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Abstract

We construct new Banach spaces using barriers in high dimensional Ellentuck
spaces [9] following the classical framework under which a Tsirelson type norm is
defined from a barrier in Ellentuck space [3]]. It is shown that these spaces contain
arbitrary large copies of 7, and specific block subspaces isomorphic to £,,. We also
prove that they are ¢,-saturated and not isomorphic to each other. Finally, a study of

alternative norms for our spaces is presented.
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Introduction

Several natural questions about the linear structure of infinite-dimensional Banach

spaces, that were asked since the early days of the theory, remained without answer

for many years:

1.

Does every Banach space contain a subspace isomorphic to some £, or ¢?
Does every Banach space contain an infinite unconditional basic sequence?

Is ¢, with 1 < p < oo, distortable?

. Is it true that every Banach space is isomorphic to its closed hyperplanes?

. If a Banach space X is isomorphic to every infinite-dimensional closed sub-

space of itself, does it follow that X is isomorphic to ¢5?
Is it possible to decompose every Banach space as a topological direct sum of

two infinite-dimensional closed subspaces?

All these questions were answered during the period from 1990 to 2005, with

the exception of the first question. That question was settled negatively in 1974 by

the famous example of Tsirelson [[17]], who constructed a reflexive Banach space T’

that does not contain any ¢, or ¢o. Nowadays, it is obvious when we look back that

the first giant step in the direction of all solutions to the questions above was done

by Tsirelson. His space was the first example of a Banach space where the norm is

defined implicitly as opposed to explicitly.
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Almost 20 years later, Schlumprecht introduced his space S as a descendant of
T and as the first example of an arbitrarily distortable Banach space [[L5]]. It turned
out that S provided the necessary framework for the fundamental Gowers-Maurey
construction [[12]] that led to the solutions to questions 2-6 [14].

The idea of Tsirelson’s construction became apparent after Figiel and Johnson

[11] showed that the norm of the dual space of Tsirelson space satisfies the following

ol

where the sequences (F;)!", considered above consist of successive finite sub-

equation:

E An€n

n

1 m
= max {sup lan| , 5 supz
" i=1

sets of positive integers with the property that m < min(£) and E; (D, ane,)
= D ncp, @nén. Interestingly, this dual space is what nowadays is understood in
Banach space theory as Tsirelson space.

Banach space theory offers many applications of fronts and barriers within the
framework of Ellentuck space (the set of infinite subsets of N endowed with the
exponential topology); see [8]], [14] and Part B of [3]]. However, experts in this area
prefer to think about them as compact (under the topology of pointwise convergence)
families of finite subsets of N by considering in fact not fronts or barriers themselves
but their downwards closures.

The first systematic abstract study of Tsirelson’s construction was given by
Argyros and Deliyanni [1]]. Their construction starts with a real number 0 < 6 < 1
and an arbitrary family F of finite subsets of N that is the downwards closure of a
barrier in Ellentuck space. Then, one defines the Tsirelson type space T'(F,0) as the

completion of ¢y (N) with the implicitly given norm above replacing 1/2 by 6 and
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using sequences (£;)!", of finite subsets of positive integers which are F-admissible,

i.e., there is some {ky, ko, ...,k } € F such that
ki <min(F;) <max(E;) < ke < -+ < kp, <min(E,,) < max(E,,).
In this notation, Tsirelson space is denoted by 7'(S, 1/2), where
S={FCN:|F|<min(F)}

is the so called Schreier family. Besides S, among all compact families, the low

complexity hierarchy {A4}52, with
Ay ={F CN:|F| <d}
is of utmost importance in the realm of Tsirelson type spaces. In fact, Bellenot proved

in [4] the following remarkable theorem:

Theorem (Bellenot [4]]). If df > 1, then for every x € T(Ay,0),

1
o 17l < Nollzasa < el

where df = d/? and ||- |, denotes the {,-norm.

Infinite-dimensional Ramsey theory is a branch of Ramsey Theory initiated by
Nash-Williams in the course of developing his theory of better-quasi-ordered sets in
the early 60’s. This theory introduced the notions of fronts and barriers that turned

out to be very important in the context of Tsirelson type norms. During the 70’s,



Nash-Williams’ theory was reformulated and strengthened by the work of Galvin,
Prikry, Silver, and specially Ellentuck by introducing the topological Ramsey theory.

Recently, Todorcevic has distilled the key properties of Ellentuck space into four
axioms that determine a fopological Ramsey space (Chapter 5 of [[16]). He has shown
that the theory of fronts and barriers in the case of Ellentuck space allows extension
to the context of general topological Ramsey spaces. Judging on the basis of the
applicability of the original theory, it is reasonable to expect that this extension will
find interesting applications.

In this dissertation we define new Banach spaces using barriers in high dimen-
sional Ellentuck spaces (a hierarchy of topological Ramsey spaces which generalize
the Ellentuck space [9]). The motivation for our construction and many ideas behind
our results came from the Tsirelson type spaces T'(Ag4, ). It is shown that these
spaces contain arbitrary large copies of /. and specific block subspaces isomorphic
to /,. We also prove that they are /,-saturated and not isomorphic to each other.

Finally, a study of alternative norms for our spaces is presented.



Chapter 1

Banach Space Theory

1.1 Fundamental Notions

A normed space (X, ||-||) is a vector space X endowed with a nonnegative

function ||-|| : X — R called norm satisfying for all z,y € X and ¢ € R:

1. ||z|]| = 0 ifand only if x = 0.
2. ezl = fel [l]]-

3. Mz +yll < [l + llyll-

A Banach space is a normed space (X, ||-||) that is complete in the metric defined
by d(z,y) = [lz — y|l.

A vector subspace Y of a Banach space (X, ||-||) is closed in X if and only if
(Y,||-]ly) is a Banach space, where ||-||,- denotes the restriction of ||-|| to Y. If Y is a

subspace of X, so is its closure Y.



Two norms ||-|| and ||-||, on a vector space X are equivalent if there exist positive

constants ¢ and C such that for all z € X we have

cllzfly < flzfl < Clllly -

Let T : X — Y be a linear map between two Banach spaces X and Y. The
continuity of T' with respect to the norm topologies of X and Y can be characterized
by the following condition: there is a constant C' > 0 such that || 7z|| < C'||z|| for
all x € X. We say that T" is bounded whenever it satisfies the preceding condition.
Therefore, 71" is continuous if and only if 7" is bounded.

T is called an isomorphism if T is a continuous bijection whose inverse 7'~!
is also continuous. That is, an isomorphism between normed spaces is a linear
homeomorphism. Equivalently, 7" is an isomorphism if and only if 7" is onto and

there exist positive constants ¢ and C' so that

cllzll < T[] < ¢

for all x € X. In such a case the spaces X and Y are said to be isomorphic and we
write X ~ Y. T is an isometric isomorphism when ||Tz|| = ||z|| forall x € X.
T is an embedding of X into Y if T' is an isomorphism onto its image 7'(X). In
this case we say that X embeds in Y or that Y contains an isomorphic copy of X.
The dual X* of a Banach space X is the space of all linear maps f : X — R
which are continuous, or equivalently bounded. The elements of X* are called

functionals. X* is a Banach space under the norm

If1l = sup {[f ()] : [lz] <1}



1.2 The Sequence Spaces ¢/, and ¢

Arguably the first infinite-dimensional Banach spaces to be studied were the

sequence spaces ¢, and cy. In this section we introduce these spaces. Define s to be

[e.9]

the vector space of all real sequences © = (z,,)5% ;.

Foreach 1 < p < oo, we define
00 l/p
el = (z w) ,
n=1

and take /,, to be the collection of those = € s for which ||z[|, < co. Applying
Holder’s and Minkowski’s inequalities we obtain that ¢, is a normed space; from
there is not difficult to see that ¢, is actually a Banach space.

It is important to point out that the space /, is defined exactly in the same way
for 0 < p < 1, butin such a case ||-||,, defines a complete quasi-norm.

For p = oo, we define /, to be the collection of all bounded sequences; that is,

{+, consist of those & € s for which
|z, = sup |z,| < co.
n

Since convergence in {, is the same as uniform convergence on N, we conclude

that 7, is complete. There are two very natural closed subspaces of /:

1. c, the space consisting of all convergent sequences.

2. ¢, the space consisting of all sequences converging to 0.

As subsets of s we have

6y Cl, Cly CcyCeCly
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forany 1 < p < g < oo. Moreover, each of this inclusions is of norm one:
llly = [lll, = flzll, = )l -

On the other hand, we will also consider the finite-dimensional versions of the
¢, spaces. We write £} to denote R™ under the £, norm. That is, ;) is the space of all

sequences * = (z1, . .., T,) supplied with the norm

n 1/p
ol — (zw) |
=1

for 1 < p < oo, and

] = max fai

for p = oo.
Recall that all norms on R™ are equivalent. In particular, given any norm ||-|| on

R", we can find a positive constant C' such that
CH lzlly, < =l < O], -

forall z = (z4,...,x,) in R

1.3 Bases in Banach Spaces

In this section we present the fundamental notion of a Schauder basis of a Banach
space and the correspoding notion of a basic sequence. One of the key ideas in
the isomorphic theory of Banach spaces is to use the properties of bases and basic

sequences as a tool to understanding the differences and similarities between spaces.



Definition 1.3.1. Let (2,,)?°, be a sequence in a Banach space X. Then:

1. (x,)52, is normalized if ||z, || = 1 for every n.

2. The linear span of (x,)°, is the subspace

k
span{z,} := {Zaixi cay,...,a, € Rk e N}
i=1

consisting of all finite linear combinations of elements of (x,,)>° ;. The closed
linear span of (x,,)2 ; is denoted by [z,,] or span{x,,}.

3. (2,)5%, is a Schauder basis or just a basis of X if for every z € X there is a

o0

unique sequence of scalaras (a,, )22, sothatz =) >,

AnTh,.

4. If (z,)02, is a basis of [x,,], then (z,,)22, is called a basic sequence.

Definition 1.3.2. Let X be a Banach space with basis (e, )2 ;. The elements of the

sequence (e)> ; in X* defined by

1. ef(ej) =1ifi = j, and e} (e;) = 0 otherwise, and

2. 2= " e*(x)e, foreachx € X,

n=1"n

are called the biorthogonal functionals associated with (e,,)% ;.

Forxz =Y > | e!(x)en, the support of x is the set of all positive integers n such
that e’ (x) # 0. We denote it by supp (z). If [supp (z)| < oo we say that x is finitely
supported.

If we have a basis (e, )22 ; of a Banach space X, then we can specify x € X by
its coordinates (e (z))s° . Clearly, not every scalar sequence (a,)5° ; defines an
element of X. Therefore, X is coordinatized by a particular sequence space, a vector

subspace of the vector space of all sequences s. Consequently, this leads naturally to

the following definition.



Definition 1.3.3. Two bases (basic sequences) (x,,)°2 ; and (y,,)22, in respective
Banach spaces X and Y are equivalent if whenever we take a sequence of scalars

(an)92,, then >~ | a,z, converges if and only if )" | a,x, converges.

Hence, if the bases (x,,)°; and (y,, )52, are equivalent, then the corresponding
sequence spaces associated to X by (2,)°%; and to Y by (y,,)°, coincide. Thus,

n=1

applying the Closed Graph Theorem, we have:

Theorem 1.3.4. Two bases (basic sequences) (x,,)>> | and (y,,)>>, are equivalent if

and only if there is an isomorphism T : [x,| — [y,] such that T'x,, = y,, for each n.

Corollary 1.3.5. Let (2,)5°, and (y,)52, be two bases for Banach spaces X and
Y, respectively. Then, (x,)32, and (y,)5%, are equivalent if and only if there exists

a constant C' > 0 such that for all finitely nonzero sequences of scalars (a,)5°, we

have
ct Zanyn < Zanxn <(C Zanyn (1.3.1)
n=1 n=1 n=1

Definition 1.3.6. Whenever equation (1.3.1]) holds, we say that (x,,)> ; and (y,,)22,

are C-equivalent.
We now introduce a very special type of basic sequence:

Definition 1.3.7. Let (e,,)7° ; be a basis for a Banach space X. Suppose that (p,,)5° ,
is a strictly increasing sequence of integers with py = 0 and that (a,,)$° ; are scalars.

Then, a sequence of nonzero vectors (x,,)>° ; in X of the form

10



is called a block basic sequence or briefly a block basis of (e,)32 ;. A subspace of

X generated by a block basis is called a block subspace.

The following stability result dates back to 1940. Roughly speaking, it says that
if (z,,)9%, is a basic sequence in a Banach space X and (y,,)$° , is another sequence
in X so that ||z, — y,|| — 0 fast enough, then (z,,)> , and (y,, )32, are equivalent.
Theorem 1.3.8 (Principle of Small Perturbations [13]])). Let (2,)°, be a basic
sequence in a Banach space X with corresponding biorthogonal functionals (x})°2 .

Suppose that (y,)>2, is a sequence in X with Y~ ||z} || ||zn — ynl| = 9. If 6 < 1,

then (y,)22 | is a basic sequence equivalent to (,)52 ;.

An application of the Principle of Small Perturbations provides us with the
following very useful result known as the Bessaga-Pelczynski Selection Principle. It
allows us to restrict our attention to block bases and block subspaces when studying

the differences and similarities between Banach spaces.

Theorem 1.3.9 (Bessaga-Pelczynski Selection Principle [6]). Let X be a Banach
space with basis (e,)° ,, let Y be a subspace of X, and let € > 0. Then, Y has

a subspace Z generated by a basis which is (1 + €)-equivalent to a block basis of
(€n)nis-

In fact, much more is true. For every sequence (§)5° , of positive real numbers,
we can find a subspace Z with a basis (z,,)° ; such that there is a normalized block
basis (x,)2°; of (e,)2, with ||z,, — 2, || < 0 for every n. In other words, Z can be
chosen to be an arbitrarily small perturbation of a block subspace of X. Moreover,
given any basic sequence in Y, we can choose Z to be spanned by a subsequence.

Finally, we present a special class of bases: unconditional bases. This important

concept was developed by R. C. James in the early 1950s.

11



Definition 1.3.10. A basis (e,,)>° ; of a Banach space X is called unconditional if

for each « € X the series > - | X (x)e, converges unconditionally.

Obviously, (e,)s2, is an unconditional basis of X if and only if (e;(,))02, is a
basis of X for all permutations 7 of the positive integers. The canonical bases of ¢
and ¢, with 1 < p < oo are unconditional.

The following is a useful characterization of unconditional bases:

Proposition 1.3.11. 4 basis (e,,)° , of a Banach space X is unconditional if and only
ifthere is a constant K > 1 such that forall N € N, wheneveray, ... ,an,by,...,byn

are scalars satisfying |a,| < |b,| forn = 1,..., N, then the following inequality

holds:
N N
D anen|| <KD buen (1.3.2)
n=1 n=1

Definition 1.3.12. Let (e,,)22 ; be an unconditional basis of a Banach space X. The
unconditional basis constant K, of (e;,)°, is the least constant K~ so that equation

(1.3.2) holds. We then say that (e, )22, is K-unconditional whenever K > K.

12



Chapter 2

Infinite Dimensional Ramsey Theory

2.1 Topological Ramsey Theory

We provide an overview of topological Ramsey spaces. Building on earlier work
of Carlson and Simpson [7], Todorcevic distilled the key properties of the Ellentuck
space into four axioms which guarantee that a space is a topological Ramsey space.
For further background, we refer the reader to Chapter 5 of [[L6].

The axioms A.1 - A.4 are defined for triples (R, <, r) of objects with the follow-
ing properties. R is anonempty set, < is a quasi-orderingon R, andr : R xw — AR
is a mapping giving us the sequence (r,,(-) = r(-,n)) of approximation mappings,
where AR is the collection of all finite approximations to members of R. For

a € AR and B € R, set

la,B]={Ae€R:A<Band (3n) r,(A) = a}.

13



For a € AR, let |a| denote the length of the sequence a. Thus, |a| equals the
integer k for which a = r(A) for some A € R. Fora,b € AR, a C bif and only if
a = ry,(b) for some m < |b|. a C bif and only if a = r,,(b) for some m < |b|. For

eachn < w, AR, = {r,(4) : A€ R}.

A.1 Foreach A,B € R,
(a) ro(A) = 0.
(b) A # B implies r,(A) # r,(B) for some n.
(¢) ro(A) = 1y (B) implies n = m and ri,(A) = ri(B) for all k < n.

A2 There is a quasi-ordering <g, on AR such that

(@) {a € AR : a <g, b} is finite for all b € AR,
(o) A < B iff (40)(3m) ra(A) <o (),

(c) Va,b,c € AR[aCbAb<gyc— AT ¢ a <g,d)].

Fora € AR and B € R, depthy(a) is the least n, if it exists, such that a <g,
rn(B). If such an n does not exist, then we write depthz(a) = co. If depthp(a) =

n < oo, then [depthy(a), B] denotes [r,(a), B].

A3 Foreach A, B € R and each a € AR,

(a) Ifdepthy(a) < oo then [a, A] # 0 for all A € [depthy(a), B].
(b) A < Band [a, A] # 0 imply that there is an A’ € [depthy(a), B] such
that ) # [a, A'] C [a, A].

If n > |al, then 7,[a, A] denotes the collection of all b € AR, such that a T b

and b <g, A.

14



A.4 Foreach B € R and each a € AR, if depthg(a) < oo and O C AR 441,

then there is A € [depthg(a), B] such that

Taj+1la, Al €O or rigqla, A] € O°.

The Ellentuck topology on R is the topology generated by the basic open sets
la, B]; it extends the usual metrizable topology on R when we consider R as a
subspace of the Tychonoff cube AR". Given the Ellentuck topology on R, the
notions of nowhere dense, and hence of meager are defined in the natural way. We
say that a subset X' of R has the property of Baire iff X = O N M for some Ellentuck

open set O C R and Ellentuck meager set M C R.

Definition 2.1.1 ([16]). A subset X of R is Ramsey if for every () # [a, A], there is
a B € [a, A] such that [a, B] C X or [a, BN X = (. X C R is Ramsey null if for
every () # [a, A, there is a B € [a, A] such that [a, B]N X = 0.

A triple (R, <, r) is a topological Ramsey space if every subset of R with the

property of Baire is Ramsey and if every meager subset of R is Ramsey null.
The following result can be found as Theorem 5.4 in [[16]:

Theorem 2.1.2 (Abstract Ellentuck Theorem). If (R, <,r) is closed (as a subspace
of ARY) and satisfies axioms A1, A.2, A.3, and A.4, then every subset of R with
the property of Baire is Ramsey, and every meager subset is Ramsey null; in other

words, the triple (R, <,r) forms a topological Ramsey space.

Infinite-dimensional Ramsey theory introduced the notions of front and barrier
that turned out to be very important in the context of Tsirelson type norms. Barriers,

in particular, play a key role in the work presented in this dissertation.
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Definition 2.1.3 ([16]). A family 7 C AR of finite approximations is

(1) Nash-Williams ifa [Z bforalla # b € F;
(2) Spernerifa £Lg, bforalla #b € F.

Definition 2.1.4 ([[16]]). Suppose (R, <, ) is a closed subspace of AR" and satisfies
A.1,A.2, A3 and A4. A family F C AR is a barrier (front) on [, X] if

(1) ForeachY € [}, X], there is an a € F such that a C Y, and

(2) F is Sperner (Nash-Williams).

2.2 Ellentuck Space

A prototype example of a triple (R, <,r) satisfying axioms A.1 - A.4 is the

Ellentuck Space ([w]*, C,r), where
(w]* ={M C w: M is infinite}

is the family of all infinite subsets of w, 7,,(A) is the initial segment of A formed by
taking the first n elements of A, and the relation Cg, is defined on the family of all

finite subsets w as follows:
aCpb iff a=b=0 or aCbandmax(a)= max(b).

Note that the topology of the prototype example is equal to the topology that
[w]“ gets as a subset of the exponential space exp(w).
Banach space theory offers many applications of fronts and barriers within the

framework of Ellentuck space (see [8]], [14] and Part B of [3]]). However, experts
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in this area prefer to think about them as compact (under the topology of pointwise
convergence) families of finite subsets of N by considering in fact not fronts or barri-
ers themselves but their downwards closures. The following are concrete examples

of barriers that are important in the realm of Tsirelson type spaces:

S§'={FCN:|F|=min(F)} and L={FCN:|F|=d}.

&' is the so called Schreier barrier, and for each positive integer d, A/, is the
barrier used to define the d-th member of the low complexity hierarchy.

The motivation for the construction of the Banach spaces explored in the follow-
ing chapters and many ideas behind our results came from the Tsirelson type spaces

defined from the downward closure of each .A’,.
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Chapter 3

High Dimensional Ellentuck Spaces

Recently, Dobrinen introduced a new hierarchy (& )x<., of topological Ramsey
spaces which generalize the Ellentuck space in a natural manner [[9]]. We shall let &

denote the Ellentuck space.

3.1 Construction Framework

We now begin the process of defining the new class of spaces &. The definition
presented here is slightly different than the one in [[9]]. We have chosen to do so in order
to simplify the construction of the Banach spaces presented in the following chapter.
We start by defining a well-ordering on non-decreasing sequences of members of w

which forms the backbone for the structure of the members in the spaces.

Definition 3.1.1. For £ > 2, denote by w*=F the collection of all non-decreasing

sequences of members of w of length less than or equal to £.
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Definition 3.1.2 (The well-order <jx). Let (s1,...,s;)and (t1,...,t;), withi, j > 1,
be in w#=F. We say that (s, ..., s;) is lexicographically below (¢1, ..., t;), written
(51,--+,8) <iex (t1,...,t;), if and only if there is a non-negative integer m with the

following properties:

(1) m<iandm < j;
(i1) for every positive integer n < m, s,, = t,,; and

(111) either s, 11 < tyq1, 0rm =iand m < j.

This is just a generalization of the way the alphabetical order of words is based

on the alphabetical order of their component letters.

Example 3.1.3. Consider the sequences (1,2), (2), and (2, 2) in w#<2. Following the
preceding definition we have (1, 2) <jex (2) <iex (2,2). Let us look at this carefully:
we conclude that (1,2) <;x (2) by setting m = 0 in Definition similarly,
(2) <jex (2,2) follows by setting m = 1 (notice that any proper initial segment of a

sequence is lexicographically below that sequence).

Definition 3.1.4 (The well-ordered set (w*<*, <)). Set the empty sequence () to be
the <-minimum element of w*<¥; so, for all nonempty sequences s in w#<*, we have
() < s. In general, given (si,...,s;) and (t1,...,t;) in w¥<* with 4, > 1, define
(s1,-..,8i) < (t1,...,t;) if and only if either

(1) S < t]’, or

(11) S; = tj and (Sl, cey Si) <lex (tl, R 7tj).
Notation. Since < well-orders w*<* in order-type w, we fix the notation of letting
5., denote the m-th member of (w*<*, <). Let w** denote the collection of all non-

decreasing sequences of length k of members of w. Note that < also well-orders w**

in order type w. Fix the notation of letting i, denote the n-th member of (w#*, <).
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Definition 3.1.5 (The spaces (£, <,7), k > 2). Let s,t € w*<* and denote by |s|
the length of the sequence s. We say that X isan Ex-tree if X is a function from
w*=F into w*=* such that
() [X()| = Isl.
(i) s <t = X(s) < X(0).
(i) s Ct< X(s) T X(b).

For X an Ep-tree, let X denote the restricition of X to w#*. Define the space &
to be the collection of all X such that X is an Ei-tree. Thus, & is the space of all

functions X from w** into w** which induce an &;-tree.

Notation. We identify X with its range and write X = {v, vy, ...}, where v; =
X () < vg = X(ty) < ---. Notice then that we identify the identity function with
w*. We think of w** as the prototype for all members of &, in the sense that every
member of £, will be a subset of w#* which has the same structure as w#* (Definition
simply generalizes the key points about the structure of the identity function
on w*<¥). For each n < w, define r,,(X) = {v1,vs,...,v,} to be the n-th finite

approximation of X. As usual, we set
ARF = {r (X)) :n < w, X € &} and ARF = {r (X) : X € &}.

The family of all non-empty finite subsets of w#* will be denoted by FIN(w#*).
Clearly, AR® C FIN(w#). If E € FIN(w**), then we denote the minimal and

maximal elements of £ with respect to < by min< (£ and max_(E), respectively.

Example 3.1.6 (The space &). The members of & look like w many copies of the

Ellentuck space; that is, each member has order-type w x w, under the lexicographic
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order. The well-order (w#=2, <) begins as follows:
() < (0) <(0,0) < (0,1) < (1) < (1,1) < (0,2) < (1,2) < (2) < (2,2) < ---

The tree structure of w*<?, under lexicographic order, looks like w copies of
w, and has order type the countable ordinal w?. Here, we picture the finite tree
{3, : 1 < m < 21}, which indicates how the rest of the tree w#=? is formed. This is

the same as the tree formed by taking all initial segments of the set {u,, : 1 < n < 15}.

D
O

) N N N N N\ N ) N N ) N = N
(0) 1) (2) 3) 4)

0

Figure 3.1: Initial structure of w#=2.

Next we present the specifics of the structure of the space &3.

Example 3.1.7 (The space £3). The well-order (w#<3, <) begins as follows:

() < (0) < (0,0) < (0,0,0) < (0,0,1) < (0,1) < (0,1,1) < (1)
<(1,1) < (1,1,1) < (0,0,2) < (0,1,2) < (0,2) < (0,2,2)

<(1,1,2) < (1,2) < (1,2,2) < (2) < (2,2) < (2,2,2) < (0,0,3) < - -~

The set w*=3 is a tree of height three with each non-maximal node branching into
w many nodes. The maximal nodes in the following figure are technically the set

{ii, : 1 < n < 20}, which indicates the structure of w#=>,
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W \l/ v | ~1 N [
0,0) ©1) ©2) (03 *y) L2 w3 @2 (23 (3
T \
© 5 ) ®)

Figure 3.2: Initial structure of w#=3.

3.2 Upper Triangular Representation

We now present an alternative and very useful way to visualize elements of &,.
This turned out to be fundamental to develop some intuition and to understand the
Banach spaces that we have constructed. We refer to it as the upper triangular

representation of wH?:

00)  (01) (02  (03)  (04)  (05) (06 (0,7 (08 | (09) | (0,10) (0,11)  (0,12) | (0,13) | (0,14) ' (0,15)
Wy (L2 (13) 14) | (15) | (L6) | (LD (L8 | (1L9) | (1L,10)  (L11) | (1,12) (113) | (L,14) (1,15)
22) | @3) 24 @25 26 (@7 (28 | (29 | (210) (211) (212) (213)  (2,14) (2,15)
(33) (34) (35 (36) (37 (38  (39) | (3,10) (311)  (312)  (3,13)  (3,14) (3,15)
@4 | @45) | 46) | 47) | (48) | (49) | (410) (411) (412) (413) (414) (415)
(5,5) (5,6) (5,7) (5,8) (5,9) | (5,10) | (5,11) | (5,12) | (5,13) | (5,14) | (5,15)
(6,6) (6,7) (6,8) (6,9) | (6,10) | (6,11) | (6,12) | (6,13) | (6,14) | (6,15)
(7,7 (7,8) (7,9) | (7,10) | (7,11) (7,12)  (7,13) | (7,14) @ (7,15)
(88) | (89) | (8,10)  (8,11)  (8,12) | (8,13) | (8,14) (8,15)
99) | (9,10) | (9,11)  (9,12) | (9,13) | (9,14)  (9,15)
(10,10) | (10,11) (10,12) | (10,13) | (10,14) (10,15)
11,11)| (11,12)|(11,13) | (11,14) | (11,15)
(12,12) (12,13) | (12,14) (12,15)
(1313) (13,14) (13.15)
(14,14) | (14,15)
(15,15)

Figure 3.3: Upper triangular representation of w#2.

The well-order (w#?, <) begins as follows: (0,0) < (0,1) < (1,1) < (0,2) <
(1,2) < (2,2) < ---. In comparison with the tree representation shown in Figure

.1} the upper triangular representation makes it simpler to visualize this well-order:
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starting at (0, 0) we move from top to bottom throughout each column, and then to
the right to the next column.
The following figure shows the initial part of an &-tree X. The highlighted

pieces represent the restriction of X to wh.

() <(0) <(0,0) <(0,1) < (1) <(1,1) <(0,2) < (1,2) < (2) <(2,2) < (0,3) <

VLR L

() <(2) <(2,4) <(2,6) < (6) <(6,6) <(2,8) <(6,8) < (9) <(9,9) <(2,10) <

Figure 3.4: Initial part of an &s-tree.

Under the identification discussed after Definition[3.1.5, we have that

X ={(2,4),(2,6), (6,6), (2,8), (6,8), (9,9), (2, 10),. ..}

is an element of &,. Using the upper triangular representation of w#? we can visualize

7’10(X)3

L0 | O | 02 | 03) | 04) | 05 | 06) | 07) ] 08) | 09  (0,10) | (0,11) | (0,12) | (013) | (0,14) | (0,15)
L) 12 1L3) | 14 1) 16 | M1 | L8 | (L) | (L10) (L) (112) (L,13) | (L) | (L) |

22 (23 | @4 @5 @6 | 27 | @8 (29 | (@10) @11) | (212) (213) (@14)  (215)

33) | (34) 35 (36 | 37 | (38 (39 | (310) (3,11) (312) (313) | (3,14)  (3,15)

@4 | 45 | @6 | @n | (48) | (49 | (410 (411) ] 412) | 413) | (4,14) (4,15)

G5 (6 67 (68 (9  (G.10) (A1) | (5,12) | (5.13) | (5.14) | (5,15)
66 | 61 68 | 69 610 G 612 613 614 615

@7 @8) | (19) | (110) | (1,11) | (1,12) | (713) | (T,14) | (7,15)

®8) | (89) | 8,10) (811) | (8,12) | (8,13) | (8,14)  (8,15)

©.9) | (910) | (9.11) | 0.12) | 9,13) | 9,14) | (9,15)

(10,10) | (10,11) (10,12) (10,13) (10,14) (10,15)

(11,11) (11,12)| (11,13) | (11,14) (11,15)

(12,12) (12,13) | (12,14) | (12,15)
(13,13) (13,14) (13,15)

(14,14)] (14,15)

(15,15)

Figure 3.5: r1(X) for a typical X € &.
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Observe that when we map (0, 0) to (2,4) we are forcing the first row of X to
be a subset of the third row of w#?; similarly, when we map (1,1) to (6,6) we are
forcing the second row of X to be a subset of the seventh row of w*?. In general,
mapping (n, n) to (I, m) forces the (n+ 1)-th row of X to be a subset of the (/4 1)-th
row of w#?.

Next figure clearly shows us how w*? is the prototype for all members of & in

the sense that every member of &, is a subset of w#? which has the same structure as

wﬁ.

(0,0) (0,1) (0,2) (0,3) (0,4) (075) (0,6) (0,7) (0,8) (0,9) (0,10) (0,11) (0,12) (U 13 (0,14) (0715)
W) 12 L8 1) @) | 1) | @n | w8 | @) | (110) | )| (112) | @18y L) | i)
(2,2) (273) (2,4) (275) (2,6) (2,7) (2,8) (2,9) (2,10) (2,11) (2,12) (2 13) (2,14) (24,15)
(3,3) (3,4) (3,5) (3,6) (3,7) (3,8) (3,9) | (3,10) | (3,11) | (3,12) | (3,13) | (3,14) | (3,15)
(4,4) (4,5) (4,6) (4,7) (4,8) (4,9) (4,10) (4,11) (4,12) (4 13) (4,14) (4,15)
G5) | 656 | 67| 68 (59 | (5,10) | B:11) | (5,12) | (5:13) | (5,14) | (5.15)
(6,6) (6,7) (6,8) (6,9) | (6,10) | (6,11) | (6,12) | (6,13) | (6,14) | (6,15)
(7,7) (7,8) (7,9) | (7,10) | (7,11) | (7,12) | (7,13) | (7,14) | (7,15)
(8,8) (8,9) (8,10) (8,11) (8,12) (8 13) (8,14) (8,15)
(9,9) (9,10) (9,11) (9,12) (9 13) (9,14) (9 15)
(10,10) (10,11) (10,12) (10,13) (10,14) (10 15)
(11,11) (11,12) (11,13) (11,14) (11 15)
(12,12) (12,13) (12,14) (12 15)
(13.13)| (13,14) (13,15)]
(14,14) | (14,15)
(15,15) |

Figure 3.6: rog(X) for a typical X € &.

3.3 Special Maximal Elements

There are special elements in & that are useful to describe the structure of some
subspaces of the Banach spaces that we study in the following chapter. Givenv € w#*
we want to construct a special X ™ € &, that has v as its first element and that is as

large as possible (with respect to C).
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For example, if v = (0, 4) € w*?, then a finite approximation of X™* € &, looks

like this:

L0 D) 02 (03 04 | 05 ] 06 ©O7 | 08 | (09 (010 ©11) ©012) (013 (014) (015
1) |12 | (13) | (14) (15 (e (7)) L (L8) (L9 | (1,10) | (1,11) | (1,12) 0 (1,13) | (1,14) | (1,15) .

| (2,2) | (23) | (24) @ (25) | (26) (2,7) | (2.8) | (2,9) | (2,10) | (2,11) | (2,12) | (2,13) | (2,14) | (2,15)

(33) | (34)  (35)  (36) (37 (38 (39 | (310)  (3,11) | (3,12)  (3,13) | (3,14)  (3,15)

(44) | (45) | (46) | 47 | (48) | (49) | (4,10) | (4,11) | (4,12) | (4,13) | (4,14) | (4,15)

(5,5) | (5:6)  (5,7) | (5,8) | (5,9) | (5,10) | (5,11) | (5,12) | (5,13) | (5,14) | (5,15)
(6,6) | (6,7) | (6,8) @ (6,9) | (6,10) | (6,11) | (6,12) | (6,13) | (6,14) | (6,15) .
(7,7) | (78) | (7,9) | (7,10) | (7,11) | (7,12) @ (7,13) | (7,14) | (7,15) '

(8,8) (89  (8,10) (8,11) § (8,12) (8,13)  (8,14) (8,15)

(9,9) | (9,10) | (9,11) | (9,12)  (9,13) | (9,14) | (9,15)

(10,10) (10,11) (10,12) (10,13) (10,14) (10,15)

(11,11) | (11,12) | (11,13) | (11,14) | (11,15)

(12,12) | (12,13) | (12,14) | (12,15)
(13,13) (13,14) |(13,15)

(14,14) | (14,15)

(15,15)

Figure 3.7: A finite approximation of X E?)?Z) € &.

Now let us illustrate this with & = 3 and v = (0,2,7). Since we want v as
the first element of X", we identify it with (0,0, 0) and then we choose the next

elements as small as possible following Definition [3.1.5]

() < (0) <(0,2) <(0,2,7) < (0,2,8) < (0,8) < (0,8,8) < (8)
< (8,8) < (8,8,8) <(0,2,9) <(0,8,9) < (0,9) < (0,9,9)

< (8,8,9) < (8,9) <(8,9,9) < (9) < (9,9) <(9,9,9) < (0,2,10) <

Therefore, under the identification discussed after Definition|3.1.5, we have

Xm™ = {(0,2,7),(0,2,8),(0,8,8), (8,8,8), (0,2,9),...}.
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In general, X" is constructed as follows. Suppose v = (nq,na, ..., ny). First
we define the & -tree )A(v that will determine X*. )A(v must be a function from
wW*SF to w*SF satisfying Definition and such that X,(0,0,...,0) = v. So,
for m,j € Z%,j7 < k define the following auxiliary functions: f;(0) := n;
and f;(m) := nj, + m. Then, for t = (my,ma,...,m;) € w<F set X,(t) :=
(fr(ma), fa(ms), ..., f,(m;)). Finally, define X™* to be the restriction of X, to

W’zk.

Lemma 3.3.1. Let v, w € w* be such that v # w,v = (ny,ny,...,ny) and w =
(my,ma,...,mg). Then, w € X if and only if either my > ny, or there is

1 <1< ksuch that (my, ma,...,my) = (ny,ng,...,n) and myy > ny.

Proof. Suppose w € X™*. Then, by definition of X™*, there is t = (j1, jo, - - -, Jk)
in w#=* such that my = f1(j1), ma = fo(j2), ..., mx = fr(jx). Now, by definition
of the auxiliary functions fi, fs, ..., fx, either m; > ny, or thereis 1 <! < k such
that (mqy, mo, ..., my) = (n1,n9,...,n;) and my1 > ny.

On the other hand, suppose first that m; > ny. Fori = 1,2,... k, set j; :=
m; —ng and t = (jy, jo, ..., jx)- Since my < mo < ... < my, we have that j; > 0

and ¢t € w. Moreover, X,(t) := (f1(j1), fa(ja), - . -, fu(mx)) = w. Therefore,

w e X,
Assume now that thereis 1 < < ksuchthat (my, ms,...,m;) = (ny,ng,...,n)
and myy 1 > ng. Set g1 = 0,...,5 = 0, jiy1 == M1 — Ny, Jr 2= Mg — Ny,

and t = (J1,.--,Ji, Jis1s- -+, Jk). Once again, )A(U(t) = w, and consequently

w e Xmex, 0
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We easily check that:

Corollary 3.3.2. Ifw € X™, then X" C X™*_ Particularly, if E € AR" and

min_ (E) € XM, then E C X™.

Since the only elements in the range of X » that are <-smaller than v are the initial

segments of v, we conclude that:

Corollary 3.3.3. Ifs <vand s C v, then s € ran()?v).
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Chapter 4

The Banach Spaces T(Afj, 0)

We begin this chapter with the construction of new Banach spaces using barriers
in high dimensional Ellentuck spaces [9]. The motivation for our construction and
many ideas behind our results came from the Tsirelson type spaces 7'(.A4, 6). Then,
we show that these spaces contain arbitrary large copies of 2 and specific block
subspaces isomorphic to £,. Moreover, we prove that they are ¢,-saturated and not

isomorphic to each other.

4.1 Construction Framework

4.1.1 Preliminary Notation

SetN:={0,1,...} and Z* := N\ {0}. For the rest of this chapter, fix d, k € Z*
withd, k > 2and § € R with 0 < 0 < 1. Given E, F' € FIN(w#), we write £ < F
(resp. £ < F) to denote that max~(E) < min<(F) (resp. max<(FE) < ming(F)),
and in this case we say that E and F are successive. Similarly, for v € w#*, we write

v < E (resp. v < E) whenever {v} < E (resp. {v} < E).
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By coo(w*) we denote the vector space of all functions x : w* — R such that
the set supp (z) := {v € w* : z(v) # 0} is finite. Usually we write z,, instead of
x(v). We can extend the orders defined above to vectors z,y € coo(w*): z < y
(resp. x < y) iff supp () < supp (y) (resp. supp () < supp (y)).

Remember that w** = {ii, iy, ...}. Denote by (ez )°°, the canonical basis
of coo(w#*). To simplify notation, we will usually write e, instead of ez, . So, if
z € coo(w), thenz =07 wa e, = > | Ta,eq, for some m € Z*. Using the

above convention, we will write 7 = >°°° w6, = Y1 wne,. If B € ARF, we

put Ex := 3 _pye,.

4.1.2 Definition of T'(A%, )

The Banach spaces that we introduce in this section have their roots (as all
subsequent constructions [4], [L5], [[L]], [12], [2]) in Tsirelson’s fundamental discovery
of a reflexive Banach space 7" with an unconditional basis not containing ¢, or /£,
with 1 < p < oo [17]. Based on these constructions, we present the following

definitions.

Definition 4.1.1. Set A% := Ule ARF and let m € {1,2,...,d}. We say that
(B, C AR is Ak-admissible, or simply admissible, if and only if there exists

{vi,v9,...,vm} € Ab suchthatv; < Fy < vy < By < -+ < vy, < Epp.

Notice that A}, can be identified with the member .4, of the classical low com-
plexity hierarchy. In general, A is the downward closure of the barrier AR’ on
w € &.

Before proceeding with the definition of the Banach space T'(A%, ), we provide

an example of an .A%-admissible sequence:
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[ 00| 01 02 03 0] 05 ©6 01 08 09010 ©011) ©12) 013 ©19) (0715
) 12 | 13 04 15 @8 (L) @L8) | (1,9) | (L,10) | (1,11) | (1,12) | (1,13) | (1,14) (1,15)
22 | 23 | @4 | 25 @6 @7 (28 | @9 | (210) (211) | (212) (213)  (2,14)  (2,15)
33) | 34) | 35) | (36 | 37  (38) | (39 | (310) (3,11) | (312) | (3,13) | (3,14) (3,15)
4) | @5 | @) | 47 | 48 (49 | (410)  (411) ] (4,12) | 413) | (4,14) | (4,15)
G5) | 5.6) (57 | (58 | (59) | (5,10) | (5,11)  (512) (513) (5,14) | (5,15)
66) | (67) | (68) | (69)  (610) (6,11) | (6,12) | (6,13)  (6,14) | (6,15)
@7 | (78) | (7.9 | (7,10)  (7,11) (7,12) | (7,13)  (T,14)  (7,15)
(88) | (89) | (810) | (811) (8,12) (8,13) (8,14)  (8,15)
(99) | (9,10)  (911) (9,12) (9,13) | (9,14) | (9,15)
[{01’02’ Vst € .A%] and  |[(Bi)iz, € AR? (10,10) (10,11)  (10,12) (10,13) (10,14) (10,15)
11,11) | (11,12) | (11,13) (11,14) | (11,15)
(12,12) (12,13)|(12,14) | (12,15)
S Ei<u< By < <wus < Ee (13,13) (13,04) (13,15)
(14,14) | (14,15)

= (E;)Y, is A2-admissible 1515)]

Figure 4.1: An AZ%-admissible sequence.

Forz = >">7  wue, € coo(w) and j € N, we define a non-decreasing sequence

of norms on ¢y (w#*) as follows:

o |zly = max fan|,

[z = max{|x]j , @ max {Z |Eix|; 1 <m < d, (E;)i%, Az—admissible}} .

i=1

For fixed 2 € coo(w**), the sequence (|],) en is bounded above by the £, (w**)-

norm of x. Therefore, we can set

HxH(Aj;,a) = ?gg m] .

Clearly, ||| 45 ¢ is 2 norm on coo(w#*).
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Definition 4.1.2. The completion of coo(w**) with respect to the norm ||| A g) 18

denoted by (T'(A%, 0), ||-])).

Notice that T'(A}, §) denotes the Tsirelson type space T(Aqg, #). For v € wt
and x € T(A%, ) we also write v < = whenever v < supp (). From the preceding

definition we have the following:
Proposition 4.1.3. If © € coo(w**) and |supp (z)| = n, then |z, = |z, =
Therefore, we conclude that for every x € ¢y (wlk) we have
] = max .

The following propositions follow by standard arguments (see Proposition 2 in

[L5]):

Proposition 4.1.4. (e,,)>°, is a I-unconditional basis of T(A%. 0).

Proposition 4.1.5. Forz = > "7 x,e, € T(A% 0) it follows that

||| = max {HxHoo,Gsup {Z |Eiz||: 1 <m <d,(E;)", Afl—admissible}} ,

i=1

where |all, = sup, ez [z

On Part A, Chapter 1 of [3]] the Tsirelson type space 1'(.A4, 0) is defined, where
Aqg = {F CZ" : |F| < d} is amember of the low complexity hierarchy. Moreover,

the following remarkable theorem is presented:
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Theorem 4.1.6 (Bellenot [4]). If dd > 1, then for every x € T( Ay, 0),

1
og Il < Mlzllzcaze < Nz,

where df = d'/? and |||, denotes the (,-norm.

4.2 Subspaces of T'(A%, 0) isomorphic to /2

Let s € w#=*. The tree generated by s and the Banach space associated to it are

given by

[s] = {v e w* : s C v} and T*[s] := span{e, : v € T*[s]},
respectively. Along this section, let N € Z* and s,,...,sy € w*=F be such that
|si] = -+ = |sy| < kand s; < --- < sy. The following is a straightforward

consequence of Corollary

Corollary 4.2.1. Ifv € w** satisfies sy < v, then there is at most one i < N such

that XM N 7%[s;] £ 0.
Proof. Since |s1| = --- = |sy|, at most one s; can be an initial segment of v. [

It is useful to have an analogous result to the preceding corollary but related to

approximations E € AR instead of special maximal elements of &

Lemma 4.2.2. Suppose E € AR" and set v := minL(E). If s < v and s C v, then
Entks] # 0.

32



We will study the Banach space structure of the subspaces of T'(A%, ) of the
form Z :=T"[s,] ® T"[s3] & - - - & T*[sn]. Since (ez,)3; is 1-unconditional, we

can decompose Z as F' & C', where

F =53span{e, € Z :v € w v < sy} and C =span{e, € Z:v € w sy < v}

By setting k = 2, N = 4,51 = (4),s0 = (6),s3 = (8), and s, = (10), the
following figure shows the elements of w*? used to generate the subspaces F' (blue,
dashed outline) and C' (green, thicker outline) in which we decompose the subspace

(@] e T[(6)] & T*[(8)] & T*[(10)]:

(0,0) (0,1) (0,2) (0,3) (0,4) (0,5) (0,6) (0,7) (0,8) (0,9) (0,10) § (0,11) | (0,12) | (0,13) | (0,14) | (0,15) |==*
Ly (12 13 1) 15 e wn 1) | 19 @) | w1 @13 @14 @115
@2 | @23 @4 @5 | @6  @n 28 @9  @o]len) @2 @n) ) @u @)
33 34 (35 | 36 G168 (9 610|en 612 613 614) (615

48) (49 (4,10)] (4,11) (4,12) (4,13) (4,14) (4,15)

(59 (610 ] (5.11) (512) (5.13) (514)  (5.15)

(6,8 (6,9 (6,10) ] (6,11) (6,12) (6,13) (6,14) (6,15) ===

7 (@78 | (19 (710|711 (712) | (7.13) (7.14) (7.15)

@8 69 @E|E) 612 613)] 614 (15
09 010 | 010 912) | 913) | 9,14) | (9,15)
(10,10)|(10,11) (10,12) (10,13) (10,14) (10,15
(11,11) | (11,12) (11,13) (11,14) (11,15

(10,15)
(11,15)
(12,12) (12,13) (12,14) (12,15) -
(13,15)
(14,15)
(15,15)

13,13 13,15
14,15
15,15

13,14
14,14

Figure 4.2: Elements of w*? used to generate T2[(4)] @ T?[(6)] ® T2[(8)] ® T?[(10)].

Applying Corollary §.2.T]and Lemma [4.2.2] we have:

Lemma 4.2.3. Let £ € AR" be such that sy < min(E). If E[T(Ak 0)] =
span{e,, : w € E}, then either E[T (A% 0)] N C = (), or there is exactly one i < N
such that E[T(A% 0)] N C C T"s,].
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Proof. Suppose that E[T' (A%, 0)]NC # () and setv := min (E). Then, by Corollary
there is exactly one i € {1,..., N} such that X™* N 7*[s,] # (); consequently,
s; Cvand ENT*[s;] =0 forany j € {1,..., N}, j # 4. By hypothesis, s; < sy <
v. Applying Lemma[4.2.2 we conclude that E N 7*[s;] # (. Hence, E[T(A%, 6)] N
C C T*[s]. O

This lemma helps us establish the presence of arbitrary large copies of /% inside

T(A% 0):

Theorem 4.2.4. Suppose that s; < sy < --- < sy belong to w*<* and that |s,| =
o= |sy| < k. Letv € w* with sy < v and suppose that x € Y~ | ®T"[s)]

satifies v < x. If we decompose x as xy + - - - + xn with x; € T"[s;], then

max o) < ol < "0 max )
1y 1l = = g T Il
In particular, if ||z1|| = - - = ||an|| = 1, span{x:, ..., xn} is isomorphic to (Y in

a canonical way and the isomorphism constant is independent of N and of the x; 5.

Proof. Suppose x € C'is finitely supported. Since the basis of T'(A¥, #) is uncon-
ditional, we have the lower bound max;<;<y [|z;|| < ||z|]. We will check the upper
bound. Letm € {1,...,d} and (F;)", C AR" be an admissible sequence such
that [[zf| = 632, [[Eix].

Without loss of generality we assume that Fyx # 0, so that sy < min(FE>). By
Lemma[4.2.3] when j > 2, we have E;x = E;x; forsome i € {1,..., N}. Then it

follows that || E;z|| < maxj<;<n ||z;||. Consequently,

2]l < Ol B +6(d — 1) max |||
1<i<N

34



Repeat the argument for Fyz. Find m’ € {1,...,d} and an admissible se-
quence (F})™, € AR" such that | E x| = 9221 |Fi(E1x)||. We can assume
that F1(FEyx) # 0, and applying Lemma once again we conclude that for

J =2, [|[F5(Erz)|| < maxi<i<n ||74]]. Then,

]| <0 (9 IFv(Erz)l| +6(d — 1) max ||xi||> +0(d—1) max |z

Iterating this process we conclude that

- 6(d —1)
n(J _ | < 2= =7 .
=]l < §_19 (d—1) max lzif] < ——5= max .

4.3 Block Subspaces of T'(A” 6) isomorphic to ¢,

For the rest of this chapter suppose that df > 1 and let p € (1, o) be determined
by the equation dff = d'/?. Bellenot proved that T'(A%, #) is isomorphic to £, (see
Theorem[4.1.6). The same result was then proved by Argyros and Deliyanni in []]
with different arguments which can be extended to more general cases like ours. In
this section we show that we can find many copies of ¢, spaces inside T'(.A%, 6) for

k> 2:

Theorem 4.3.1. Suppose that (z;)2, is a normalized block sequence in T (A%, 0)

and that we can find a sequence (v;)32, C w** such that:

(1) supp (x;) C X*™ and vy € X

(2) vi < x; < viy1.
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(3) If u; = max_(supp (z;)), then max(u;) < max(vii1).

Then, (x;) is equivalent to the basis of (.

Corollary 4.3.2. If s € w*<* and |s| = k — 1, then T*[s] is isomorphic to (,,

The proof of Theorem[4.3.1]is established in the following subsections. Through-

out these subsections, we introduce additional definitions and prove some auxiliary

results that will be used beyond this section.

Before doing so, we illustrate the restrictions that hypotheses (1)-(3) in Theorem
are imposing on the block sequence (z;)°,. The figure shows, in the case
k = 2, the support of the first three elements of such a block sequence (thicker
outline) together with possible vy, v9, v3 (dashed outline) and their corresponding
special maximal elements. Informally, these hypotheses are forcing the support of

each x; to be inside nested special maximal elements and to be nicely separated from

one another.

©0) | (01) [ ©2) 1 (

—

(0,10)
(1,10)
(2,10
(3,10)

(0,11)
(1,11)
(2,11)
(3,11)

(0.13)
(1,13)
(2,13)
(3,13)

(0,14)
(1,14)
(2,14)
(3,14)

(0715)

(1,15)
(2,15)
(3,15)

mle|v = S
= E R | BB

—

4,11

(5,10)

(5,11)

(4,13)
(5,13)

(4,14)
(5,14)

(4,15)
(5,15)

(6,10)
(7,10)

— = —~ =
S o o|Rlse v ¥ o

(6,11)
(7.11)

(6,13)
(7.13)

(6,14)
(7,14)

(6,15) =+

(7,15)

)
)
)
)
) | (4,10)
)
)
)
)

g
— —
3 o o B = v = o

(8,10)

(9,9) | (9,10

(8,11)

(9,11) 1

(8,13)

1 (9,13)

(8,14)
(9,14)

(8,15)

(9,15)

(10,10)

(10,11
(1,11

(11,12)

10,13
11,13

10,14
11,14

10,15
11,15

(12,12)

Figure 4.3: Hypotheses (1)-(3) in Theorem
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4.3.1 Lower Bound for Theorem

The following lemmas are essential to establish a lower /,,-estimate.

Lemma 4.3.3. Suppose that (¢;);°, C Nis such that ¢4 < qa < ---. Then, there
exists X = {wy,we, ...} € & such that for every i € 77, max(w;) = q; and all the

terms of w; are in (q;)2,.

Proof. Following Definition we will construct inductively an &-tree X that
determines X . First, set X ((0)) := (¢1). Next, having defined X (3,,), we define

X (5,n41) based on the following cases:

Case 1: |5i1| = |G| + 1 and [5pia| < k. If X(5,) = (n1,...,nz,), set
X(8my1) = (na, ... >n|§m\,n|§m\)'
Case 2: |Fpi1| = |G| + 1 and |Spsa| = k. IEX(Sn) = (1, . .., My, q;) for some

§ €LY set X (5m1) = (1, ., k2, 45, gj11)-
Case 3: |Smi1| = |$m| = k. IFX(5,) = (nq,. .. ,Nk—1,q;) for some j € Z*, and

Foet = (I, -+ L1, ), then set X (Spr) := X((1, .- lie1)) ™ (gj21).

Case 4: |S,,41| < |Si|- This case only happens when |5,,,| = k. Find the common
initial segment s of §,,, and §),,,; (might be the empty sequence). Notice that |s| <
|5,n11| — 1 by definition of <. Then, if X(5,,) = (n4,...,n5), set X (Spi1) =

X(s) ™ (ng). O

Lemma 4.3.4. Assume that all the hypotheses of Theorem are satisfied. If
me{l,...,d}and By < Ey < -+ < E,, are finite subsets of ", then there exists

an Ak-admissible sequence (F;)™., C AR such that

E; C {j € Z* : supp (zs5) C F}}.
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Proof. Fori € {1,...,m}, set n; := min(E;) and n,,+1 := max(FE,,) + 1. Itis

helpful to keep the following picture in mind throughout this proof:

c S Xon—1) < V2p—1 S Top—1 < V2py S Xopy, < oo S Ty 1) < v

Set ¢; := max(vy,,_1). By hypothesis (3) in Theorem it is the case that

@1 < @2 < -+ < @m. Then, applying Lemma4.3.3| we can find {wq, ws, ..., w,}
in AR" such that max(w;) = ¢; and all the terms of w; are in {q1,qa, ..., Gm}-
Consequently,

co S To(py—1) < Wi = Vg S Ty, < vvv (4.3.1)

Now, from hypotheses (1) and (2) in Theorem , we know that X {gi" contains
the support of z; for any j > 2n,. Therefore, define F; as the initial segment of
X {gi’i for which

max_ (F;) = max (supp (xg(mﬂ,l))) . (4.3.2)

By construction, F; € AR" and min (F;) = vg,,. Moreover, F; also contains
the supports of 2y, , To(n,+1), T2(ns+2)s - - - » T2(nsy,—1)- Thus, from equations
and (4.3.2), we have:

wy < Vgp, S F <wy < g, < Fy <o Sy < Wy <X V2, S B

Hence, F, Fs, ..., F,, € AR" is the desired admissible sequence. ]
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The following proposition provides a lower /,-estimate for Theorem

Proposition 4.3.5. Under the same hypotheses of Theorem we have:
1 1/p
2 (2 lal) |3 e

Proof. Denote by (t;) the canonical basis of T'((A}, 0). In order to avoid confusion,

we will write ||-||, to denote the norm on T'(A}, ).

We will prove a lower /,-estimate for the sequences (z,,) and (z2,-1). Since the
closed span of (z3,) and (x9,1) are complemented in the closed span of (z,), the
general result follows. We will obtain the estimate for (z,,). The other case is similar.
The goal is to show that ||}, ait;||, < ||, a;zes|| for any sequence (a;) C R with
finitely many non-zero elements.

Letz = ) . a;t;. Following Bellenot [4], either ||z||, = max; |a;|, or there exist
m € {1,...,d} and By < Ey < --- < Ep, such that ||z, = >, 0 E;z|,.
For each j € {1,...,m}, either |E;x||, = max;{|a;| : i € E;}, or there exist
m' € {1,...,d} and Ej; < Ejp < --- < Ej,,y subsets of E; such that | E;z|, =
Zfill 0 || Ex||,. Since the sequence (a;) has only finitely many non-zero terms, this
process ends and x is normed by a tree.

We will prove the result by induction on the height of the tree. If ||z ||, = max; |a;],
the height of the norming tree is zero, and since (xs,) is unconditional, max; |a;| <
127 aizail|.

Suppose that the result is proved for elements of T'(A}, #) that are normed by
trees of height less than or equal to A and that = is normed by a tree of height
h + 1. Then, there exist m € {1,...,d} and E; < Ey < --- < E,, such that
zll, = >_7%, 0 || Ejx||, and each E;x is normed by a tree of height less than or equal

to h.
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Now, for each j € {1,...,m}, set n; := min(E;) and n,,;; := max(E,,) + 1.
Then, apply Lemma to find an A%-admissible sequence (F;)7-, such that each
Fj contains the supports of zo,, T2(n;+1) T2(nj+2)s - - - L2(nj4r—1)-

By the induction hypothesis,

Il = |, at

< E ajxy
1 H lEEj

Since E; C {n;,n; +1,...,n,;41 — 1}, it follows that

njy1—1
Bz, < H E lin_ azyl| = || Fiz||,
-

where z = ). a;z9;. Therefore,

IS o

m m
= 2Bl < 3012 < el = I i
J= Jj=

The result follows now applying Theorem 4.1.6] N

4.3.2 Dual Norm

To establish a upper ¢,-estimate we will adapt an alternative and useful description
of the norm on T'(A}, ) introduced by Argyros and Deliyanni [1]] to our spaces. In

that regard, the following definition plays a key role.

Definition 4.3.6. Let m € {1,...,d}. A sequence (F;)", C FIN(w#) is called
almost admissible if there exists an Ak-admissible sequence (F,)%_; such that

F, C E,,, whereny,...,n, € {1,...,d} are such that ny < ng < -+ < ny,.
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A standard alternative description of the norm of the space T'(A¥, ), closer to the

spirit of Tsirelson space, is as follows. Let K := {+e} : i € Z"}, and forn € N,

Kn-i—l = KnU{e(fl + +fm) :m S d? (fz);zl - Kn}>

where (supp (f;))", is almost admissible. Then, set K := |, _y K. Now, for each

neN
n € N and fixed x € coo(wfzk), define the following non-decreasing sequence of

norms:

lz|” ==max {f(z): f € K,}.
Lemma 4.3.7. For everyn € N and z € cop(w) we have |z|, = |z|.

Proof. Clearly, ||, = |z|; for every x € coo(w*). So, let n € ZT and suppose that
lyl; = |y|; forevery j € N, j < nand y € coo(w).

If |z|, = |z, ,, then |z| = |z|._, < |z|'. Suppose |z|, # |z|, ,. Let
m € {1,...,d} and (E;), C AR" be an admissible sequence such that |z| =
0> ", |Ex|, ;. Then, |z| =0>"" |Ex|) ,=0%:", fi(Ex)forsome (f;), C
K, 1. Define, for each i € {1,...,m}, a new functional f/ satisfying f/(y) =
fi(Esy) for every y € coo(w**). This implies that supp (/) = supp (f;) N E;. Then,

(fHm, C K,y with (supp (f/))", almost admissible and f/(E;z) = f;(F;x). So,

0 filEw)=0_ fi(Ew) < |Bual, < [, ;
=1 =1
therefore, |z| < |z| .

Now, let f = 6(f1 + -+ + fn) forsome m € {1,...,d} and (f;)*, C K,

with (supp (f;))/, almost admissible. Then,
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flo) =03 filx) <0 [supp (fi)xl_; =0 |supp (fi) |, ;.
i=1 =1 =1

Since (supp (fi))7, is almost admissible, there exists an admissible sequence
(E)%, ¢ ARF such that supp (f;) C E,,, where ny,...,n, € {1,...,m} and

ny < -+ < Ny. SO,

6> Isupp (fi)al, <0 [Enl, ; < lal,:
=1 =1
hence, by definition of |-|", we conclude that |z|} < |z . O

Consequently, an alternative description of the norm on T'(A¥, 6) is:

Proposition 4.3.8. For every x € T(A%,0),

2]l = sup {f(z) : f € K}.

4.3.3 Upper Bound for Theorem 4.3.1

Form € {1,...,d} wesay that fi,..., f,, € K are successive if supp (f1) <

supp (f2) < -+ < supp (fm)-
If f € K, then there exists n € N such that f € K,,. The “complexity” of f

increases as n increases. That is to say, for example, that the complexity of f € K;

is less than that of g € K. This is captured in the following definition.

Definition 4.3.9. Letn € Z" and ¢ € K,, \ K,,_1. An analysis of ¢ is a sequence

(Ki(9))}, of subsets of K such that:

1. K;(¢) consists of successive elements of K; and | ;¢ ;) supp (f) = supp (¢).
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2. If f € Ki11(9), then either f € K;(¢) or there exist m € {1,...,d} and
successive fi,..., fm € K;(¢) with (supp (f;))™, almost admissible and
f=0(fi+-+ fm).

3. Ku(9) = {9}

Note that, by definition of the sets i, each ¢ € K has an analysis. Moreover,
if f1 € Ki(¢) and fy € K;11(¢), then either supp (f1) C supp (f2) or supp (f1) N
supp (f2) = 0.

Let ¢ € K, \ K,y and let (K(¢))j, be a fixed analysis of ¢. Suppose (2;)7
is a finite block sequence on T'(A%, 0).

Following [[I], foreach j € {1,..., N}, setl; € {0,...,n — 1} as the smallest
integer with the property that there exists at most one g € Kj, 1(¢) with supp (z;) N
supp (g) # 0.

Then, define the initial part and final part of x; with respect to (/;(¢))},, and

denote them respectively by z”; and 27, as follows. Let

{f € Ki,(¢) - supp (f) Nsupp (z;) # 0} ={f1,. -, fm},

where f1, ..., f,, are successive. Set

:)3; = (supp (f1))z; and x}' = (UZy supp (fi))z;.

The following is an useful property of the sequence ()}, (see [3]). The

N

analogous property is true for (7).
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Proposition 4.3.10. Forl € {1,...,n}and j € {1,..., N}, set

Ay(a) == {f € Ki(¢) : supp (f) Nsupp (2) # 0} .

Then, there exists at most one f € Ai(x);) such that supp (f) N supp (z;) # 0 for

some i # j.

Proof. Let Ay(z}) = {fi,..., fm}, where m > 2 and fi,..., f,, are successive.
Obviously, only supp ( f1) and supp (f,,,) could intersect supp (x}) for some i # j.
We will prove that it is not possible for f,,.

Suppose, towards a contradiction, that supp (f,,) N supp (z;) # 0 for some
¢ > j. Given that m > 2, we must have [ < [;. Consequently, there exists
g € Ki,(¢) such that supp (fm) C supp(g). Since supp (¢g) N supp (z;) # () and
supp (g) N supp (x;) # () for some i > j, the definition of z/ implies that supp (g) N

supp (x;) C supp (m;’ ). Therefore, supp (f,) N supp (x;) = (), a contradiction. [
Following [3]] and [5]] we now provide an upper /,,-estimate:

Proposition 4.3.11. Let (x;)}L, be a finite normalized block basis on T (A%, 0).

Denote by (t,);2, the canonical basis of T(A},0). Then, for any (a;)'_; C R, we

N 9 N 1/p
> x| < g (Z \aj!p> :
j=1 j=1

Proof. Inorder to avoid confusion, we will write ||-||, to denote the norm on T'( A}, 6).

have:

By Proposition |4.3.8|and Theorem 4.1.6|it suffices to show that for every ¢ € K,

()

2
< Z
40

N
E ajt;
j=1

1
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By unconditionality we can assume that x4, ..., zy and ¢ are positive. Suppose
¢ € K, \ K,_; for some n € Z*, and let (K;(¢))}, be an analysis of ¢ (see
Definition . Next, split each x; into its initial and final part, 2’ and 2}, with
respect to (K;(¢))7o-

We will show by inductionon ! € {0,1,...,n} that forall J C {1,..., N} and
all f € K;(¢) we have

‘f (Z aj:c;) and ‘f (Z ajx;-’>
jed jed

We prove the first inequality given that the other one is analogous. Let J C

{1,...,N}andsety = >, ;a;z}.

If f € Ko(¢), then f = e} for some i € Z*. We want to prove that

2 ast

Jj€J

7|2t

JjeJ

<L
0

1
< = t
vl < 0 szeja]t] 1

Suppose that €} (y) # 0. So, there exists exactly one j; € J such that e (z,) # 0.

Applying Proposition 4.3.8| we have

< ’aji

‘sz‘

€3 W)l = [ef (a25,)] < [|aza,

< +.
- HZjEJa]t‘] 1

since the basis of T'(A%, 6) is unconditional, ||z;,|| = 1, and by definition

< Z .
max|aj| H eJa] 5 X

Now suppose that the desired inequality holds for any g € K;(¢). We will
prove it for K, 1(¢). Let f € K;1(¢4) be such that f = 0(f; + -+ + fn), where
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fi,. .., fm are successive elements in K;(¢) with (supp (f;))!", almost admissible.
Then, 1 < m < d. Without loss of generality assume that f;(y) # 0 for each

i € {1,...,m}. Define the following sets:
I':={ie{l,...,m}:3j € J with fi(z}) # 0 and supp (f) N supp (z;)  supp (f;)}
and

J:={jeJ:Jie{l,...,m—1} suchthat fi(z}) # 0and fi;1(a}) # 0} .

We claim that |I'| 4+ |J'| < m. Indeed, if j € J', there existsi € {1,...,m — 1}
such that f;(2) # 0, fix1(2) # 0. From the proof of Proposition[4.3.10]it follows
that f;1(x},) = Oforevery h # j, which implies thati+1 ¢ I’. Hence, we can define
an injective map from J' to {1,...,m} \ I’ and we conclude that |I'| + |J'| < m.

Finally, for each i € I’, set D; := {j € J : supp (f) Nsupp () < supp (/i) }.

Notice that for all 7 € I’ we have D; N J' = (). Then,

fly) =0 [Ziel’ i (ZjeDi aﬂ;}) + ZjeJ’ f(ajx;-)] ’

and consequently

O3

(32, )

2 e

However, by induction hypothesis,

1
<520, s

(3 ep, w5)

1

46



Moreover, for each j € J', we have ‘f(aj:c;-)| < |lag@|| < Najz;|| = lay| =

|a;t;||,. Hence,

5ot + 5 5,0, sl
(S )]+ 5 ey st

R
0[5 T

Given that forevery i € I',D; N J' = (and |I'| + |J'| < m < d, the family
{D;}ierr U{{j}};es is Ays-admissible. So, by definition of ||-||,, we have

RO SIM Y SR | RS SR T ETY ) i

]

4.4 T(A% 0)is {,-saturated

In this section we prove that every infinite dimensional subspace of T'(A%, §) has
a subspace isomorphic to £,,.

Recall that the subspaces T*[s] for s € w*<* with |s| < k decompose naturally
into countable sums. Namely, if s = (a1, as,...,a;,) € w*<F and | < k, then
m[s] = U2, 7"[s 7 jl, and therefore T*[s] = 3772 &T*[s ™ j].

The next lemma tells us that we can find elements v € 7*[s] such that X™
contains arbitrary tails of the decomposition of 7*[s]. Its proof follows from the
definition of the & -tree )?v that determines X' (see paragraph preceding Lemma

3.3.1).
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Lemma 4.4.1. Let s = (a1, a0,...,a) € w=<F withl < k. If m € Nwithm > a

andv =57 (m,m,...,m) € w, then X% N 7F[s] = Uz, 7[5 ™ ).

We now present the main result of this section:

Theorem 4.4.2. Suppose that Z is an infinite dimensional subspace of T(A%,0).

Then, there exists Y C Z isomorphic to (),

Proof. Let Z be an infinite dimensional subspace of T'(A%, ). After a standard
perturbation argument, we can assume that Z has a normalized block basic sequence

We will show that a subsequence of (x,,) is isomorphic to £,. From Proposition

4.3. 11| we have that

32, e < 5 (2, )™

To obtain the lower bound we will find a subsequence and a projection () onto a
subspace of the form 7% [s] such that (Q (z,,)) has a lower ¢,-estimate.

To this end, assume that Z C T*[s] for some s € w*=* with |s| < k. Decompose
T*[s] = 3272, ®T*[s;], where foreach j € Z*, s T sj, |s;] = |s|+1,and s; < sj41.
For each j € Z* let Q; : T"[s] — T*[s,] be the projection onto T*[s;]. Then we
have the two cases:

Case 1:Vj € Z*+, Q,z, — 0.

Case 2: Jjo € Z" such that Q,x,, /4 0.

Let us look at Case 1 first. Let v; be the first element of 7*[s]. Since there exists

p1 such that supp (z1) C 5L, 7%[s;], applying Lemma we can find ¢; > p;

and vy € 7"[s] such that v; < 2 < vy and X2 N 7*[s] = U2, 7"[s;]. Since
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Qjxn, — 0for1 < j < ¢ we can find ny > 1 and yo € T*[s] such that y» ~ z,,

and Q);y, = 0 for 1 < j < ¢;. Then we have
v; < xp < vy < yo and supp (y2) C X"

We now repeat the argument. Since there exists po such that supp (y2) C
"2, 7"[s,], applying Lemma we can find ¢; > p, and v3 € 7"[s] such that
vy < yp < wvgand X N7*[s] = U2, 7"[s,]. Since Q;z, — 0for1 < j < gy, we
can find n3 > ny and y3 € T*[s] such that y3 ~ z,,, and Q;y3 = 0 for 1 < j < go.
Then we have

v1 < 1 < vy < Yo < 3 < Yz and supp (y2) C X0, supp (y3) C X

v2 )

Proceeding this way we find a subsequence (x,,,) and a sequence (y;) such that

y; is close enough to z,,,. Consequently, span{y; } ~ span{z,, } and
v <y <y < yo < w3 <ys<--- andsupp (y;) C X;* fori > 1.
By Proposition4.3.5] there exist C, C5 € R such that

> O

5 o ()"

Zi aiyni

Let us look at Case 2 now. Find a subsequence (n;) and § > 0 such that
0 < HQjoxm” <1
Let W = span{Q;,=,,}. We now apply the argument in Case 1 to the se-

quence QjoTn, < QjoTny < QjoTny < ---. That is, first decompose T*[s;,| =
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>0y ©T"[t;], where for every j € Z7T, s, T t, |t;| = |sj,| +1,¢; < t;41. Then,
look at the two cases for the sequence (Q)j,,,). If Case 1 is true, (Q);,2,,) has a
subsequence with a lower ¢, estimate, and therefore (z,,) has a subsequence with a
lower /,, estimate; and if Case 2 is true, we can repeat the argument for some ¢; that
has length strictly larger than the length of s,,. If Case 1 continues to be false, after
a finite number of iterations of the same argument, the length of ¢; will be equal to
k — 1, and therefore, applying Corollary T*[t,;] would be isomorphic to /,,.
The result follows. [

4.5 The spaces T(A" 0) are not isomorphic to each
other

In what follows, we establish that the Banach spaces that we have defined are

not isomorphic to each other:
Theorem 4.5.1. If ky # ky, then T(A . 0) is not isomorphic to T (A . 0).

We will prove by induction that when k; > ko, T (AZI, 6) does not embed in
T(ASQ, 0). The idea behind our argument is that if we had an isomorphic embedding,
we would map an /% -sequence into an E;V -sequence for arbitrarily large N. Proposi-
tion below is a stronger and more technical statement from which Theorem

follows. The following lemmas are needed to establish this proposition.

Lemma 4.5.2. If s € W=k and |s| < k, there exist s1 < sy < s3 < -+ such
that |s;| = |s| + 1 and 7"[s] = ;2| 7%[s:]. Consequently, we decompose T*[s] =
oo, ®T*s;] and for m € 7%, there is a canonical projection Py, : T*[s| —

> T [si)
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Proof. If s = (ay,...,q;),then s; = (ay,...,a;,a;),82 = (ar,...,a,a+1),83 =

(a1, ...,a;,a;+2),---. H
Lemma 4.5.3. Let s € w*=F with |s| < k. Let v = min7*[s]. Then 7*[s] C X™,

Proof. If s = (aq,...,q), then we have that v = (ay,...,a;,q,...,q) and the

result follows from Lemma O
We are ready to state and prove the main proposition.

Proposition 4.5.4. Let s € w*<F with|s| < ki and decompose T*'[s] = Y = &T" [s;]
according to Lemma Let M € ZV and ty, ...ty € w*=*2 such that |t,| =

Ifky — |s| > ko — |t1], then for everyn € 7T, S°°° @&T"[s;] does not embed

into T*2[t,] @ - - ® T™[t)y).

Proof. We proceed by induction. First assume that ky — [t;] = 1 < k; — |s|. By
Corollary [4.3.2] T*2[t;] is isomorphic to £, and consequently so is T%2[t;] & - - - &
T*2[t);]. On the other hand, Theorem guarantees that 7% [s] has arbitrarily
large copies of /. Hence, for every n € Z7, there cannot be an embedding from
S @TM s into T™[t4] @ -+ - & T*2[ty].

Suppose now that the result is true form € Z* and let ko —|t1| = m+1 < ki —|s|.
We will show a simpler case first, when M = 1. Suppose, towards a contradiction,

that there exists n € Z* and an isomorphism
Oy T 5] = T™[t).

Decompose 7*2[t;] = >, @T"**[r;] according to Lemma Find N large

enough and v € w#* such that s,, < 5,41 < -+ < Spen_1 < v. We will find
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normalized 71 € T*[s,], 25 € T* [s,41], ..., 2n € T [sp4n_1] such that v < ;
for i < N. Under this conditions Theorem [4.2.4)implies that span{z, ... ,x} ~ (Y,
with the isomorphism constant independent of NV and of the x;’s.

Let v; be the first element of 7%2[t,], and let x; € T*[s,] be such that ||z;|| = 1
and v < z;. Find a finitely supported 3; € T*2[t;] such that y; ~ ®(z,). Applying
Lemmawe can find v, € 7%2[t] such that v; < y; < v, and X Th2[t] =
U, 1 772[r;] for some m; € N.

Since ki — |Sp11| > k2 — |r1| = m we can apply the induction hypothesis. In

particular, the map
Pmlq)|Tk1[Sn+1] ;T [Sn+1] — T [Tl] SERRR T* [rml]'

is not an isomorphism. As a result, there exists zo € T*[s,, 1] such that ||z,|| = 1
and P,,, ®(z3) ~ 0. To add the property v < x5, we decompose T [s, ;] =
S BT* ;] asin Lemmaand apply the induction hypothesis to ) >>° &7 [u,]
for p large enough.

Now that we have a normalized z, € T*![s, ] that satisfies v < x, and
Pn,®(z9) ~ 0, we find a finitely supported y» € T*2[t;] such that y» ~ ®(z5)
and P,,,y2 = 0. Notice that v; < y; < v < ¥y, and that Lemma gives that
supp (y2) C X3)™.

We now repeat the argument. Use Lemma to find v3 € 72[t;] such
that yo < vz and X2 N 7%2[ty] = U2, 7*[r;]. Then we find a normalized
x3 € T*[s,, 5] such that v < x3 and P,,,®(z3) is essentially zero. Finally, we find

a finitely supported y3 € T*2[t;] such that y3 ~ ®(x3) and P,,,y3 = 0.
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Proceeding this way, for every i < N, we find normalized z; € T*[s,,,;_,] with

v < x5, v; € w2 and y; € T*2[t;] such that y; ~ ®(x;) and
v <y < v <yYp < - <oy < ynand vy, supp (i) C X

By Theorem ()i, is isomorphic to the canonical basis of /). Hence,
® maps ¢~ isomorphically into E;)V . Since N is arbitrary, this contradicts that ¢
is continuous (see equation below). This concludes the proof for the case
M =1.

Now let M > 1 and suppose, towards a contradiction, that there exists n € Z*

and an isomorphism
Oy @Ths] = T[] @ Tt © - - & T [ty].

For each j € Z* let Q; : .M T*[t;] — T*™[t,] be the canonical projection.
Decompose T*2[t;] = >°2°, T*[r] as in Lemma and for each m € Z*, let
Pi - T*[t;] — Y7, T*2[r/] be the canonical projection onto the first 7 blocks.

The proof is similar to the case M = 1. Find N large enough and v € w
such that s, < $,11 < -+ < Span_1 < v. Find 71 € T"[s,] such that ||z;]| = 1
and v < ; and find a finitely supported y; € T*[t;] @ - -- & T*2[t)] such that
y1 ~ O(z1).

For each j < M, let v] = min_(7"2[t;]). Use Lemmato find v} € 72 [t,]
such that Q;(y1) < v and X™™ N 7k2[t;] = Uz 7#2[17] for some m) € N. Let

P = Z]]Vil P; ) be the projection onto the first blocks of each of the T*2[¢,]’s.
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Since k1 — |sp11| > ko — |r1| = m we can apply the induction hypothesis.

In particular, the map P1® ;[ ) is not an isomorphism and we can find z; €
T*2[s,,1] such that ||x5]| = 1 and P,®(x3) ~ 0. Arguing as in the case M = 1, we
can also assume that v < x5. We then find a finitely supported y, € Z]J‘/il ®T*t,]
such that y» ~ ®(z5) and Py, = 0.

Proceeding this way, for every i < N, we find normalized z; € T*[s,,,;_,] with
v<x;andy; € Zj\il @T"*2[t;] such that y; ~ ®(x;). Moreover, for every j < M,

we can find v/ € w#2 such that

vl Qi) < v < Qlye) <+ < vk < Qjlyn)and vy, supp (Q;(y:)) € X7

By Theorem [4.3.1] there exists C'; > 0 independent of N such that for every
J< M,

é(ZH@j(y»Hp) <> Qw| < (Zu@xyi)up)

Using the triangle inequality for y; = z;vil Q) (y:), Holder’s inequality <Zf\i1 la;| <

1/p
NYa (Zfil |ai|p) , zla + % = 1) , Theorem 4.3.1} and the fact that the projections

(); are contractive, we get

N M N 1/p
Zn% DRIEID |<N1/qz<z||czj<yi>||p>

M M N
<ONYY Z@(w) <GNYTY IS
j=1 ]\z]:l . i=1
= CINYIM D yil| = CINYIM @(Z%)
i=1 1=1
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N

>

i=1

< CLNYIM||D|| (4.5.1)

Since N is arbitrary, S~ | ||y;]| is of order N, and || S, ;| stays bounded, we

see that ® cannot be bounded, contradicting our assumption. [
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Chapter 5

Alternative Norms

We explore here the consequences of alternative definitions of the norm presented
in Chapter 4. Throughout the sections of this chapter the notation used may overlap
with the one previously used. Moreover, the definition of admissible sequence will
be different in each section, even though we always use phrases like “admissible” or
“admissible sequence”. We have done so in order to simplify as much as possible
the exposition and discussion of the Banach spaces constructed. Therefore, we warn
the reader that the notation and the definition of admissible sequence are relative to
each section.

In this chapter we always assume d, k € Z* are such that d, k > 2,and 6§ € R
is such that 0 < # < 1. Unless specified otherwise, we will denote the basis of the
Banach spaces defined here by (e;)°,. Remember that we write e; instead of eg;,.
Also, ||-||" will denote the norm studied in the preceding chapter. For each n € Z,

the following subspaces will be studied:
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The subspace

R[n] :=span{e, : v = (n — 1,m) € w*’}

is generated by all the basis elements whose support lies on the n-th row of the upper
triangular representation of w*?; we refer to R[n] simply as the n-th row subspace.

Similarly, the subspace

C[n] := span{e, : v = (m,n — 1) € w*?}

is generated by all the basis elements whose support lies on the n-th column of the
upper triangular representation of w#?; we refer to C'[n] simply as the n-th column

subspace. Finally, the subspace

D :=span{e, : 3m € Nsuch that v = (m,m)}

is generated by all the basis elements whose support lies on the main diagonal of
the upper triangular representation of w*?; we refer to D simply as the diagonal
subspace.

Finally, we say that (v;)?_, C w*?, with v; = (I;,m;), is a generalized column of

w*? whenever l; < --- <, < my < --- < m,. The subspace

GC[(vi)is,] := span{ey, }

is called the generalized column subspace generated by (v;)?_;.
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5.1 Casel

Definition 5.1.1. Let M C AR” be a family of finite approximations. We say that
M is compact if the set {Xg : E € M} is a compact subset of the set {0, 1}”“
endowed with the product topology. Moreover, M is hereditary if E € M and
F =r,(E) for some n € Z* implies that F' € M.

In the preceding definition, {0, 1}“’“ is identified with the space of all functions
. . . . w,lk
f : w?® — {0,1} and Xp is the characteristic function of E. In {0,1}*", the
convergence under the product topology is the pointwise convergence. Consequently,
if E € AR and X £, converges to X g pointwise, there exists N € Z* such that
E CFE, foralln > N.
Notice that A%, the downward closure of the barrier AR on w** € &, is compact

and hereditary.

Definition 5.1.2. Let M C AR" be compact hereditary. We say that a sequence
(E;)m, of finite subsets of w* is M-admissible if and only if there exists {vy, vy, . . .,

Um} € Msuchthatv; < By <vg < Fy < -+ < vy, < Eppy.

Definition 5.1.3. Let M C AR" be compact hereditary. We denote by T'(M, 6)

the completion of cqo(w#*) with respect to the norm defined by

||| = max{HxHoo , 0 sup {Z | Eix|| : (E)", M-admissible}} :

i=1

where © = > 7 xne, and ||z|| = sup,.,+ |x,|. We call T'(M,0) the high

dimensional Tsirelson type space defined by (M, 0).
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The following proposition follows by standard arguments:
Proposition 5.1.4. (e,,)°°, is a I-unconditional basis of T(M, 6).

In this section, we will explore the case § = 1. We will see that the space /;

plays an important role.

Proposition 5.1.5. If M C ARF is a compact hereditary family of finite approxi-
mations with the property that there is v € w** for which there are infinitely many

w € w such that {v,w} € M, then T(M, 1) is {1-saturated.

Proof. By the Bessaga-Pelczynski Selection Principle [6], it suffices to prove that
every block subspace contains a further subspace isomorphic to ¢;. Let (z,) be
a normalized block basic sequence. We will extract a subsequence (z,,) of (z,)
equivalent to the /; basis.

Since there is {v} € M, we can choose z,, such that v < z,, (remember
that this means that v < supp (z,,,)). By hypothesis, there exists w; € w** such
that z,, < w; and {v,w;} € M. Then, we can choose x,, such that w; < z,,.
Repeating this process, we can extract a subsequence (z,,) of (x,,) with the property
that for each ¢ € Z" there exists w; € w such that v < z,, < w; < xy,,, and
{v,w;} € M.

Now, for each M € Z7%, let us estimate sz]\i | @i%y,|| for any (a;) C R. By

Zi\il Qip, || < HZi\il AT,

definition,

X (remember that |||, denotes the -
norm).

Given that there are j, j; € Z* such that v = u; and wy = w;,, we can set Ey :=
{v,@js1,..., 45,1} and Ey := {wy, Uj, 41, ..., wn }. By construction, (Ey, E») is

an M-admissible sequence, and consequently
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M M M
Zail’m > || Ey (Z aixm> + || Ea (Z aixm> |
i=1 i=1 i=1
M
— Jlarzn, | + |3 aian,
i=2
M
=2
Next, let j; be such that wy = @}, and set Eoy := {v, W41, ..., U;,—1} and Eyy 1=
{wsa, Wj, 11, ..., wp}. By construction, (Ea, Fy) is an M-admissible sequence, and
consequently
M M M
Zai%i > || B (Z aﬂni> + || B (Z aﬂni) H
=2 =2 i=2
M
— Jlasngll + |3 i
=3
M
= |ag| + Zail’m
i=2
Therefore,
M M
Zaixni Z |a1| + |a2| + Zaixni
i=1 1=3

Continuing in this way we conclude that

M

E A;Tn,;

i=1

> |aq| + |ag| + -+ + |am]| -
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Corollary 5.1.6. T'(A% 1) is {,-saturated.

Proof. We already know that A is compact hereditary. Moreover, A% satisfies the
other hypotheses of Proposition by setting v = ; and noticing that there are

infinitely many £ € A% of length 2 with v as their first element. [

The following two results allow us to see that spaces satisfying the hypotheses

of Proposition can have different structure.
Proposition 5.1.7. If'd > 2, then T(A%,1) is isomorphic to /1.

Proof. We will prove that the basis (¢;)%2; of T(A% 1) is equivalent to the standard

basis of /1. Let z := Y _.°, a;e;, where (a;)3°; C R. By definition, ||z|| < ||z||,.
On the other hand, given that {u;,d,} € A2 and d > 2, we know that for

every N € Z7 itis the case that £y := {u;} and Fy := {iy, U3, ..., Uy} define an

AZ-admissible sequence. Therefore,

N
)l > | Bzl + | Baz]| = laa] + || > ases
i—2
We now proceed to prove that if 3y := HZ?LM aie;|| with M < N, then ||y|| >

. There are three mutually exclusive cases for u,: for some

ane] + || 2041 i
h,l € Z" iy = (h— 1,h) or tyy = (h,h) or iy = (h,l) withl —h > 1. We
construct a suitable .43-admissible sequence for each of these cases as follows:

Casetiyy = (h—1,h). Setv := (h—1,h—1). Then, since d > 2, {v, Uy, Uprr11} €
A2 and consequently E; := {v},Ey = {un}, B3 = {Uys1,Upreo, .-, Un}

define an A3-admissible sequence.
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Case iy = (h,h). Notice that @y, = (0, + 1). Then, {1, U1} € A% and
consequently £y := {dy}, By := {tpr11, Uprsa, - - -, Un } define an A%-admissible

sequence.

Case iy = (h,l) withl —h > 1. Setv := (h + 1,h + 1) and notice that
i1 = (h+1,1). Then, {v, U1} € A% and consequently Ey := {dy}, By :=

{Wnrs1,Uprya, - - -, Un} define an A2-admissible sequence.

Therefore, given i), we can construct an .42-admissible sequence which guar-

antees that

N
E a;€;

i=M+1

1yl = lan| +

Hence, for every N € Z" and (a;)Y., C R, it is the case that
[zl = fas| + laz] + - - + |an].

]

Proposition 5.1.8. There is a high dimensional Tsirelson type space that is {1-

saturated but not isomorphic to (1.

Proof. Letn € Z*. If tiyn = (I, 1), set w,, := (0,1). Under this notation, let
M:={E € AR?: E = {&;} or3n € Z" such that E = {&;,w,}} .

Then, T'(M, 1) is ¢;-saturated but not isomorphic to ¢;. Indeed, T'(M, 1) is
(1-saturated by Proposition So, suppose that T'(M, 1) is isomorphic to ;.

Then, there is C' > 1 such that for all n € Z* and all (a;) C R,
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1 n n
53 lal <[
=1 =1

27+1
§=2741

<CD ail. (5.1.1)
=1

Let j € Z*. Consider x := | a;e; and remember that we write e; instead

of ez,. We know that w; 1 = i, for some m € Z*. Then, since w;;; < Usi+1,

2041 m—1 20+l 1
Z eil| < Z eill + Z eil| + |legs+1| -
i=27+1 i=20+1 i=m

21+l

Lettingy = >/ ,e;and 2 = 3

i1 e;, we see that w; < supp (y) < w;41

and w;+1 < supp (z) < wjio. By definition of M, it is not possible to split up the
support of y or z, so that we cannot make their norm bigger than their ||-|| _-norm.
Therefore, ||z|| < ||yl + ||z + |le2i+1 ]| =1+ 14+1=3.

From we conclude that 27 /C' < 3. Hence, 2/ < 3C forevery j € ZT, a

contradiction. O]

5.1.1 n-th Row and Diagonal Subspaces

Notice that Proposition clearly implies the following:

Corollary 5.1.9. If d > 2, then any n-th row subspace and the diagonal subspace

of T(A%, 1) are isomorphic to (.

However, when 0 < 6 < 1 and df > 1, the n-th row subspaces and the diagonal

subspace of T'(A2, §) have quite a different structure:

Proposition 5.1.10. Suppose that 0 < 0 < 1 and d0 > 1. Then, R[n| and D are

isomorphic to £, where 0 = dﬁ and % + % =1
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To establish Proposition|[5.1.10jwe need to present two useful alternative ways to
define the norm of T'(A2%, ) that are just a slight variation of the ones presented in

the previous chapter:

(i) Given x = Z;; zje; € coo(w*?), define the following non-decreasing sequence

of norms: |z|, := max;ez+ |z;|, and forn € N,

||, = max {]ac]n,ﬁmax {Z |Eix|, : 1 <m <d,(E;)i%, A?l—admissible}} :

i=1

Then,

|z := sup |z], .
neN

(ii) Let Ky := {£e} :i € Z*}. Forn € N, let

(2

K ::KnU{Q(f1+"'+fm) 11 <m <d,(fi)iZ C Kn},

where (supp (f;))™, is an A2-admissible sequence. Set K := | J__ K,. For each

neN
n € N and fixed x € coo(w*?), define the following non-decreasing sequence of

norms:

lz|” ==max {f(z): f € K,}.

As in the previous chapter, foreveryn € Nand x € coo(w*?) we have |z|, = |2|7.

Then,
z]] = sup {f(z) : f € K}.

Proposition [5.1.10] follows from the next two lemmas. We will prove the second

one only for R[n| since the proof for D is analogous.
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Lemma 5.1.11. For any finitely supported = € T (A7, 0) we have ||z| < |z||,

Proof. We will prove by induction on m € N that for every f € K, we have
| f(x)| < |||, This is trivially the case when m = 0. Suppose that the result holds
form € Nandlet f = 0(f1 + - + f;) € Kyn41. By definition of K, 11 we know
that j < dand (f;)_; C K. If E; := supp (f;), then | f;(z)| = | fi( Biz)| < || Bz,

by induction hypothesis. Therefore,

|<9Z|fz |<92HE:BI| dl/qZH Ez], -

Applying Holder’s inequality and the fact that j/d < 1 we get,

1 J ] 1/q J 1/p
7 2Bl < (3) (Zumuz) < ol
=1 =1

]

The next lemma give us the necessary lower /,-estimate. Its proof exploits the
fact that the norm of T'(A2, 6) as defined in this section is always bigger than or
equal to the norm ||-||" of the corresponding Banach space studied in the previous
chapter.

We will use special notation for the basis elements of the n-th row subspace. For

i € LT, set e} == €e(_1,nti—2). Then, (e")52; denotes the canonical basis of R[n].
Lemma 5.1.12. For every x € R[n] we have 55 ||z, < ||z|.

Proof. Set v; := supp (el') , z; := e? for each i € Z*. Then, applying Proposition

4.3.5, we conclude that 5 |||, < |z||" < ||z|| for every x € R[n). O
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5.1.2 n-th Column and Generalized Column Subspaces

We analize here the finite dimensional n-th column subspaces of (A2, 6), as
well as its generalized column subspaces. For the rest of this subsection suppose

that 0 < 6 < 1,df > 1, and let p € (1, 00) be determined by the equation df = d'/?

_L_

(which is equivalent to 6 = -

1,1 _
whenever e = 1).
As before, special notation for the basis elements of the n-th column subspace
is needed. Fori € {1,2,...,n}, set e;,, := e(_1,,—1). Then, (e;,,);~, denotes the

canonical basis of C'[n]. Also, for any n € Z*, set
supp (C[n]) = {(O,TL - 1)7 (Ln - 1)7 T (TL - 17” - 1)} ;

clearly, supp (z) C supp (C[n]) for every x € C[n].

In order to study C'[n] we need to set up an specific framework. Consider the
approximation X5 := {1y, @y, . . ., iy} in the upper triangular representation of w#2.
X5 is just the initial segment of w*? of length d. Define [ to be the length of the
largest column of X[ils; e.g., when d = 7, we have [ = 3. In general, if iy = (m', m),

thenl = mifm’ #m,orl=m+ 1ifm' =m.

Remark 5.1.13. It is clear that we always have [ < d. Moreover, by definition, if
E € A%, then |E Nsupp (C[n])| < [ for any n € Z*. Therefore, given any A2-
admissible sequence (F;)",, at most [ + 1 of these F;’s have non-empty intersection

with supp (C[n]).

Under this framework, we have:

Proposition 5.1.14. If10 > 1, then C[n] is isomorphic to L, where p' is determined

by 10 = 1\,
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We will prove this proposition by establishing that the basis (e;.,, )", is equivalent
to the canonical basis of £,. The following two lemmas are based on Bellenot’s
original argument for the Tsirelson type space T'(A;, #), where A, is a member of

the low complexity hierarchy introduced in Chapter 2 (see [4]).
Lemma 5.1.15. For every x € C[n] we have ||z|| < M ||z||, for some M > 1.

Proof. Denote the norm of T'(A;, 0) by ||-|| 4,- Bellenot proved that for every y €
T(A;,0), there is M’ > 1 such that [|y|| ,, < M’ [|yl|,,. His fundamental idea was to
exploit the fact that in 7'(.A;, #) we can arbitrarily arrange up to [ successive subsets
of N to produce an 4;-admissible sequence.

We can follow a similar argument in C'[n]. Set V' := supp (C[n])\{(n — 1,n — 1)}
and leti € {2,3,...,l}. Suppose that F, Fs, ..., E; are subsets of V' such that
Ey < By < --- < E;. Itis clear that it is always possible to construct an X &€ A?i
whose last i — 1 elements are min< (Es), min<(FEj3), . .., min<(E;) and such that it
makes Fy, F, ..., E; an A%-admissible sequence. Consequently, following Bellenot,
C’'[n — 1] := span{e, : v € V'} has an upper EZ,_l-estimate.

Therefore, given that C’'[n — 1] and span{e(,_1,—1)} are complemented in C'[n],

there must be M > 1 such that [z[| < M ||z[|,, forall z € C[n]. O

To prove the next lemma we will use the Tsirelson type space T'(.A;, ). Denote
its norm by |- ,, and by (#;)32, its standard basis. It will also be useful to remember
that the sum of the first [ positive integers is equal to %l(l + 1). Following ideas

developed by Bellenot in [4] we have:
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Lemma 5.1.16. For every x € C[n] we have 3 ||z]|, < |z].

Proof. Letx :=3 "  ae;nandy :=> " a;t; for (a;)7_, C R. We will prove that
1yl 4, < llz[|. This inequality will establish the desired result given that Bellenot
proved in @] that 4 [y < [yl

We know that either ||y|| o, = [|y||., or there exist!’ € {1,...,l}and F} < --- <
Fy finite subsets of Z* such that [|y[| ,, = 92?21 [ Fyll 4,- Foreachj € {1,.... I},
either || Fyl| ,, = [[Fjyll,. or there exist I” € {1,... I} and Fj; < -+ < Fjw
subsets of F; such that || Fjy|| , = ¢ Zi/lzl | Fjsyl| 4, Since y has finite support, this
process will end and y is normed by a tree.

We will prove that [|y[| ,, < [|z|| by induction on the height / of the tree. If
1yl 4, = llyllo» then h = 0. It is clear that by definition of [|-|| we have ||y[|, =
maxi <<y |ai| < [|z].

Suppose now that the result is proved for elements of 7'(.4;, #) that are normed
by trees of height less than or equal to /& and that y is normed by a tree of height
h + 1. Then, there exist I’ € {1,...,l} and I}, < --- < Fy such that [|y[| , =

0 Zé.lzl | Fyl| 5, and with each Fjy normed by a tree of height less than or equal to

h. By induction hypothesis,

(5.1.2)

S H E I AmCm:n
A, mel;

IFll = |52, ot

For each j € {1,...,l'}, set m; := min(F;) and my41 := n + 1. We will
use myq, ..., My to construct an Afl-admissible sequence that would allow us to

appropriately.

overestimate HZme F; @mCmn
Suppose that m; = n and write w; := (m; —1,n—1) forj € {1,...,I'}. We

will first construct an X € A2 whose last I elements are wy, . . ., wy.
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The first element v; of X is determined by w;: set vy := (my — 1,my — 1);
the next two elements of X (its second column) are determined by w; and wy: set
vg := (my — 1,my — 1) and v3 := (mgy — 1,my — 1); the next three elements of X
(its third column) are determined by wq, wo, w3: set vy := (my — 1,m3 — 1), v5 :=
(mg —1,m3 — 1),v := (m3 — 1,m3 — 1). We follow this process until the last !’
elements of X are wy, ..., wy. By construction of X and definition of [ we have that
| X| < 1(141) < d, and consequently X € A3

Writing s := | X| — I, let By := {v1}, By := {w},..., Es :== {vs}. Then, for
je{l,...,U'}, let

Eerj = {'w], (mj,n - 1), ceay (mj+1 - 2,71 - 1)},

therefore, £} < -+ - < By < By < --- < Egypisan Az-admissible sequence.

Now, going back to equation|5.1.2} notice that F; C {m;, ..., m;+1 — 1}. Hence,

= || Esrjl|-

g Aoy
H mer;

m]‘+171
< E ArCrop,
r=m;

Finally,
l/

ll
Iyl g, = 0D IEly, <O 1Bzl < ] -
j=1

j=1

When m; < n the construction of X is analogous to the one presented above.
We start the construction by defining v; := (ms — 1, ms — 1); that is, using ws
instead of w;. Then we set £y := {(0,n —1),(1,n —1),...,(ma —2,n—1)} and

E, jforj=2,...,1 asabove. O]

We now turn our attention to the finite dimensional subspaces generated by

generalized columns (v;)™; of w*?. Remember that we say that (v;)™_,, with v; =
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(I, m;), is a generalized column of w*? whenever [} < -+ <1, <my < -+ < my,.
Their associated subspace is GC[(v;)_,] := Span{e,, }.

It turns out that GC[(v;)7,] is isomorphic to £}, where p is determined as in
Proposition Observe that p # p/, so that the structure of GC[(v;),] is

different than the one described above for C|n).

Proposition 5.1.17. If df > 1, then GC|(v;)i-,| is isomorphic to [}, where p is
determined by df = d"/?.

Proof. The upper /,-estimate follows immediately from Lemma For the
lower /,,-estimate we will follow the general idea presented in the proof of Lemma
but this time exploiting the Tsirelson type space 7'(.Ag4, 6). Denote the norm
of T'(Aq4,0) by [|-[| o, and by ()72, its standard basis.

Let (v;)", be a generalized column of w*?. For (a;)", C R, write v :=
> oy Giey, and y := 371 ait;. Once again, we will prove that y||,, < [z
by induction on the height i of the norming tree of .

As before, the result is clear when h = 0. Suppose now that the result is proved
for elements of T'(A,, 6) that are normed by trees of height less than or equal to A
and that y is normed by a tree of height 4 + 1. Then, there exist d’ € {1,...,d} and
Fy <--- < Fy such that [ly[| ,, =0 Zjlzl |1 Fyl| 4, and with each Fjy normed by a

tree of height less than or equal to A. By induction hypothesis,

(5.1.3)

< E AmCop,
Ay H mekF;

IFl, =2, oy ant

Foreach j € {1,...,d'}, set m; := min(F};) and mg4; == n + 1. We will

use myq, . .., Mg to construct an Afl-admissible sequence that would allow us to

overestimate HZme F, AmCo,, ) appropriately.
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Suppose that v; := (I¢,1%) fori € {1,...,n}. Setw; := v,,,. Since by definition
of generalized column we have that IJ"* < [{" and 5" < 15" < [, then
wy := (I, 15'%) is such that v,,,_1 < Wy < vy, and {wy, we} € A2 Now, given
that I5"2 < 1571 < I3, then ws := (157", 15*7") is such that v,,,,_; < wsy <
Ums and {wy, wq, w3} € A% In general, for each j € {2,...,d'}, the fact that
Iy~ < 17" guarantees the existence of w; € w#? such that v,,, , < w; < vy, and
{wy,...,w;} € A2 Therefore, X := {wy,...,wa} € A3

Let E; be the finite subset of w*? that contains every w such that Uy, 2w =

Um,,,—1. Then, by construction,
w KB <wy <Ey<wy < B3<wy < < By Swey < By

. / . . .
i.e., (E;)I_, is an AJ-admissible sequence.

Since F; C {m;,...,mj4 — 1},
mjip1—1
< j+1 _ 2l

S N
Hence, applying equation (5.1.3| we have that
& &

Iylla, =03 I Fiylla, <0 Bl < o]
j=1 j=1
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5.1.3 Thin Approximations

The key property of generalized columns that allowed us to prove Proposition
5.1.17|1s that each element of such a column is always at least a column to the right
of the previous one in the upper triangular representation of w*?>. This property

motivates the concept of thin approximation:

Definition 5.1.18. Any approximation X := {vy,vs,...} € A%, with v; = (I}, 1}),
such that Iy < (5™ is called a thin approximation. The subspace span{e,, } generated

by X is denoted by T5[X].

Surprisingly, the subspaces generated by thin approximations share the same

structure with the subspaces R[n]:

Proposition 5.1.19. If X € A2 is a thin approximation, then Ty| X | is isomorphic

to {,, where p is determined by df) = d"/?.

Proof. Let X := {vy,vy,...}, with v; = (I%,13), be a thin approximation. This

proof follows the one presented for Proposition|5.1.17| In this case, to get a lower /,,-

estimate, we have to show that |32, a;til| . <[22, aiey, || forany (a;)72, C R
with finitely many non-zero elements. We can establish this inequality by following
the same construction of the .A2-admissible sequence (Ej);l':1 since it is based only

on the fact that I; < I5t1, O

5.2 Casell

Definition 5.2.1. Let m € {1,2,... d}. We say that (E;)™, C AR" is admissible
if and only if there exists vy, vo, ..., v, € w such that v, < B} < vy < By <

e < Uy < By
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Forz =" x,e, € coo(w) and j € N, we define a non-decreasing sequence

n=1

of norms on ¢y (w#*) as follows:

o laly = max ..

e |z];,, = max {|x\1 , 0 max {Z |Eix]; 1 <m < d,(E;)i, admissible}} :

i=1

For fixed = € coo(w**), the sequence (||,) en is bounded above by the £, (w**)-

norm of x. Therefore, we can set

] = suplal,.
JEN

Clearly, ||-|| is @ norm on cgo(w**).

Definition 5.2.2. The completion of co(w**) with respect to the norm ||-|| is denoted

Under standard arguments we have:

Proposition 5.2.3. (e,,)°, is a I-unconditional basis of Ty(d, 0).

Proposition 5.2.4. Forx = x,e, € Tj,(d, 0) it follows that
||| = max {||a:||oo,9$up {Z |Eiz|| : 1 <m <d,(E;)", admissible}} ,
i=1
where |2, = sup,cz 7l
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5.2.1 n-th Row and Diagonal Subspaces

Surprisingly, as in Case I, when 0 < # < 1 and df > 1, these subspaces remain

isomorphic to £,,:

Proposition 5.2.5. Suppose that 0 < 6 < 1 and d0 > 1. Then, R[n| and D are

isomorphic to £, where 0 = L and % +1=1

This proposition follows immediately from the next two lemmas. For the first
of these lemmas we will also use an alternative way to define the norm of T (d, 9)

using functionals:

Definition 5.2.6. Letm € {1,...,d}. A sequence (F;)", C FIN(w#) is called
almost admissible if there exists an admissible sequence (E,)¢_, such that F; C E,,

where ny,...,n, € {1,...,d} are such that n; < ny < .-+ < .

As before, let Ky := {£e} : i € Z*}. Then, forn € N, set

Ko o= K[ J{OU 4+ f) 1 1 <m < d ()7 C Kb,

where (supp (f;))i, is almost admissible. Set K := J, .y K. For each n € N and

fixed v € coo(w**), define the following non-decreasing sequence of norms:

lz|” ==max {f(z): f € K,}.

As in the previous chapter, for every n € Nand € coo(w**) we have |z|, = |z|].

Then,

2]l = sup {f(z) : f € K}.
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In contrast with Case I, here we will establish Proposition only for the

diagonal subspace D (the proof for R[n] is analogous).
Lemma 5.2.7. For any finitely supported x € Ty(d,6) we have ||z|| < ||z|],.

Proof. ltis clear that | f(z)| < [|z||, for every f € K. Suppose that this inequal-
ity holds for some m € N. Let f = 0(f, +--- + f;) € K,41. By definition,
j < d,(fi))_, € K, and there exists an admissible sequence (E,)¢_, such that
supp (fi;) € E,,, where ny,...,n; € {1,...,d} and n; < --- < n;. Then, since

| , by induction hypothesis, we conclude that

|p'

f@)] <0 |fi@) <0 || B
=1 =1

The result now follows by applying Holder’s inequality as in Lemma|5.1.11] [

For each i € Z*, set €], := e(_1,,—1). Then, (e],)7_, denotes the canonical basis

of D. Remember that it is always the case that ||-||" < ||||.
Lemma 5.2.8. For any x € D we have 55 |||, < ||z].

Proof. Setting v; := supp (€) , x; := ¢, for each i € Z", and then applying Proposi-

tion [4.3.5] we obtain
1 %) 1/p %) / 5%
() <o < |5
i=1 i=1 i=1
for every (a;)2, C R. O
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5.2.2 n-th Column and Generalized Column Subspaces

Here we study the finite dimensional n-th column and generalized column sub-
spaces of T5(d, #). Remember that (e;.,)" ; denotes the canonical basis of C[n].
Even though R[n] is isomorphic to £, as a subspace of either T'(A3, 0) or T»(d, 6),

the following results show that columns turn out to have a different structure.

Lemma 5.2.9. Suppose E, ' € AR? and E Nsupp (C[n]) # 0. If E < F, then
either F' N supp (C[n]) = {min<(F)} or F Nsupp (C[n]) = 0.

Proof. If min,(F') & supp (C[n]), then any (my, my) € F issuchthatn — 1 < my
by definition of approximation. Consequently, F' N supp (C|[n]) = .
On the other hand, if min (F") € supp (C[n]), any other (my,my) € F is such

that n — 1 < my. Therefore, ' N supp (C[n]|) = {minL(F)}. O
Proposition 5.2.10. C[n] is isomorphic to (7.

Proof. Let x € C[n|. By definition, ||z|| . < |lz]|. So, suppose that for some m €
{1,...,d} we have an admissible sequence (E;)", such that ||z|| = 6> " || E;z|.
Let j € {1,...,m} be the smallest integer such that E; N supp (x) # (). By Lemma
forany l = j,j+1,...,m, wehave |E; Nsupp (C[n])| < 1, and consequently

| Bial| < |- Then,

lzll =6 1Bl = 6 (I Bzl + | Eppall + - - + | Eme])

i=1
<O (||Ejz| + (m =) |lz]|..)

< 0| Ejz]| + db ||| -
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Since E;z € C|n], we can apply the previous argument to E;z instead of x to
conclude that

]l < 0% | F(Ej)l| + dO® ||2]| o, + df |||

for some F € AR?.

Given that |supp (z)| < n, we have

]

< dh
ol < dllall. 38 = 1=
i=1

]

Proposition 5.2.11. For any generalized column (v;)"_, of w*?, we have that GC'[(v;)™_,]

is isomorphic to (7.

Proof. Suppose that v; = (I;, m;). By definition of generalized column we know
that [; < --- < l,. Then, for s; := (;), we have s; < s3 < -+ < s,,. Therefore,
under the notation used in Section 4.2 with N = n, it is easy to see that GC[(v;)!",]

is a subspace of C'. Hence, applying Theorem we conclude that

2]l < llzll <

L lall.
for every x € GC[(v;)1,]. O

5.2.3 T3(d,0) is not isomorphic to 75(d, 0)

In this section we shed even more light on the similarities of the spaces T} (d, 0)
and the spaces T'(A%, 0) constructed in the previous chapter whenever 0 < 6 < 1

and df > 1.
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We begin pointing out a couple of results from Chapter 4 that we can transfer
to our current setting. Notice that Lemma and its corollaries provide, given
v € w**, a description of the elements of X™*, and are therefore independent of the
definition of the Banach space T}, (d, §). As a consequence we can transfer Lemma
and Theorem to establish the presence of arbitrary large copies of (Y
inside Ty (d, 0).

We will take advantage of the notation developed in Section Particularly,

given j € N, we write 7*[j] and T%[j] instead of 7*[(;)] and T"[()], respectively.

Lemma 5.2.12. Suppose m € Z" and j, j1,...,Jjm € N. Then, T?[j] does not
embed into T?[j1] @ -+ D T?[J)-

Proof. Since T%[n] = R[n + 1] for every n € N, applying Proposition [5.2.5| we
conclude that 7%[n] is isomorphic to £, and consequently so is T2[j1] & - - - & T[]
On the other hand, Theorem guarantees us that 73[j] has arbitrarily large
copies of 2. Hence, there cannot be an embedding from 7°[j] into T?[j;] & - - - &

T%(jm)- O
Proposition 5.2.13. T3(d, 0) does not embed into Ty(d, 0).

Proof. Suppose, towards a contradiction, that there exists an isomorphism
O Ty(d,0) — Tx(d, 0).
Throughout this proof the following decompositions will be very useful:

Ti(d,0) = > @T*[j] and w* = J7*[j].
7=0 7=0
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Theorem implies that for every N € Z* and any v € w#® with (N —1) < v
we have span{zy,...,xn} ~ (Y whenever x; € T?[i — 1],v < z;, and ||z;|| = 1.
Recall that in such a case the isomorphism constant is independent of N and the x;’s.

Fix N € Z" andsetv:= (N —1,N —1,N —1).

Let v; := (0,0) and pick z; € T®[0] such that v < z; and ||z;|| = 1. Find a
finitely supported y; € T»(d, 6) suchthaty; ~ ® (). Setting u; := max(supp (y1))

it is clear that if u; = (I},13), then vy := (my, my), with my := I3 + 1, is such that

y1 < vg. Moreover, X)*** = [ J72 7°[j] given that v, is an element on the diagonal
of the upper triangular representation of w2,
Now let P, : T5(d,0) — T?[0] @ - - - & T?[m] denote the projection onto the

first m terms of the decomposition of T5(d, #). Consider

Py ®ppspy : TP[1] = T?[0] @ - - - @ T[]

By Lemma we know that P, ®|7s(;) is not an embedding, and therefore
we can find a normalized x5, € T3[1] such that v < x5 and P,,, ®(x») is essentially
zero. Hence, there is a finitely supported yo ~ ®(x5) such that P, y» = 0. Notice
that this last equality implies that 72[n] N supp (y2) = @ forany n = 0,1,...,my,

so that v, < y, and supp (y2) C X", Thus far we have:

v; <y < vp < ¥ and supp (y2) C X0*.

We now repeat the argument. Setting u, := max(supp (y2)) it is clear that
if ug = (13,13), then v3 := (mg, my), with my := I3 + 1, is such that yo < wvs.
Moreover, X = [ J7Z, 72[j] given that v3 is an element on the diagonal of the

upper triangular representation of w#2. Then, applying Lemma|5.2.12|once again,
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we proceed to choose z3 € T3[2] such that v < 3 and P,,,®(z3) is essentially zero;

so that there is a finitely supported y3 ~ ®(z3) such that P,,,y;3 = 0. Now we have

v <Y1 < v < Yo < vz < ysandsupp (y2) C X0, supp (y3) C X™.

v )

Iterating this argument, for each i € {1,2,..., N}, we find a normalized z; €
T?li — 1) with v < z; and y; € To(d, 0) with y; ~ ®(z;) such that there is (v;)}_; C

w*? for which
v <y <vy <y2 <--- < vy <yy andsupp (y;) CXE]‘?X.

As pointed out at the beginning of this proof, we have that span{xy,...,zy} ~
(% ; and applying Theorem we conclude that span{y,,...,yn} =~ £)/. Since

N is arbitrary, this is a contradiction. [
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