1 € {0,1,2} and j;(#) = 0 since there are only 2 vertices
at level n = 1.

Furthemore, note by definition, we have j,(f) < 2! — 1 since j,(0) +1 €

{0,...,2n" 1.

Step 1. Forn > 2, we show that jn+1(0) = 25,(0).
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We note that if j,(6) = 0, then clearly j,+1(0) > 0 = 25,(0). Thus, we
may assume that j,(0) > 1. Hence, we may assume by way of contradiciton that
Jn+1(0) < 25,(60) — 1. Consider j,(0) + 1. By Expression (5.2.2), the only vertices
at level n + 1 of the diagram of §/Iy are (n + 1, jn,+1(0)) and (n + 1, j,41(0) + 1).

Consider j,+1(0) + 1. Now:

|2(]n(9) + 1) - (]n+1(9) + 1)’ = |2]n(9) - jn+1(9) + 1"

But, by our contradiction assumption, we have 2j,(60) — jp+1(0) + 1 = 25,(0) + 1 —
2jn(0) + 1 = 2. Thus, by Proposition (5.2.7), there is no edge from (n,j,(0) + 1)
to (n 4+ 1,jn4+1(0) + 1). Next, consider j,+1(6). Similarly, we have |2(j,(6) + 1) —
Jns1(0)] = 12Jn(0) — jny1(0) + 2|. However, the indices 2j,(0) — jni1(0) + 2 >
2§n(0) +1 — 25,(0) + 2 = 3. And, again by Proposition (5.2.7), there is no edge
from (n,jn(0) +1) to (n+ 1, jn+1(6)). But, by Expression (5.2.2), this implies that
(n, jn+1(0)+1) is a vertex in the quotient diagram § /Iy in which there does not exist
a vertex (n+ 1,1) in the diagram of §/Ip such that ((n, jn4+1(0) +1),(n+1,1)) is an
edge in the diagram of § /Iy, which is a contradiction since the quotient diagram is a
Bratteli diagram that would not satisfy axiom (ii) of Definition (2.1.83). Therefore,

we conclude j,+1(0) > 2j,(6).
Step 2. Forn > 2, we show that jn+1(0) < 25,(6) + 1.

Now, if j,(0) = 271 — 1, then j,11(0) +1 < 2" = 2(2"7! — 1) + 2 and thus
Jn+1(0) < 22771 —1) +1 = 25,(0) + 1 and we would be done. Thus, we may
assume that j,(0) < 2"~! — 2 and we note that this can only occur in the case that
n > 3, which implies that the case of n = 2 is complete. Thus, we may assume by
way of contradiction that j,4+1(6) > 2j,(0) + 2. Consider j,(6). As in Step 1, we
provide a contradiction via a diagram approach. Consider j,11(0) + 1. Now, we

have |27,(0) — (jn+1(0) + 1)| = |24n(0) — jnt+1(6) — 1|. But, by our contradiction
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assumption, we gather that 25,(0) — jn+1(0) — 1 < 25,(0) — 2j,(0) —2 -1 = =3
and [2j,(0) — (jn+1(0) + 1)| > 3. Thus, by Proposition (5.2.7), there is no edge
from (n,j,(0)) to (n + 1,jn+1(0) + 1). Next, consider j,+i(f). Similarly, we have
2jn(0) = jn+1(0) < 27 (0) = 25 (0) — 2 = =2 and [2ju(0) — jn41(0)] > 2. Thus, by
Proposition (5.2.7), there is no edge from (n,jn(0)) to (n + 1, jp+1(0)). Thus, by
Expression (5.2.2) and the same diagram argument of Step 1, we have reached a
contradiction. Hence, jn4+1(0) < 2j,(0) + 1.

Thus, combining Step 1 and Step 2, the proof is complete. O

Next, on the subspace of ideals of Definition (5.2.8), we provide a useful topolog-
ical result about the metric on ideals of Proposition (5.1.7), in which the equivalence

of 1. and 3. is a consequence of [10, Corollary 12], which is unique to Boca’s work

on the AF algebra, §.

Proposition 5.2.10. If (0),cx € (0,1) \ Q, then using notation from Definition

(5.2.6) and Definition (5.2.8), the following are equivalent:
1. (Op)nen converges to O with respect to the usual topology on R;

2. (cf(0n))nenw converges to cf(0) with respect to the Baire space, A and its
metric from Definition (4.1.4), where cf denotes the bijection determined by

the unique continued fraction expansion of an irrational;

3. (Ig,)new converges to Ig._ with respect to the Jacobson topology (Definition

(2.1.52)) on Prim(F);

4. (Ip, )new converges to Iy with respect to the metric topology of M) of

Proposition (5.1.7) or the Fell topology of Definition (2.1.58).

Proof. The equivalence between 1. and 2. is a classic result, in which a proof can

be found in [3, Proposition 5.10]. The equivalence between 1. and 3. is immediate
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from [10, Corollary 12]. And, therefore, 2. is equivalent to 3.. Thus, it remains to
prove that 3. is equivalent to 4.

4. implies 3. is an immediate consequence of Corollary (5.1.23) as the Fell
topology is stronger. Hence, assume 3., then since we have already established 3.
implies 2., we may assume 2. to prove 4.. For each n € N, let cf(6,,) = [a;?]je]N. By
assumption, the coordinates af = 0 for all n € IN. Now, assume that there exists
N € N\ {0} such that a] = a3° for all n € N and j € {0,..., N}. Assume without

loss of generality, assume that N is odd. Thus, using [10, Figure 5], we have that:
Lap—10Rapo---0Lgn = Lgo—10Rage 00 L (5.2.3)

for all n € IN. But, Equation (5.2.3) determines the verties for the diagram of the
quotient /Iy, for all n € IN by [10, Proposition 4.i] (specifically, the 2nd line of
paragraph 2 after [10, Figure 5] in arXiv v6). But, the vertices of the diagram
of the quotient §/Ip, are simply the complement of the vertices of the diagram of
Iy, by [19, Theorem II1.4.4]. Now, primitive ideals must have the same vertices at
level 0 of the diagram since they cannot equal 2 by Definition (2.1.52) and are thus
non-unital. But, for any n € (0,1) \ Q, the ideals I, must always have the same
vertices at level 1 of the diagram as well since the only two vertices are (1,0), (1,1)
and r(1,0) =0 < 0 < 1 =r(1,1) by Relations (5.2.1) for all § € (0,1) \ Q. Thus,
Equation (5.2.3) and the isometry of Theorem (5.1.21), we gather that Iy, N’ =

Iy, NF for all n € N and:

N
je {0,...,max{1,a$°—1+ (Za{j)}}
k=2

where max {1, a® — 1+ (22\722 aﬁ)} > N as the terms of the continued fraction
expansion are all positive integers for terms after the first term. Thus, by the

definition of the metric on the Baire Space and the metric m;q), we conclude
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that convergence in the the Baire space metric of (cf(6),))nen to cf(fs) implies
convergence of (Ip, Jnen to Ig_ with respect to the metric M;(;) or the Fell topology

by Theorem (5.1.21). O

The next result follows from Proposition (5.2.10) and the proof of [10, Propo-
sition 4.i]. For 6 € (0,1) \ Q, the idea of the proof of Proposition (5.2.11) is to
show that the ideals Iy with their unique diagram capture the standard rational

approximations of € (see Example (2.1.81)) in a suitable manner.

Proposition 5.2.11. The map:
0e(0,1)\ Q> Iy € Prim(A)

is a homeomorphism onto its image when (0,1) \ Q is equipped with the topology
induced by the usual topology on R and Prim(2) is equipped with either the Jacobson

topology, Fell topology, or the metric topology of myq) of Proposition (5.1.7).

Proof. By Proposition (5.2.10), the fact that the Jacobson topology of a separable
C*-algebra is second countable (see [57, Corollary 4.3.4]), and the Fell topology of
an AF algebra is metrizable (see Theorem (5.1.21)), we only need to to verify that

the map defined in this proposition is a bijection onto its image.

Claim 5.2.12. If0 € (0,1) \ Q, then:

lim r(n,j,(0)) =0,

n—o0

where for alln € IN\{0}, the quantity r(n, j,(0)) is defined in Relations (5.2.1) and
Definition (5.2.8).

Proof of claim. Fix 6 € (0,1) \ Q. Let (2—%) N denote the standard rational ap-
n ne

proximations of @ that converge to 6 from Example (2.1.81). Now, by the proof of
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[10, Proposition 4.i], there exists an increasing sequence (ky)new € IN'\ {0} such

that:

0 (7] 0 (}
(ks i, (8)), (ks i, (6) + 1)) € { (pg, p;“) , <pgl , pg) } for all n € N\{0}.

dn, qn—l qn—l dn
(5.2.4)

Next, fix n € IN'\ {0}. Consider 7(n, j,(0)). By Lemma (5.2.9), first assume that
Jn+1(0) = 24,(0). Then, we have:

(n+ 1 2Jn(9)) _

r(n+1, jns1(0)) =

by Relations (5.2.1). Also, we have:

p(n+1,25,(0) + 1)
q(n+1,2j,(0) + 1)
_ p(n,jn(0)) + p(n, jn(f) + 1)
— p(n,4n(0)) + p(n, jn(8) +1)

< 7(n,jn(0) + 1)

r(n+1,jn1(0) +1) =

by Relations (5.2.1) and the fact that p(n, j,(0)+1)q(n, jn(0))—p(n, jn(0))g(n, j.(0)+
1) =1 > 0 from [10, Section 1]. For the case j,+1(0) = 2j,(6)+1, a similar argument
shows that r(n+1, j,41(0)) = r(n,jn(0)) and r(n+1, jp41(0) +1) = r(n, jn(0) +1).

Hence, for all n € IN'\ {0}, we gather that:

r(n+ 1 jni1(0) +1) = r(n 4+ 1, n41(0)) < 7(n, jn(0) +1) = r(n, jn(6)).  (5.2.5)

Let n € IN\ {0} such that n > k;. Now, let N,, = max{ky, : k», < n}. Note that
since (kp)nen is increasing, we have that lim,, ., N, = co. Now, fix n € IN\ {0},

combining Expression (5.2.4) and (5.2.5), we have:

0<8—r(n,jgnd) <r(n,jn(d)+1) —r(n,jn(0))
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< 7(Nns i, (0) +1) = 7(Nn, jin,, (0))
P, P,

9 9
dn, An,-1

9

=40. O

and therefore lim,_, 7(n, jn(6)) = 6 since lim,,_,

SEAEN

Next, let 8,1 € (0,1) \ Q. Assume that Iy = I;, and thus their diagrams agree
as well as their complementary diagrams. Hence, we have that j,(0) = j,(n) for
all n € IN, and thus, we have that r(n,j,(6)) = r(n,j,(n)) for all n € N\ {0}.
Therefore, by the claim:

n—00

which completes the proof. ]

Remark 5.2.13. An immediate consequence of Proposition (5.2.11) is that if:
(0,1) \ Q is equipped with its relative topology from the usual topology on R, the
set {Ip € Prim(2A) : 0 € (0,1) \ Q} is equipped with its relative topology induced by
the Jacobson topology, and the set {Ip € Prim(2) : 6 € (0,1) \ Q} is equipped with
its relative topology induced by the metric topology of My of Definition (5.1.7) or
the Fell topology of Definition (2.1.58), then all these spaces are homeomorphic to
the Baire space A with its metric topology from Definition (4.1.4). In particular,
from Corollary (5.1.23), the totally bounded metric M;w;) topology on the set of
ideals {Iy € Prim(2A) : 0 € (0,1) \ Q} is homeomorphic to (0,1) \ Q with its totally
bounded metric topology inherited from the usual topology on R. Hence, in some
sense, the metric m;q.) topology shares more metric information with (0,1) \ Q
and its metric than the Baire space metric topology as the Baire space is not totally

bounded [3, Theorem 6.5]. This can also be displayed in metric calculations as well.
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Indeed, consider 6, € (0,1) \ Q with continued fraction expansions 0 = [a;]jenN
and pv = [bjljen, in which ag = 0,a; = 1000,a; = 1Vj > 2 and by, by = 1,b; = 1Vj >
2, and thus 0 ~ 0.001, u ~ 0.618, |0—pu| ~ 0.617. In the Baire metric d(cf(0),cf(n)) =
0.5, and, in the ideal metric myy(lp, 1) = 0.25 by Theorem (5.1.21) since at level
n = 1 the diagram for §/Iy begins with Lggg and for §/I, begins with Ry, by [10,
Proposition 4.i], so the ideal diagrams differ first at n = 2. Now, assume that for u
we have instead by = 999,b; = 1Vj > 2, and thus |6 — p| ~ 0.000000998, but in the
Baire metric, we still have that d(cf(0),cf(n)) = 0.5, while m;q (o, 1) = 271000
by Theorem (5.1.21) since at level n = 1 the diagram for §/Iy begins with Lggg and
for §/1,, begins with Lggg and then transitions to Ry, by [10, Proposition 4.i], so the
ideal diagrams differ first at n = 1000. In conclusion, in this example, the absolute

value metric | - | behaves much more like the metric myq,.) than the Baire metric.

Fix 0 € (0,1) \ Q, we present a *-isomorphism from §/Iy to the Effros-Shen
algebra AFy of Notation (2.1.82) as a proposition to highlight a useful property
for our purposes. Of course, [10, Proposition 4.i] already established that F/Iy
and AFy are *-isomorphic, but here we simply provide an explicit detail of such
a *-isomorphism, which will serve us in the results pertaining to tracial states in

Lemma (5.2.20).

Proposition 5.2.14. If 6 € (0,1)\ Q with continued fraction expansion § = [a;]jeN
as in Expression (2.1.11), then using Notation (2.1.82) and Definition (5.2.8), there
exists a *~isomorphism afy : §/Ip — AFe such that if v = 2o D -+ D Tga1-1 € Fay,

then:

leg <(,0_al>(l’) + Ig) = Oé (xja1(9)+1 & xja1(9)> € Cﬁ (2[%9,1) .

Proof. By [10, Proposition 4.i] (specifically, the 2nd line of paragraph 2 after [10,
Figure 5] in arXiv v6), the Bratteli diagram of §/Iy begins with the diagram L, 1

of [10, Figure 5] at level n = 1. Now, the diagram C,, 1 o Cy, of [10, Figure 6] is a
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section of the diagram of Example (2.1.87), in which the left column of C,, _10C,, is
the bottom row of the first two levels from left to right after level n = 0 of Example

(2.1.87). Therefore, by the placement of ® at level a; in [10, Figure 6], define a map
f: (S“l + Ig)/[g — Oé (ngg,l) by:

f: go_‘“>(:z:) + I — ozj (CCjal(e)+1 @ xjal(e)) ,

where © = 29 @ -+ @ Tga;—1 € Fo,. We show that f is a *isomorphism from
(§% + Iy) /Iy onto Oé(glgal).

We first show that f is well-defined. Let c,e € (F* + Iy)/Ip such that ¢ = e.
Now, we have ¢ = gi‘”)(c’) + Iy, e = go_‘“)(e’) + Ip where ¢/ = ¢4 @ -+ D ¢l 1 € Ty
and ' = e @ -+ ® €lq, 1 € Fa,- But, the assumption ¢ = e implies that
cp_“t(c’ —¢€') € Iy N §*. Thus, by Definition (5.2.8) of Iy, we have that
C;a1(0)+1 & C;'al(O) = €;a1(9)+1 & e;al(e), and since jq, (0) = ¢ and j,, (0) +1 = ¢f
by [10, Proposition 4.i] and the discussion at the start of the proof, we gather that
f is a well-defined *-homomorphism since the canonical maps ol} and (,o_al> are *-
homomorphisms.

For surjectivity of f, let x = oﬁ (%f & xq8>, where Ty g0 € AFp.1. Define

Y=Yo D Yga1-1 € §q, such that Yjay (0) = Tt and Yjay (0)+1 = Tgp with yr = 0 for

q

all k € {0,297 }\ {jay (6), ju (6) + 1} Hence, the image f (¢ (y) +1s) = .
For injectivity of f,let x = 20 @®- - - D Tga;-1 € Fo, and y = Yo D+ - - BYga1-1 € Fa,

such that f (gp_‘“}(az) + I@) =f (cp_‘“>(y) + Ig) . Thus, since aj is injective, we have

that Lo (0)+1 D Tjy (0) = Yju, (0)+1 D Yja, (6)- But, this then implies that

<p_‘“>(:c —y) € Ip NF* C Iy by Definition (5.2.8), and therefore, the terms

go_‘”) (x)+ 1 = 4,0_“) (y) + Iy, which completes the argument that f is a *-isomorphism

from (§** + Iy)/Ip onto (14}(913971).
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Lastly, using Definition (2.1.85), consider the Bratteli diagram of §/I given by
the sequence of unital C*-subalgebras ((§*/*! + Iy)/Ip) ;cy » Where 241 = Ziill ag
for all j € IN. With respect to this diagram, the proof of [10, Proposition 4.i]
and [10, Figure 6] provide that this diagram of §/Iy is equivalent to the Bratteli
diagram of AFy beginning at AFy 1 given by Example (2.1.87), where this equivalence
of Bratteli diagrams is given by [8, Section 23.3 and Theorem 23.3.7]. Therefore,
combining the equivalence relation of [8, Section 23.3 and Theorem 23.3.7] and
Theorem (2.1.88), we conclude that there exists a *-isomorphism afy : §/Ip — ATy

such that afy(z) = f(2) for all z € (§* + Iy)/Ip, which completes the proof. O

From the *-isomorphism of Proposition (5.2.14), we may provide a faithful tracial

state for the quotient §/Iy from the unique faithful tracial state of 2Fy. Indeed:
Notation 5.2.15. Fiz 0 € (0,1)\ Q. There is a unique faithful tracial state on AFy
denoted og of Theorem (4.2.1) and Lemma (4.2.3). Thus,

Top = 0p © afy

is a unique faithful tracial state on §/Iy with afy from Proposition (5.2.14).
Let Qp : § — §/1y denote the quotient map. Thus, by [18, Theorem V.2.2],
there exists a unique linear functional on § denoted, py, such that ker pg O Iy and

Tp 0 Qo(x) = po(x) for all x € §F. Since 1y is a tracial state and:

79 0 Qo () = po(T)

for all x € §, we conclude that py is also a tracial state that vanishes on Iy. Fur-

thermore, pg is faithful on §\ Iy since 1y is faithful on §/Iy.

By Theorem (3.1.5), One more ingredient remains before we define the quantum

metric structure for the quotient spaces §/1y.
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Lemma 5.2.16. Let 0 € (0,1) \ Q. Using notation from Definition (5.2.6) and
Definition (5.2.8), if we define:

1

0 .
P €N GG 1 10)/1o)

€ (0, 00),

then 3%(n) =

TP S a2 for alln € N\ {0} and 5°(0) = 1.

Proof. First, the quotient (§° + Iy)/Iy = Clz,r,. Hence, the term (0) = 1.

Fix n € N\ {0}. Since (§" + Iy)/Ip is *-isomorphic to §F"/(Ip N F") (see
Proposition (5.1.12)), we have that dim((3" + Ip)/lp) = dim(F"/(lp N F")) =
q(n, jn(0))? + q(n, jn(0) + 1)? by Definition (5.2.8) and the dimension of the quo-

tient is the difference in dimensions of §" and Iy N §" . Therefore, the term

00\ — 1
) = PTG R
Next, we claim that for all n € IN\{0}, we have q(n, jn(6)) = n or ¢(n, j,(0)+1) >

n. We proceed by induction. If n = 1, then ¢(1,71(8)) = 1 and ¢(1,51(0) +1) =1
by Relations (5.2.1). Next assume the statement of the claim is true for n = m.
Thus, we have that q(m, j,(0)) = m or g(m, jm(0) + 1) > m. First, assume that
q(m, jm(0)) = m. By Lemma (5.2.9), assume that j,;,+1(0) = 2§, (0). Thus, we
gather g(m+1, jm41(0)+1) = ¢(m+1,25m(0)+1) = q(m, jm(0)) +q(m, jm(0)+1) >
m + 1 by Relations (5.2.1) and since g(m, jm(8) +1) € IN\ {0}. The case when
Jm+1(0) = 2jm (0) +1 follows similarly as well as the case when g(m, jm(0)+1) > m,
which completes the induction argument.

In particular, for all n € IN\ {0}, we have ¢(n, jn(0)) = n or q(n, jn(0) + 1) > n,
which implies that g(n, j,(0))? = n? or q(n, jn(0) +1)? > n?. And thus, the term:

1
0 @+ g gn(0) + 12 2

for all n € IN'\ {0}. O
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Hence, we have all the ingredients to define the quotient quantum metric spaces

associated to the ideals of Definition (5.2.8).

Notation 5.2.17. Fiz 6 € (0,1) \ Q. Using Definition (5.2.6), Definition (5.2.8),
Notation (5.2.15), and Lemma (5.2.16), let:

(S/Ig’ LZZ/I&W)

denote the (2,0)-quasi-Leibniz quantum compact metric space given by Theorem
(5.2.1) associated to the ideal Iy, faithful tracial state 9, and B : N — (0, 00)

having limit 0 at infinity by Lemma (5.2.16).

Remark 5.2.18. Fiz 6 € (0,1) \ Q. Although §/Iy and AFy are *-isomorphic, it
| Pe

Zo,09

is unlikely that (3 /1y, LZ

0
/1 Te) s quantum isometric to (Ql&g,

) of Theorem
(4.2.12) based on the Lip-norm constructions. Thus, one could not simply apply
Proposition (5.2.10) to Theorem (4.2.12) to achieve our main result of this section,

Theorem (5.2.21).

In order to provide our continuity results via Theorem (4.5.6), we describe the
faithful tracial states on the quotients in sufficient detail through Lemma (5.2.19)
and Lemma (5.2.20).

Lemma 5.2.19. Fiz 0 € (0,1)\Q. Let trq be the unique tracial state of M(d). Using
notation from Definitions (5.2.6, 5.2.8), ifn € N\{0} and a = ag®- - -®agn-1 € Fp,

then using Notation (5.2.15):

po 0 ¢’ (a) = e(n, O)trg(n g (o)) (45.(0)) + (1= e(n,0)trgm o 0)+1) (¢(0)41)

where ¢(n,0) € (0,1) and pg o g)o(a) = a for all a € Fo.
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Furthermore, let n € N\ {0}, then:

(o D 00 o O Dm0 gin @) i 5. (6) = 2, (6)

cn+1,0) =

(1+ 22O (n, 0) if jn+1(0) = 2jn(0) + 1

Proof. Fix 6 € (0,1) \ Q. If n =0, then pg o gi?(a) = a for all a € Fo since Fy = C
Let n € N\ {0} and a = a9 @ -+ ® agn-1 € F,. Now, pyg is a tracial state on §F,
and thus, the composition pg o cp_”} is a tracial state on §,. Hence, by [19, Example

IV.5.4]:

2n1

P © 90 Z Chtry(nk)(ak),

where Zi:ol ck =1 and ¢, € [0,1] for all k € {0,...,2""'}. But, since py vanishes
on Iy by definition of py in Notation (5.2.15), we conclude that ¢, = 0 for all
k€ {0,....2" 13\ {jn(0),jn(0) + 1}. Also, the fact that pg is faithful on §\ Iy
implies that c;, ), ¢;,9)+1 € (0,1) and ¢;, 9y + ¢;,9)+1 = 1. Define ¢(n, 0) = ¢;, (g
and clearly ¢;, 941 =1 —c(n,0).

Next, let n € N\ {0} and let j,+1(0) = 27,(0). Combining Lemma (5.2.9) and
Proposition (5.2.7), there is one edge from (n, j,(0)) to (n + 1,j,+1(#)) and one
edge from (n, jn(0)) to (n + 1,jp+1(0) + 1) with no other edges from (n, j,(0)) to
either (n, jn(6)) or (n 4+ 1,7n+1(0) + 1). Also, there is one edge from (n,j,(0) + 1)
to (n+1, ju+1(0) + 1) with no other edges from (n, j,(0) + 1) to either (n, j,(0)) or
(n+1,jnt1(6) +1).

Hence, consider an element a = ag @ -+ P agn-1 € Fy such that ap = 0 for

all k € {0,...,2" 71} \ {jn(0),5.(0) + 1}. Since the edges determine the partial

multiplicities of ¢y, we have that ¢, (a) = by @ - - - @ ban such that:
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b = Uajn(g)U* and bjn+1(9)+1 =V V*, (5.2.6)

Jnt1(0)
where U € M(q(n+1, jn+1(0))), V € M(q(n+1, jn+1(0)+1)) are unitary by Theorem
(2.1.18). Also, the terms by = 0 for all k € {0,...,2" 1} \ {jns1(0), jns1(0) + 1}.
ition (2.1. have that ¢"(a) = ¢" (¢n(a)).
But, by Proposition (2.1.66), we have that cp_)(a) " (on(a))
Now, assume that aj, g) = Ian(g(njn(0)) 804 @, 0)+1 = Om(g(n.jn(0)+1))- There-

fore, by Expression (5.2.6):

c(n,6) = po o ¢"(a)

= 00 " (pn(0))

= c(n+ 1,0t g1, (Uaj,0U")

a’jn(@) V*
+(1 - C(” +1, 9))trq(n+1,jn+1(9)+1) 14
O9m(q(n.jn (6)+1))
=c(n+1,6)-1
Lon(g(n,jn (6)))
+(1—c(n+1, 9))trq(n+1,jn+1(9)+1) o 0
M(q(n,jn(0)+1))
1
= +1,0)+(1—c(n+1,60 - n, jn(0)).
-+ 1,0) + (1= e+ 1.)) g, (0)
(5.2.7)

Thus, since ¢(n+1,25,(0) +1) = q(n, jn(0)) + q(n, jn(0) + 1) from Relations (5.2.1)

and jp41(60) + 1 = 2j,(0) + 1, we conclude that:

(a(n,jn(6)) + a(n, jn(9) + 1))e(n, 0) — q(n, jn(6))

c(n+1,0) = q(n, jn(0) + 1)
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Lastly, assume that jn4+1(0) = 2j,(0) + 1. Let a = ag @ - -+ @ agn-1 € Fy, such
that ay = 0 for all k € {0,...,2" 1} \ {jn(0), jn(0) + 1}. A similiar argument shows

that @, (a) = by @ - - - @ ban such that:

bj1(0)

|
b.<

Y™ and bj, ., 011 = Zaj,0) 112"

@jn(9)+1
where Y € M(q(n+1, jn+1(0))), Z € M(q(n+1, jn+1(0) + 1)) are unitary. Now, as-
sume that aj,. () = 19ﬁ(q(n7jn(¢9))) and aj, (0)+1 = Om(q(n’jn(9)+1)). Therefore, similarly

to Expression (5.2.7), we gather that:

1
q(n+1, jn41(0))

c(n,0) = c(n+1,0) q(n, jn(0)),

and therefore:
q(n, jn(0) + 1)

by Relations (5.2.1). By Lemma (5.2.9), this exhausts all possibilities for ¢(n+1,0),

c(n+1,0) = <1 + ) c(n,0)

and the proof is complete. O
Lemma 5.2.20. Using notation from Lemma (5.2.19), if 0 € (0,1) \ Q, then:
c(l,0)=1-0.

Moreover, using notation from Definition (5.2.8), if 0,1 € (0,1) \ Q such that there
exists N € N\ {0} with [y NFN = I, NFN, then there exists a,b € R,a # 0 such

that:

¢(N,0) =ab+0b, ¢(N,p) =ap+b.
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Proof. Let § € (0,1)\Q, and denote its continued fraction expansion by § = [a;];en.

Recall, by Proposition (5.2.14), we have for all x = 290 @ - - - ® Zga,-1 € Foy:

afg <80_‘”>(~’E) + Ie) = 03} (%1 ©)+1 D Tj,, (a)) : (5.2.8)

Next, by Notation (5.2.15), we note that:

Pang_Ct:TgoQ@ogp_aizagoafgonggo_al) (529)

Now, consider © = xg @ - - - B Tga; -1 € Fq, such that Tj, (0)+1 = 1932(:;?) and zp =0
for all k € {0,...,2971}\ {j,,(0)}. Then, by Lemma (5.2.19) and Expressions
(5.2.8,5.2.9), we have that (1 —c(a1,0)) = pg o (p_‘”)(m) =ogo oé <1m(q?) @ 0> = a0
by Lemma (4.2.3). And, thus:

clar,0) =1—a16. (5.2.10)

Thus, if a; = 1, then we would be done.

Assume that a; > 2. By [10, Proposition 4.i] (specifically, the 2nd line of para-
graph 2 after [10, Figure 5] in arXiv v6), the Bratteli diagram of §/Iy begins with
the diagram L,, 1 of [10, Figure 5] at level n = 1. Thus, the term j,,(6) = 0 for all
m € {1,...,a1}. Hence, if m € {1,...,a; — 1}, then ju+1(0) = 24,,(0).

We claim that for all m € {1,..., a1} we have that:
c¢(m,0) = me(1,0) — (m —1). (5.2.11)

We proceed by induction. The cases m = 1 and a; = 1 are clear. So, assume that
a; > 2. Assume true for m € {1,...,a; — 1}. Consider m + 1. Since jp+1(6) =

24m(0), by Lemma (5.2.19), we have that:
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(Q(ma O) + q(mv 1))C(m7 9) — Q(mv 0)
q(m, 1)
_ c(m,0) + q(m,1)c(m,0) — 1
q(m, 1)

c(m+1,0) =
(5.2.12)

By Relations (5.2.1), we gather that g(m, 1) = m. Hence, by induction hypothesis
and Expression (5.2.12), we have:

me(1,8) — (m —1) + m(me(1,0) — (m—1)) — 1

=c(1,0) —1+1/m+me(1,0) —(m—1)—1/m

c(m+1,0) =

=(m+1)c(1,0) — (m+1) — 1),

which completes the induction argument. Hence, by Expression (5.2.11), we con-

clude ¢(ay,0) = a1c(1,0) — (a; — 1), which implies that:

¢(1,0)=1-90 (5.2.13)

by Equation (5.2.10).

Lastly, let 6, € (0,1) \ Q. We prove the remaining claim in the Lemma by
induction. Assume N = 1. Then, by Equation (5.2.13), the coefficients ¢(1, ) =
1 —p and ¢(1,0) =1 — 6, which completes the base case.

Assume true for N € IN\ {0, 1}. Assume that I, NFV T = I,NnFV L. Now, since
FN C FVHL, we thus have I,n N = I, N §N. Hence, by the induction hypothesis,
there exists a,b € R,a # 0 such that ¢(N,u) = ap + b and ¢(N,0) = af + b. But,
as I, NFNFTL = Iy N VL, the vertices a level N + 1 agree in the ideal diagrams
by Proposition (5.1.20). By Definition (5.2.8), we have jn4+1(0) = jn41(p), and
similarly, the term jn(6) = jn(u) by I, N T = Iy N FN. Therefore, the conclusion
follows by Lemma (5.2.19). O
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We can now prove the main result of this section.

Theorem 5.2.21. Using Definition (5.2.8) and Notation (5.2.17), the map:
6
Iy € (Prim(3), 7) — (§/1, 1, 1, .,) € (QQCMS30, M)

is continuous to the class of (2,0)-quasi-Leibniz quantum compact metric spaces
metrized by the quantum propinquity No o, where T is either the Jacobson topology,
the relative metric topology of myq) (Proposition (5.1.7)), or the relative Fell topol-
ogy (Definition (2.1.58)).

Proof. By Proposition (5.2.10) and Proposition (5.2.11), we only need to show
continuity with respect to the metric m;q.) with sequential continuity. Thus,
let (Ig,),cx C Prim(§) be a sequence, in which Iy, is uniquely determined by
0, € (0,1)\ Q for all n € IN by Proposition (5.2.11), such that (Ip, )nenN con-
verges to Iy, with respect to m;q.). Therefore, by Corollary (5.1.25), this implies
that {Ign = m”.”g 'n € ]N} is a fusing family with some fusing sequence
(cn)nen. Thus, condition 1. of Theorem (5.2.2) is satisfied.

For condition 2. of Theorem (5.2.2), let N € IN, then by definition of fusing
sequence, if k € N>, then Iy, ngN = Iy, NgYN. Now, let k € N..,. Consider Po, on
FV. By Lemma (5.2.20), there exists a,b € R, a # 0, such that ¢(N, ;) = afy +b for
all k € N, . But, by Proposition (5.2.10), we obtain (,,),en converges to 0, with
respect to the usual topology on R. Hence, the sequence (¢(N, ek))kelN;cN converges
to ¢(N,0s) with respect to the usual topology on R and the same applies to (1 —
¢(N,bk))kens., - However, by Lemma (5.2.19), the coefficient c¢(V, ;) determines

px for all k € N>.,. Hence, Lemma (3.1.12) provides that (pg,) converges

kE]N>CN
to pp.. in the weak™ topology on .7 (sN)
Condition 3. of Theorem (5.2.2) follows a similar argument as in the proof of

condition 2. since the sequences 3% of Lemma (5.2.16) are determined by the terms
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jn(#). Also, by Lemma (5.2.16), all 3% are uniformly bounded by the sequence

(1 / n2)n N which converges to 0. Therefore, the proof is complete. O

As an aside to Remark (5.2.18), we obtain the following analogue to Theorem

(4.2.12) in terms of quotients.

Corollary 5.2.22. Using Notation (5.2.17), the map:

0€((0,D\Q,[-]) — (3/-707 ng/fe’n)) € (QACMS20,N2p)

is continuous from (0,1)\ Q, with its topology as a subset of R to the class of (2,0)-

quasi-Letbniz quantum compact metric spaces metrized by the quantum propinquity

A.

Proof. Apply Proposition (5.2.10) and Proposition (5.2.11) to Theorem (5.2.21). [
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