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ABSTRACT

We present a number of results related to the decidability and undecidability of various
varieties of residuated lattices and their corresponding substructural logics. The context
of this analysis is the extension of residuated lattices by various simple equations, dually,
the extension of substructural logics by simple structural rules, with the aim of classifying
simple equations by the decidability properties shared by their extensions. We also prove a
number of relationships among simple extensions by showing the equational theory of their
idempotent semiring reducts coincides with simple extensions of idempotent semirings. On
the decidability front, we develop both semantical and syntactical methods for establishing
decidability as well as tractability of decision procedures. On the undecidability front,
we develop a notion of algebraic machines for which the theory of residuated frames will
allow us to encode decision problems within the theories of residuated lattices and their
substructural analogues. We prove the undecidability of the word problem for a broad
class of simple extensions for both commutative and non-commutative residuated lattices.
Furthermore, through a deduction theorem we establish the undecidability of the equational
theory for a broad class of simple extensions. Translated in terms of substructural logics,
we prove that the undecidability of both provability and deducibility for a multitude of

extensions of FL, by simple rules.
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Chapter 1: Introduction

Decidability is a fundamental problem in the study of mathematical logic. In short,
a logic is decidable if there exists an algorithm for determining whether or not any given
formula is provable. Classical propositional logic is so explicitly decidable that we teach it
to college sophomores when they learn truth tables. On the other hand, first-order classical
logic is undecidable as consequence of Godel’s incompleteness theorems, that is, there
cannot in principle exist an algorithm for determining provability.

As many mathematical fields are rooted in the investigation of certain first-order theo-
ries of classical logic, a distinction between what is true and what is provable, semantics
and syntax, was made. Different concepts of truth and provability arose, giving birth to the
formulation and study of nonclassical logics, which can be viewed as any departure from
the classical setting.

In particular, a framework that includes most of the interesting nonclassical logics is
given by substructural logics. Substructural logics encompass, besides classical logic,
intuitionistic logic, relevance logics, many-valued logics, fuzzy logics, linear logic and
their non-commutative versions. Originally, substructural logics were introduced as logics
which, when formulated as Gentzen-style systems, lack some (including “none” as a special
case) of the three basic structural rules for intuitionistic logic, contraction (c), weakening
(w) and exchange (e). For example, relevance logics and linear logic lack the weakening
rule, many-valued logics, fuzzy logics and linear logic lack the contraction rule, and hence
all of them can be regarded as substructural logics. The Gentzen system for intuitionis-
tic logic LJ is equivalently denoted FL.., as a structural extension of the Full-Lambek

calculus FL.



A powerful tool for analyzing substructural logics uniformly is given by semantical
methods, due to the fact that they are algebraizable. Indeed, syntactic properties of alge-
braizable logics can be rendered as semantical properties for a particular variety of algebras,
and vice versa. In particular, decidability properties of a logic can be handled abstractly in
the algebraic setting.

The algebraic models of substructural logics are residuated lattices. Residuated lattices
encompass a broad class of widely studied algebras, including Boolean algebras, Heyting
algebras, MV-algebras, basic logic algebras and lattice-ordered groups. In the light of
algebraization, the various structural rules correspond to analogous algebraic equations.
For instance, the exchange rule for a logic corresponds to the commutativity of its algebraic
models. One of the purposes of this thesis is to address the properties-of and relationships-
between certain structural rules and their algebraic counterparts.

Within the substructural logic framework, Gentzen was able to prove the decidability
of propositional intuitionistic logic FLe.,, in the 1930s. It remained unknown whether any
“natural” propositional logics were undecidable, outside of directly constructing logics for
this purpose. A first surprising breakthrough comes when Urquhart showed that the propo-
sitional relevance logic R was undecidable in the late 1980s. However, R is not an exten-
sion of FLL by structural rules due to the fact that R is distributive. A major breakthrough
within this framework came when FL. was shown to be undecidable by Chvalovsky and
Horcik in 2016. In contrast, the question of whether any structural extensions of FL. are
undecidable has remained an open problem. Actually, FL, and many of its structural exten-
sions were shown to be decidable. The main results of this thesis resolves this problem by
demonstrating the undecidability for an infinite class of such logics.

Approaches for proving decidability come in many different flavors, whether it be syn-
tactical versus semantical analysis, or a constructive versus nonconstructive argument. In

this thesis we utilize all such techniques. In the presence (or absence) of specific structural



rules in each case, we provide constructive syntactic proofs for decidability and noncon-
structive algebraic proofs of decidability, as well as complexity upper bounds or lower
bounds for such procedures.

In contrast to the variety of techniques for establishing decidability, proving undecid-
ability almost always traces down to the same approach: encode some halting problem for
Turing machines within the structure. However the difficulty is twofold. One must provide
a suitable encoding of the machine as well as demonstrate that such an encoding is faithful.
In this thesis, we present a general theory for encoding decision problems in residuated
structures. From the substructural logic perspective, in the presence (or absence) of spe-
cific structural rules we prove that deducibility in that logic is undecidable. In particular,
we demonstrate that provability is undecidable establishing the claim mentioned above. In
this way, we demonstrate the undecidability for an infinitude of nonclassical propositional

logics.

1.1 Chapter summaries

This chapter serves as both the theoretical and historical context for this thesis. In the
preliminaries section we develop the formal background for the objects of study. In par-
ticular, we recall basic definitions and propositions about ordered algebraic structures and
substructural logics. Specifically the variety of (commutative) residuated lattices (C)RL,
the Full Lambek calculus F L, and the intimate connections of these two structures via alge-
braization. Particularly, the syntactic notions of provability and deducibility are semanti-
cally rendered as satisfaction for the equational and quasi-equational theories, respectively,
for varieties of residuated lattices. Most of this background can be found in the standard

monograph [9].



Chapter 2 concerns properties of equations in the {V, -, 1}-fragment of residuated lat-
tices, as well as their relation to structural rules for substructural logics.! It is here that the
theory of residuated frames is first introduced, as developed by Galatos and Jipsen in [8],
for it will serve as an essential technical tool for the entirety of this paper. In particular, we
will highlight the preservation of simple equations and their structural counterparts simple
rules within residuated frames constructions. In Section 2.1, we present key definitions
and propositions about equations in the signature {V, -, 1}, which we call basic idempotent
semiring (ISR)-equations, in the setting of both residuated lattices and idempotent semir-
ings. It is here where simple equations and simple structural rules find their definition.
In Section 2.2, we recall residuated frames and their preservation of simple equations as
seen in [8]. In Section 2.3, we investigate when simple equations are consequences of oth-
ers. Through a straightforward residuated frames construction, we achieve Theorem 2.3.4
in particular, which essentially states that the {V, -, 1 }-fragment of the equational theory
for the variety RL + ¥ coincides with the equational theory of ISR + X, where ¥ is a set
of simple equations. This construction also provides a recursively enumerable procedure
for determining whether one equation implies another, often called the subvariety contain-
ment problem. In Section 2.4, we inspect some widely-studied classes of simple equations.
Using the results from the previous section, we demonstrate some characterizations that
will be useful for the remaining chapters e.g., Theorem 2.4.1 and Corollary 2.4.3. Lastly, in
Section 2.5 we prove a deduction theorem for so-called expansive varieties of commutative
residuated lattices.? Corollary 2.5.2 will be needed for the remaining chapters, specifically
for bootstrapping the undecidability of the quasi-equational theory to undecidability of the

equational theory for such residuated lattices.

I'The following footnotes of this section will contain examples of {V, -, 1}-(in)equations. These are meant
to be read as the variety V + (e), where (e) is such an equation and V some variety understood in context.

’Eg.zx<2?orx<a?vad



Chapter 3 establishes the decidability of many structures extended by the equations and
structural rules presented in Chapter 2. In Section 3.1, we recall the finite embeddability
property (FEP) and finite model property (FMP) for algebraic varieties and its relation to
the decidability of universal theories. We also show how a result of Blok and van Alten [3]
establishes the failure of the FEP for a collection of special simple equations in Proposi-
tion 3.1.3.3 In Section 3.2, we illustrate how Theorem 2.3.4 provides a decision procedure
for the {V, -, 1}-fragment of the equational theory for many varieties in RL. In Section 3.3,
we remark about the applicability of [8] for proving the FMP, and in Theorem 3.2.2 we
establish the FMP for varieties extended by so-called completely linear equations.* Lastly,
in Section 3.4 we present a decision procedure for the substructural logic counterpart of
so-called potent-varieties, which are varieties satisfying some equation ™ = z™*™. This
is a generalization of the proof due to Gentzen [11] showing the decidability of FLe.,.
Furthermore, in Theorem 3.4.6 we show that this decision procedure is at worst double-
exponential with respect to the number of symbols present in the input. Although such a
procedure is computationally expensive, it is nevertheless primitive recursive. In contrast,
the procedure for F' L. was shown to be non-primitive recursive by Urquhart [23], and even
more dramatically, FL. was shown to be undecidable by Chvalovsky and Hor¢ik [5].

Chapter 4 begins our investigation of complexity lower bounds for satisfaction in the
equational and quasi-equational theories for varieties of residuated lattices. At its heart,
the techniques of this chapter are inspired by those found in [17, 23, 8, 14, 5]. In Sec-
tion 4.1, we develop a general definition of algebraic machines. These machines are meant
to encode the computations of some abstract mathematical machine as order relations in

the algebra. Due to the fixed structure of a given machine, this correspondence relates to

SEg,x<z?Vlorazy <z?Vy

‘Bg,rzy<zVyorzyz <zyVyzVzzVzVyV z.



the complexity of the word problem for these algebraic structures. Inspired by [14], we use
a residuated frames construction to prove the completeness of this result, while the sound-
ness is easily achieved since residuated lattices have semiring reducts. Furthermore, we
introduce a notion of admissibility of simple equations for such machines. We will view
instances of a simple equation [R] as “glitches” within the computations, and admissibility
being a certain resiliency to such glitches. In this way, our residuated frames construction
allows us to produce an algebra satisfying the equation, i.e., W™ € RL + [R], to serve
as our countermodel for completeness. In Section 4.2 we introduce counter machines and
their algebraic renderings. Since counter machines have an undecidable halting problem,
we show that such a presentation proves the undecidability of the word problem for RL,
particularly in its {<, - 1}-fragment. We also show that this same encoding establishes
that certain weakenings of commutativity are admissible.’ In Section 4.3 we present the
algebraic rendering of And-branching counter machines, as invented in [17] to prove the
undecidability of linear logic. At the cost of adding V to the signature, this presentations
allows for the construction of algebraic machines in which commutativity is admissible.
As a consequence, this proves undecidability of the word problem, particularly for the
{V, -, 1}-fragment, for any variety V in the interval CRL C V C RL. Lastly, in Section 4.4
we outline a construction due to Urquhart [23] establishing that any decision procedure for
provability in F' L. cannot be primitive recursive. We show how this construction precisely
fits within our framework of algebraic machines, and therefore naturally extends to a larger
class of simple equations.

Chapter 5 is the demonstration of new undecidability results, utilizing the techniques
developed in the previous chapter, for extensions of (C)RL by simple equations from a class

U. In Section 5.1, we provide a construction that can guarantee admissibility for any finite

E.g., £2y? = y?x? or generally z"y™ = y™z" for any n, m > 2.



set of simple equations from /. The main idea is essentially that, when viewed as glitches
in a machine, members of U/ are well-behaved-enough in their effect on computations of a
machine. That is, given any machine M and equation [D] € U,® we can faithfully simulate
the acceptance of M in a straightforward way by another machine M’ so that [D] is admis-
sible in M’. In this way, Corollary 4.1.10 guarantees the undecidability of the {V,-,1}-
fragment of the word problem for (C)RL + [D]. This will prove Theorem 5.3.1, which also
simultaneously demonstrates the undecidability of deducibility for the corresponding sub-
structural logic FL. + (D). Consequently, using the deduction theorem from Section 2.5,
our capstone Theorem 5.1.13 proves that the equational theory for CRL+ [D] is undecidable
for any expansive [D] € U. Equivalently, this shows that provability in the corresponding
substructural logic FL, + (D) is undecidable. E.g., the equation [D] : z < z? V 23 is an
expansive member of I, so the equational theory of CRL+ [D] is undecidable, and therefore
provability is undecidable in FL. + (D) where (D) is the structural rule

AT T, Ay =11 AL DT, Ay =11 (D)
AT Ay = 10 .

Section 5.2 proceeds in a similar way to Section 5.1, and aims at proving undecidability for
the smaller ordered-monoid fragment of the word problem for RL. We show that this can
be achieved, at least in general, for a class of equations ¢/_; C U in Theorem 5.2.6.

Lastly, in Section 5.3 we provide a characterization for the class of equations ¢/ which
is essential for both Theorem 5.3.1 and Theorem 5.2.6. The definition of U/ is equivalently
stated via, [D] € U if and only if CRL + [D] p~ [V], for some spinal equation [V] of the

form:

V]2l @ pf0) < 1y gty gem@ Ly @) )

*E.g.,z < 2"V 2"t™ for any n,m > 0.



for some k& > 1 and vectors f,vy,...,vx € N¥ such that f # v, and v;(i) > 0 for each
1 =1,..., k. The goal of this section is to establish that such non-spinal equations satisfy
a condition that guarantees admissibility for the machines defined in Sections 5.1 and 5.2.
However, the techniques needed to prove this claim are quite distinct and unrelated to those
needed in rest of the chapter, which is why they are presented last. We show that the prop-
erty of satisfying a spinal equation is related to whether or not there exists positive solutions
to some corresponding systems of linear equations in R”. Each joinand of an equation will
be associated to some vector, and the right-hand side of simple equations as a set of vectors,
which we may view as a matrix. In this context, monoid substitutions will also correspond
to an associated matrix, and applications of a substitution as the transformation, or product,
of this matrix with a vector (i.e., monoid term) or matrix (i.e., a finite join of monoid terms).
In this way, a simple equation is a member of ¢/ if and only if its associated matrix does
not appear in the decomposition of some spinal equation in terms of upper-triangular block
matrices. Further, we show that this is equivalent to satisfying the sufficient condition of
admissibility defined in Section 5.1.3.

Finally, in Chapter 6, we remark about the relationship of our results to related results
known for non-commutative structures. We conclude by presenting a list of open problems
for future research.

1.2 Preliminaries

By Z,Q, R we denote the set of integers, rational numbers, and real numbers, respec-
tively. By N we denote the set of non-negative integers, i.e., natural numbers, by Z™ the
set of positive integers. Let A, B, C be sets. The powerset, i.e., the set of all subsets of A,
is denoted by p(A). By id4 : A — A we denote the identity map a — a for all a € A. We
define B to be the set of all functions f : A — B. If f : A — Band g : B — C, their

composition is written as g o f : A — C, defined pointwise via (g o f)(a) = g(f(a)) for



eacha € A. Forafunction f : A — A, we recursively define f° := id4 and /"' := fo f",
for eachn € N.
1.2.1 Ordered Sets. A structure P = (P, <p) is a preordered set, or preorder, if <p is a

binary relation on () such that, for all x, y, z € P the following hold:

* v <p z (reflexivity),

e z <pyandy <p zimply z <p z (transitivity).

P is called a partially ordered set, or poset, if P is a preorder which additionally satisfies

the following for every z,y € P:
* z <p yand y <p x imply z = y (antisymmetry).

We will denote <p simply by < if it is understood unambiguously in context.

Let P and Q be posets. A map f : P — () is said to be monotone if © <p y implies
f(z) <q f(y) forall x,y € P. For f : P — P, we say f is expanding if + < f(x) for all
x € P, and idempotent if f o f = f. Wecallamap v : P — P a closure operator on P
if 7 is expanding, monotone, and idempotent, and by P., we denote the poset of y-closed
elements, that is P, := v[P] = {v(p) : p € P}.

A Galois connection on P and Q is a pair of maps (*,7), where * : P — () and

“:@Q — Psuchthat g <q p”iff p <p ¢“forallp € Pand q € Q.

Proposition 1.2.1 ([9]). If (*, ) is a Galois connection on posets P and Q, then the map

v : P — P defined by y(x) = 2™ is a closure operator on P.

Example 1.2.1. Given sets A, B and a relation R C A x B, forsets X C AandY C B,
we define

XRY < zxRyforallz € Xandy €Y.



Forz € Aandy € B, we write z RY and X R y as abbreviations for {z} R Y and
X R {y}, respectively. Define ” : p(A) — p(B)and *: p(B) — p(A) via

X ={yeB:XRy} and Y':={xe€cA:zRY},

for all X € p(A) and Y € @(B). Then (*,°) forms a Galois connection on the posets

(p(A), C) and (p(B), C), called the Galois connection induced by R.

1.2.2 Notions from Universal Algebra. Assuming familiarity with basic set-theoretical
concepts, in this section we will recall the basic notions of Universal Algebra. We shall
refer to [4] for a more detailed exposition.

Given a (non-empty) set A, a n-ary operation on A is any function f from A" to A;
the map o(f) = n, that associates to a function symbol a natural number called the arity of
f. The image of (aq, ..., a,) under an n-ary operation f is denoted by f(ay,...,a,). An
algebraic type is a pair .# = (F, o) of a set of function symbols F' together with an arity
mapo : F — N,

An algebra of type .Z is a pair A = (A, (f*);cr) made of a domain set A and a
family (f®);c of operations fA : A”(/) — A. We will refer to them as the fundamental
operations of A. The underlying set A is often called the universe of the algebra. The
superscripts of the operations will usually be omitted in the text, and we will often write
the type of the algebra as the sequence (o (f*))cp.

By a subalgebra of A we mean an algebra B = (B, (f*|p)er) where B C A,
where f4|p is the restriction of f4 to B, and B is closed under the operations of A, i.e.
JAb1, b, .. byay) € B, forall by, ... by € B. If Zisatype and G C F, the
4-reduct of an algebra of type ., A = (A, (fA);cr), is the algebra A? with underlying

set A and operations (f2)cq. A partial algebra C of A is any subset C' of A equipped
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with partial operations restricted to C, i.e., If fA(ay,...,a,) = cand a4,...,a,,b € C,
then f€(ai,...,a,) = c.
Suppose that A and B are two algebras of the same type .%. A mapping h : A — B is

called a homomorphism from A to B if for each f of arity n in F' and every a4, ..., a, € A,

If {A; : i € I} is afamily of algebras of the same type, we define the direct product

algebra [ [._; A;, with universe the Cartesian product of the universes A;, and fundamental

el

operations defined by:

fH(<ai1>ieIa ceey <aia(f)>iel) = <fAi(ai17 e aaio(f)»iefa

foralla;; € Aj,ielTandje {1,...,0(f)}

A class of algebras of the same type is called a variety if it is closed under homomorphic
images, subalgebras and direct products. We shall refer to the variety generated by a class
of algebras K as V(K). Let now H(K),S(K) and P(K) denote respectively the classes of
homomorphic images, subalgebras and direct products of algebras in /C, then the following

well known theorem due to Tarski holds.
Theorem 1.2.2 ([22]). For every class of algebras K, V(K) = HSP(K).

Let X be a set of variables, .% a type and (X U F')* the set of all finite sequences of
elements of X U F. The set 7'z (X) of terms in .%# over X is the least subset of (X U F')*

that contains X and if f € F and t1,1s,...,t,s) € T#(X), then the sequence

ftits .. oy € TQ(X)
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The term algebra T 5 (X ) is the algebra with underlying set 7'z (X ), type -# and operations
fT#X) for f € F, defined by fToX)(t1,ta, ... typ) = [tita.. . lop, forall t; €
T#(X).

If A is an algebra of type .%, t a term in .% over a set of variables X and the variables
occurring in t, denoted supp(t) := {x1,Zs,...,7,}, we define the term operation t* of
t inductively on the sub-terms of ¢ to be the operation defined as follows: x? is the i-th
projection operation on A", and given ftity...t, ), where f € F and ty,%a,... 15 €

T#(X), then s is defined by

sA(al,ag, ay) = fA (tf(al,ag, . ..an),t‘;(al,ag, cely)y ,t?(f)(al,ag, ) ..an)) .

If t1,to,...t, are terms of Tz (X ) and n = |supp(t)|, then the substitution of t,,ts,.. .1,
into ¢ is the element t7#(X) (¢, t,,...t,). If A is an algebra of type .# and ¢ a term in .%,
then the operation t# is called a term operation. Two algebras of possibly different types
are called term equivalent if every operation of one is a term operation of the other.

An equation, or identity, of type .% over a set of variables X is a pair of terms of
T#(X). If t, s are terms we write t = s for the equation they define, instead of (¢, s). We
say that an equation ¢t = s in .% over X is valid in an algebra A of type .%#, or it is satisfied
by A, in symbols A |= t = s, if t* = s, The notion of validity is extended to classes
of algebras and sets of equations. A set £ of equations in a type .# is said to be valid in,
or satisfied by a class K of algebras of type .%, in symbols K = &, if every equation of
£ is valid in every algebra of K. Equations are preserved by subalgebras, homomorphic
images and direct products. A theory of equations, or equational theory 7" in a type .% is a
congruence on 7'z (X) closed under substitutions, i.e., if (t = s) € T, supp(t) Usupp(s) =
{w1,...,2,},and ty,. .., t, € Tz(X), then (177X (¢, ... t,) = sT7X)(ty,.. . t,)) €

T. It is easy to see that if /C is a class of algebras of type .#, then Thg,(K) = {(t = s) €
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T#(X) : K =t = s} is an equational theory, called the equational theory of K. Given a
set £ of equations of a similarity type .# the equational class axiomatized by £ is defined
to be the class Mod(E) = {A : A = E} of algebras of type .#, that satisfy all equations
of &; the set £ is called an equational basis for Mod(E). By previous observations, every
variety is an equational class. More precisely, the following well-known theorem due to

Birkhoff holds.

Theorem 1.2.3 ([1]). For every class of algebras I, HSP(K) = Mod(Thg,(K)). Thus K

is a variety iff it is the class of models of an equational theory.

1.2.3 Algebras and Varieties. Let A be a set. A function * : A x A — A is called a

binary operation on A, and we will write a * b := x(a, b). We say * is:

* associative iff Va,b,c € A,ax (bxc) = (a*b) xc,
* commutative iff Va,b € A, a xb =bx ¢, and

* idempotent iff Va € A, a x a = a.

We say an element 1 € A is an identity element for x if foralla € A,a*x1 = 1%a = a. An
algebra S = (5, ) is called a semigroup if * is an associative binary operation on S. Note
that if a semigroup has an identity then the identity is unique.” A structure M = (M, x,1)
is called a monoid if (M, x) is a semigroup where 1 is the identity element for x. We
say S (M) is a commutative or idempotent semigroup (monoid) if * is commutative or
idempotent, respectively.

A commutative idempotent semigroup S is also known as a semilattice. The structure
S = (5, V) is called a V-semilattice, where V is called join. We often call the term a \/ b the
least upper bound of a and b, where we define the relation <,, on S'viaa <, biffaVb = b,

forall a,b € S. We see that <\, is reflexive since V is idempotent, it is antisymmetric since

If e, €’ are identities for * then e = e x e’ = €’.
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V is commutative, and transitive since V is associative. Hence (.5, <) is a poset. Similarly,
(T, A) is called a A-semilattice, where a A b denotes the greatest lower bound of a and b,
with the relation <, on T via a <, biff a Ab = a, and deduce that (T, <) is a poset.® If the
V-semilattice [resp. A-semilattice] is a monoid, we will represent the identity for V [resp.
A] by the falsum symbol L [resp. verum symbol T], and call such a structure (S, V, L) a

1 -bounded semilattice [resp. (S, A, T) is T-bounded].

Proposition 1.2.4. Let S = (S, V) be a \V-semilattice. Then for all a,b,c € S, (i)a < aVb
and (ii) a V b < cimplies a < cand b < c. Similarly, if (T, A) is a A-semilattice, then for

all a,b,c € S (iii)aNb<aand(iv)c <aAbimpliesc < aandc < b

Proof. ()aVvb= (aVa)Vb=aV(aVb). (iil)a <aVbandb < a Vb, and so by

transitivity, a < c and b < ¢. Both (iii) and (iv) follow by similar arguments. OJ

If + and - are operations on a set A, we say A is left [right] (-, +)-distributive if for all
a,bce A;a-(b+c)=(a-b)+(a-c)[(b+c)-a=(b-a)+ (c-a)]. Wesay Ais (-, +)-
distributive if it is both left and right (-, +)-distributive. Henceforth, when using symbol -
we will write ab := a - b, and will assume - binds more tightly than any other operation so
to remove parenthesis and render expressions easier to read, e.g., ab+cd := (a-b) + (¢- d).

We call an algebra R = (R, +, -, 1) a semiring if (R, +) is a commutative semigroup,
(R,-,1)is amonoid, and R is (-, +)-distributive. We say R is commutative if (R, -) is com-
mutative, and idempotent if (R, +) is idempotent. Semirings form a variety, and therefore
so do (commutative) idempotent semirings. We denote the variety of (commutative) idem-
potent semirings by (C)ISR. We call an algebra R = (R, +,-,0,1) a semiring with zero

if (R, +,-,1) is a semiring where (R, +,0) is a monoid and 0x = 20 = 0 for all x € R.

8Note that the relations <\, and <, defined from the same operation on a commutative idempotent semi-
group S are dual, i.e.,a <, biff b <, a
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We will only be interested in the variety of idempotent semirings with zero, denoted ISR |,
where we will use the falsum symbol L to denote additive identity. °

A structure G = (G, -, 1, <) a partially-ordered monoid if (G, -, 1) is a monoid and
(G, <) is a poset such that multiplication is order-preserving, i.e., x < y implies zz < yz

and zx < zy forall z,y, z € G.

Proposition 1.2.5. If (R, V,-, 1) be an idempotent semiring, then multiplication is order

preserving and hence (R, -, 1, <) is a partially-ordered monoid.

Proof. Letx,y,z € Rand suppose y < z. By defintion, z = yVz,andso zz = z(yVz) =

zy V xz. Hence ry < xz. Similarly, we deduce yz < zz. 0

An algebra L = (L, A, V) is a lattice if (L, N\) and (L, V) are A and V-semilattices,

respectively, that satisfy the following absorption laws each x,y € L:

s xV(xAy) =z,

sz A (zVy) =u.
We see that the A and V-semilattice orders coincide since x Ay = z iff y = x V y. A lattice
is L-bounded (resp. T-bounded) if the V-semilattice [resp. A-semilattice] reduct is, and a

lattice is called bounded if it is both T and _L-bounded. A lattice L is said to be distributive

if it is both (V, A) and (A, V)-distributive. '

°In the literature, a semiring is often defined to include a constant 0 in the signature such that (R, +,0) is
a commutative monoid with 20 = 0z = 0 for all z € R, and may or may not include the constant 1 in the
signature, the latter only stipulating that (R, -) is a semigroup. For our purposes, we wish to include the mul-
tiplicative unit 1, while the inclusion of the additive unit O is unnecessary for the results that follow. However,
we note that for the cases we consider, namely the {V, -, 1}-reduct of residuated lattices, the existence of an
additive unit L will have the property x 1. = 1z = 0.

101n fact, these conditions are equivalent in lattices. Le., a lattice is distributive iff it is (V, A)-distributive
iff (A, V)-distributive.
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Definition 1.2.1. An algebra R = (R, A,V,-,\,/, 1) is called a (commutative) residuated
lattice if (R, A, V) is a lattice, (R, -, 1) is a (commutative) monoid and (\, /) is a pair of

binary operations satisfying the following law of residuation for all z,y, z € R:

Yy <z <= r<z/y < y<z\z

The residual operations \ and / are called, respectively, left and right implication, and
can be viewed as a weaker notion of left and right division. In this way, we say a is the
numerator and b the denominator in both the terms b\a and a/b. We prove the following
proposition for the sake of completeness, however a more comprehensive exposition of

such facts can be found in [8].
Proposition 1.2.6. Let R = (R, A, V, -, \,/, 1) be a residuated lattice. The following hold:

l. Forallz,y € R, z(x\y) <yand (z/y)y < x.
2. Multiplication is order-preserving.
3. Ris (-, V)-distributive.
4. Implication is increasing in the numerator and decreasing in the denominator.
5. Ris left (\, A)-distributive and right (/, A)-distributive.
6. If R is commutative, then z\y = y/z for all z,y € R.
7. R =1 <xthen R = {1}.
Proof. Letx,y,z € R.
() z(x\y) < yiff x\y = z\y by residuation, and so by symmetry (x/y)y < x.
(2) Suppose = < y. Since yz < yz, residuation entails y < (yz)/z. Sox < (yz)/z

by transitivity with the assumption, and hence xz < yz by residuation. By symmetry we

obtain zz < zy.

16



(3) Since y < y V z then zy < z(y V z) by (2). Similarly, zz < z(y V z), and hence
xyVez < x(yVz). Lete € R, thenz(yVz) < ciffyVz < z\ciffy < z\cand z < z\ciff
zy < cand xz < ciffzyVarz < c. So by setting ¢ = xyVxz we deduce z(yVz) = zyVaz.
By symmetry, we obtain (y V z)z = yx V zz and so R is (-, V)-distributive.

(4) Suppose y < z. By (1), z(z\y) < y < z by assumption, so z\y < z\z by
residuation. Similarly, using (2), y < z implies y(z\z) < z(z\z) < z by 1. Hence
z\x < y\x by residuation. By symmetry we obtain y/z < z/x and x/z < z/y.

(5) By (4), division is increasing in the numerator implies z\ (y A z) < z\y and 2\ (y A
z) < z\z, hence z\(y V z) < z\y A z\z. Fix ¢ € R, then by residuation, ¢ < z\(y A 2)
iff cce <yAziffee <yandze < ziffc < z\yand ¢ < z\ziff ¢ < z\y A z\z. Hence
2\(y A z) = x\y A x\z. Symmetrically, we obtain (y A z)/z = y/x A z/x.

(6) Suppose R is commutative. By (1), z(x\y) < y, so by commutativity (z\y)z <y
which implies z\y < y/x. By symmetry, we obtain z\y = y/z.

(7) Suppose forall z € R, 1 < z. Fixx € R, then1/z € Rso1 < 1/x by assumption.

By residuation, we obtain z < 1. Hence = = 1 and therefore R = {1}. O]

When R is a commutative residuated lattice, we will write z — y := z\y = y/x. Itis
well known that (commutative) residuated lattices form a variety (see [9]), which we denote
by (C)RL. By Proposition 1.2.6, it is clear that the {V, -, 1}-reduct of a (commutative)
residuated lattice is a (commutative) idempotent semiring.

We say a residuated lattice is distributive, 1 -bounded, or bounded if the lattice reduct
is distributive, | -bounded, or bounded, respectively, and denote these respective varieties
by DRL, RL,, and BRL.

A full Lambek algebra, or FL-algebra, is a structure A = (A, A, V,-,\,/,1,0) where
(A, AV, \,/, 1) is a residuated lattice and 0 € A is some constant. Note that residuated

lattices are exactly the 0-free reducts of FL-algebras. We denote the variety of FL-algebras
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by FL, and commutative FL-algebras by FL., where the naming convention will become
apparent in the following section.
1.2.4 Inference rules and proofs. Let () be a set. A subset - of p(Q)) x @ is called a

consequence relation over (), if for every subset X UY U {x, z} of Q:

e ifz € X then X F z,

e if XHFYandY + z,then X I z,

where X F x stands for (X,z) € - and X F Y the proposition: X + y forall y € Y.
We note that for a consequence relation -, the map X — {x € @ : X F z} is a closure
operator on p(Q).

A k-dimensional consequence relation over a structure S is a consequence relation
over S* (we use the boldface to indicate there is additional structure). A consequence
relation - on a structure S is substitution invariant if X F z implies o(X) F o(z), for
every substitution o on S. For the purposes of this paper we only focus on (substitution
invariant) k-dimensional consequence relations, where k € {1,2}.

A k-dimensional inference rule over S (or simply, a rule) is a pair (r) = (¢,7"), where
T U {t} is a subset of S*, and we write inference rules in fractional notation %(r), where

T is called the premises and t the conclusion of (r). If T' = {t1, ..., t,} we write

where the premises are understood conjunctively. An instance of a rule () is obtained by

applying a substitution o to each term appearing in the rule, denoted by the pair % (o,7).
A proof of s (conclusion) from (the set of) assumptions S in a set of rules R is a finite

rooted tree with labeled vertices, defined inductively as follows:

1. Every element of S is a proof with that element as assumption and conclusion.
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2. If o 1s a substitution,

81 DY S
)
isarule in R, and Py, ..., P, are proofs with conclusions o (s;),...,o(s,) and sets
of assumptions Sy, . . ., S, respectively, then
P, ...
1 n (0', 7")
o(s)

is a proof with a set of assumptions S; U - - - U S,, with conclusion s.

In this way, we see that the relation -z over S defined by X F s iff there is a proof of
s from assumptions X over the rules R, is a substitution invariant consequence relation.
1.2.5 The Full Lambek Calculus. We now recall the sequent system FL, the Full Lam-
bek calculus, which will serve as our basis for substructural logics. The formulas of FL are
built from propositional variables p, g, , ... and constants 1 (unit) and 0 by using binary
logical connectives - (fusion), \ (right implication), / (left implication), A (conjunction),
and V (disjunction). The set /'m of formulas is the smallest set containing the proposi-
tional variables and constants 0, 1, and (a % b) € Fm for each a,b € Fm and connective
x € {-)\,/, A\, V}. FL sequents are expressions of the form a1, . . ., a,, = by, ..., b,, where

m > 0and 1 > n > 0. The rules of FL are displayed in Figure 1.1.
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Figure 1.1: Inference rules of FLL

The inference rules are presented in terms of meta-variables, where the letters o,

stand for formulas and are called meta-formulas, I"; A\, . . . stand for finite (possibly empty)

sequences of formulas called meta-sequences, and 11 stands for either a formula or the

empty-sequence, and is called a stoup. A meta-sequent s is given by T = U, where T is a

specific sequence of meta-variables and W is either empty, a meta-variable for formulas or

sequences of sequences of formulas. An assignment v is a substitution from meta-variables

to sequences of formulas (separated by commas) of the appropriate type. If s is the meta-

sequent T = W, then v(s) is the sequent v(1) = v(¥).

In this way, proofs in FL are defined as above and b5 is a (2-dimensional) substitution

invariant consequence relation over Fm. If ® U {¢} is a set of formulas, we write ¢ kg, ¢

if{=0¢:90c i =1
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A structural rule is any rule (R) of the form for n > 0:

T,=v, --- Tn =V,
TO == \Ifo (R),

where each T is a specific sequence of meta-variables and each U, is either empty, a meta-
variable, or sequence of meta-variables (see [6]).

A substructural logic L over FL is an axiomatic extension of FLL (by some set of axiom
schemes). The extensions we primarily consider in the paper are those by sets of special
structural rules called simple rules.'! We write -1, to denote the substitution invariant
consequence relation defined by L in the usual way. We will be primarily interested in
those extension of FLL by some set Y. of structural rules, denoted by FLy. A few examples
of widely studied structural rules are:

F,a,ﬁ,A#H(e) A =11 (w) F,oz,oz,A:>H()
T, 8,a,A = 11 Ta,A=1 " T,aA=1 ‘Y,

where (e) is called exchange, (w) weakening, and (c) contraction. The structure FLegcy,
is the Gentzen calculus for intuitionistic logic, commonly denoted by LJ. Algebraically,
(e) corresponds to commutativity (zy = yz), (w) to integrality (x < 1), and (c) to square-
increasing contraction (v < x?).

All three relations Fxf, Frr, and |=¢_are equivalent (see [9],[10]), and this fact is
known as the algebraization of FL, in the sense of Blok and Pigozzi [2]. The trans-
lation between sequents, formulas, and equations can be given as follows: For a given
sequent o, ..., a, = «, the corresponding equation and formula are o; - - - o, < o and
(o -+ ap)\; for g, ..., = weputag---a, <0and (- - a,)\0. To a formula «,

we associate = « and 1 < a. And to an equation s = ¢ we identify the formula s\t A t\s

See Section 2.1.1.
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and the sequent = s\t A t\s (by s < ¢ we associate s\¢ and the sequent s = t). In light

of this algebraization, we have that for a set of sequents S U {s},

Skt s iff €[S] R e(s),

where €(s) is the equation corresponding to s, and for every set of equations £ U {¢},

E g e iff s[E] byt s(e).

where s(€) is the sequent corresponding to €.

If L is a substructural logic, by L' we denote the 0-free fragment of L. The equivalent
algebraic semantics of FL ™ are given by RL.
1.2.6 Notions of Decidability.

A substructural logic £ has a decidable deducibility relation if there is an algorithm
that decides whether ® . {¢}, for all sets ® U {1} of formulas. A class of algebras
has a decidable (quasi)equational theory if there is an algorithm that decides whether a
(quasi)equation holds in the class or not. Note that decidability problems for varieties of
FL-algebras axiomatized by O-free sets of equations reduce to the corresponding problems

for the varieties of residuated lattices axiomatized by the same equations.
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Chapter 2: Equations in the signature {V, - 1}

In this chapter, we will examine properties of equations in the {V, -, 1}-fragment of
residuated lattices. It is here that the theory of residuated frames [8] is first introduced. In
particular, we highlight the preservation of simple equations and their structural counter-
parts simple rules within residuated frames constructions, which will be essential for the
following chapters. In the first section, we present key definitions and propositions about
equations in the signature {V, -, 1} in the setting of both residuated lattices and idempotent
semirings. It is here where simple equations and simple structural rules find their defini-
tion. In the second section, we recall residuated frames and their preservation of simple
equations. The third section investigates when simple equations are consequences of oth-
ers, often called the subvariety containment problem. In particular, we exhibit a recursively
enumerable procedure for determining whether one equation implies another. We achieve
Theorem 2.3.4 in particular, which essentially states that the {V, -, 1}-fragment of the equa-
tional theory for the variety RL 4 3 coincides with the equational theory of ISR + X, where
3’ is a set of simple equations. The fourth section inspects some widely-studied classes of
simple equations, in particular so-called knotted equations. Using the results from the pre-
vious section, we demonstrate some characterizations that will be useful for the remaining
chapters e.g., Theorem 2.4.1 and Corollary 2.4.3. In the last section, we prove a deduction
theorem for so-called expansive varieties of commutative residuated lattices. In particular,
Corollary 2.5.2 will be needed for the remaining chapters, specifically for bootstrapping
the undecidability of the quasi-equational theory to undecidability of the equational theory

for such residuated lattices.
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2.1 Equations in ISR

Since RL has a semiring reduct, an equation over {V, -, 1} is equivalent to an equal-
ity between two finite joins of monoid terms by distributivity. Since RL also has a V-
semilattice reduct, by Proposition 1.2.4, such an equality is ISR-equivalent to a conjunction
of inequations, which we call ISR-equations. In the following sections, we will let Var be
a countable set of variables. For a subset X C Var we will denote by X* := T7.1,(X) the
set of monoid terms generating by X, and by X*V the free semiring generate by X. Since
Var*" is a semiring structure, every element of Var*" can be written as a join of monoid
words over Var”.

Givenaterm¢ € Var®, we define the support of t to be the set supp(¢) C Var containing
exactly those distinct variables which occur in ¢, i.e., t € supp(¢)* but t ¢ Y* for any
Y C supp(t). By definition, ¢ € Var® implies supp(t) is finite. For Y C Var”, let
supp(Y’) be the set of exactly those distinct variables which occur in elements of Y, i.e.
supp(Y') = U;cy supp(t). Similarly, for terms ¢4, .. ., ¢, € Var®, by supp(t; V- - - t,,) set of

exactly those distinct variables which occur in each joinand of ¢;, i.e., supp(t; V - - - t,,) =

supp({t1, ..., t.}).

Definition 2.1.1. Let m > 1, tg, ..., t,, € Var® be monoid terms. A universally quantified
inequation [A] of the form ¢ty < ¢; V - -+ V t,, is called a ISR-equation, and in this way we

write [A] = (to, A), where A = {t,...,t,,}. A ISR-equation [A] = (ty, A) is called:

trivial if ty € A,

linear if t is linear, i.e., each variable appearing in ¢, occurs exactly once.!,

« properif A C supp(to)*,

integral if supp(ty) \ supp(A) is nonempty,

I'This can be stated via tg = [ to) L since II is well-defined by commutativity.

z€supp(
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* degenerate if t ¢ supp(ty)* for each t € A, namely every ¢ € A contains a variable

not appearing in ¢y, and

e a simple equation if [A] is a proper linear ISR-equation.?
If o is a substitution, then [0 A] := (o (1), o[A]), i.e., [0A] : o(to) < o(t1 V- -V ity).
Since RL has an ISR-reduct, the following is immediate:

Proposition 2.1.1. Let I' U {[A]} be a set of ISR-equations. Then ISR + I' |= [A] implies
RL+T | [A].

When understood in context, we will refer to an ISR-equation simply as an equation.
Through a process called linearization, as shown in [8], we can prove an equation is equiv-

alent to a linear equation:
Proposition 2.1.2. The following hold:

1. In ISR, every finite set of ISR-equations is equivalent to an ISR-equation.

2. In ISR, every ISR-equation is equivalent to a linear equation.

3. In ISR, every integral equation entails integrality (x < 1).

4. In RL and ISR, every degenerate equation is equivalent to 1 < .

5. In RL and ISR |, every non-degenerate equation is equivalent to a simple equation.
Proof. (1) Lett; < u;, fori = 1,...,n be ISR-equations where ¢; € Var* and u; € Var*".
By choosing fresh variables, we can assume that their sets of variables are disjoint. We
claim the set {¢; < w; : 1 < i < n} is equivalent to the equation 1 - - - £, < uy -+ Uy, in

which case we can even distribute on the right-hand side. The forward direction is obtained

since multiplication is order preserving. The converse is obtained by, foreach 1 < ¢ < n,

Note that if [A4] is a simple equation and to = 1 then A = {1}.
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substituting 1 for each variable not appearing in ¢;,u,. This substitution yields exactly
t; < u;, since the variables was assumed to be distinct.

(2) Fix an equation [A] given by ¢ < u, for some monoid term ¢ € Var* and u € Var™".
For each variable x appearing in ¢, we consider fresh variables z, . . ., x,, not appearing in
t,u. Substitute x; \V - - - V z, for z in [A] and distribute on both sides of <. So, if t = vz"w,

we obtain

ve"w <u = v V- V) "w<u = vryorw <

where v’ is obtained by the substitution x — 1 V - - - V z,, and the last implication hold by
distribution and the fact that a V b < c implies a < c. The reverse direction is obtained by
setting x = x; = --- = x,, producing ¢ < u. Doing this for all variables in ¢ produces a
linear term.

(3) Suppose ¢ < w is integral. Then there exists a variable x in ¢ that occurs nowhere
in u. If t;, < wuy is the linearization of ¢ < u as defined in (2), all the variables x4, ..., x,
appear only in ¢, precisely once, and appear nowhere in u. Substitute all variables differ-
ent from z; to 1. Then xy < 1V ---V 1, which is equivalent to x; < 1 by the idempotency
of V.

(4&5) By the method of linearization from (2), it is enough to consider the equation
[A] s <ty V---Vt, where s is linear. Let J = {t,...,t,} and J; C J be the set of all
joinands ¢; such that ¢; contains variables that do not appear in s. Note that [A] is degenerate
if and only if J; = J. For ISR |, both (4) and (5) are obtained by the substitution o0 mapping
x+— Lifx € supp(J) \ supp(s). This yields o(t) = L foreach ¢t € J;, and o (s) = s. If
[A] is degenerate then [A] implies s < L (which trivially entails 1 < ) and we are done.

Otherwise, there are joinands ¢; such that supp(t;) C supp(s), i.e., J \ Jq # 0 implies
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o(t) =tforallt € J\ Jy, and hence [A] implies s < \/,,\ ; ¢, a simple equation. We
now proceed with the case of RL.

Now, if [A] is degenerate, fix a fresh variable = € Var and define the substitution T
generated by = — 1, for each = € supp(s), and y — x A 1 for each y ¢ supp(s). Then
7(s) = 1 and for each t € J, and 7(t) = (x A 1)™ for some m; > 1, since J = J,.
Hence 7(t) < wsince (z A1)™ < x A1l <2 Thus1 = 7(s) < \/,., 7(t) < 2. Since
RL + (1 < z) defines the trivial variety, it follows that RL = [A] iff RL =1 < .

If [A] is not degenerate then J; ¢ J. Define v = \/,_; ; t. For each w € Jg,
there exists y,, & supp(s) such that w = u,Yy,v,, for some terms wu,, v, € Var*. Let

/ /

v, € Var® be terms obtained by replacing each y ¢ supp(s) in u,, v,, by 1, for each

wr Tw

(7

w € Jg. Now y ¢ supp(s), make the following substitution 7

y— 1A /\ u, \(v/vl,).

weJy

/
w?

It follows that 7(v) = v and for every w € Jy, 7(uy,) < ul, and 7(v,) < v, since
7(y) < 1 for each y & supp(s). Furthermore, since 7(y,) < u! \(9/v),), we obtain

T(w) < ul,7(yw)v,, < v. In this way we obtain

s=71(s) <M r)=\/r)< \/ ¢
teJ teJ\Jq
Since ¢t € supp(s)* for each t € J \ J;, we have that [T A] is a simple equation. Hence
RL + [A] |= [T A]. The converse is obtained since v < vV \/, ., w, and so RL+ = [A].
Therefore, RL + [0 A] |= [A] iff RL + [4] |= [0 A]. O

For an indexing on Var = {x1, 25, ...}, we define the n-variable linear term 1,, € Var*
via 1, := [[, x;, and 1o := 1. If [A] is a simple equation, then [A] is ISR-equivalent to

some rule [R] = (1,,R) by simply indexing the set Var in a particular way. In this way,
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when we represent ISR-equations by non-italicized letters we implicitly assume an indexing
on Var, e.g., [R] = (1,4, R) or [A] = (ag, A). We define Var, := Var U {_L}, and Var to
be the free monoid over Var; where | is an absorbing element, i.e., L = x 1 = | for all
x € Var’.

2.1.1 ISR-equations and structural rules. To each ISR-equation [A] = (ag, A), we asso-

ciate the following structural rule in FL:

{AbaFL(Fla ce Fn)a AQ = H}aEA (A)
Al,agL(Fl,...7Fn),A2 =11 , 2.1

and vice versa, where supp(A U {ag}) = {z1,...,2,}. As described in Section 1.2.5, the
relations Fpr,1(a) and = 1 [a) are equivalent. We call a structural rule, as written above, a

simple rule if [A] is a simple equation.
Proposition 2.1.3 ([8]). For any set of simple rules 3, the cut rule is admissible in FL + 3.

2.2 Simple Equations and Residuated Frames
We recall the structures known as residuated frames, as developed in [8]. For our
purposes, a residuated frame is a structure W = (W, W’ N) where
* (W, %,1) is a monoid,
o W'is a set,

e N C W x W, often called the Galois relation, is nuclear, i.e., there exists \\ :

W x W' — W'and J : W x W — W such that for all u,v € W and w € W,

uxvNw iff uNw/jfv iff vNu\ w.

The relation N defines a Galois connection (*, ) on (W), p(WW'), as defined in Exam-

ple 1.2.1. Hence, vy : (W) — o(W) defined by v(X) = X" is a closure operator on
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o(W). In fact, a relation N is nuclear if and only if vy is a nucleus (see [8]), where a

nucleus is a closure operator v : G — (G on a partially ordered groupoid G satisfying

Y(@)v(y) < v(xy) [or equivalently, v(v(2)y(y)) = y(zy)l forallz,y € G.

Proposition 2.2.1 ([8]). Let W be a residuated frame. Then the structure

W= (p<W>’YN7 M, Uy s ¥y \7 /’ 7N<{1}))
1s a residuated lattice, where

XU, Y =9w(XUY), X\Y:={zeW: Xx{z} CY},
Xy YVi=yn(X xY), Y/ X :={zeW: : {z}x X CY}

and X Y :={zxyeW:zeX,yeY}foral X,Y € p(W),,.

We note that W is a complete® residuated lattice. In fact, LW " := vy () is the least
element in W+, and thus X %, LW = 1W"x X = IW forany X € W+,
Let (W, %, 1) be a monoid, W’ a set, and N C W x W’. Define W =W xW' x W

and N C W x W' to be the relation given by

z N (u,z,v) iff uxz*xvN z,

for all z,u,v € W and z € W'. We call (W,W’ N) a preframe and (W, W’,N) the

structure induced by the preframe (W, W', N).

Proposition 2.2.2. Let (W, W’ N) be a preframe. Then (W, W’ , N ) is a residuated frame.

3A lattice L is complete if it is closed under arbitrary joins, written \/ X € L for every X C L. Equiva-
lently, L is complete if it is closed under arbitrary meets, written A\ X € L for every X C L.
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Proof. Observe N is nuclear since 2y N (u, z,v) iff z N (u, 2,y *v) iffy N (ux z, z,v),

forall z,y € W and (u, z,v) € W O

2.2.1 Preservation of simple equations. Let W = (W, W' N) be a residuated frame
and [A] = (ag,A) be an ISR-equation where supp(A U {ao}) = {z1,...,2,} for some
n > 0. We write W |= (A)w if:

{aw<u17 EERE) un) N U}CLGA
ay’ (Ui, ..., u,) Nv :

forall uy,...,u, € Wandv € W',

Proposition 2.2.3 ([8]). Let [A] be an ISR-equation and W a residuated frame. If W =
[A] then W |= (A)w.

Proposition 2.2.4 ([8]). If [R] is a simple equation and W a residuated frame, then W =
(R)w if and only if WT |= [R].

The above proposition is not true in general for non-proper linear ISR-equations.’ To
handle such equations, a sufficient condition on the frame W = (W, W’ N) is that 1WT £

(), i.e., the nuclear image of the emptyset is not the emptyset.

Lemma 2.2.5. Let [A] be a non-proper linear ISR-equation and W a residuated frame. If

1WT £ (), then W = (A)w implies W = [A].

Proof. Let W = (W, W' N), be a residuated frame, where (W, %, 1) is the monoid, such

that 1W" = (), and suppose W |= [A], for some non-proper linear [A] = (1,, A) where

“That is \\, / are given by = \\ (u, z,v) := (u* x,2,v) and (u, z,v) J y := (u, 2,y * v).

5Proposition 2.2.3 can be found in Theorem 3.10 in [8]. However, we remark that Theorem 3.10 in [8]
as stated is not true in general for residuated frames and special care must be taken for non-proper linear
ISR-equations.
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supp(A U {1,}) = {z1,..., 24} and k > n. Note that u;, € LW" implies u, N v for all
v e W' In fact, since LW is absorbing in W, u; € LW implies z % u, *y N v for all
ve W andx,y € W.

If [A] is degenerate, then supp(a) \ supp(1,) # 0 for each € A. It is enough to show
that W+ |= 1 < z. Since LW is the least element, it suffices to show yy({1}) € LW,
or equivalently, ("7 C {1}”. Fix u; € LW, and set @ = (u;)¥_, where u; = 1 fori < n
and u; = uy forn < j < k. Then WV (u) = uke for each a € A, where k, > 0, and
1,V (u) = 1. Hence for every v € W', we obtain W (%) N v, and since W = (A)w, it
follows that 1,V (@) N v, i.e., 1 N v. Thus vy ({1}) € LW", hence W+ =1 < z.

Now, if [A] is non-degenerate, then n > 0 and the set A’ := {a’ € A : supp(a’) C
supp(1n)} is nonempty. Then [A’] := (1,,A’) is a simple rule. We claim that W |= (A').
Let uy,...,u, € Wandu, € LW'. Define @ = (uy,...,u,) and @ = (u})k_, where
u; = u; fori < nand u; = uy forn < j < k. Note that 1,V (%) = 1,V (u) and
a™Y (@) = a'¥V (W) for each a € A’. Now, suppose for some v € W', a’" (@) N v for each
a' € A’. Then aW (u') N v forevery a € A sincea € A\ A’is such thata™W (W) = z*u, xy,
for some z,y € W. Since W |= (A)w, it follows that 1,V (@) N v. Hence W = (A')w.
Since [A'] is a simple equation, by Proposition 2.2.4, W+ = [A’]. Since A’ C A and V is

increasing, it follows that W™ = [A]. O

2.3 Subvariety Containment

We will now address the question: for given sets X, ¥/ of simple equations, when does
RL+ X | ¥ ie., is RL4+ X C RL+ >'? We will show this is equivalent to whether or not
ISR+ ¥ = X

Let [A] = (ag, A) be an ISR-equation. We define the 1-dimensional inference rule
(A)var- on Var® via:

{l‘ ca- y}aEA
“Tragy D, 2.2)
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where x,y € Var \ supp(A U {ao}) are distinct.
We define the relation - C p(Var®) x Var™ to be the smallest relation closed under

the following conditions for all X C Var™:

e Xtraforallz € X,

o If X Fr o(uav) for all a € A, then X Fr o(uapv), where [A] = (ag, A) € T,

u,v € Var®, and o a substitution.
By Section 1.2.4 we obtain:

Lemma 2.3.1. Let I" be a set of ISR-equations. Then I is a substitution invariant conse-

quence relation on Var®.

In this way, we will write ag <r \/ A if A Fr a, for some finite nonempty A C Var*

and term aq € Var™.
Lemma 2.3.2. Let 'U{(ag, A)} be a set of ISR-equations. If A - ag then ISR+T" |= [A].

Proof. We induct on the height n of the proof-tree that represents the derivation of ay from
A. If n = 0, then ay € A. Since V is idempotent, we have ay V \/ A = \/ A and hence
ag <R \/ A. Suppose for every 0 < m < n, if a’ has a derivation of height m from A,
then o’ <"SR+T'\/ A. Since n > 0, there exists a substitution o and [R] = (1o, R) € I" such

that (o(ery))
o(xry)},
s (@ (R)vr)
o (zroy) ;
where ag = o (zroy) and o (xry) has a derivation of height m,. < n from A for each r € R.

Since o (zry) <r \/ A for each r € R and m, < n, it follows by the inductive hypothesis

that o (zry) <'SR*T"\/ A. Hence

aop <[rj \/ o (zry) <SR \/A-

reR

32



Therefore ISR + T" = [A]. O

2.3.1 The frame Wy. Define W := Var® and W’ := p(Var"). For a fixed set ¥ of simple

equations, we define Ny C W x W' via
rNe X iff X by,

for all z € W and (u, X,v) € W’'. So (W,W’ Ny) is a preframe which induces the
residuated frame Wy = (W, W, Ns) by Proposition 2.2.2, where we recall that W=
W x W’ x W and for all z € W and (u, X, v) € W/,

@ Ns (u, X,v) iff wav Ny X.

Therefore W is a residuated lattice.
Lemma 2.3.3. Let ¥ be a set of simple equations. Then Wy, € RL + .

Proof. If ¥ is empty then we are done. So assume X is nonempty and let [R] = (1,,R) €
Y. By Proposition 2.2.4, it is enough to show W | (R)w. Let ay,...,a, € W and
(u, X,v) € W', and suppose r(@) Ns, (u, X, v) for each r € R, where @ := (ay, . . ., a,). By
definition, this is equivalent to u - 7(a) - v Ny, X for each r € R, which in turn is equivalent
X Fs u-r(a)-vforeach r € R. By definition of Iy, we obtain X Fy u - 1,(a) - v, which
is equivalent to 1,(a) N, (u, X,v). Hence Wy, = (R)w for each [R] € ¥. Therefore
Wi | X by Proposition 2.2.4. O

Theorem 2.3.4. Let ¥ be a set of simple equations. Then for a given proper ISR-equation

[A] = (ap, A), the following are equivalent:
1. RL+X = [A]
2. A l_E ag.
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3. ISR+ 3 |= [A].

Proof. Note that (2 = 3) by Lemma 2.3.2, and (3 = 1) by Proposition 2.1.1. For (1 = 2),
suppose RL + ¥ = [A]. Then by Lemma 2.3.3, W{. |= [A]. By Proposition 2.2.4, this
implies Wy, = (A)w. Since Fy, is a consequence relation, A Fy, a for every a € A, where
[A] = (ag,A). Hence a Ns (1, A, 1) for each a € A. Since Wy = (A)w, this implies

ao Ns (1, A, 1), which is equivalent to A s, aq. O]

Observe that Theorem 2.3.4 is a partial converse to Proposition 2.1.1, since we only
consider simple equations. For instance, if I' is a set of equations containing a degenerate
equation then RL + I' = 1 < z by Proposition 2.1.2, and so RL + T' is the trivial variety,
while ISR + T" need not to be. However, there is a stronger relationship between RL and
ISR in the following way:

Let I be a set of ISR-equations and let Fr; C p(Var ) x Var’ be the relation closed
under

b o ot (5,
for each [A] € T', where =,y € Var, \ supp(A U{ao}) are distinct. Note that X -, L for
every X C Var.

By the same argument as Lemma 2.3.1, -, is a substitution invariant consequence

relation. By the same argument as Lemma 2.3.2, we obtain:

Lemma 2.3.5. Let 'U{[A]} be a set of ISR-equations where [A| = (ap, A). Then A -, ag
implies ISR, |= [A]

In a similar fashion to the above, we obtain the preframe (Var? , p(Var’ ), Nr, ) defined

viax Ny, X iff X Fpy 2. Let Wr be the residuated frame induced by this preframe.

Lemma 2.3.6. Let I be a set of linear ISR-equations. Then Wi, € RL + T
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Proof. Observe that 1L Wr. = {_}. By same argument as Lemma 2.3.3, we obtain W, |=

I'w. Therefore, by Lemma 2.2.5, it follows that W\ | T. O

Theorem 2.3.7. Let ' U {[A]} be a set of ISR-equations. Then ISR, +I'" |= [A] if and only
if RL+T" = [A] if and only if A 1, ag, where [A] = (ag, A).

Proof. If T" contains a degenerate equation, then by Proposition 2.1.2(4), both ISR, + T’
and RL + I are the trivial variety, and A Fr, ag since {_L} - ¢ for all ¢ € Var*,® so we
are done. So let I' contain no degenerate equations. By Proposition 2.1.2(5) we assume,

without loss of generality, that I' is a set of simple equations. Observe:

RL+T E[A < W[, E[A] (Lemma 2.3.6)
< Wr, = (A)w (Lemma?2.2.5)

Now, if Wi, E (A)w, then A Fr | ag by definition of N, and hence ISR, +T' |= [A] by
Lemma 2.3.5. Conversely, if W{| [~ [A], then ISR, = [A] since the {V, -, 1, L }-reduct of
W;l isin ISR, + I, and hence A t/r; ap by Lemma 2.3.5. O

We say a set I of ISR-equations is degenerate if it contains a degenerate equation. For
I' not degenerate, the simplification of I' is the set X containing all the equivalent simple

equations given by Proposition 2.1.2.

Corollary 2.3.8. Let I" be a set of ISR-equations. Then RL + I" is the trivial variety if and

only if I' is degenerate.

®If [R] = (ro, R) is degenerate, then there exists z;, € supp(r) \ supp(ro) for each r € R. Letu € Var’,

such that
w { 1 ifi =1, forsomer € R

1 otherwise

Thent-r(u) =t- 1L = L foreachr € Randt-7o(u) =¢-1 =t Hence {L} gy, t. Then A ), ¢
since A kgL L.
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Proof. The reverse direction follows from Proposition 2.1.2(4). For the forward direction,
note Wi, € RL+T by Lemma 2.3.6, so if RL+T is the trivial variety then W, =1 < x.
Hence Wr, = (1 < z)w by Proposition 2.2.3, and thus {z} Fr, 1. We proceed by
inspecting the proof-tree of {x} Fr, 1, which we may assume is of minimal height. By
definition, there exists a substitution o, u,v € Var’, and [A] = (ag,A) € I such that
1 =wo(ag)v, {x} Fro uo(a)v foralla € A, and

(1@ her o
uo(ag)v (o7, (R)vers )

Now, since 1 = uo(ag)v, it follows that w = v = 1 and for every z; € supp(a,), o(x;) =
1. Let a € A. Since the proof is of minimal height, it must be that uo(a)v # 1. So there
is x; € supp(a) such that o(x;) # 1, and thus supp(a) \ supp(ag) # 0. Therefore [A] is

degenerate. [

Theorem 2.3.9. If I is a non-degenerate set of ISR-equations, then RL + I' = [A] if and
only if A Fy ag, where [A] = (ag, A) is an ISR-equation and ¥ = Xr is the simplification

of I.

Proof. By Proposition 2.1.2(5), RL + 3 = RL + I" and, by Theorem 2.3.7, RL + ¥ = [A]
iff A Fx, ag. Observe that the reverse direction follows by Theorem 2.3.7 since A Fx ag
implies A tx, ao. For the forward direction, assume RL + > = [A]. We induct on the
height k of the proof-tree for A s, ag, which we may assume is of minimal height. If
the height is £ = 0 then [A] € X. This implies A Fx ay by definition. Suppose the claim
holds for all -5 | -proofs of height less than £ > 0. Then there exists a substitution o and
[R] = (1,,R) € Y such that A by, {zo(r)y : € R} and xo(1,)y = ao, for some
x,y € Var . By the inductive hypothesis, A s {zo(r)y : r € R}. So zo(r)y # L, for
all r € R, and hence z,y # 1 and o(x;) # L forall 1 < i < n. Hence {zo(r)y : r €

R} s 20 (1,)y = ag. Therefore A Fy ay. O
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2.4 Knotted and other special ISR-equations
Given t € Var* and = € Var, by #(t, x) we denote the length of x in t, where #(t, x)
the number of occurrences of the variable x in ¢. By #(¢) we denote the length of t to be to

total number symbols in Z, i.e., #() = 3, cupp) # (6 )

Definition 2.4.1. Let [A] be an ISR-equation. We say [A] is:

knotted if [A] : 2™ < 2™ for some n # m.
e expansive if [A] : 2™ < \/ _p2"*P, for some n > 0 and finite nonempty P C Z.

e compressiveif [A] : 2™ < \/ p 2P, forsomen > 0 and nonempty P C {1,...,n—1}.

k-mingle if [A] : 2% < z, for some k > 1.

A simple equation [R] is called pre-knotted, pre-expansive, or pre-compressive if there
exists a substitution o such that [oR] is knotted, expansive, or compressive, respectively.
We say [R] is mingly if [R] is integral or there is a substitution o such that [cR] is k-mingle
for some £ > 1. We say a set X of simple equations has a property if it contains an equation
with that same property.

We say a variety V C RL is knotted, expansive, compressive, or mingly if V |= [A]
for some equation [A] that is knotted, expansive, compressive, or mingly, respectively. We
denote the knotted equation 2™ < 2™ by [k’"], and by [K"""] we denote the linearization of
k™, ie. [K"] = (14, KI7), where K" := {t € {x1,...,2,}" : #(t) = m}. Note that by

Proposition 2.1.2, [k] and [K"] are RL-equivalent.
Theorem 2.4.1. Let X be a set of simple equations.

1. RL 4 X is integral iff 3 is integral.
2. RL + X is knotted iff ¥ is pre-knotted.

3. RL 4 X is expansive iff X is pre-expansive.
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4. RL + X is compressive iff ¥ is pre-compressive.
5. RL + X is mingly iff ¥ is mingly.

Proof. Note that the reverse direction clearly follows for each case. The forward direction
is of the form RL + ¥ = [A] for some ISR-equation [A] = (ag, A) for each case, and
hence A 5 ag by Theorem 2.3.9. We proceed by inspecting the leaves of its proof-tree of
minimal height for each case. Note that a leaf must be of the form:

(wrphen s

uo(1y)v :

where {uo(r)v : r € R} C A, for some substitution o, [R] = (1x,R) € ¥, and u,v €
Var®. Since the proof is of minimal height, uo (1x)v # ue(r)v and hence o (1x) # o (r),
for each r € R.

(1) Suppose [A] : < 1 is integrality. Then ay = x and A = {1}. So uo(r)v = 1 for
each r € R, and hence u = v = or = 1. Thus o(x;) = 1 for each z; € supp(R). Now,
since o (1) # 1, there must exist z; € supp(1lk) such that o(z;) # 1. But this implies
x; € supp(1xk) \ supp(R), and so [R] is integral.

(2) Suppose [A] : ™ < z™ is knotted. If [R] is integral then it is pre-knotted and we
are done, so we assume supp(R) = supp(1k). Now, ay = 2" and A = {2} for some
n # m. Hence uo(r)v = x™ for each r € R, so o[R| = {z°} for some ¢ < m. Since
o(z;) = x for each z; € supp(R), It follows that (1)) = 2 for some d > 0. Hence
¢ # d since a(1y) # o(r). But this implies [cR] = 2¢ < 2¢ for some ¢ # d, a knotted
rule. Hence [R] is pre-knotted.

(3) [(4)] Suppose [4] : z™ < \/pe p 2""P is expansive [compressive], for some n > 1
and finite nonempty P C Z* [P C {1,...,n — 1}]. By the same argument in (2), for
each leaf (o, (R)), o(1x) = 2°® for some cg > 0. If there exists a leaf (o, (R)) such that

cr < d[cg > d] for all z¢ € o[R], then [oR] is expansive [compressive], and we are

38



done. Otherwise, for every leaf (o, (R)), since o(1x) ¢ o[R] it follows that cg > dg > n
[cr < d < n]forsome z'* € o[R]. So [A'] : 2™ < \/, g 2°® is an expansive [compressive]
equation such that A’ s, 2™, where each branch of its proof-tree has height strictly less
than each branch in the proof-tree of A -y 2". Continuing this process inductively, we
conclude Y contains a pre-expansive [pre-compressive] equation.

(5) We may assume ¥ is not integral, otherwise we are done by (1). So suppose [4] :
™ < x is n-mingle for some n > 1. Then ag = 2" and A = {z}. So uo(r)v = z for
each » € R. Note that w = x or v = z implies o(r) = 1, and since [R] is not integral,
supp(R) = supp(1k) and so it follows that (1) = 1. Since o(1x) # o(r) it must be
that and hence v = v = 1. Thus o(r) = z for all » € R. Hence for every r € R, there
exists x, € supp(r) such that o(z,) = x and o(y) = 1 for all y € supp(r) \ {z,}. Hence
o(1lx) = 2™ for some m > 1. Since o1y # =, it follows that m > 1. Hence [oR] is
m-mingle, and therefore [R] is mingly. Thus o (z;) = 1 for each z; € supp(R). Now,
since o (1x) # 1, there must exist x; € supp(1y) such that o(z;) # 1. But this implies

x; € supp(1xk) \ supp(R), and so [R] is integral. O

Let 0 < n < m € N. We say a variety V C RL is (n, m)-potent if V |= 2™ = 2™, and
we will say the V is potent if it is (n, m)-potent for some 0 < n < m. We say a pre-knotted
equation [A] is expansive [resp. compressive] if the knotted equation witnessing that [A] is

pre-knotted is expansive [compressive].

Lemma 2.4.2. Let [k, ] and [k}*%] be compressive and expansive knotted rules, respec-
tively, for some a,b,c,d > 0. Then RL + [k2, ] + k™ is (n,n + m)-potent, where

n = max(a,b) and m = min(c, d).

Proof. On the one hand, if n = a, then z"*¢ S[k2+cl 2" by definition. Since b < n and
multiplication is order-preserving, it follows that x" gwd} 2"+, On the other hand, if

n = b, then " S[klﬂ-d} 2"+ by definition, and since a < n, it follows that z"*+¢ g[ka+ I
b a C
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In either case, we find that 2"¢ <y, 2" <y 2" where & = {[k2, ], [k;"]}. Apply-

ing (k%] on the left and [k}*%] on the right, we obtain:’

n+lem(c,d) < " n+lem(c,d)

X

o 12" <pa 2" < mhd <
HC] T _[kaJrc} T _[ngrd] T _[kg+d] T

Hence RL + X | 2" = a™t™, O

Corollary 2.4.3. Let X be a set of simple equations and V € {RL, FL}. Then V+X is potent
if and only if X is pre-compressive [or resp. pre-expansive] and contains an expansive [resp.

compressive] pre-knotted equation.

Proof. By Proposition 2.1.2, V + X is (n, m)-potent if and only if RL + 3 = {[k}"], [KI*]}.
Since [k™] and [k” | are expansive and compressive knotted equations, respectively, it
follows that RL + X = {[k’], [kl ]} implies I" is pre-knotted, pre-expansive, and pre-
compressive by Theorem 2.4.1, satisfying the forward implication. For the reverse, suppose
Y. is pre-knotted, pre-expansive, and pre-compressive by Theorem 2.4.1. Since the other
case can be handled similarly, without loss of generality we may assume the witnesses are
an expansive [E] and compressive knotted (kg .|, where [E] : 2™ < \/ _p 2"*P for some
a,c,n > 0 with finite nonempty P C Z". By Lemma 2.4.2, it is enough to show that
RL+ ¥ = [kt for some b,d > 0. Let N = max{a,n}, b = ¢cN and d = c. Then

xc(N+k) <pke, ] peW+1) <pe, ] 2N for all k > 1. Hence, since p > 0 for every p € P,

o = @) <imy V2O S 2 S 2"
pEP
So RL + ¥ |= [Ki*9]. Therefore RL + X is (b, b + d)-potent. O

"Where lem(j, k) denotes the least common multiple of integers j, k € N.
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2.5 Deduction theorem for expansive varieties

In certain cases, the satisfaction of a quasi-equation can be related the satisfaction a
single equation. If the satisfaction of a quasi-equation is equivalent to the satisfaction of
an equation, for all quasi-equations, we say that variety has a deduction theorem. The
existence of a deduction theorem can be vitally useful, in particular, for establishing decid-
ability results. For instance, in Chapter 3 we will use a deduction theorem to establish that
the quasi-equational theory for some varieties are decidable using the fact that their equa-
tional theory has a decision procedure, while in Chapters 4 and 5 we will use a deduction
theorem to establish the undecidability of the equational theory for some varieties by using
the undecidability of their quasi-equational theory. In this section we will demonstrate that
all expansive varieties have a deduction theorem. First we must review some preliminary
notions.

The negative cone of a residuated lattice A is the set A~ = {a € A:a < 1}. We say
that a variety V C CRL is negatively n-potent if the negative cone of each algebra in V is
n-potent, i.e., V = (z A 1)" = (z A 1)"*! (or equivalently, V |= (z A 1)" < (z A 1)"Th).

Let ¢ be a term and .S be a finite set of terms in the language of CRL. It can be easily

verified that

(Im eN)(3sy,...,sm € S)CRL E [, (1As) <t
ifandonlyif (3k€N)CRL E (IAAS)F <t

(2.3)

Clearly the forward direction is satisfied by taking k = m, since s > A S, forall s € S.

The reverse direction holds by setting m = k-|.S|, and observing that [ [, _o(sA1) < IAAS.

If V¥ C CRL is a negatively n-potent variety, then we obtain

(Fm eN)Es1,...sm €S VE[[UAs) <t <= VEQAAAS)" <t, 24)

i=1

41



where reverse direction follows from Equation (2.3), while the forward direction uses the
fact that (1 A 2)” < (1 Az)¥,if k < n,and (1 A2)" = (1 A x)*, if k > n, by the negative
n-potency of V.

We consider the quasi-equation {s(¢) and the equation €%(¢), respectively, below:

< < "<
&Ll1<s = 1<t AAA\S) <t

In this way we establish the fact that satisfaction of quasi-equations in a negatively

n-potent subvariety of CRL is equivalent to the satisfaction of a corresponding equation.

Theorem 2.5.1. If V is a negatively n-potent subvariety of CRL and S U {t¢} a finite set of

terms in the language of V), then

V&) = Vi)

Proof. Let Fy, be the free algebra for VV over countably many generators, and define the
congruence C' := Cg({(1 A s,s) : s € S}). We denote the quotient algebra of C' on F, by
Fy/C. For a subset X of F;; , we denote by M (X') the convex normal submonoid of F;;

generated by X.® Observe that V = &S 1<s=1<t
se

inFy,/C, [1 A t]le =[1]c

inFy, (1ANt)e M{1As:s€S}) [9]
inFy, (Gm e N)(3s1,...,sm € 5) [[L,(1As) <t [9]
(Fm e N)(3s1,..,sm €S) VETL,(1As) <t

[ A

ViEAAAS)" <t Eq. (2.4).

8See Theorem 3.47 in [9].
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O]

If [E] : 2™ < \/,cpa™'? is an expansive equation, then CRL + [E] is negatively n-
potent since z A1 < 1 and thus (z A 1)"** < (z A1) < (2 A1)" for every k > 1, which
in the presence of [E] implies (z A 1)" < \/ cp(x A1) < (2 A" < (z A1) e,

(x A1) = (x A1)"H

Corollary 2.5.2. CRL + I' admits a deduction theorem for every pre-expansive set [' of
ISR-equations, and thus the computational complexity for its equational theory is at least

as complex as the complexity of its quasi-equational theory.
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Chapter 3: Decidability and Complexity Upper-bounds

In this chapter we establish the decidability of many structures extended by the equa-
tions and structural rules presented in Chapter 2. In the first section, we show how [3]
establishes the failure of the finite embeddability property for a collection of special simple
equations that are satisfied by (products of) chains. In the second section, we provide some
sufficient conditions that guarantee the {V, -, 1 }-fragment of the equational theory for cer-
tain subvarieties of RL are decidable using Theorem 2.3.4. The third section utilizes results
in [8] for proving the finite model property for subvarieties of RL extended by so-called
completely linear equations. In the last section, we give proof-theoretic decision procedure
for potent-varieties. This is a generalization of the proof due to Gentzen [11] showing the
decidability of the Gentzen-system FL,., for propositional intuitionistic logic. Further-
more, we show that this decision procedure is at worst double-exponential with respect to
the number of symbols present in the input.

3.1 The FMP, FEP, and some known results

A class of algebras /C is said to have the finite model property (FMP) if every equation
that fails in X fails in a finite member of IC. As a consequence of Harrop’s theorem (see
[9]), if K is finitely axiomatizable, of finite type, and has the FMP, then /C has a decidable
equational theory.

We say a class IC of algebras has the finite embeddability property (FEP) when for any
given finite partial subalgebra B of an algebra A in /C, there exists a finite algebra D in K
into which B can be embedded. In particular, K is generated by its finite members, and
therefore has the FMP. Furthermore, if /C is a quasivariety of finite type (e.g., £ C RL or

IC C FL), the FEP is equivalent to the strong finite model property, i.e., every quasi-identity
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that fails in /C fails on a finite member of . Consequently, if X is finitely axiomatizable,
of finite type, and has the FEP, then its universal theory, and quasi-equational theory in
particular, are decidable (see [9]).

In [24], van Alten establishes that CRL + [k?"] has the FEP, for any knotted equation

[k™]. Furthermore, the residuated frames construction in [8] demonstrates:

Proposition 3.1.1 ([24],[8]). CRL + I' has the FEP for any pre-knotted set I' of ISR-

equations.

3.1.1 Failure of the FEP. In [3], Blok and van Alten track the failure of the FEP down to
the existence of a certain infinite algebra.! Clearly, structure Z with its natural ordering as a
chain, product as integer addition, and residuation as integer subtraction, is a commutative

residuated lattice and it falsifies the quasi-equation

r>1&ry=1 = z=1, (3.1

which says that the only positive invertible element is the unit.> However, this quasi-

3

equation is satisfied in every finite commutative residuated lattice.” The same argument

works with Z expanded with an additional constant 0, set to be any element of Z.
Proposition 3.1.2 ([3]). Any subvariety of RL or FL containing Z lacks the FEP.

We call a residuated lattice representable (or semilinear) if it is the subdirect product

of chains. As shown by Hart, Rafter, and Tsinakis in [12], a commutative residuated lattice

!'Specifically, a lattice-ordered abelian group, or abelian [-group.

2Written the standard notation of Z, the quasi-equationisread x > 0 & x +y =0 = x = 0, whichis
clearly false in Z.

3If A € CRL is finite, then it is bounded. If z > 1 is invertible then 22 > x and 2 is invertible, since
1 < z implies < 22 and zy = 1limplies 1 = zy < x2y = x. Hence T = 2" for some n € N is invertible.
But this results in a contradiction since Ty = 1 implies T < 1 since T2="T.
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is representable iff it satisfies the equation

1<(x—=y)V(y—ax) (prelinearity).
Since Z is a chain, if V. C CRL contains the variety of prelinear commutative residuated
lattices, then Z € V), and hence V lacks the FEP.
Proposition 3.1.3. If a set > of ISR-equations is a CRL-consequence of prelinearity, then
CRL + X lacks the FEP. In particular, CRL + [A] lacks the FEP for

[A] : ™™ < 2™Vt

where s,t € Var® and m,n € N.
Proof. Prelinearity implies 1 < (" — s™) V (s™ — t™). Since multiplication is order-
preserving and distributes over joins, this implies

ST < S — 1) Vs (1 = t7) < sV,

Hence [A] is satisfied by any chain in CRL. Therefore CRL + [A] lacks the FEP. O

3.2 A note on decidability in ISR
For a set of simple equations >, Theorem 2.3.9 shows that the equational theories for
the ISR + ¥ and the {V, -, 1}-reduct of RL 4+ ¥ are equivalent. Therefore any decision

procedure for one is a decision procedure for the other. E.g., by Proposition 3.1.1,
Theorem 3.2.1. If X is a pre-knotted set of simple equations, then ISR + 32 has the FMP.

On the other hand, suppose Y is a set of simple equations for which given any finite

set A C Var®, the X-closure I'y(A) := {z € Var* : A Fy z} is finite. Call such a set
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Y downwards-finite. For example, consider the equation [R] : < 2%V 1. For any finite
set A C Var®, t € I'yj(A) implies supp(t) C supp(A) and the degree of ¢ is no larger
than the degree of A, i.e., #(t) < max{#(a) : a € A}. Since supp(A) is finite, the set
Ty := {t € Var® : supp(t) C supp(A) & #(t) < #(A)} is finite, establishing that I'jz) (A)
is finite since I'[gj(A) C T'4. Hence [R] is downwards-finite.

Now by Theorem 2.3.9, ISR+[R] = [A] if and only if A g ao, for any non-degenerate
[A] where (ag, A) is the simplification of [A]. Let ) (X) be the single step closure of a set
X C Var” by (R)y,, (see Equation (2.2)). Itis easily verified that I'ip) (X') = U, ey Vg (X)-
Since A is finite and [R] is downwards-finite, there is an ny € N such that v} (A4) =
I'gj(A). Thus for all ¢t € Var®, ISR+ [R] |= ¢ < \/ Aiff ¢t € v} (A). This a decision

procedure for the equational theory of ISR + [R]. By the same argument,*

Theorem 3.2.2. Let X be a finite set of simple equations. If X is downwards-finite then the

equational theories of ISR + 3 and the {V, -, 1 }-reduct of RL + ¥ are decidable.

The set Y. being downwards-finite is only a sufficient condition for decidability. Indeed,

extensions of ISR by compressive knotted rules [k’

n+m

| (and thus also their linearization

Ko

" +m)) have a decidable equational theory, even though they are not downwards-finite.

For instance, consider the set A = {z"}. Then I'k», (A4) 2 {amtFm . k € N}, an infinite
set. We note that there are no examples known to the author for which the equational theory
of ISR + [R] is undecidable.
3.3 The FMP and completely linear simple equations

Let £ be a substructural logic. For a sequent s in £, we define s to be the set of
all sequents involved in an exhaustive proof search for s. Precisely, s is the least set of
sequents such that s € s and if (¢, 7) is an instance of a rule of £ and ¢t € s, then

T C s*. Clearly s is the set of all sequents involved in an exhaustive proof search for

*In the case that |X| = n > 2, index ¥ = {[R4], ..., [R,]} and define v, := y[r,,] © - - - © Y[r,]-
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s. We say that a rule (r) in £ does not increase complexity if for each instance of the
rule, the complexity of each sequent in the numerator is no larger than the complexity of
the denominator. By complexity, we typically mean a function from the set of sequents
to some well partially-ordered set.”> For some structural rules, complexity for a sequent
can be defined to be, for example, its length, i.e., the number of symbols which occur.
However, rules like contraction (c) or the cut-rule (cut), are examples of structural rules
which do increase complexity. We note, though, that extensions F L by simple rules enjoy
cut-admissibility, and so one only need consider the set s omitting instances of the cut-
rule.

A logical rule in L is an inference rule that introduces a logical connective (e.g.,
A, V, -\, /) on the left or right of the denominator. It is said to have the subformula prop-
erty if for all instances of the rule, all formulas appearing in the numerator are subformulas
of the denominator. If £ has logical rules with the subformula property and the structural
rules do not increase complexity, then for any sequent s the set s is finite. It is easy
to verify that FL (see Figure 1.1) and its extensions by simple rules have the subformula

property. In [8], the following is proved:

Proposition 3.3.1 ([8]). FL and its extensions with simple rules that do not increase com-

plexity have the FMP.

Here, the finite countermodel falsifying the provability of a sequent s is constructed
from a residuated frame which encodes membership of s, where the finiteness of s
guarantees the finiteness of the resulting algebra.

We say that a simple equation [R] = (1,, R) is completely linear if the set of terms R is

linear, i.e., for each r € Rand i € [1, k], #(r, z;) < 1. For instance, commutativity (zy <

3 A well partially-ordered set is a poset (A, <) that contains no infinite antichains, i.e., every infinite set
X C A contains a pair x,y € X suchz <y.
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yx) is completely linear, integrality and (the linearization of) k-mingle are all completely

linear,® and non-pre-knotted equations such as
ryz <xzyVaezVyzVl, 3.2)

are completely linear. Analogously, we say a simple rule (R) is completely linear if the
simple equation [R] is completely linear. E.g., the simple rule (R) obtained from Equa-
tion (3.2) vis-a-vis Equation (2.1) yields the following completely linear rule:

A17F17F27A2:>H Alarlar3aA2:>H A17F27F37A2:>H AlaA2:>H (R)
A17F17F27F37A2 = II

(3.3)
It is immediate the simple rule (R) from Equation (3.3) does not increase complexity of
length, since each sequent in the numerator contains no more instances of a metavariable
than those which occur in the denominator. This property holds for any completely linear
simple rule by definition of each term of the numerator being linear and containing no
metavariable not contained in the denominator (i.e., the rule is proper). Therefore, if X
is a finite set of completely linear simple rules, then the proof searches in FL + X will
be finitely branching and will not increase the complexity of length. Consequently, by

Proposition 3.3.1, we obtain:
Theorem 3.3.2. FL + X has the FMP for any set finite > of completely linear simple rules.

We note that, as a consequence of [15], the decision problem for provability in FL 4 X
is PSPACE-complete for any finite set > of completely linear simple rules. In fact, the
results [15] entail that provability in FL + . is PSPACE-hard for any set 3. of simple rules,

providing a fundamental lower-bound for complexity of any decision procedure.

The equation 2* < x is called k-mingle, and its linearization is given by [K4], see Section 2.4.
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3.4 Potent Commutative Varieties
Although the FMP guarantees provability is decidable for a given logic, the demon-
stration of this fact is inherently non-constructive and so the direct implementation of the
decision algorithm is not feasible. Notably, while CRL. has the FEP, Urquhart showed in
[23] that the decision procedure for provability in FL, is not primitive recursive.’
However, we will show that potent substructural logics admit primitive recursive deci-
sion procedures. This demonstration is a natural generalization of the prototypical decid-
ability proof for FLe.y, given in [11] by Gentzen.
3.4.1 Sequentsin FL. and the x function. By the presence of the exchange rule,

AU Ay =T
NN YESTR

the antecedent of a sequent in F L, may be represented by a different data-type, namely that
of a multiset of formulas instead of a sequence of formulas. For a function X : Fm — N,
we write | X |, := X (a) as the value (or multiplicity) of a formula a € Fm in X. By [X]
denote the Fm-support of X, where [X] := {a € Fm : |X|, > 0}. If [X] is finite, we say
the function X is a multiset, and we typically view X as a finite unordered list of formulas
from [X], with possible repetitions, where each a € [X] occurs exactly | X|, many times.
We define X, Y to be the addition of multisets X and Y, where [X,Y] = [X] U [Y] and
| X, Y|, = |X|a + |Y]a for each a € F'm. Let Mset denote the collection of all multisets.
Note that Mset forms a monoid with multiset addition as defined above.

Fix n € N. For a given formula a € F'm, we define a” to be the multiset with support
[a"] = {a} such that |a"|, = n. Similarly, given a multiset X, we define X" to be the

multiset with support [X"| = [X] such that | X"|, = n - | X, for each b € Fm.

"We will revisit and extend this construction in Section 4.5.
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X, 1=11 X =0
X}a)ﬂjﬂ(‘l) X=a«a Y:>B(_)
X, a B=11 X, Y=a- -0 "

X =« Y,B:>H<_>l) X,a= 0
X, Ya— =11 X=a—p

(=)

X,a=1I X,ﬁéH(D X=p (Vi) X = a
X avp=1 X=avp ' X=aVvy

(\/7“2)

X=2a X=0 X, p=11

(A7) X,a=1I
X=aAf " X aAB=1

X,aVvp=11

(Aly) (Al)

Figure 3.1: Logical rules of FL., where o, € FmV, II either empty or in FmV,
0,1 € ConV,and X,Y,Z € MsV \ (FmV U ConV).

Recall that a sequent in FL. is an expression of the form X = II, for some X €
Mset and 11 is either a formula or the emptyset. For our purposes, it will be important to
distinguish between a metasequent and an instance of a metasequent (which is a sequent).

We define four classes of metavariables. Let FmV = {a, 3, ...} denote formula-type,
ConV = {1,0}U{axf: a,8 € FmV,x € {V, A, -, —}} denote connective-formula-type,
MsV denote multiset-type with FmV U ConV C MsV, and MsV* = {X* : X € MsV}
denote x-multiset-type. A metasequent s is an expression of the form Vi, ..., Vi = Viiq,
where {V;}¥_, € MsV U MsV* and V., is either in FmV U ConV or is the empty word.

A valuation v : FmV — Fm is a function assigning each o € FmV to a formula
v(a) € Fm and the empty word to the emptyset. We will denote v(«) by @ if the valuation

is understood in context. Given such a valuation, we may extend it to a function v : MsV U

MsV* — Fm U Mset viaax = ax g forany a « 3 € ConV, X € Mset for any
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X € MsV \ (FmV U ConV), and

- V, if V € FmV U ConV

] so V, otherwise ’
for V* € MsV”*, where * : N — N is a function that will be defined below. Note that we
may view the range of v as a subset of Mset by the embedding a — a', for any a € F'm.
Given a valuation, we define an instance of a metasequent s = Vi, ..., Vi, = Vi1, denoted
by v(s) (or by 3 if clear by context), to be the sequent Vi, ..., Vi, = V;,1. Welet V™ be
shorthand for the n successive occurrences V..., V, forany V' € MsV U MsV*. If n = 0,

then a metasequent such as Y, X" = Il denotes Y = II.

Now, for n, m > 0, we define «™ : N — [0,n + m) via

T where x < n + m, otherwise;

r —q,m whereq, € Z" and x — g,m € [n,n + m)

When the values n, m are understood in context, we will simply write * := %",
Lemma 3.4.1. Forall a,b € N, x(a + b) = *(x(a) + *(b))

Proof. Note that for each x € N, x(z) = x — ¢,m for some ¢, € Nand *(x) < n+ m. It
is easy to see that  is idempotent and non-increasing. Furthermore, x(z) = *(x — gm) for
any 0 < ¢ < ¢,. Note that if x(a) + *(b) < n then *(a), *(b) < n, and hence *(a) = a and
*(b) = b and we are done. So we may assume *(a) + *(b) > n. Since * is non-increasing

it follows @ + b > n, and so

*(a+b) = (a+b) — qurpm € [n,n+m).
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But x(a) + *(b) = (a + b) — (¢a + @)m € [n,2n + 2m). Since ¢, is the least such
number £ such that (a + b) — km € [n,n + m), we have that ¢, + ¢» < ¢.+». Hence

*(x(a) + (b)) = *(a + b). O

Let [R] = (1k, R) be a simple equation. For each r € R, define

k
* *(n;)
rt= | |xl ,
i=1

where n; = #(r,z;) foreach i = 1,...,k, and let R* = {r* : r € R}. We define the

simple equation [R*] := (1x, R*).

Lemma 3.4.2. Let ¥ be a set of simple equations. Then CRL + (2" = 2"™™) + X is

equivalent to CRL + (2" = 2"*™) + ¥*, where ¥* := {[R*] : [R] € X}.

Proof. Let [R] = (1x,R) € X. For each r € R, define (i) = #(r,x;) for each i =
1,..,k So CRL = 7 =[], 2"®. Since r* := [[r, 2", we obtain CRL + (2" =
a"*t™) &= r = r*. Therefore it follows that CRL + (z" = 2"™™) + [R] = [R*] and
CRL + (2" = 2™™) + [R*] = [R]. O

3.4.2 x-sequents and inference rules. Given a metasequent s given by T = U, we write
s* to denote the metasequent T* = W, where Y* := V", .. V if T = V;,..., V. Fora
sequent ¢ given by X = II, by *¢ we denote the sequent *X = II, where *X := %o X.
Given a set of metasequents I" and a set of sequents A, we write [* := {s* : s € I'} and
*A = {*t : t € A}. For an inference rule (r) given by L (r), we define the rule (r)* via
L (r)*. By the definition of valuations, it is easy to check that for every inference rule (r)

of FL, an instance of (r)* is an instance of (r): E.g.,

X'=a Y"["=7y y
X vasgos, oW
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and for a valuation v, V_f‘ =V, if ; € FmV and V_Q* = %V4 if V5 € MsV, and so both

(v, (— 1)*) and *(v, (— 1)) are equivalent to the following instance:

a «Y,B=7
,*7,6—>B:>7

*7

* X
Furthermore, any metasequent ¥ = W that appears in an inference rule (1) for FL. (see
Figure 3.1) is one of three possible forms: (i) X = W, (ii) X,Y = Y, or (iii)) X, Y,a = U,
where X,Y € MsV, a € ConV, and V is either empty or in FmV U ConV. Hence for
any formula a € F'm and inference rule (r) for FL, with conclusion T = W, we have that
IT*|, < 2(n +m) — 1, since (iii) is the most complicated form of T and

IT*, < | X5 Y*Alg=X|o+ Yo+ |a.<2-(n+m—1)+1, (3.4)

If [R] = (1k, R) is a simple equation, then the simple rule (R) is FLc-equivalent to the

following inference rule

{}/7 XI(1)7 B 7X]:(k) = H}TER (R)
Y7X17...7Xk:>]:[ e;

where 7 (i) := #(r,x;), for each r € Rand 1 < i < k. Similarly, by the definition of

valuations (R)? is an instance of (R).:

{Y* (X)W (X)) = 1T} ,er
Y5X5 . X =10

(R).

Thus, for any metasequent T = W which appears in (R). and a € Fm, it follows that

T+ = |V + 38X (i
| ) V| 4+ 20 [ X ar (i) 353)

< (n+m—1) (1 +Z§‘;lr(i)) )

= |7, @
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where r € R U {1}. Hence |T*| < (n+m —1) (1 +3F r(z)) for any a € Fm and
metasequent T = W of (R)., where Mg := max{3F (i) :r € RU{L}}.
3.4.3 Reduced proofs for potent varieties. Let n,m > 0 and set * := «]'. Let XY be a
finite set of simple equations and define My, := max{Mg : [r] € R}. Henceforth, we
define

L :=FLe + (K™) + (K ) + Ze.

We note that £ is cut-admissible by [8] since it is an extension of FL by simple rules. By

definition (K"*™) and (K"

n-+m

), L satisfies the following inference rules:

Y,amtm =11, Yar =1
Yaoosa ™ ¢ Vaemsn

where Y € MsV and o € F'V.

Lemma 3.4.3. Let ¢ be any sequent. Then ¢ is provable in L if and only if *¢ is provable in

L. In particular, *t -, t and t F, *t.

Proof. Suppose -, *t. Let t be given by X = II. For each a € [X] we will apply (}™)
sequentially to obtain the proper multiplicity of a in X. If %|X|, = |X|., we need do
nothing. Otherwise, *| X |, = | X |, — gam € [n,n +m), where ¢, > 0. First, we repeatedly
apply the exchange rule (e) to obtain the sequent *X —, ¢/Xla=%™ = TI, where X~ is the
multiset such that | X |, = 0 but | X |, = |X|, forall b € Fm \ {a}. Then we may apply
rule (}™) exactly g, many times to the formula a.® Once this has been completed for each

a € [X], by applying the exchange rule repeatedly we will have derived ¢. See Figure 3.2.

8See Section 2.4.

By this we mean that we apply instances (™) to a sequentially such that t = v;(s;) and v;(s.) =
Vit1(sg) fori =1,...,g4 — 1, where s, and s are the premise and conclusion of (]), respectively.
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Similarly, suppose -, t. For each a € [X] we will apply (1) sequentially to obtain
the proper multiplicity of a in xX. If | X|, = %|X|,, we need do nothing. Otherwise,
| X |a > n+m,sox*|X|, =|X|,—q.m € [n,n+m), where ¢, > 0. Similarly to the above,
we begin by applying the exchange rule to put the sequent in the proper form, and then we
apply rule (1) exactly g, many times to the formula a. Once this has been completed for
each a € [X]|, we will have derived *t by possible further applications of exchange. See

Figure 3.2.

(o) L (e)
. o .

(e

* X, alXlemtam = ] X, aXlataam — ]

)
() (+™)
- |X|a—qam+m - *lX‘a‘i‘Qam—m
*X 7, a :>H(¢m> X",a :>H(Tm)
: () : ()
=, a/Xlemm — g Xlatm
*X 7, a =11 (™) X",a =11 ()

X, alXle = 11 X~ a'Xle = 11

Figure 3.2: Proof heuristic for reduced sequents. Here, X~ is the multiset such that
| X7 ]o=0but | X~ |, =|X|,forallb € Fm \ {a}.

]

By Lemma 3.4.2, we may assume . = ¥.*. Note that this implies My, < (n+m—1)msy,
where my, := max{x € Z* : (1x,R) € X}. Define M, := max{3, My + 1}, which
represents the maximum number of metavariables that can can appear in a metasequent of
an inference rule from £. By Equations (3.4) and (3.5), it follows that for any metasequent

T = ¥ appearing in an inference rule in £, valuation v, and formula a € Fm.

T*|, < Mz(n+m—1). (3.6)
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Let A be a (possibly empty) set of sequents. We say a proof of a sequent ¢ from A
in £ is k-reduced, denoted A 1% ¢, if there is a proof from A to ¢ in which every sequent

X = Il in the proof-tree of ¢ is such that | X |, < k for each formula a € Fm.

Lemma 3.4.4. Set k := M;(n+m — 1). Let s be a metasequent from an inference rule in

L. Then for any valuation v,
1. "5 H& 5%
2. 5% k3.
Proof. Let s be a metasequent as above, given by X;,..., Xy = II, and v a valuation.'®

Note that N < M by definition of M.

(1) For a formula a € Fm, observe that (X, ..., Xn|o = *(320 | [Xila). If

N
(S <t

=1

then by definition of  this implies * <Zf\/:1 ]Z\Q) = 37 [ Xila» 50 | Xi]a < 14 m and
thus *| X;|, = | X;|, foreachi < N. It then follows that *| X, ..., Xx|o = [*X1, .. ., *Xn]a

and we need do nothing. Otherwise,

=1

N N
: (z m) Y Fol— o € )
i=1
for g, > 0. By Lemma 3.4.1, we have that

: (im) . (i ‘m) |

10gf any of the X;’s are in FmV U ConV, view them as multisets via the embedding described in Sec-
tion 3.4.1.
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Apply rule (}™) exactly g, many times to obtain precisely Zfil *| X |, occurrences of a.!!
Once this has been completed for each formula a, we will have derived *X 1, ..., *X y =
TI, which is exactly s*. Furthermore, for any formula b € Fm, since we only used the rule
(4™), the most occurrences of b that appear in the antecedent of a sequent in this proof
occur after the final application of (™), so by Equation (3.6)
n My
]*E,...,*X_N]b:z:ﬂzn < Zn—i—m— l=Mc(n+m-—1)=k.

i=1 i=1

Hence *5 F% s*.

(2) For a formula a, observe that [+X1, ..., *Xy|o = S0, | Xi|a. If

N N
E *’Xi|a:*<g |Xi‘a> )
i=1

=1

then [*X1,...,*X x|, = *| X1, ..., X |, and we need do nothing. Otherwise,

N
Z >‘<|Yi|a =Mn+Tq+ gam,
=1

where 0 < r, < m and ¢, > 0. Apply rule (}™) exactly ¢, many times to obtain precisely

*(ZZ]\; | X;|a) occurrences of a. But by Lemma 3.4.1,

: (im) — (i ma).

Once this has been completed for each formula we will have obtained (X, ..., Xy) = II,

which is exactly *5. Since we only used the rule ({™), it follows that s* % *3.

Theorem 3.4.5. Let ¢ be a sequent. Then t ¢ iff -5 *¢.

'TAs was shown in Lemma 3.4.3 and Figure 3.2.
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Proof. The (<) direction follows from Lemma 3.4.3.
(=) Since t is provable in L, by [8] there is a cut-free proof of ¢ in £. We proceed by
induction on the height n of the cut-free proof of ¢. If n = 1 then () € {(init), (1r), (00)},
and it must be that *t = ¢, and we are done by our assumption.

So suppose the proof of 5 has height n > 1. By definition, ¢ is labeled by (v, (r)), and

t =30 := v(sg) where s is the conclusion of (r), an inference rule in £. Then

where T is the set premises of (r) and T' = {5 : 5 = v(s) & s € I'} is the set of sequents
that are the immediate children of 5y in the proof-tree. Each sequent in I' therefore has a
proof-tree of height strictly less than n and is the conclusion of some inference rule. Hence
by the inductive hypothesis, % *3 for each 5 € T. Given 5 € T, we have *5 I-& ¥ by

Lemma 3.4.4(1). Thus we obtained 3_3 via

-y (r)
50 ,
for a valuation v/ such that {/(s) : s € I'} = I'* and 1/(s¢) = s;;. By Lemma 3.4.4(2) we

obtain s} % *55. Therefore F5 *¢. O

3.4.4 The decision procedure. In this way, for a given sequent s, a proof-search for s
need only consider k-reduced proofs of *s. The complexity of the proof-search for *s can
be crudely bounded above as follows:

Suppose *s is given by *X = II, and let N := |SubFm(*X, II)| denote the total
number of subformulas from formulas appearing in *X and II. Let 7" denote the total
number of k-reduced sequents constructed from SubFm(xX,II). Since each of the N-

many formulas in SubFm (X, IT) can appear in the antecedent at most k-many times, there
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are (k + 1)V many possible antecedents. Since there are N-many possible formulas that
can appear as the consequent, the total number of k-reduced sequents is 7 = N(k + 1)V.
Let (*s)** denote the set of all possible k-reduced sequents in *s*.'2 Since £ satisfies the

(*s)""| < T. The height of a proof-attempt is the total number of

subformula property,
sequents along the line of the tallest branch. The maximum height of a proof-attempt cannot
exceed the total number of k-reduced sequents 7'. Indeed, we may omit proof-attempts that
contain duplicate occurrences of a sequent along the line of a single branch. Therefore,
an exhaustive proof-search of *s need only consider proof-attempts whose height does not
exceed 1. We provide a bound P for the total number of proof-attempts of height 7', which
will be doubly-exponential with respect to the number of subformula N.

We first find a bound for the maximum number R, of instances of rules from £ in
which a sequent in (*s)* can be the conclusion. Let R, be the total number of instances
of logical rules and R, be the total number of structural rules, for which a sequent in
(*s)* can appear as their conclusion. It is then clear that R, < Riog + Rgyr. Since logical
rules are only applicable to the formulas that appear in a sequent, and the structural rules
can only be applied to the appropriate partitioning of the multiset in a sequent’s antecedent,
the values R, and R, can be bounded by inspecting sequents that contain the maximum
number of formulas. By /V,, we denote the maximum number or formulas that can appear
in a sequent ¢ from (*s)%k. Every formula appearing in ¢ is a subformula of *s and can
appear at most k-many times since every element of (*s)Hﬂ is k-reduced. Thus the sequent
t can have at most £ - N many formulas in its antecedent, a single formula as its consequent,
and therefore the total number of formulas in ¢ no larger than N, = kN + 1.

Now, logical rules can only be applied to formulas with the appropriate outermost

connective. For any formula «, either « is a constant in {0, 1}, a propositional variable,

12Recall, t* is the least set of sequents that can appear in any proof-search with sequent ¢ as the root. See
Section 3.3.
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or « = (3 %~y for formulas (,~ and outermost connective in x € {V,A,-,—}. The only
(non-structural) rule applicable to a propositional variable is an instance of (init). Recall
Figure 3.1. For o a constant O or 1 there are at most two unique instances from the rules
(init), (0r) and (11) applicable to a.. If & = S~y then there are at most two unique instances
of rules for x € {V, A}. Namely, the pairs (\Vry), (Vrg) if & = §V 7 is the consequent, and
(Aly), (Aly) if &« = B A in the antecedent. However, for x € {-, —} there are at most 2™V
possible applications of a rule. Namely, for (-r) if &« = (- is the consequent, or for (— [)
if « = f — ~ in the antecedent. Indeed, for (-r) as an example, since there are no more
than /V,,-many formulas in a sequent ¢ € (*s)kk, there are at most 2V many ways to write
t = Xy,Y,w = a, so each representation of X,,, Y, as the antecedent corresponds to an
instance of (-r). Hence, for a given formula «, there are at most 2"»-many applications of
a logical rule applicable to a sequent containing « in all cases. Therefore there are at most
Ry = N, - 2™ instances of structural applicable to any sequent in (*s)<*.

We now consider how many possible instances of structural rules from £ = FL, +

(Kir™) + (K

n+m

) + X are applicable to a given sequent. Define M, to be the maximum
number of multiset variables which appear in the conclusion of a structural rule from the
set I' := {(KI''™), (KI',,,,)} UXe. E.g., if £ = () then M, = (n + m) + 1 since (K7, )
contains (n + m) + 1 many multiset variables in its conclusion. Since the cut rule is
admissible, we need only consider structural rules from the set I'. Such structural rules
are applicable to a sequent only when a partition of its antecedent into (at most) M -many
multisets is chosen. Since there are no more than V,, formulas that appear in the antecedent
of t € (*s)ek, and each formula can be contained in one of the M -many multisets, there
are at most M év “-many ways to partition the antecedent of ¢ into M -many multisets. Thus
for any given rule in I, there are at most M/ év “-many instances applicable to ¢t. Hence there

are at most Ry, = |I'| - M g “ many instances of structural rules applicable to any sequent

in (*s)<".
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In total, there are no more than ?;,, + R, many instances of rules in £ that are
applicable to any given sequent in (*s)**. For a sequent ¢ € (*s)** and number h > 0,
by P.(t, h) we denote the set of all proof-attempts with root ¢ of height h. In this way, the
maximum number of proof-attempts for *s of height 7" is given by P; := |Px(*s,T')|. By
the observations above, since there are at most R -many rule instances in £ where ¢ is the
conclusion, the value |Px(t,1)| < R.. Note that every proof-attempt in Py (¢, 1) is of the

form
ty - tg

with B < B, where B/ is the maximum number of sequents that appear as the premises
from rules in £. That is, each proof-attempt in P (¢, 1) has at most B.-many branches.
Now, every attempt in Py (t,h + 1) is a result of applying instances of rules from £
to the leaves of an attempt in Px(¢, k) that are not axioms. Note that, if there is a proof-
attempt in Py (t, k) in which all leaves are axioms (i.e., empty leaves obtained by (init)),

then ¢ is provable and we halt the proof-search. Otherwise,

|Py(t,h+1)] =  (# of proof-attempts in Py (¢, h))
X (# of leaves in an attempt from Py (¢, h))

X (# of rules applicable to a non-axiom leaf)

IA

|Py(t,h)| - BE - Re

Hence, for each h > 1, |Py(t,h)| < R% - Bﬁ(h), where A(h) == S i = w is the

h-th triangular number. Note that /A (h) < h? for all h > 1. Therefore, an exhaustive proof
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search for *s need only check no more than

Py = |Py("s, T

RL. ™)

IN

< Ri-B[

k-reduced proof attempts. That is, if this process has not halted in R - BEQ many proof-
attempts, then *s is not provable. We recall the value R, 1= R,y + Ry = Ny, - 2Nw 4
IT'| - M™+ is a bound for the maximum number of rule-instances applicable to a sequent
in (*s)*, where N,, = kN + 1 is the length a worst-case sequent, T = N(k + 1)V is
the total number of k-reduced sequents from the subformulas, and N is the total number of
subformulas that appear in *s. Since the values k, B, |I'|, and M are fixed for £, we see
that P, as a function of sequents s is double-exponential in the number of subformulas N

occurring in s. That is, in big-O notation,
N
P, <O ((Nw coNw T -MéVW)N(k“) -B]LVQ(kH)QN) —0 (NNN) —0 (221\1) ‘

Theorem 3.4.6. £ has a primitive recursive decision procedure. In particular, there is a
decision procedure for £ that is, at worst, double-exponential in the number of of subfor-

mula that appear in a given sequent.

Corollary 3.4.7. Let X be a finite potent set of simple equations. Then the equational,
quasi-equational, and universal theories of CRL + 3 are decidable and admit a primitive

recursive decision procedure.

While this proof-search is still computationally impractical, it demonstrates the possi-
bility to cut down the complexity, unlike that for FL... For instance, in [7] it is proved that

the decision problem for extensions of FL, by expansive knotted rules is in EXPTIME.

63



Chapter 4: Algebraic Machines and Complexity Lower-bounds

We now begin our investigation of complexity lower-bounds for the quasi-equational
(and equational) theories for varieties of residuated lattices, specifically those which are
defined by ISR-equations.

The fundamental decision problem we utilize is grounded in the halting problem for
a class of abstract mathematical machines known as counter machines. The simplicity of
the language for counter machines makes them distinctly well-suited for representations as
ordered monoids or semirings. From this point of view, the key observations in [17, 14]
are that acceptance of a machine (i.e., whether, for a given input, the machine halts) can be
faithfully simulated as the satisfiability of a particular quasi-equation in a variety of resid-
uated lattices. In fact, due to the fixed structure of a given machine, this correspondence
relates to the complexity of the word problem for these algebraic structures. Inspired by
[14], we use a residuated frames construction to prove the completeness of this result, while
the soundness is easily achieved since residuated lattice have semiring reducts. In such a
way, the varieties RL and CRL have been shown to have undecidable word problems. The
first three sections of this chapter serve as the theoretical foundation in which we expand
these results in Chapter 5. However, using the machinery developed in the first three sec-
tions, the final section is devoted to describing how [23] can be naturally extended to a
broader class of simple equations. We note that the techniques developed in this section are
not necessary for establishing the results in Chapter 5.

As shown in Chapter 2, residuated frames are also uniquely well-suited for the con-
struction of residuated lattices that satisfy specific simple equations. In particular, we are

able to bootstrap the undecidability of the word problem for (C)RL to prove the same for
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subvarieties extended by simple equations from a class ¢/. This is accomplished by con-
structing a counter machine which is “resilient” to applications of a simple equation from
U, so-called admissibility, in the sense that the presence of such a simple equation does
alter acceptance in the machine in a meaningful way.

4.0.1 The word problem. A presentation for a language L is a pair (X, F') where X is
a set of generators and F is a set of equations over 7'(X). A presentation (X, F) is said to
be finite iff both X and FE are finite. We denote the conjunction of equations in F by & E.
For a variety V of algebras in the language £, we say V has an undecidable word problem
if there exists a finite presentation (X, ) such that there is no algorithm that can decide,

for inputs s, ¢ € T'(X), whether the quasi-equation

&F = s=t 4.1)

holds in V. That is, membership of the set of pairs (s,t) € T'(X)? such that (4.1) holds in
V is undecidable. Note that if V has undecidable word problem then its quasi-equational
and universal theories are undecidable as well.

Since RL has a poset reduct, any equation s = ¢ is equivalent to the conjunction of
inequations s < ¢t and ¢t < s. In this way, we will consider <-rendering of the word

problem

&ES = s <1, 4.2)

where E< is a set of inequations. Consequently, for partially ordered structures, decidabil-
ity of the word problem in this (inequational) rendering is equivalent to the decidability of
the (equational) word problem.

By the {V, -, 1}-fragment of the word problem, we mean the restriction of the word
problem to inequations amongst ISR-terms in the signature {V,-, 1}. Similarly, by the

{<,+, 1}-fragment of the word problem, we mean the restriction of the word problem to
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inequations of monoid-terms in the signature {-, 1}. Clearly, undecidability of the {<, -, 1}-
fragment implies undecidability of the {V, -, 1}-fragment, which implies undecidability of
the word problem for RL.
4.1 Algebraic Machines, Residuated frames, and the Word Problem

Let X be a finite set of variables. By (X*,-,1) we denote the free monoid generated
by X, and by Ay = (Ax,V,L,-, 1) we denote the free semiring generated by X, i.e.,
(Ax, V) is a commutative semigroup, (Ax, -, 1) is a monoid, and - distributes over V. For

aset S C X*, define the set SV C Ax via
ueSY < Jsy,.. .8, €S, u=a, S1 V- Vs,

Note that X*V = Ay.

We will call a pair p = (z,y) € X* x Ax an instruction, which we suggestively denote
by p : < y. We say an instruction p : z < y is of monoid-type if furthermore y € X*.
Let P be a finite set of instructions. We will call the structure M = (X, P) an algebraic
machine. The computation relation < for the machine M = (X, P) is defined to be the
smallest {-, V}-compatible preorder on A x containing P, and will be denoted by <,; to
specify the machine M. For an instruction p, it will be useful to define the relation <? to
be the smallest {-, VV }-compatible relation on A x generated by p, i.e., the smallest relation
containing p and closed under the following inference rules:

woy <y 1 svizravi V)
zoy <P zwy and vVE<Pw\Vt ,

for all v, w, x,y,t € Ax. Consequently, w <P w’ ifand only if p : z < y and w = uxv V t
and w’' = uyv Vt, forsome u,v € X*andt € Ay. Itis easy to verify that <,, is equivalent

to the transitive closure | J{<?: p € P}. In this way, w <,; w’ iff there is a sequence of
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instructions (p;), from P, and a sequence of Ax-terms (w;), such that

w=a, wo <PLwy <P PR, =4 W

for some n > 0 called the length of the computation. In this way, we say w <p; w’
is witnessed by the above computation. Note that, if there is a computation witnessing
w <j7 w', then there is a computation of minimal length. As a consequence of Section 1.2.4

we obtain the following proposition.!

Proposition 4.1.1. Let s, ¢, ¢’ € Ax. ThentVt' <, sif and only if there exists s’, s” € Ax
suchthatt <;; s’andt’ <,; s”, where s = s'Vs". Furthermore, the sum of the computation

lengths of ¢t <,; s’ and ' <;; s” is no larger than the computation length of ¢ \V ' <, s.

Let z; € X* be a designated final term for M, and Fin(M) := {z;}" be the set of all
finite joins of the term x;. We will say a term w € Ax is accepted in M if w <;; uy for
some uy € Fin(M), and we denote the set of all accepted terms by Acc(M) C Ax.

Algebraic machines will typically come equipped with additional structure in which
the computations are meant to operate. For instance, in the following sections on counter
machines, this set is called Conf (M), defined depending on the type of machine M. There
will typically be a designated set () C X of states, and a set of instructions P, meant
to allow states, or even other variables, to freely permute within a monoid term. If M =
(X, PU P,y ), then we define =, to be the compatible equivalence relation generated by

P.om. We encode this form of commutativity for the instructions in P via

<Bom'= (Zcom) © (<) © (Zcom)-

IThat is, tg <,, t1 V --- V t,, iff {t1,...,tn} Fp to, where | p is the consequence relation generated by
the set
{({umlv, o uzpul,uzov) : (mg <@y V- Vay,) € Puv e X*}.
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Note that if all instructions in P are monoid-type then acceptance of w € X* reduces
to x <); xy. We will see that the frames we construct below are defined with no mention
to V, in fact the extension from {<,-, 1} to {V, -, 1} is conservative. Inspired by [14], we

obtain:

Theorem 4.1.2. Let Wy, = X*, W/, = X* x X*. Then Wy, = (Wy, Wi, N is a

residuated frame, where for all z € W)y, and (u,v) € W},
x Ny (u,v) <= uzv € Acc(M)

Proof. We define the functions //,\\ by (u,v) J/ y = (u,yv) and x \\ (u,v) = (uz,v).

Clearly, for z,y € W), and (u,v) € Wy,,

xy Ny (u,v) <= uzyv € Ace(M) <= x Ny (u,yv)

<~ yNuy (uz,v)

Lemma 4.1.3. Let M = (X, P) be an algebraic machine and define the valuation e : X —
W via e(a) := {a}*®. Then W},,é = P, where & : T(X) — Wj5" is the homomorphic

extension of e. Furthermore, e(z V y) = {x,y}** for any x,y € W),.

Proof. Let v := 7y, be the nucleus defined by N, on p(W),), and for convenience we

write y(z) := y({z}) for all = € W),. Since 7 is a nucleus, for each a, b € W), we observe

e(ab) = e(a) - e(b) = e(a) - e(b) = 7(v(a) - (b)) = y(ab).

Hence é(z) = 7(x) for each x € W5, Let z,y € W, then

e(xVy) =e(x)Uyely) =v(x) Uy y(y) = v(v(z) Ur(y)) = v({, y})
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where the last equality is obtained using the fact that -y is expanding and idempotent.
Now, letp € Pbe givenby p: z <y, wherey =t, V---V t, forsome z,t;,...,t, €

Wy We will first show that {t,...,t,}> C {z}". Suppose (u,v) € {t1,...,t,}", then

ti Naj(u,v) <= utiv € Acc(M), i=1,...,n.

By definition of Acc(M), this implies uyv =a,, i, ut;v € Acc(M). Now z <P y
implies urv <P wuyv, and since < is transitive it follows that uzv € Acc(M). Hence
Ny (u,v). Soe(z) = {z} C {t1,.. .t} =¢e(t; V---Vt,) = é(y) and W}, e =

x < y. Therefore W}, e = P. O

For each w € A, we define the quasi-equation accy,(w) to be

&P = w <y,

where x4 is the final term of M.

Lemma 4.1.4. Let V be a subvariety of RL containing W73, for some algebraic machine

M = (X, P). Then for all w € Ay, w € Acc(M) if and only if V |= accp(w).

Proof. (=) Suppose w € Acc(M). By definition of Acc(M), w <j;; uy for some uy €
Fin(M). By definition of <,;, and there exists n € N, wy, ..., w, € Ax, and a sequence

{pi}*_, C P such that

w=wy <P wy <2 <Py, = g,
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for some n > 0. Note that, for eachi = 1,...n, p; : z; < y; for some x;,y; € Ay, and

hence by definition on <?:

Wi—1 = U;T;V; V Sz‘\/ Spi U;Y;U; V S; = Wy,

for some u;,v; € X* and s; € Ay. Let R € Vand h : T(X) — R a homomor-
phism. Suppose R,h = P. Then for each i = 1,....n, h(z;) <gr h(y;), and since h
is a homomorphism we obtain h(w;_1) <gr h(w;). By transitivity of <g, it follows that
h(w) <g h(w,) =r h(zy). Since h and R were arbitrary, V |= accy(w).

(<) Let € be the map from Lemma 4.1.3. Since WL, ¢ = P, and W]T/[ €V, we
have that W}, e = w < z;. By Lemma 4.1.3, {w}™® C {z;}"%, or equivalently to
{z¢}" € {w}". Since xy € Acc(M) it follows that x¢ N, (1, 1) by definition of Ny, so
(1,1) € {xf}". Hence (1,1) € {w}", i.e., w Ny (1,1). Therefore by definition of Ny,
w € Acc(M). O

4.1.1 Complexity and the Word Problem.
As a consequence of Lemma 4.1.4, if }V C RL is a variety containing W]T/[, for some

algebraic machine M = (X, P), then

{acep(u) :u € Ace(M)} = {acey(u) : V = acep(u) } 4.3)

Theorem 4.1.5 ([14]). Let M be an algebraic machine and W}, € V C RL for a variety
V. Then the computational complexity for the word problem of V is at least as high as the

one for membership in Acc(M).

Proof. Suppose there is an algorithm for deciding membership in

Qp={(s,t) eT(X)*: VE&P = s<t}.
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This algorithm would decide membership of the set {u € T(X) : V | accy(u)}. By

Equation (4.3) this same algorithm would decide membership of the set Acc(M). O

Corollary 4.1.6. If V is a subvariety of RL containing W7, such that membership in

Acc(M) is undecidable, then V has an undecidable word problem.

Since {accy(u) : V | accep(u)} € {€ @ € is a quasi-eq. such that V |= £}, we obtain

the following.

Corollary 4.1.7. Let M be an algebraic machine and )V C RL a variety. The computational
complexity for the quasi-equational theory of V is at least as high as that of membership of

Ace(M).
Furthermore, by Corollary 2.5.2 we obtain:

Corollary 4.1.8. Let V be an expansive subvariety of CRL containing W, for some alge-
braic machine M. Then the computational complexity of the equational theory of V is as

high as the one for membership of Acc(M).

4.1.2 Simple equations and Admissibility. Let [R] = (1,,R) be a simple equation
and M = (X, P) an algebraic machine. Recall that W}, = [R] iff W), = (R) by
Proposition 2.2.4

Define the relation <® on A x to be the smallest {-, VV }-compatible relation containing
LA (@) < \/ r*x (@),
reR

for all z4,....,x, € X*, where T = (x1,...,x,). Equivalently, we often view <P as the
smallest {-, V }-compatible relation containing o (1,) < \/, . o (), for any substitution o

generated by an assignment Var — X*.
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We view <R as a sort of “ambient” instruction that can be implemented, at least triv-
ially, to any term within a computation. In this way, it is useful to view <% as a “computa-
tional glitch,” and we define the relation <y, to be the computation relation generated by
Y. and P for some set of simple equations 3, i.e., <y, is the smallest {-, V}-compatible

preorder generated by {<®: [R] € ¥} U {<P: p € P}. In this way, u <y, v’ iff there

exists ug, ..., u, € Ax and py, ..., p, instructions such that
U=p, U <P ug <P <P, =p 0,
for some n > 0, where p;, € P U X for each ¢ = 1,....,n. In this way, we define

Acc(EM) = {u € Ay : v <sp usy € Fin(M)}. Since <)y C <y it easily fol-
lows that Acc(M) C Acc(XM). Define Wy = (Wi, Wiy, Nsar), where Ny u, v iff
uzv € Acc(XM)

Lemma 4.1.9. Let M be an algebraic machine and ¥ a set of simple equations. Then

Wiy is a residuated frame and W), = 3, ie., WY, € RL+ 2.

Proof. We first observe that Wy, is a residuated frame by Theorem 4.1.2. By Proposi-
tion 2.2.4, it is enough to show that Wy, |= (R) for each [R] € X. Fix [R] = (1,,R) € &

and suppose for some x1, ..., z, € Wy and (u,v) € W},
&M (Z) Ngas (u,v)

forevery r € R, where 7 = (21, . . ., x,,). By definition of Ny, it follows that ur (Z)v €
Acc(XM) for each r € R. By definition of <® and since Acc(XM) is closed under finite

joins, this implies

uly® (z)v <B \/ ur® (Z)v € Acc(XM).

reR
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Since Acc(XM) is closed under transitivity, it follows that u1,%¥ (Z)v € Acc(XM), i.e.,

1nAM (f) NZM (U, U).

Hence Wy = (R). Since [R] was arbitrary, we obtain W, , = 2. O

We say . is strongly admissible in M if Acc(XM) = Acc(M). That is, the presence

of X-instructions does not increase the set of accepted terms. If X is strongly admissible in
M then W3, = W{, .
Corollary 4.1.10. Let M be an algebraic machine and X a set of simple equations. If X is
strongly admissible in M, then W, = X. Then for every variety )V such that W}, € V C
RL, the complexity of the word problem for V is at least as high as that for membership of
Ace(M).

The following lemma will be useful for demonstrating strong admissibility, which fol-

lows as a consequence from Section 1.2.4.

Lemma 4.1.11. For a set of simple equations ¥ and algebraic machine M = (X, P), ¥ is

strongly admissible in M if and only if

t1, ..ty € Acc(M) = to € Acc(M),

forall t, ..., t, € X* such thatty <® ¢, V.-V ¢, for some [R] € X.

4.1.3 Canonically admissible. For the machines we use there will typically be some
proper subset of X* of canonical monoid terms on which operations of the machine remain
stable. Let C' C X*. We say aset C' C X™* is stable in M if vy € C and for all p € P and
u,v € Ay, if u <P thenu € CV iffv € CV.

For a given stable set C', we will often use typewriter font to denote elements, e.g.,

ceCandue(CV.
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Proposition 4.1.12. Let M = (X, P) be an algebraic machine with set C' stable in M.

1. Suppose u <p; v. Thenu € CV iffv € CV.

2. Ace(M) C CV.
Proof. Since C'is stable in M, this follows by induction on computation length. [

We now introduce a weaker notion of admissibility, called canonically admissible.
Suppose C' is stable in M, and let Can(M) = CV. By Proposition 4.1.12, Acc(M) C
Can(M). However, for a given set of simple equations ¥, it is possible that Acc(XM) ¢
Can(M) (e.g., Section 5.1.1). In which case there must exist some u,v € Ay and [R] € ¥
such that u <® v but u € Can(M) and v € Can(M), and so X is not strongly admissible in

M.

We say X is canonically admissible in M if for every u € Can(M),

u € Acc(XM) <= u € Acc(M).

We will often refer to canonical admissibility simply by admissible. This means that the
presence of X does not increase acceptance in a meaningful way, modulo the canonical

terms. It is clear that strong admissibility implies admissibility.

Theorem 4.1.13. Let M be an algebraic machine such that Acc(M) C Can(M). Let ¥ be
a set of simple equations such that Wi, € V for some variety V C RL. If ¥ is admissible

in M then the complexity of the word problem for V is at least as high as that for Acc(M).

4.1.4 Hardware-admissibility. The algebraic machines M = (X, P) we consider will

have designated sets H, ..., H, C X of hardware?* Let H C X be a set of hardware

2The hardware that we consider later will always consist of a set Hy of states, and in some cases a
sequence i = 1,...,k + 1 of stopper variables, where H; = {S;}.
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with elements called components. We say M is H-stable if the final term z; € X* for M
contains precisely one component variable from H, and for each instruction p € P, where
p:ty <t1V---Vi, forsome ty,tq,...,t, € X*, t; € X* contains precisely one component
variable for each i = 0,...,n.> Let H% C X* be the set of all monoid terms that contain
precisely one component variable from H. Thatis, Hy = (X \ H)*-H-(X \ H)*. Clearly,
if M is H-stable then the set H % is stable for M,

Let 3 be set of simple equations and M = (X, P) be H-stable with hardware H C X.
We say X is H-admissible in M if Acc(XM) C HY.

Recall that X is mingly iff 3 contains a simple equation [R] that is either integral or

[oR] : 2% < z for some k > 1 and substitution o.*

Lemma 4.1.14. Let M = (X, P) be an H-stable algebraic machine with some set of

hardware H, and Y a set of simple equations. The following are equivalent:

1. ¥ is H-admissible in M.
2. Forevery w,w’ € Ax, w <y, w' impliesw € HyY <= w' € HY.

3. X is not mingly.

Proof. Let x¢ be the final term for M.

(1 = 2) Assume Acc(XM) C HY'. Since HY is stable in M, Fin(M) C HY. By the
same argument as Proposition 4.1.12, it follows that w <s); w’ implies w € H}Y <
w' e HY.

(2 = 3) Proceeding by contraposition, suppose [R] = (1,,R) € 3 is mingly. Then

there is a 1-variable substitution o such that o(1,) = 2* and o[R] = {2°} where § €

3That is, t € X * contains precisely one component variable iff supp(t) N H = {q} and #(t,q) = 1.

4See Theorem 2.4.1.
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{0,1} and k£ > ¢. This implies that

x’f”‘sl <R \/ :Eff‘sl = \/ xy € Fin(M),
reR reR
where {9,0'} = {0,1}. Since M is H-stable, Fin(M) C HY’. Since k + ¢’ > 1, x'}”' ¢
H%. Hence w <g); w' such thatw ¢ HY butw’ € HY .

(3 = 1) Proceeding by contraposition, suppose there Acc(XM) \ Hy’ # (). We may
assume t € Acc(XM) \ HY has the minimal computation length N > 0 witnessing this
fact. Le., if t <yps uy € Fin(M) has a witness of length N. By Proposition 4.1.1, the
minimality of N implies t € X* \ H%. Since Fin(M) C H3%' by assumption, it follows
that N > 1. Sot <P w <y uy for some instruction p € P U {R : [R] € X} and
w € X*V. Since N is minimal and w € Acc(X M), it follows that w € H%’ and hence

p € {R: [R] € ¥} since H% is stable. Hence there is [R] = (1,,R) € X such that

t=uly(z)v <t \/ ur(T)v =w
reR
for some u, v, xy,...,x, € X* where T = (z1,..,x,). Define [ := {i < n:xz € X*\
(X \ H)x*} to be the set of all i < n such that x; contains at least one component variable.
We have two cases:

Case 1: If uv € HY, then r(Z) € (X \ H)* for all »r € R. Hence for all i € I,
#(r,y;) = 0 for each r € R, where supp(1,) = {v1,. .., yn}. Without loss of generality,
suppose 1 € I. Consider the 1-variable substitution o that maps y; — y and y; +— 1 for all
j > 1. Then [oR] : x < 1. Hence [R] is mingly.

Case 2: If uwv ¢ H¥, then uv € (X \ H)x, otherwise w ¢ H%'. Since X is a set of
simple equations, it is non-degenerate and so every variable that appears in w must appear

in ¢. Since w € H3’, it must be that T contains a component variable. Hence for each
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r € R, there exists a unique i, € I such that #(r,y; ) = 1 and foreach i € I\ {i,},
#(r(,y;) = 0, otherwise ur(Z)v ¢ H%. We claim that |/| > 1. Suppose otherwise, i.e.
I = {i}, and thus #(r,y;) = 1 for all » € R. But this implies z; € Hy and z; € (X \ H)*

for all j # i since ur(Z)v € H% for all r € R. But this implies

t =uly(T)v =uxy - 2,0 € Hy,

since u, v, x; € (X \ H%)*, a contradiction.
Hence k := |I| > 2. Consider the substitution o that maps y; — y for all i € I,
otherwise and y; +— 1 for j € I. Then o(r) = o (y;.) = y forall r € R, and o(1,,) = y*.

Hence [o0R] : y* < y. Therefore [R] is mingly. O

4.2 Counter machines in RL and the {<, -, 1}-fragment

For proving lower-bounds for the complexity of decision problems, we will use a type
of abstract machine known as a Counter Machine (CM). We will first present CM’s in a
semi-informal language typical for such automata, and then present two representations
of counter machines as algebraic machines, as defined in the previous section. A more
detailed exposition of counter machines as multi-tape Turing machines can be found in
[13].

A CM models a computer having a finite number of registers ry, . . ., r;, each of which
can contain an arbitrary non-negative integer (a machine with k registers will be called a
k-CM), a finite number of states with a designated final state g, and a finite set of instruc-
tions that indicate whether, given a certain state of the machine, to alter the contents of the
registers, in a specific way, and update its state. The basic instructions are of the machine
are called increment, decrement, and zero-test, which consist of consist of adding 1 to a
register, subtracting 1 from a non-empty register, or verifying a register is empty, respec-

tively.
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We will represent a k-CM M by the triple M = (R, Q,P), where Ry, = {ry,...,r%}
is a set of register-names, Q is a finite set of states with designated final state ¢y, and P
is a finite set of basic instructions, with no instruction of the form ¢y --- (i.e., gy is only
an outgoing transitional state). Using a fresh set of variables Stp, := {Si,..., Sk, Sk+1},
define (Wy, -, 1) to be the free monoid generated by Ry, U Stp, U Q.

A configuration of a k-CM is the description of the machines current state and register

contents, and will be canonically associated with a monoid word

n n n
qSlr1182r2283 cee Skrk’“SkH

The data-type of a configuration is essentially that of a tuple (g; n1, ..., ny), where ¢ indi-
cates the current state of the machine, and n,,...,n; € N are the current contents of
registers ry, . . ., Ty, respectively.

The instructions of a machine will be written as ¢S; < ¢'S;r;, ¢S;r; < ¢'S;, and
qSiSit1 < ¢'S;S;41, for some states ¢,¢' and i € {1,...,k}, denoting instances of incre-
ment r;, decrement r;, and zero-test r; instructions. In this way, the basic instructions of
a CM are understood as follows: when the machine is in state ¢ and there is an increment
instruction ¢S; < ¢'S;r;, then the machine may increment the register r; by 1 and tran-
sition to the state ¢'; when the machine is in state ¢ and there is a decrement instruction
qSir; < ¢'S;, then if the value of the register r; is nonzero the machine may decrement the
register r; by 1 and transition to the state ¢’; when the machine is in state ¢ and there is a
zero-test instruction ¢S;S; .1 < ¢'S;S;.1, then if the register r; is empty, i.e., has value 0,

the machine may transition to the state ¢’ with the registers unaltered.
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For each p € P, define <” to be the compatible relation on Wy defined as in Section 4.1.

i.e., as the relation on W)y containing p and closed under the inference rule

u <Py
zuy <P xvy H, 4.4)

for all u, v, x,y € Wy.
To implement instructions as intended, we must allow the state variables to freely per-

mute within terms from Wg. We define the set
Peom :={qr <zq:q€Q,z €R,UStp, tU{rqg<qr:q€Q,x€R,UStp,}, 4.5)

and the equivalence relation =.,,,, defined as in Section 4.1. We will abuse notation and
write <P instead of <P if the context is clear. We note that, since all instructions are of
monoid type, the closure under the inference rule [V/] is not needed in this context. However,
the closure of [V] is conservative, and will be useful for the following chapter.

For a given k-CM M = (R, Q, P), the structure ( Xy, P) is an algebraic machine, where
Xu = R, UStp, UQ and Py = P UP,,. We will abuse notation by denoting (Xy, Py) by
M. In this way, the computation relation <y is as defined in Section 4.1. As before, it will

be useful to view <y as the transitive closure of (=.,,) U {<P: p € P}.

Define the set of register boxes
Boxy := {S1r]'Sery?S3 - - - Spr*Sp1 € Wy i ny, ...,y € N}
and the set of configurations by

Conf(M) := {uqv € Wy : ¢ € Q,uv € Boxy},
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and by C; := ¢Sy - - - S;Si41 we denote the final configuration, where q¢ € Q is the final

state of M. Now, we see that for given configurations C,C’ € Conf (M),

C —com C/ < C= uquv & C/ = ulqvl & uy = U/’U/ & BOXk y (46)

Abusing notation, we write C = (gq;nq,...,ng) iff C = ugv € Conf(M) and uv =
S1[]r, £7Si,1. Note that C =q C; iff C = (gf; 0, ..., 0).

In this light, we view implementations of instructions from P as follows:

P qSZ S q/siri <Qa ni, ..., Ny, .. .,TLk> Szc)om <q/;n17 7} + ]-7 .. nk)

p:qSiri <q'S; (gny,..oni+ 1,00 ong) <P (dsna, .. ng, . ng)

p: qsisi+1 < q/SiSiJrl <q7 ny,...,Ni—1, 07 R nk> Sgom <q/7 ny,...,Ni—1, 07 R nk>
It easily follows that C <y C’ if and only if there exists n > 0, C,...,C, € Conf(M),

and a sequence of instructions (p;)?_, from P such that

C — CO <p1 ... <pn Cn — C/.

—com —com

The following will serve as our undecidable problem:

Proposition 4.2.1 ([20, 16]). There exists a 2-CM M for which membership of Acc(M) is

undecidable.

Example 4.2.1. Consider the 1-CM Meyen = (R1, Qevens Peven)> Where Qeven = {40, ¢1, ¢}

and Peven = {pO; P1, pf} are given by

Do qoSir1 < @151
p1 o 1St < oSy
Df ¢ qoS182 < qrS15:.
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For an example,

q0S1T7S2 <P 181118y <P 0SSy <P/ 455182

is a computation showing that {(qo; 2) is accepted in Meye,. On the other hand, the only
computation possible starting from the configuration (go; 1) is given by (qo; 1) T (g;0),
and so (go; 1) is not accepted. In general, it is easy to see that (go; 1) is accepted in Meyey, if

and only if n is even.

4.2.1 Counter machines and residuated frames. Consider an instruction p : © < v in
P U Peom from definitions in Equations (4.4) and (4.5). We observe that u,v € Wy, i.e.,
the instruction p is of monoid type, and each contain precisely one state-variable. Further-
more, the terms u, v contain precisely the same stopper variables with the same multiplicity,
where no stopper variable has multiplicity greater than 1, and no stopper variables in v are

permuted in v. Since C; € Conf (M), by the above the following is immediate:

Lemma 4.2.2. The set Conf (M) is stable in M. In particular, M is H-stable for all H €

{Q {81}, Sk}

By Corollary 4.1.6 and the fact that all instructions in P U P, are of type {-,1}, we

obtain:

Theorem 4.2.3. Let M be a k-CM and W}, € V C RL for a variety V. Then the computa-
tional complexity for even the {<, -, 1}-fragment word problem of V is at least as high as

the one for membership in Acc(M).
By Proposition 4.2.1, since membership of Acc(M) is undecidable, we obtain:

Corollary 4.2.4. Any variety V C RL for which W;{ € V, the word problem, particularly

for the {<, -, 1}-fragment, of V is undecidable.
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4.2.2 Observations on admissibility. We first observe that W, ¢ CRL for any CM M.
Letu = S;,v = Sy, and w = Hf:z Si+1. Clearly, the final configuration C; = qruvw €
Acc(M) but grouw ¢ Acc(M) since it is not a configuration. In other words, uv Ny(qr, w)
but vu Ny(qs,w), and hence by Proposition 2.2.4 W t£ xy < yx for any k-CM M.

In fact, by Mayr and Meyer [19], the {<, -, 1}-fragment of CRL has a decidable quasi-
equational theory, and therefore this particular algebraic rendering of counter-machines is
insufficient to capture undecidability for commutative varieties. In the next section, we
will present an algebraic rendering in which commutativity will be admissible, at the cost
of adding V to the signature.

On the other hand, W, satisfies the permutation of squares x?y? = y222. In essence,

this due to the fact,

22y? Ny(u,v) <= ux®y*v € Acc(M) [by def. of Ny]
= x?y? contains no variables in QU Stp, [Acc(M) C Conf (M)]
= 2%y’ =r"forsomei < kandn € N |by def. of Conf(M)] -
S N U
—

y2x? Ny(u,v),
Let [R] = (14, R) be the linearization of 2%y* < y2x?,
[R] : m1291192 < \/{yiijlxk 11 <4, 5,k 1 <2}

Since each y?z? € R for each y € {y1,42} and x € {x1, 25}, the above argumentation
establishes that [R] is strongly admissible in M, so Wy = (R), and hence W |= [R]. More

generally, this same argument shows W, |= z"y™ < y™a" for any integers m,n > 2.3

Note that z"y™ < y™a™ is RL-equivalent to 2"y™ = y™z".

82



Therefore, by Corollary 4.1.10, the word problem for RL + (z"y™ = y™z"), in particular
its {<, -, 1 }-fragment, is undecidable for any m,n > 2.

The above argument also follows as a consequence from the following technical lemma,
which will be needed in Section 5.2.2. For a set X of simple equations, we say X entails

commutativity if ISR + ¥ is commutative, or equivalently yx s, xy by Theorem 2.3.4.

Lemma 4.2.5. Let X be a non-mingly set of simple equations and M = (Ry, Q, P) a counter
machine. If ¥ does not entail commutativity then for a monoid term ¢, if ¢ € Acc(XM) then

t = uqu where q € Q, and

uv = S121S9%9 - - - SpTkSk+1, With zq, ...,z C Ry, 4.7)

Proof. Suppose t € Acc(XM). Let H € {Qk,{S1},...,{Sk}, {Sk+1}}. By Lemma 4.2.2,
Mis H-stable. By Lemma 4.1.14, ¥ is H-admissible since Y. is not mingly. Therefore ¢
contains precisely one state variable from /. Since this holds for all sets H, t = uqv for
some ¢q € Q and

UV = 85, 180,02+ + S TSy

where z1,...,2; € Ry and {1,...,k + 1} = {ny,...,ng11}. We need only show that if
>’ does not entail commutativity then n; = 7 for each ¢ = 1,...,k + 1. We induct on
the minimal computation length N > 0 witnessing ¢ <sy us € Fin(XM). Clearly, if
N =0, thent = Cy = q4S;---S,S,41 and we are done. So suppose the claim holds for
all computations of length M/ < N. Then t <? \/;n:1 t; € Acc(XM) for some instruction
p € P U X and monoid terms %4, .. .,t,,. Hence by the induction hypothesis, the term ¢;
has the form of Equation (4.7), for all j = 1,...,m. Now, if p € P then m = 1. Since no

instruction in P permutes stopper variables, it follows that n;, = ¢ foreacht =1,.... k + 1.
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So we may assume p = [R| = (1,,R) € . Hence {t4,...,t,n} = {t, : 7 € R}, and

t =wo(ly)w <P \/ wo (r)w’,
reR
for some substitution o and monoid terms w, w’.

Suppose the contrary, i.e., that n; # i for some ¢ < k + 1. We will show [R] entails
commutativity. Without loss of generality, we may assume ¢ is of the form ¢ = aS,0S;c.
Since each t; is of the form of 4.7, it follows that S;06S; must be a subword of o (1,,). Now,
if either S; or S, are subwords of ww’, then this implies supp(1,) \ supp(R) # 0, making
[R] integral. Since [R] is non-mingly, it follows that neither S; not S, are subwords of ww'.
Hence there exists variables =,y € supp(1,) such that Sy is a subword of o(z) and S; is a
subword of o (y), and =,y € [, supp(r). Note = appears to the left of y in 1,,. For each
r € R, since t, has form 4.7, it follows that #(r,z) = #(r,y) = 1 and y appears to the
left of x in r. Consider the substitution 7 that maps x — x, y — ¥, and for all variables

z & {x,y}, z+— 1. Then

vy =7(1a) <M\ 7(r) = \/ y2 = ya.

reR reR
Hence [R] entails commutativity. O

We will revisit admissibility of simple equations for such structures in a Section 5.2.2.
4.3 And-branching counter machines in (C)RL and the {V, -, 1}-fragment

We now define a class of machines known as an And-branching k-Counter Machine
(k-ACM), as introduced in [17] to prove the undecidability of linear logic. A k-ACM is
essentially the same as a k-CM with the exception that there are no zero-test instructions,
but rather “branching” instructions that are typically called forking. In this way, a k-ACM is

a type of parallel-computing counter machine where instructions replace a configuration by
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a possible set of configurations, and the machine involved computes one finite set of con-
figurations from another. For our purposes, a k-ACM is a tuple B = (Ry, Q, P) representing

a type of parallel-computing counter machine, where

* Ry := {r1,...,rx} is a set of k registers, each able to store a non-negative integer

(representing the number of tokens in that register),
* Qis a finite set of states with a designated final state ¢y,

e and P is a finite set of instructions (to be formalized below) that indicate whether
to, given a certain state of the machine, increment a register or decrement a nonzero
register, as well as a “branching” instruction known as forking, with no instruction

applicable to the state q;.

The most important feature of ACMs is their ability to capture some effect of the zero-
tests in the presence of commutativity, as we will see in Section 4.3.2. In the case for
CMs, if P, contained all variable pairs, e.g., < : S;r; < r;S; and — : r;S; < S;r;, then

improper implementations of a zero-test p : S;qS; 11 < S;¢'S;,1 as follows,

qSiTiSit1 <7 qriSiSit1 =com TiSiqSit1 <P 1iSiqSit1 =com ¢'TiSiSit1 < ¢'SiTiSit1.

Since we will allow P, to contain such instructions, the stopper variables can all be
pushed to the back, and are therefore irrelevant. Therefore, a configuration C of a k-ACM
coincides with that of a k-CM, i.e., it is a tuple consisting of a single state and, for each
register, a nonnegative integer indicating the contents of that register, but with the stopper
variables removed. We represent a configuration C as a term in the free monoid generated

by Q U Rg, and canonically arranged as

niy_ .no ng
qry Iy ”'rk’ )

85



We imagine a configuration being a box labeled by a state and containing tokens labelled
by elements from the set R,. where ¢ € Q is the state of the configuration and n; is the
number stored in the register r;, for each ¢ = 1, .., k, and if n, = 0, we say the register r;
is empty. Since C contains precisely one state, we canonically identify configurations with
the set Q - R;,.

The instructions of a k-ACM replace a single configuration by a new configuration
(via increment and decrement), or by two configurations (via forking). The increment
and decrement instructions will be given by ¢ < ¢'r; and qr; < ¢/, respectively, and
are understood as per usual. A forking instruction will be of the form ¢ < ¢’ V ¢”, and
can be understood as “if a box is labeled by state ¢, duplicate the box and its contents,
resulting in two boxes relabeled by ¢’ and ¢”, respectively.” As a consequence of the forking
instruction, the machine can be operating on multiple configurations, i.e. branches, in
parallel and is inherently nondeterministic. The status of a machine at a given moment in a
computation, called an instantaneous description (ID), is represented by the configurations

that are present. Formally, an ID u is an element

Ci V-V Cn,

of the free commutative semigroup (ID(B), V) generated by Conf (B).

Given a k-ACM B = (R, Q,P), let Py, := {2y < yx : x,y € Ry UQ}. We note
that P.,,, is finite since Ry U Q is finite. Hence (Xp, Bg) is an algebraic machine where
Xp :=RrUQand P := PUP,,,. As before, will abuse the notation by using B to represent
both structures. Let <g be the computation relation for B and the compatible relations <?

be given defined in Section 4.1.
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Similar to Section 4.2, we define

Conf(B) := {zqy € X3 : ¢ € Q,zy € R},

and ID(B) := Conf(B)". The final term for B is the final configuration Cy := ¢y, and the set
Acc(B) is as defined in Section 4.1.

Let =, be the equivalence relation generated by P..,,. As in Equation (4.6), for
all C,C’ € Conf(B), C =com C iff C =com qri' - -1r* =com C' for some ¢ € Q and
ni,...,nx € N. Since t € Conf(B) iff ¢ contains precisely one state variable, and each

instruction p : x < y is such that x € Conf(B) and y € ID(B), we immediately obtain:
Lemma 4.3.1. Conf(B) is stable for any k-ACM B. In particular, B is Q-stable.

For each p € P, we will abuse notation and write <? to mean <?_ .

4.3.1 Observations on admissibility. By definition, for all s,¢ € Xj, we obtain st =

comts and so st € Acc(B) iff ts € Acc(B). Therefore we obtain:

Lemma 4.3.2. Commutativity is strongly admissible in B, for any £-ACM B. Therefore
Wy € CRL.

By Corollary 4.1.10, and since all instructions in P are of type {V, -, 1}, we deduce:

Lemma 4.3.3. Let B be a k-ACM. Then for any variety V C (C)RL containing Wy, the
complexity of the word problem, particularly the {V, -, 1}-fragment, is at least as high as

membership in Acc(B).

Given the admissibility of commutativity for any k-ACM B = (Ry, Q,P), henceforth
we will implicitly assume A x, as defined in Section 4.1 is the free commutative semiring

generated by X =R, UQ.
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4.3.2 Simulating CMs as ACMs and the Zero-Test Program. As demonstrated [17],
considering only those computations that result in the final ID with all branches resulting
in a final configuration ¢, i.e. where all registers are empty, is vital to the construction
of our result. Such a convention allows us to implement a program that behaves like the
zero-test instruction of a standard Counter Machine, i.e. a program that tests whether a
given register is empty at a given state, and transitions to a new state only when the register
is in fact empty. Such behavior cannot be directly implemented in a £-ACM, but can be

simulated in its set of accepted IDs by augmenting its structure with the (sub)machine

@ = (Ry, Qu, Py), where Qy = {21, .. ., 2, ¢r } and set of instructions P, are given by:
@é zir; <z
o 2z < qrVar

foreachi € {1,...,k}andj € {1,... Kk} \ {i}.

We call the above machine the zero-test program, and we denote its computation rela-
tion by <,. The zero-test program for a register r; is implemented by a zero-test r; instruc-
tion p, where p is of the form ¢, < qoyt V 2;. Since the desired final ID’s of By consist only
of joins of the configuration ¢, i.e. all registers are empty, the above instruction copies
the contents of the registers and creates two paths; one path with the state ¢,,; where r; is
intended to be empty, and the second with a state z; where ¢ is intended to empty registers
r; and r; and then output to the final state. Below is an example of implementing the

zero-test on register ry via the instruction p : gy, < gout V 21 On the configuration g;,r1ror3:

GinT1rars <P @ouT1T2Tr3 V 21T Tor3
1
o
<2 QouT1T2r3 V 21r1T3
<93 rirora V z1r
= GoutY1T2T3 V 21T

1
<P QoutT1T2T3 V qpr1 V qpry.
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As we see, the above computation detected that register r; is not empty in the con-
figuration qr rors since the final ID contains the configuration qrr;, and there are no qp-
instructions. In fact, z;r1rors & Acc(o) since there is no instruction applicable to the state

z1 which alters the contents of register ry. By a similar analysis, we obtain the following,
Proposition 4.3.4 ([17]). z;r{" ---r.* € Acc(p) if and only if n; = 0.
Consequently, we obtain

Lemma 4.3.5. Let X be a set of simple equations. If 3 is not mingly then X is strongly-

admissible for any £-ACM g-program.
Proof. This follows from Proposition 4.3.4, Lemma 4.1.14, and Lemma 4.3.1. L]

For a given k-ACM B = (R, Q, P), we will call P = (R, Qp,Pp) a program if Qp < Q
and Pp C P, and by <p we denote its corresponding computation relation. We define
the relation Cp on Conf(B) viaC Cp Diff C <p Dor C <p DV u with u € ID(¢) and
u € Acc(g).b If P is a program containing no Q-instructions, then C Cp D iff there is
a computation from C to D V u with instructions from P U P.,,,, such that every zero-test
was properly applied. Note that Cp is transitive on configurations. All programs P defined
henceforth will satisfy this property and, as a further consequence, if C Cp, D, for some

D ¢ Conf(p), then C Cp D.

Proposition 4.3.6. Let p be the instruction ¢;, < @ V 2; With distinct ¢;,, gout € Q. For

z, 7" € R}, gin® Cipy ows’ if and only if 2 = 2" = r{'ri®r® and n; = 0.

Proof. Let x = r{'ry?rs?. The only instruction applicable to ¢,z is p, so

Gin < Gout Vz, = Gin® Sp Goutl V z;x.

SIf p is an instruction, by C Cypy Dwemean C <P DV w.
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Since the only instructions applicable are those from {p} and ¢, # Gout, the computation

cannot proceed from this configuration. Hence,

@i Cgp} Qo' <= v =2a"and zix <, qp <= x=2"andn; =0,

by Proposition 4.3.4. [

Proposition 4.3.7 ([17]). For every k-CM M, there exists a k-ACM B such that for any

configuration C € Conf (M), C is accepted in B iff (C') € Acc(B), for some map 6.

Proof. LetM = (R4, Q,P) be a k-CM with final state g;. We will suppose Q, \ {¢r} and Q
are disjoint and ¢p = ¢y. Consider the k-ACM B = (R, Q’,P’), where Q := Q U Q, with

final state ¢, and P’ := P U P, with P := §[P] where

0(¢S; < ¢'Siri) :oq¢ < (1
0(qgSir; < ¢'S;) oqr; < ¢
0(gSiSiv1 < ¢'S8iy1) @ q < ¢Vaz,

and for a configuration C = (g;nq,...,ng) of M, (C) := gri*---r* € Conf(B’). We
claim for every configuration C of M, C is accepted by M if and only if §(C) € Acc(B'.
Clearly, if p € P is an increment or decrement instruction, then C <? C’ if and only if
f(c) <°®) 9(C’). Furthermore, by Proposition 4.3.4, if p is a zero-test, then C <P C’ if and

only if §(C) Eyg(p)y 0(C'). Hence, for any configurations C, C’ of M,

C=Co <.+ < Gy =C" <= 0(C) = 0(Co) Copy) +*+ Eopa) 0(Cn) = 0(C),

for some configurations Cy, . . ., C,, in M and instructions py, . . ., p, € P. Hence C is accepted

in M if and only if #(C) € Acc(B). O
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Example 4.3.1. Consider the 1-CM Mcye, = (R1, Qeven, Peven)- We simulate acceptance of

Meven by @ 1-ACM Beyen = Mo, = (R1, QYens Pivey) 10 the following way. Let QY. =

even even’ - even even

Qeven U {21} and Py, contains P, and the instructions

N

Po ¢ qQr1 = 1
P o@iri < Qo

Py G < qrVz

By Proposition 4.3.7 and the machine M from Proposition 4.2.1, we obtain

Theorem 4.3.8. ([16, 20, 17]) There exists a 2-ACM B = (R, Q, P) such that membership

of Acc(B) is undecidable.
Consequently, by Lemma 4.3.3 and Lemma 4.3.2

Theorem 4.3.9. The word problem is undecidable for CRL. More generally, for any variety
) C RL containing Wg , the word problem is undecidable, in particular for its {V, -, 1}-

fragment.

Corollary 4.3.10. Let V be an expansive subvariety of CRL containing W, for some k-
ACM B. Then the computational complexity of the equational theory of V is as high as the

one of membership in Acc(B).

4.4 Non-primitive recursive lower bounds

In [23], Urquhart proves that there does not exist a primitive recursive decision proce-
dure for FL... Although FL,. has the FMP and is hence decidable, the proof establishing
this fact is inherently nonconstructive. Urquhart actually proves that any decision procedure
for FL,. is primitive recursive in the Ackermann function, which is a recursive function
that is properly non-primitive recursive. Rendered algebraically, this proves that, while the
equational theory of CRL + (x < z?) is decidable, there is no primitive recursive decision

procedure. That is, although it is decidable, there is no tractable procedure.
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The purpose of this section is to note that the construction at the basis of Urquhart’s
proof exactly falls within the framework we have established above, and can therefore be
naturally extended to capture complexity lower bounds for a more general class of sim-
ple equations. Although we provide a detailed outline of the main results, this section is
intended to be supplemented by [23].

Before we provide the outline, some preliminary notions are needed. A more complete
treatment can be found in the standard monograph [13].

A space-bounded version of the halting problem for off-line Turing machines is used
as the intractable problem. An off-line Turing machine is defined to be a multi-tape Turing
machine with a read-only input tape, a write-only output tape on which the head never
moves left and a read-write work tape. Let X be a finite alphabet, and 2* the set of all finite
strings over 3, where |a| denotes the length of string |«|. A machine M accepts A C ¥* if
for all inputs « € ¥*, M gives the output “1” iff o € A.

Let 31, X5 be finite alphabets. A function f : X} — X3 reduces a set A C ¥} to a set
B C ¥ provided that « € A iff f(«) € B for all « € ¥*. If f reduces A to B, and in
addition f is computable by a Turing machine that visits at most log,(n) work tape squares
during its computation on any word o € X7 of length n > 1, then A is said to be log-space
reducible to B; if in addition the length of f(«) is O(|a]), then A is log-lin reducible to B.

A set A C ¥* is said to be decidable in space g : N — N if there is a Turing machine
that accepts A and visits at most g(n) work tape squares during its computation on any
word S € X* of length n. The set A is primitive recursive if it is decidable in space
g where ¢ is a primitive recursive function. We note that the distinction between time
and space is insignificant for the boundary between primitive recursive and non-primitive
recursive algorithms. The lower bound for the space requirements of an algorithm imply
a corresponding lower bound for time, since a machine must take at least one time step to

visit a new square. The primitive recursive sets are closed under log-space reducibility in
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the sense that if B is a primitive recursive set, and A is log-space reducible to B, then A is
also primitive recursive.

4.4.1 An outline of the Urquhart construction. Essentially, Urquhart’s construction
establishes a complexity lower bound for membership of the quasi-equational theory for
CRL + (x < 2?), and then uses a deduction theorem similar to Corollary 2.5.2 to establish
the same for the equational theory.

The reduction of the intractable problem into CRL + (z < z?) is given as follows:

1. Choose an enumeration of off-line Turing machines in which M, is the machine
encoded by the binary string w; where we assume that each machine occurs infinitely
often in the enumeration. Define the set AHP (Ackermann-bounded version of the

halting problem) to be
{w : M,, accepts w in space bounded by A(|w|)},

where A is a function, borrowed from [19], that majorizes all primitive recursive

function. A is defined via A(n) := A,,(2), where

A()(iC) = 2z + ]_,

4.8)
Apir(z) = AT™(0).

2. Let M be a k-CM with an initial state q;. Define the initial configuration C, to be the
one labeled by state g; with all registers empty, and we say the machine M terminates
if C; € Acc(M). We say a computation of a machine is bounded by n if at every step
in the computation, the contents of all the registers of the machine are bounded by
n. The machine M is n-bounded if, when run from initial configuration, the resulting

computation is bounded by n. Given that AHP is not primitive recursive (Thm. 4.2
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[23]), a reduction from AHP to the set
ACP := {M: M = (R, Q,P) is a terminating A(|Q|)-bounded 3-CM},

establishes that ACP is not primitive recursive (Thm. 5.1 [23]).

. Next, Urquhart defines a class of counter machines known as expansive counter
machines (ECM). An ECM is a structure M = (R, Q,P U Pg), where (R, Q,P) is
a k-CM and Py is a set of expansive instructions of the form ¢S;r; < qSir?, for each
q € Q and register r;. Similarly, he defines the class of expansive and-branching
counter machines (EACM), where an ECM is a structure B = (R, Q,P U Pg), where
(Rk, Q,P) is a k-ACM and Py; is a set of expansive instructions of the form qr; < qr?,
for each g € Q and register r;. Termination for these structures is defined analogously
as above. In the same manner as Proposition 4.3.7, Urquhart shows that the set ECP

is log-space reducible to EACP (Thm. 6.1 [23]), where

ECP := {M:Mis aterminating ECM},

EACP := {B:Bis aterminating EACM}.

. The next step shows that ACP is log-lin reducible to ECP, which demonstrates that
EACP is not primitive recursive. Let M = (R3,Q,P) be a 3-CM and n > 1. Urquhart
first constructs a k-CM MA(™) = (R, @4, PA(™)) (where the value k happens to be

2n + 10), such that

Mis A(n)-bounded <= Cf(") e Acc(MA™),
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(n)

where Cf is the initial configuration of M4, Consider the corresponding ECM

for MA(™) given by Mg(") = (Rg, @4, PAM™ U Pg). Urquhart then proves (Thm. 9.2)

¢ e Ace() = ¢! € Acc(Mp™),

(n) A(n)

where we note that ¢ is also the initial configuration of Mg("). That is, My,
terminates iff Cf(n) € ACC(Mg(n)) is witnessed by a computation with no expansive
instructions iff M4 terminates. Therefore we may conclude M = (Rs, Q, P) is A(n)-

bounded iff Mg = (R3,Q,P UPg) is A(n)-bounded.

5. Lastly, using a deduction theorem (Thm. 7.1), essentially an F L-rendering of Corol-
lary 2.5.2, it is established that for any 3-EACM M, M terminates iff FL.. - ¢(M),
where ¢(M) is the formula encoding the instructions of M and the question of whether
Mterminates. Hence, AHP is log-space reducible to provability in FL.., and therefore

FL,. has no primitive recursive decision procedure.

4.4.2 Observations of the construction. Our first observation begins with (3) from the
above outline. The expansive instructions are meant to encode the effect of contraction
[c] : < 2% into an E(A)CM so that step (5) can be carried out. Clearly, for any expansive

instruction of an E(A)CM p : ¢S;r; < ¢S;r? (qr; < qr?),
t<Pt = t<ldy,

since p is an instance of contraction. Since [c] is not mingly, [c] is H-admissible in M by
Lemma 4.1.14, for any H € {Q,{S1},...,{Sk+1}}, where M = (R, Q,P) is a k-(A)CM.

Hence instances of [c] can only be applied to terms in R}. Since the instance ¢S;r? < ¢S,r"
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can equally be obtained by the following computation:
gSir} <P ¢St <P ... <P gttt <P gS;rin, (4.9)

we obtain

C € Acc(cM) <= C € Acc(Mg), (4.10)

where Mg = (Rg, Q,P U Pg) is the corresponding E(A)CM for M. That is, [c] is admissible
in Mg. Therefore, the word problem for CRL + [c| is at least as complex as membership in
Acc(Mg) by Corollary 4.1.10.

For a k-(A)CM M, we say M is a terminating c(A)CM if C; € Acc(cM) where C; is the

initial configuration of M. Similarly as in (3), we define

cCP = {M:Mis aterminating cCM},
(4.11)

cACP = {M:Mis aterminating cACM}.
The same argument (Thm. 6.1 [23]) establishes that cCP is log-space reducible to cACP.
Using the machine notation from (4), by Equation (4.10) it follows that M is A(n)-bounded

if and only if

Cf(n) € ACC(MA(")) — Cf(n) € ACC(Mg(n)) <— Cf(n) € ACC(CMA(”)).
Therefore, ACM is log-space reducible to cCP.

Define set of quasi-equations cQE as follows: acc(C1) € cQE if and only if <M =
(Rs, Q, PU<C) is a terminating A(|Q|)-bounded cACM with initial configuration C;. Observe
that cACP = {cM : acc(Cy) € cQE}.

By the reductions in the outline and the observations above, it is clear that AHP is log-

space reducible to cQE. By Lemma 4.1.4, it follows that there is no primitive-recursive
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decision procedure for the quasi-equational theory of CRL + [c]. Hence, as (5) in the
outline, by Corollary 2.5.2 it follows that there is no primitive recursive decision procedure
for the equational theory of CRL + [c].

4.4.3 Weakly-expansive and expansive equations. We will now consider a class of
single-variable equations for which the very same argument for the quasi-equational theory
above can be carried out. We say a single-variable equation 2™ < 2"t V- .-V 2"™ is weakly
expansive if n; > ng for some 1 < ¢ < m, where ny,...,n,, > 0,ng > 0, and m > 1.
Note that all expansive equations (as defined in Section 2.4) are weakly expansive. For

illustrative purposes, we will consider the following weakly expansive equation
[d:z<2*V1

We claim that Urquhart’s construction entails there is no primitive-recursive decision pro-
cedure for the quasi-equational theory of CRL + [d]. Define the sets dCP, dACP, and dQE
as above by replacing [c] with [d]. By the same argument (namely Thm. 6.1 [23]), dCP is
log-space reducible to dQE.

Therefore, since W, € CRL + [d] for any ACM B, by Lemma 4.1.4 it follows that any
decision procedure for the quasi-equational theory of CRL + [d] is at least as complex as
membership in dCP. To obtain the full result, we need only show that ACP is log-space

reducible to dCP. We proceed with the machines in (4) from the outline. First observe
ci™ e Ace(?™) = ¢ e Acc(dMA™),

since all the proper instructions present in M) are also present in dM4(™) by definition. For
the reverse direction, suppose Cf(”) € Acc(dMA™). Let N € N be the smallest number for
which

¢l <m g, <oy <ID VD € Ace(dMA™),
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where py,...,pn_1 € PA™ are all proper instructions. If N = 0 then no <9 instruction
are present in the computation, and hence C{™ € Acc(MA™). Now suppose N > 1. We
proceed by contradiction. By definition of Cy <¢ D \V I, there exists monoid words z, u, v
such that

Cy = uzv <Y uzr?v Vuv =D VD.

We note that x cannot contain any state-variable nor stopper variable by Lemma 4.1.14.
Since DV D' € Acc(MA™M), it follows that uz?v = D € Acc(MA™).

Now, by Equation (4.9), we obtain uxv <A ux?v. Hence
E
;™ <P ... Cy < aem D.
E

Continuing in this way for each instance in the computation, i.e., selecting the “z*” branch
of each instance of [d], we recover the computation in Mg(n) witnessing Cf(n) € Acc(Mé(")).
This contradicts step (4) in Urquhart’s construction since Cf(") € Acc(Mg(”)) only if no

expansive instructions are present in the computation. Therefore N # 1 and we are done.

Proposition 4.4.1. The quasi-equational theory of CRL + [z < 22 V 1] has no primitive

recursive decision procedure.

We note that the only requirements that make the above argument succeed are that:
(i) the equation is single-variable and not mingly to ensure Acc(M) C Conf(M)Y, and (ii)
the equation is weakly expansive to ensure at least one branch of an instance of [d] can
be obtained by a sequence of expansive instructions. Let [R] = (1,,,R) be the simple
equation obtained by linearizing a weakly expansive equation ™ < z™ V ---V ™", and

without loss of generality suppose n; > ng. By linearization, for each 1 < ¢ < ny
Tyt Tyl Tf Ty Toy € R, 4.12)
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where ¢ := n; — ng > 0. It is immediate that (i) and (ii) hold for [R].

Corollary 4.4.2. Let [R] be the simple equation of some single-variable weakly expansive
equation. Then there is no primitive recursive decision procedure for the quasi-equational
theory of CRL + [R]. If [R] was obtained from an expansive equation, then there is no

primitive recursive decision procedure for the equational theory of CRL + [R].

In particular, let [kI*] : 2™ < z"*t™ for m,n > 1 be an expansive knotted rule.
Urquhart’s result shows that, even though it is decidable by Proposition 3.1.1, the equa-
tional theory CRL + [kI"'] does not have a primitive recursive decision procedure.

Furthermore, we note that for any weakly expansive equation [d] : z™ < 2™tV 1,
where m, n > 1, there is no primitive recursive decision procedure for the quasi-equational

theory of CRL + [d].
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Chapter 5: Undecidability and the class {/ of simple equations

This chapter is devoted to establishing new undecidability results, particularly for
extensions of CRL by simple equations, utilizing the techniques developed in the previ-
ous chapter. Both the first and second sections proceed along similar lines, the former
focusing on the {V,-, 1}-fragment for extensions of (C)RL, and the latter focusing on
{<, -, 1}-fragment for extensions of RL. Specifically we prove undecidability results for
the extension by equations from a class U of simple equations. For CRL, Theorem 5.3.1
establishes that the word problem for extensions from I/ is undecidable. Consequently,
using the deduction theorem from Section 2.5, our capstone Theorem 5.1.13 proves that
the equational theory for CRL + [D] is undecidable for any expansive [D] € U. Equiva-
lently, this shows that provability in the corresponding substructural logic FL. + (D) is
undecidable. For example, the equation [D] : z < 22 V 22 is an expansive member of U, so
the equational theory of CRL + [D] is undecidable, and therefore provability is undecidable
in FLe + (D) where (D) is the structural rule

ALT. T, Ay =T A, T,T,T, Ay =TI
Al,F,A2:>H

(D)

In the last section, we provide a characterization for the class of equations ¢/ which is
essential for both Theorem 5.3.1 and Theorem 5.2.6. The definition of ¢/ is equivalently
stated via, [D] € U if and only if CRL 4 [D] }& [V], for some spinal equation [V'] of the

form:
\4E x{(l) . _xi(k) <1V xilu(l) v xi}z(l)gcgz(?) VIRV, :L.'i’k(l) . _ka(k)’
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for some k& > 1 and vectors f,vy,...,vx € N¥ such that f # v, and v;(i) > 0 for each
t = 1,...,k. The goal of this section is to establish that such non-spinal equations sat-
isfy a condition that guarantees admissibility for the machines defined in Section 5.1 and
5.2. However, the techniques needed to prove this claim are quite distinct and unrelated
to those needed in rest of the chapter, which is why they are presented last. We show that
the property of satisfying a spinal equation is related to whether or not there exists positive
solutions to some corresponding systems of linear equations in R”. Each joinand of an
equation will be associated to some vector, and the right-hand side of simple equations as
a set of vectors, which we may view as a matrix. In this context, monoid substitutions will
also correspond to an associated matrix, and applications of a substitution as the transfor-
mation, or product, by this matrix. In this way, a simple equation is a member of ¢/ if and
only if its associated matrix does not appear in the decomposition of some spinal equation
in terms of upper-triangular block matrices. Furthermore, we show that this is equivalent
to satisfying the sufficient condition of admissibility defined in Section 5.1.3.
5.1 Admissibility for ACMs

Our goal will be to find proper subvarieties of (C)RL for which Corollary 4.1.6 will be
applicable, as well as strengthening this result to the equational theory for some expansive
subvarieties of CRL using the deduction theorem Corollary 2.5.2. Motivated by Chapter 4,
we will restrict our attention to varieties axiomatized by equations in the signature {V, -, 1},
i.e., ISR-axioms. We will further restrict our attention to only simple equations, since
degenerate equations correspond to 1-element models in RL and non-degenerate non-proper
equations are RL-equivalent to simple equations (see Proposition 2.1.2).
5.1.1 Motivation for axiomatic extensions of CRL. Consider the 1-ACM B, from
Example 4.2.1 and note that its computations faithfully represent the inequality relation
in CRL. If we consider the inequality relation in CRL + [D], where [D] is the equation

(Vz) x < 22 V 2%, we observe that for a machine to faithfully represent the associated
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inequality relation it must further admit the “ambient instruction” given by

t<P vt

for all ¢ € (Qeven U Ry)* in addition to being closed under the inference rules [-] and
[V]. Let <pg,,., be the smallest compatible preorder generated by Peye,U <P, and define
Acc(DBegyen) be the set of accepted ID’s under the relation <p. Clearly, Acc(Beven) C
Acc(DBeyen ), and since there are no instructions (nor instances of <P) that remove state
variables we obtain Acc(DBgyen) € ID(Beyen). However, qor? & Acc(Beyen), but gor? €
Acc(DBeyen) since

oty <P qor§ V qor}® € Acc(Beven)-

It is clear that the expansion of the machine by the ambient instruction (needed for repre-
senting the inequality relation in CRL + [D]) does not have the same computation relation,
or put differently, the machine B.., 1s not suitable for representing the inequality relation
in CRL + [D] because these ambient instructions are not already admissible in it. Likewise,
there is no guarantee that there is a machine that has an undecidable acceptance problem
(for example the machine B) and in which these ambient instructions are available/admis-
sible. For that reason we cannot use the same argumentation to show that CRL + [D] has
undecidable word problem.

Exactly the same issue occurs if the simple equation is contraction z < x?. Actually,
for the case of contraction not only does this particular encoding fail to be faithful, but
there is no faithful encoding of an undecidable machine: the word problem for CRL + [c] is
actually decidable. We will show that even though for the equation [D] above our current
encoding is problematic (as is with contraction), surprisingly, unlike with contraction, there
is a different encoding that works for [D]; this will allow us to prove that the word problem

for CRL + [D] is undecidable. We present the idea of this new encoding by showing that it
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faithfully encodes the machine Be,.,. We will actually see that what makes it work is that
the new encoding is such that even if the ambient instructions were available, they would
not contribute to any increase in the accepted configurations; this is a rephrasing of what
we referred to as: the given equation is admissible in the particular machine.

The idea is to construct a new machine By, for an appropriate integer K, as a mod-
ification of B, that manages to replace the decrement instructions pg, p; by programs
Py, P1, respectively, that divide the contents of register r; by a fixed constant K; for exam-
ple gor™* <p, qir!, and more specifically, gor’™"" <p, ¢;r’". In this case, we will say a
term is accepted if it computes a join of configurations of the form gsry, so gor} € Acc(Bg)
iff n = K?™ for some m > 0. That is, we put a necessary condition on configurations to

be accepted.! For our equation [D], if we set K > 3, it is easy to verify that if

griry’ <P qryri™ Vgrir™ = qrit" Vgt
the only way n + 2m and n + 4m are both powers of K is if m = 0, and hence an instance
of [D] in a computation, at least with respect to being accepted, is superfluous.? Thus we
obtain

n_.2m

qriri™ V qriri™ € Acc(Bx) = qrir" € Acc(Byk),

and thus Acc(Bx) = Acc(DBg). So, the equation [D] is admissible in the machine By
In the next sections we will make rigorous the notions of admissibility, the machines
Bk, and a class of simple equations I/ that are admissible for such ACMs. This will prove,

in particular, that CRL + [D] has an undecidable word problem for any [D] € U.

I'This definition of acceptance for the machine B’ is for heuristic convenience. In Section 5.1.2, to properly
define programs to multiply/divide by K, we will need to add a fresh variable ¢, acting as a new final state,
and a set of instructions that put gyr; <g, qr.

2If n+2m = K% and n 4+ 4m = Kb for some a > 0 and b > 1, then K > 2m = Kotb — Ko >
K%K — 1), and hence K < 2.
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5.1.2 The Bx Machine. Given any 2-ACM B = (Ro, Q,P) and simple equation [D], our
ultimate goal is to construct a new machine B’ that simulates the machine B such that [D] is
strongly admissible in B, i.e. Acc(DB’) = Acc(B’). This can be achieved for all [D] € U
by constructing a 3-ACM By = (R3, Qk, Pk ), for some K > 1 provided by Lemma 5.3.13,

that will simulate the acceptance of the 2-ACM B in the following way:

C € Acc(B) if and only if Cx € Acc(Bg),

where C € Conf(B) and (qri'r}?)x := qrf™ rL™. We will have Q C Qg, a new final
state g € Qg \ Q, and for the instructions Py, replacing each increment and decrement
instruction of B by the programs multiply by K and divide by K, respectively, with the
corresponding pair of states, while keeping all forking instructions of B the same.

We recall the machine ¢ = (R, Qo, P,) defined in Section 4.3.2. The zero-test instruc-
tions ¢ < ¢’V z; will be used to define the multiply and division programs.® We will
construct these programs from simpler programs named transfer, add- K, and subtract-K.
We will assume that all state names defined by the following machines are disjoint from
each other, disjoint from Q,, and disjoint from the set of states Q from a fixed 2-ACM B.

A transfer program T;(¢owt) = (Rs, Qr,, P1,(qout)) is meant to transfer all contents in
register r3 to register r; and output state ¢,,;. We define the set Qr, = {fo, ¢} and the set

of instructions Pr, (qout) = {7-, T', Tout }, Where:

T . t0r3 S tl
. . it < tory
Tout : Z50 S Gout \% Z3

3As we will see later, this same construction can be implemented for CMs using the instructions g Or; ¢'.
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Below is an example of Ty (¢, ) running on the configuration t0r§:

tory <™ tiry < toriry < tiry <M tor L (Toue} GoutT3-

We define <7, to be the computation relation of the transfer program T;(qout )-

Proposition 5.1.1. Let T;(gou) be a transfer program with {7, j} = {1,2}. If 6 € {0, 1},

then t5r}' ry?rs® Cr, qowr] 'r5°rs? if and only if mg = 0, m; = n;+n3+0, and m; = n;.

Proof. Without loss of generality, suppose ¢ = 1. We proceed by induction on ng. Since the
only instruction applicable to a configuration labeled by state ¢, is 7', , we will first examine
only the case that 6 = 0. If ng = 0, then the only instruction applicable to tor}'rs? is Toys,
thus

ni_ng T ni..ng n1..n2
lory Ty <7 QouTy Ty~ V 23T Ty”,

and z3r}'ry? € Acc(p) since ng = 0. Hence

tor?l r;tz rgs ET1 QOutrTl rgm rgns
if and only if m3 = 0, m; = n; + ng, and m; = n;.
Now suppose the claim holds for some n3 > 0. The only instructions applicable to

tory'ry? r§3+1 are T_ and T,,;. On the one hand,

ni_na_ns3+l1 Tout ni_.no ni_na_ns3+l1
tor ' Ty rs® " <O oty Ty? V 23T Ty rs®

but by Proposition 4.3.6, zsr]'ry?ri* ™ & Acc(p). So the only possible instruction appli-
cable is 7", hence

ni_ na_ns+1 T ni_.n2_n3
tor; ' ry°r; <" hrry’rs’.
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Now,

tirtry?rs? <T+ torg“ﬂrg"’rg13 Cr, QowTy 'Ty?ry™
if and only if m; = ny; +n3+ 1, ms = ne, and ms = 0, by the induction hypothesis. Hence

ni_nz_nz+1 mi..ma_.ms3
tor) Iy Iy L1, QoutT] To T3

if and only if m; = ny +n3 + 1 =n; + (n3 + 1), mg = noy, and m3 = 0, completing the

induction. Hence, for § = 1, since the only applicable instruction to ¢} ry*ry* is T,

niy_.ng_n3 T+ ni+1_mno_ns mi_mo_.ms3
hiry'ry’ry® <UF fory T ry*rs® Ly QowtTy Ty T3

where the latter Cr, is achieved iff m; = (ny + 1) + ng = ny + n3 + 1, mg = ny, and

mg = (0 by the above argument. [

The add-K program is denoted by +K = (R3,Qix,P1x), and is intended to add K

tokens to register r3 and output with state ax. We define the set Q. x = {ao, ..., ax }, and
the set of instructions P, = {+1, ..., +x}, where:

+1 ag < ajrs

+2 . aq S a9oY3

+Kx ¢ ax-1 < agr3

We define <. to be the computation relation on the add-K program. Note that the above
+ p prog
program is deterministic on a single configuration, and it is easily verified that ay <,

axrk. In fact,
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Proposition 5.1.2. Let 0 < § < K and w be an ID. Then asr}'ry?rs® <, w if and only

if u = gri"ry?ry"® where ¢ = ay for 6 < ¢ < K, ms3 = n3 + (6’ — 9), m;y = ny and

mo = N3.

We now define the multiply by K programs, denoted by X;(Gin, gout) = (R3, Qx,, Px,),
where ¢ € {1,2}. This program is meant to multiply the contents of r; by K, with input

state ¢, and output state g.,.. We define the set Qx = Q;x U Qr, and the set Py, =

PT-L- (QOut) U P+K ) {Xina ><1oopa Xout}a where:

Xin : Gin S ax V z3
X loop - QKT; S Qo ’
Xout : aK S tO V Zi

where the initial instruction X;, is meant to verify that register rs is empty and initiate the
multiplication process. That is, a token in register r; is removed and K tokens are added
to r3 by the instruction X .., and the program + K repeatedly until all tokens are removed
from r;. Once r; is emptied, X3 transfers the tokens in r3 to r;.

Below is an example of X1 (¢in, Gout) Tunning on the configuration ¢;,r3rs:

Qinr%IZ Cixin} GKI%Q
<Hloor T Ty
C, aKrlrgré(
< Xloop a0r2r§(
C. aKrgrgK
2K

E{><out} t0r2r3

2K
ETl QOutrl ry.
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We define <, (4, qout) 10 b€ the computation relation on the multiply by A program,
and will write <, when the program is understood in context. We are interested in the
consequences of a single run of a X; (¢, Gous) program starting from a given configuration.

This requires special care in the case that ¢, = oy, but 1s characterized by how many

times the instruction X, is implemented in a computation.

Proposition 5.1.3. Let 0 < § < K. Then asr}'ry’r5® Ty, goutT) 'Ty Ty, witnessed
by a computation with no instance of instruction Xiy, if and only if m; = n;, msz = 0,
and m; = Kn; + n3 + (K — ¢). Hence ¢i,r]'ry’rs® Ty, qoutl) "Iy rs®, witnessed by a

computation with precisely one instance of Xiy, if and only if m; = n;, ms = ng = 0, and

Proof. Note that the only instruction that outputs the state o, is Tout € Pr,, which is only
applicable to an ID containing a configuration labeled by state ¢, in the subprogram T;.
Now, the only instruction in P, that outputs a state in Qr, iS X, Which is only applicable to
an ID containing a configuration labeled by state a ;. Since the only instructions applicable
to a state ay, for 0 < ¢’ < K, are those from P i, we obtain asx T, gout2’ iff there is a
computation

/
ast <yr agr; Ey, toxa Cr, Gow,

for some z, 2, x1, x5 € R;. We will prove the above claim only for ¢ = 1, since the proof

for the other case is identical. We proceed by induction on n;. For n; = 0, observe that

n3+(K76)

&6rgzrg3 <iKk Qg — = r;‘zr3 by Prop. 5.1.2,
a0 C 0 b = oz =10t by Prop. 4.3.6,

torpery T Cn g = 2 =12 by Prop. 5.1.1.

Note that there are no instructions applicable to a configuration with state g,,; except Xy

in the case that g;, = ¢ou¢- Hence, by the observation above, asrs5*rs® Ty GouT| Ty T5
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if and only if my = ng, mg = 0, and m; = n3 + (K — §). Now suppose the claim holds

for some n; > 0. Observe that

+(K—=4
aér?1+1r7212rgs <, Kk QgT < T = r’f1+1r§2rg3 ( ) by Prop. 5.1.2.

Now, the only instructions applicable to a Kr’l“Jrlrg2 r§3+(K_5) are Xjoop and X.u;. We see
that the latter must be excluded since

1 +(K—6 1 +(K—6
aKrvlzl—i- rgzrgs ( ) < Xont (to Vi Zl)r?1+ rgzrg:’, ( )’

ni+1_no_n3+

but z; ]! rh?ry (K=0) ¢ Acc(p) by Proposition 4.3.4. Hence the only instruction that

allows the computation to proceed is X,0p, and thus we obtain

ni+1_mno n3+(K—5)
aAgT;” Ty Ty £ {X100p, Xout} 4%

. s (K—6) .
iff 2 = e TN with ¢ = a, and

ni_ng_ns+(K—0)
Qpr) Iy Iy C i Gout®

) K K—§
iff r =1, st

)r;‘2 by the induction hypothesis. Thus our claim is satisfied.

Now, the only instruction applicable to ¢, r7'ry*rs® is the zero-test Xi,. S0 ginz Cy
Gouwtx” only if n3 = 0. Thus we obtain,

ni_na_ms _ nina_ng _
GinT]'To’r5® Cry agr <= v =r]'ry’ry® and nz = 0,

where axr]'ry’ry® T, qoul] 'y rs® if and only if my = ng, m3 = ng = 0, and

m; = Kn; by the above. ]
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Next we define the subtract-K program, denoted by —; K = (R3,Q_,x,P_,x), for

i € {1,2}, which is meant to subtract K tokens to register r; and output state sx. We

define Q_, = {so, ..., sk} and the instructions P_,x = {—1, ..., —x }, where:
-1 Sor; < 51
—2 s1r; < Sg
—K 1 Sk-1Ti < Sk

We denote the computation relation on the subtract-/{ program by <_. It is easy to see that
the subtract-/ program is deterministic on a single configuration. Furthermore, it easily

follows that:

Proposition 5.1.4. Let {7, j} = {1,2}. If 0 < § < K, then ssr|'ry*rs® C_ spriry?ry™

if and only if n, > K — 6, m; = n; — (K —6), and m; = n;.

We are now ready to define the divide by K program for ¢ € {1,2}, denoted by
+i(Gins Gout) = (R3, Q=,, P, (Gins Gout ) ). We define the set Q., = Q_, U Qr, and the instruc-

tions P+i (Qina QOut) - PTZ- (QOut> U P—iK U {+in7 +loopa +out}» where:

“in ¢ gn < So Vo3
Tloop - Sk < Sor3
+out . So S tO V Zi

We denote the computation relation on the divide by K program by <. ;. ...)» but will
write <. when understood in context. Similar to the multiply by K program, the initial
instruction <, is meant to verify that register rs is empty and initiates the division process.

That is, a block of K tokens are removed from r; and 1 token is added to rs repeatedly

until r; is empty. If r; was emptied at state sy, then x 3 transfers the tokens in r3 to r;. This

110



can only happen if the original number of tokens in r; was divisible by K, otherwise the

computation would stop at some configuration labeled by a state ss where 0 < 0 < K.

Proposition 5.1.5. Let +;(¢in, ¢out) be a divide by K program for some i € {1,2} and
0 < < K. Then ssri'ry?ry® C.. gonry 'Th Ty , witnessed by a computation with no
instance of instruction -, if and only if m; = nj, ms = 0, K | (n;+0) and m; = ng—f—”"TM.
Hence ¢i,r}'ry’ry® T, qoutry Ty rs?, witnessed by a computation with precisely one

instance of instruction <+, if and only if m; = nj, m3 =n3 =0, K | n, and m; = =

Proof. Note that the only instruction that outputs the state qoyt 1S 1oyt € Pr,, which is only
applicable to an ID containing a configuration labeled by state ¢, in the subprogram T;.
Now, the only instruction in P, that outputs a state in Qr, iS <, Which is only applicable to
an ID containing a configuration labeled by state sy. Since the only instructions applicable

to a state sy, for 0 < ¢’ < K, are those from P_,x U {+100p}, none of which are forking

instructions, we obtain ssz C .. g2’ iff there is a computation
/
SsT <=, sox1 E=; Loxe Er; Gour®,

for some z, 2’, x1, x5 € R}.
Without loss of generality, assume ¢ = 1. We proceed by induction on 7n;. Suppose

ny = 0. If § = 0 then the only applicable instructions are —; and —+,,;. We observe then

n2..n3 — — 213
Sor5°ry® il o) ¢ == q =ty & 1 =1y’r3®,

n2..1n3

by Proposition 4.3.6 and since n; = 0. By Proposition 5.1.1, {yry’rs® Cr, goux iff

n3_.na

x = r®ry?, and the claim is satisfied. If 6 # 0, then only instructions applicable are those
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from P_, x U {+100p }. Furthermore,
SeTy’ry® <_ g Sgr <= § = K and z = rj’ry® by Prop. 5.1.4.

Now, the only instruction applicable to sk 1S +150p, and

mn n2

+ 1
SETHPTyE <Fleor g1 = 1 = ry?ry*tl.

I

Thus, by the above,

na_nsz+1 _ n3+l_no
S0ry°r; L1, GQoutZ <= T =1 Iy°.

Note that there are no instructions applicable to a configuration with state g.,; except iy
in the case that ¢i, = out- Hence ssr5°rs® T qouer] 'Th rs® if and only if my = no,
ms :0,andm1 :n3+%

Now suppose the claim holds for some n; > 0. For 6 = 0, the only applicable instruc-

tions are —; and =, Where we observe

n1+1l_n2_n3 — — N1.N2..1m3
sory' T ry’ryt Ty L 3 qr = q =51 &1 =1)'ry’r3’,

ni+1_no_ng

since zry' " ry?ry® & Acc(o) by Proposition 4.3.4. By the induction hypothesis, we

have sir'ry?ry® C., GouwI] 'Th2rs® iff me = ng, mg = 0, and K | (ny + 1) with

my = "17“ + ng, and we are done.

For 0 < § < K, the only instruction applicable is —s; in P_ x, and

1 —
ssT IRl <o g5 il
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By the induction hypothesis, s5; 117 5215 T qoutX] ' Th x5 iff mo = no, mg = 0, and
K| (g + 04 1) with my = 5L 4y — (3DH 4 ) fand we are done.

If ) = K, then the only instruction applicable is <+1,p, and we observe

1 - 1 1
STt el rls <Fleop gopittipheplath

1 1 .
By the first case, sory' T'ry?ry T . qour M rh 2y iff my = ny, m3z = 0, and K |

(ny + 1) withmy = anH +n3+1= W + ns, and we are done.

ny_n2.n3 3 .

Lastly, the only instruction applicable to ¢i,r}"'r,*r5® is +,, hence

ni_no_n3 ni_ns_ns mi_mo_ms3
@inTy T9 I3 E{+m} STy Ty T3 L. GoutT) Ty Iy

if and only if n3 = mg = 0, my = ny, K | ny and my = 7 by the above. ]

Lastly, we define the end program, denoted by F' = (R3, Qr, Pr) to be a transition of the
final state ¢ of B to the final state gr of Bx. We define Qr = {cp, ¢r} and the instructions

Pr = {F}, F»} are the following pair:

IN

Fyo: qrT Cr

Fy ¢ cpry < gr
We define <p to be the computation relation on the end program.
Proposition 5.1.6. ¢ri'ri*ry® € Acc(F')if and only if n3 =0and (i) n; = landny =1

for ¢ = qy, (i) n; = 0 and ny = 1 for ¢ = cp, and (iii) n; = ny = 0 for ¢ = gp.

We can now formally define the By machine. For a 2-ACM B = (Ro, Q,P), define P,
P_, and P, to be the sets of increment, decrement, and forking instructions, respectively,

from P. Hence P = P, UP_ U Py is a disjoint union. Assume Q, and Qp are disjoint
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from Q, and for each increment and decrement instruction p; : ¢, < qoutT; € Py and

P—: ginTi < Gouy € P_, fori € {1,2}, we relabel the elements of the following sets

W ={rqe} & @ ={¢ qeq.}

PO = {p" i p € Py, (Gins Gout)} & PR = {p" : P € P(Gins Gout) }»
making the sets disjoint.

Definition 5.1.1. Let B = (Ry,Q,P) be a 2-ACM and fix K > 1. We define the machine

BK = (Rg, QK,PK), where

* Qx :=QUQUArU U QAU U QL

peEP L peEP_

* Py :=P,UP,UPrU |J PP U U P..
pePL peEP_

Lemma 5.1.7. Let p € P, UP_ be an instruction acting on register r;, where {i,j} =

{1,2}. Let C = gr]'ry?ry® € Conf(Bg) and suppose C € Acc(Bg) witnessed by
C<Ptyp <P2...<PNyy=up€ Fin(BK).

1. If p € P, and ¢ € Q, then there exists ¥ < N such that uy, =DV u withCC, D =

QoutT7 Ty °r5?, where ms = 0, m; = n;, and

(i) m; =n; +ng+0,if ¢ =§ for 6 € {0,1};
(i)m; = Kn;+ns+ K —¢,if¢g=af for0 <6 < K.

2. If p € P_and ¢q € Q" then there exists £ < N such that uy =DV uwithCC. D =

qoutrTlrgLQrgng, Where msg = O’ m] — nj’ and

i) m; =n; +ng+9,ifg=1; ford € {0,1};

(i) K | (n; + K — §) and m; = ng + “HE=2 if g = sf for 0 < 0 < K.
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Proof. For (1), suppose p € P,. Then there exists a multiply by K program X% (gin, Gout)
in Bg. Since the only instructions applicable to C are those from P, none of which with
outgoing state ¢, there must exist a smallest & < N such that p, = 7% and v, = DV u
for some u € ID(By) and D = gour]" 5 215, Since each instruction of P \ {77 .} only
outputs states that are in Q¥ UQy, the instructions {p1, ..., px} C PL UP,. Hence u € ID(p),
and since uy € Acc(Bg), it follows that u € Acc(g) and C T, D. Since there are no Q,-
instructions in P%, it follows that C C, D. Since k is minimal and ¢ ¢ Q, it must be that
x? & {p1,...,px}. Therefore the values of my, msy, ms are determined by Propositions
5.1.1 and 5.1.3.

By the same argument, (2) follows with the values of my, ms, m3 and conditions on n;

determined by Propositions 5.1.1 and 5.1.5. U

Lemma 5.1.8. Let C = ¢;,,r'r5°ry® € Conf(Bk) and suppose ¢, € Q. Then C € Acc(Bg)

if and only if there exists C' € Conf(B) such that C' € Acc(B) and C = Cl.

Proof. Let C = gi,r1'ryry® € Conf(Bk ) be given such that ¢, € Q.
(<) Suppose there exists C' € Conf (B) such that C = Cy and ¢’ € Acc(B). Then there

exists N € N, ug,...,uy € ID(B), and py, ..., py € P such that

C'=ug <Pty <P? ... <PN yy =u; € Fin(B).

We proceed by induction on N. If N = 0, then C' = ¢;. Hence C = C = ¢;rirs. By
Proposition 5.1.6(1),

C = qsriry € Acc(F') C Acc(Bg).

Now let N > 1 and suppose the claim holds for all £ < N. Let C' = ¢, r{"r5", then

C = qurX™ r™ . We have three cases.
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Case 1: Suppose p; is the increment instruction, without loss of generality, on register
r; given by ¢, < Gowri. Then u; = gour!"'ry?. Since u; € Acc(Bk) and has a

computation of length N — 1, by the induction hypothesis it follows that
GoutT {< 1+1I‘§ ? € ACC(BK).

By the definition of Pg, P}, C Py and thus,

C=qgurX™rl™ Cov gour®™ ' tEX™ by Prop. 5.1.3

X1
€ Acc(Bg) by induction hyp.
Case 2: Suppose p; is the decrement instruction, without loss of generality, on register

1

ry given by ¢inr1 < gouw- Then my > 1 and u; = gour]" r52. Since u; € Acc(B) has a

computation of length N — 1, by the induction hypothesis it follows that
Qo 5@12 Acc(Bg).

By the definition of Pg, P2 C P and thus,

C=qmry 1y = LC.» GouweT " 'cEK™ by Prop. 5.1.5,

€ Acc(Bg) by induction hyp.
Case 3: Suppose p; is the forking instruction given by ¢, < ¢’ V ¢”. Then u; =
¢r"ry? V ¢'r"ry?. Hence ¢'r7"ry? € Acc(B) and ¢"r"r5? € Acc(B). Since u; €
Acc(B) and has a computation of length N — 1, so do the computations above, and by the

induction hypothesis and the compatibility of <g, with V, it follows that

driE" el v e e KT € Ace(By).
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Since p; € Pk by definition, it follows that C € Acc(Bg).
(=) Suppose C € Acc(Bg). Then there exists N € N, ug,...,uy € ID(B), and

P1,-- -, PN € Px such that

C:uo Spl up sz SpN uy = up EFin(BK).

Since ¢, € Q, the smallest N > 2. We proceed by induction on N. If N = 2, then
¢in = ¢y and p; is the initial instruction of the end-program, which halts iff C = g;r 1>
by Proposition 5.1.6. Then C' = ¢y € Conf(B) is such that C = C; and C' € Acc(B) by
reflexivity of <g. So suppose /N > 2 and the claim holds forall £ < N. Since ¢, € Q\{¢s}.
there exists an instruction p € P such that either p; = p € Py, py = X! € P), or
p1 =+ €PL.

Case 1: Suppose p; € P is a forking instruction ¢;,, < ¢’ V ¢”. Since P, C P, we
obtain

u; = ¢t ry?ry? V "t iy € Ace(By),

and so ¢'r]'ry?ry® € Acc(Bg) and ¢"r'ry?ry® € Acc(Bg), with computations less than
N. By the induction hypothesis, ny = K™, ny = K™2,n3 = 0, where ¢'r{" ry"* € Acc(B)

and ¢"r"r5"? € Acc(B). Thus C = C} where C' = ¢r{"'ry", and

C'=qr"ry? <P ¢'ri"ry? Vv ¢"r"ry"? € Ace(B),

and therefore C' € Acc(B).

p
n?’

Case 2: Suppose p; = X: , where p € P, is some increment instruction ¢, < GoutTi-

Without loss of generality, suppose ¢ = 1. Now,

C = gnry'ry?ry® <P af ri'ri?ri® V zgri'ry?ry® € Acc(Bk)
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so ng = 0 by Proposition 4.3.4 and o’ x| ry*r;® € Acc(Bk) by Proposition 4.1.12. Hence,
by Lemma 5.1.7(1), there exists 1 < £ < N such that uyy = DV u and C szf D =
qoutrf "r?. Since u; € Acc(Bg) has a computation of length less than N, by the induction
hypothesis it follows that there is D’ € Conf (B) such that D = D}, i.e. Kn; = K™ *! and
ny = K™, and D' = qour? 1 € Acc(B). Let C' = gi,r"'ry € Conf(B). Therefore
C = C and, since C' <P D', C" € Acc(B).

=P where p € P_ some decrement instruction ¢i,r; < Qout-

Tin’ -~

Case 3: Suppose p; =

Without loss of generality, suppose ¢ = 1. Now,

C = gmry'ry?ry® <P sfri'ri?ry® V zr'ry?ry® € Ace(Bg),
so n3 = 0 by Proposition 4.3.4 and sjr}'ry?ry* € Acc(Bg) by Proposition 4.1.12. Hence,
by Lemma 5.1.7(2), there exists 1 < k < N such that uy = DV u, K | ny, and C L .o
ni/K

D = GoutT; ' rhy?. Since up € Acc(Bg) has a computation of length less than NN, by the

induction hypothesis it follows that there is D' € Conf (B) such that D = D, ie. 72 = K™
and ny = K", and D' = qour;"'ry? € Acc(B). Let C' = g,r""'r)* € Conf(B).

Therefore C = C and, since C' <P D', we obtain C' € Acc(B). O

Let B be the 2-ACM given by Theorem 4.3.8. Since membership of Acc(B) is undecid-

able, we obtain the following:
Corollary 5.1.9. Membership of the set Acc(Bg) is undecidable for K > 1.

5.1.3 Simple equations and admissibility for ACMs.

When writing simple equations, we will be using the set of variables {x;};cz+, and
we will assume implicitly that this set is ordered by the natural order of the indices. We
also define x,, := (z1,...,x,), foralln € Z* and for a tuple @ = (ay, ..., a,) of natural
numbers, we define x,% = z{' - - x%"; we also define Xnl = 71 ---x,. In this way, any

commutative monoid term is of the form x,,%, and thus it is fully specified by such an @.
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Let [R] = (14, R) be a simple equation. Since, for any k-ACM B, W is commutative

(Lemma 4.3.2), Wy |= [R] iff W3 = [R]com, Where

Rleom : Xn" < \/ %",

reR

where 7 € N for each r € R such that 7(¢) := #(r, x;). Thatis CRL = [R] = [R]com- We
call equations of the form [R).om the canonical simple equations of CRL. It will be useful
to identify the set R U {1, }, of some canonical simple equation [R] = (1,,R) of CRL,
directly as a set of n-tuples with entries in N, where 1,, = (1,...,1) € N".

In the following we will work interchangeably in the free monoid over the variable set
{1, ...,x,} and also in the isomorphic monoid N", for some fixed n > 1. For reasons that
will be clear soon, we view the elements of N as column vectors and we also consider the
bijective set (NT)T of the row vectors, which are the transposes of the elements of N". In
particular, for 7 € N* and o € (N")T, the matrix product o7 yields a 1 x 1 matrix, which

we identify with the natural number equal to its unique entry. For a set A C N", we write

oA :={oaeN:.ae A}

Lemma 5.1.10. Let [R] = (1,,R) be a non-integral simple equation. Then for all o €

(NMT,if R = {0} implies o = 0.

Proof. Suppose o € (N™)T is such that o # 0 but oR := {or € N:r € R} = {0}. Since
o # 0, there exists ¢ < n such that o(i) > 0. Since or = 0, it must be that (i) = 0 for all
r € R. Since 1, (i) = 1, this implies supp(1,) \ supp(R) # 0. Hence [R] is integral by
Definition 2.1.1. O
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Let [D] = (1,,D) be a simple equation and K > 1. We write [D], K |= (%) if the

following technical condition is satisfied:

For all 0,0’ € (N")T and for all C,C’ € N,
if C + od and C’ + o’d are powers of K for each d € D, (**)

then there exists d € D such that od = 01,, and 0’d = ¢'1,,.

For a set of simple equations X, by 2, K |= (%) we mean [R], K |= (xx) for all [R] € X.

Lemma 5.1.11. Let X be a non-mingly set of simple equations, B be a 2-ACM, and K > 1.

If 3, K |= (%) then X is strongly admissible for B.

Proof. Let [D] = (1,,D) € X. By Lemma 4.1.11, we need only show that if ¢t <P \/,_p, t4,
then

Vd € Dty € Acc(Bx) = t € Acc(Bk),

where t,t; € (Qxg UR3)* for each d € D. So suppose t; € Acc(Bg) for all d € D. Since
Acc(Mg) C Conf(Bg), it follows that t; = C; € Conf (Bg) for each d € D. Since ¥ is
not mingly, B is Qx-admissible by Lemma 4.1.14, which implies ¢ = C € Conf (Bx). We

need only show C € Acc(By). By definition of <P,

C:qx'xnln SD \/ql"Xnd: \/Cd,
deD deD

for some ¢ € Qg and z, x4, ..., z, € R}, where x,, = (x1,...,2y).
If [D] is trivial then there is d € D such that d = 1,, so C = C; € AccBg and we
are done. So assume [D] is not trivial. Write z = r{"r$?r$®, where Cy, Cs, C5 > 0, and

for each j € {1,2,3}, define o; € (N")T via 0,(i) = n; where z;; = r{'ry?r}?, for each
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i=1,...,n.Sox; = r‘fl(i)r?(i)rg‘"’(i), foreachi =1,...,n. Thus,

)

n
C = quxl _ qr1C'1+01lnrgz+021nr§3+031n
i=1
and for each d € D,

n
_ d(l) _ Ci1401d_Cotood_Cs+osd
Ci=qx HJZL =qry Ty T3 '
=1

We proceed by case analysis for each state ¢ € Q. Suppose ¢ = qg. Since there is no
gr-instruction in P, it follows that C; = ¢ for each d € D. Hence z = 1 and 0,D = {0}
for each j € {1,2,3}. By Lemma 5.1.10, this implies that o; = 0 for each j € {1,2,3}.
Therefore C = qr € Acc(Bg).

Suppose g = cp. By Proposition 5.1.6, C; € Acc(F) iff C; = cpry. Hence C) = C3 =
0, 01d = 03d = 0 foreach d € D, and C5 + 0od = 1. By Lemma 5.1.10, o1 = 03 = 0, and
by (%*), there exists d € D such that Cy + 0od = C5 + 031,. Hence C = C; € Acc(Bg).

Suppose ¢ = z;, and without loss of generality, let ¢« = 3. Then for all d € D,
Ca € Acc(o) iff C3 + o3d = 0 by Proposition 4.3.4. This implies C3 = 0 and 03D = {0}.

So by Lemma 5.1.10, o3 = 0. Hence C5 + 031,, = 0 and C € Acc(¢) C Acc(Bk).

Suppose ¢ € Q. By Lemma 5.1.8, for each d € D, C; € Acc(Bg) iff there exists C;, €
Conf(B) such that C; = (C,)x with C/, € Acc(B). Le., for each d € D, Cy + o1d and
Cs + 09d are powers of K and C5 + o3d = 0. By Lemma 5.1.10, C5 = 0 and 03 = 0, and

by (%x), there exists d € D such that 0yd = 0,1, and 05d = 051,,. Therefore,

1n 1n 1 1
C = qr{rortnyfotoaln — pOrtond Cotoad _ oo e Ace(By).
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Lastly, suppose ¢ € Qx \ (Q U Qr U Q). Then ¢ is an internal state of a multiply or
divide by K program given by some instruction p € P, UP_. We can assume, without loss
of generality, that p acts on register r; with input state ¢;,, € Q and output state g,+ € Q.

First, observe that

_ (C1+011n)+(C3+031n)+d__Cotooln :
1. C e D = GoutT " RS SSRGS i

1 q = t§ by Proposition 5.1.1,

2. ¢ EX;; D— qoutr{((CHer1n+K75)+(03+U3)1nr§2+021n if g = CL;:;) by Proposition 5.1.3,

C! 1,)+(C 1,+K—-6)/K n
3. C E;p D= QOutr( 3+031n)+(Ci14011ln+ )/ rgngagl
1

i if ¢ = s} and

K | (Cy 4 011, + K — §) by Proposition 5.1.5.

Now, for each d € D and j € {1,2,3}, we define nf := C; + 0;d. Since Cq € Acc(Bk)
for all d € D, by Lemma 5.1.7 it follows that C; Ty, D; and D; € Acc(Bg), where
Dy 1= qoutr;n(fr;ng with m¢ = n¢ and
1. mé =n{+nd+4difqg=1 for§ € {0,1},
2.mi=Kni+ni+K-§ifg=alfor0<4<K,and
3. K| (nd+K—¢8)andmd =ni+(n{+K—-0)/Kifqg=sifor0<§<K.
Furthermore, since ¢,y € Q, by Lemma 5.1.8, m‘f and mg are powers of K for each

d € D (and thus Km¢ is as well). Note that K - (od) = (K - 0)d, for any 0 € (N*)T. So

for each d € D we observe,

nil+n§l+5 = (Cl+03+5)+(01+03)d
Kn{+ni+K-6 = (KC,+Cs5+ K —6)+ (Koy +03)d
nd+Kni+K-6 = (C1+KC3+ K —96)+ (01 + Kosz)d
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for any § < K. Since m{ and m¢ are powers of K (and thus Km¢), for each d € D, by

(xx) there exists d € D such that o5d = 051, and od = o1,,, where
S {0'1 + 03, Koy 4+ 03,01 + KO’g}.

It immediately follows that C E» D = Dy if ¢ = t?, and C <. D=Dyifq = aj. For
q = s, we need only show that K | (C} + 011, + K — §). Now, m‘f = K for some t > 0,

hence

Kmi =Kt = (O, +KCs+ K —68) + (01 + Kos)d
= (C1+KC3+ K —=9)+ (01 + Ko3)1,
= (Ci+o1ln+ K —90)+ K(o31,) + KCj3
— K' = Z(Ci+ 011y + K —0) + 031, + Cs,
and since K, C3, and 031,, are integers, it follows that K | (C} +0,1,+ K —0). Therefore,

by Proposition 5.1.5, C C.» D = D;. In any case C g, D € Acc(Bg), and therefore

C € Acc(Bg). O

5.1.4 Undecidability, the class {/, and spinal equations.
An ISR-equation [V] = (f, V) is called spinal if [V] is of the form:

\4E x{(l) . ~x£(k) <(1V) :1311)1(1) vV xflfz(l)xgz(?) VeV lﬂlfk(l) . _ka(k)’
—_——— | N Y —— —_—— —

f 0 V1 V2 Vg

where [ ¢ V and (1V) is meant to signify 1 may or may not be included in the join. In
this way, a simple equation [R] is pre-spinal if there exists a substitution o such that [oR]

is equivalent, modulo commutativity, to a spinal equation [V'] (written [V] = [0 R]com)-

Example 5.1.1. Let [R], [D] the simple equation [R] : < 2V 1and [D] : z < 2?Vz*. By
our definition, [R] is a spinal equation, while there is no substitution on [D] that can result

in a spinal equation, so [D] is not pre-spinal.
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Consider the machine B..,. As before, it is easy to see that gor; € Acc(RBeyen) \
Acc(Beyen ). However, unlike for the equation [D] (see Section 5.1.1), this behavior cannot
be controlled with By for any K > 1. E.g., n = (K% — K?)/2, then ¢or’"*" ¢ Acc(By)

since K2 +n + K 2m for any m € N, however

qor{(2+” = qor{(zr? <R qor{@r%" \% qor{<2r(1) = qor{(4 V qor{(2 € Acc(Bg).

In fact, we will show this failure occurs, not just for functions of the form n — K™ but
actually for any (computable) injective function on N. This is due to the fact that [D], K =
(xx) (see Theorem 5.3.1) for all sufficiently large K, but [R], K' [~ (%*) for any possible
K > 1. To see this, note that [R] = (14, {rg, m2}), viewing R C N! where, 1, = 1, 1y = 0,
and 75 = 2. Then o0 := n € N7 and C = K? are such that C' + ory = C = K? and
C+ory = K?+2n = K*, both powers of K, but 01, = K2 +n ¢ {K? K*}, witnessing
[R], K % ().

Definition 5.1.2. Define U to be the class of simple equations defined via [D] € U/ if and

only if [D]com is not pre-spinal.

Note that all knotted equations [k'] : 2™ < z™ are spinal and so their equivalent
simple equations [K”"| (as defined in Section 2.4) are pre-spinal. As a consequence of the
definition, [R] is spinal if an only if [R U {0}] is spinal, so all equations 2" < 2™ V 1 are
spinal as well.* On the other hand, equations of the form [A] : 2™ <\/__, 2 is not spinal
for any n > 1 and finite set P C N such that |P \ {0}| > 2, and it is easy to prove that the

equivalent simple equation for [A] is not pre-spinal.

“It should be noted that knotted extensions of CRL have the FEP (see Proposition 3.1.1) and hence a
decidable word problem, but decidability results for " < z™ V 1 are unknown to this author.
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In Section 5.3, we will show that [D], K = (xx) for some K > 1 if and only if [D] is
not pre-spinal. In fact, Theorem 5.3.13 states that [D] is not pre-spinal if and only if there
exists N € N such that [D], K |= (xx) forany K > N.

Therefore, by Theorem 4.3.8, Lemma 5.1.11, and Theorem 5.3.13 proved in Sec-

tion 5.3, we obtain

Theorem 5.1.12. Let I' C U be finite. Then any variety V in the interval CRL +T' C V C

RL has an undecidable word problem, particularly for its {V, -, 1}-fragment.
As a consequence of Corollary 2.5.2, it follows that:

Theorem 5.1.13. Then CRL + I' has an undecidable equational theory for anyfiniteand

expansive I' C U.

Hence CRL + [E] has an undecidable equational theory, for any expansive equation
[E] : 2" < \/ 2",
peP

where n > 1and |P| > 2. E.g., CRL+ (x < 2%V %) has an undecidable equational theory.
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5.2 Admissibility for CMs

As in the previous section, we wish extend undecidability results for the {<,- 1}-

fragment of RL to those varieties defined by simple equations. We begin as before by
defining the My for an arbitrary 2-CM M.
5.2.1 The My Machine. Proceeding as in the previous section, we will define the corre-
sponding 3-CM My from a given 2-CM M. We will provide sufficient conditions for when a
simple equation [D] is admissible for Mg, i.e., conditions which ensure that C € Acc(DM)
iff C € Acc(Mg), for all C € Conf (Mg ). Such equations will be closely related to the set U
of simple equations, insofar as the encoding breaks down for pre-spinal equations as well
as equations satisfying some corresponding technical weakening of commutativity.

As before, if M = (Rg,Q,P) is a 2-CM, then the set of instructions of Py for My are
obtained by replacing each increment and decrement instruction in P by the programs mul-
tiply by K and divide by K, respectively. However, we will need to replace zero-test
instructions by K°-test programs, whose implementation is meant to test whether a given
register contains exactly one token (i.e., K°) or not. That is, if p : ¢inSiSi+1 < GoutSiSit1
is a zero-test the r;-register instruction and P? is some program meant to simulate p in Mg,

i.e.,say i = 1, then if C = (gi;n1, no) € Conf (M) and C' = (qou; m1, m2) € Conf (M),

C Sp C/ — CK = <q1n;Kn17Kn270> SPP <QOut;Kml7Km270> = Cl[(a

then is must be that n; = m; = 0 and ny, = mo, so the r;-register of Cx therefore contains

precisely one r;-token. Using the language of counter machines, this can be achieved by
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defining auxiliary states 27, 25 and proper instructions

IN

p
(inS1T; 2181

2’11731 SQI‘i < ngl SQ

2581 < QoutSiT1.

However, since we are only checking for the appearance of a specific word in a configura-
tion, namely S;1;S, for 7« = 1, we will opt to instead simulate p by a single, non-proper,
instruction of the form:

171 qinSiTiSit1 < QoutSiTiSit1 (5.1)

The construction and implementation of the multiply and divide programs are essen-
tially the same as in Section 5.1.2, with the added benefit that the zero-test program can be
replaced by zero-test instructions native to the structure of counter machines. As before,
these programs are defined from simpler programs named transfer, add- K, and subtract- K.
Their intended interpretation is the exactly the same as their counterparts in Section 5.1.2.
We will assume that all state names defined by the following machines are disjoint from
each other, disjoint Q,, and disjoint from the states Q from a fixed 2-CM M.

A transfer program T;(¢ow;) = (Rs, Qr,, Pr,(Gout)) is meant to transfer all contents in
register r3 to register r; and output state ¢,,;. We define the set Qr, = {fo,?1} and the set

of instructions Pr, (qout) = {7, T, Tou }» Where:

T . t053r3

IA

1183

T+ . TflsZ < thiri

Tout @ 105381 < QoutS3S4

We define <, to be the computation relation of the transfer program T;(qou)-

127



The add-K program is denoted by +K = (Rs3, Q4 x,P1 k), and is intended to add K

tokens to register r3 and output with state ax. We define the set Q, x = {ao,...,ax}, and
the set of instructions P, - = {+1, ..., +x}, where:

+1 apSz < a1S3r3

+2 : aj Sg < CL283I‘3

+Kx @ ax-1S3 < agSsr3

We define <. to be the computation relation on the add- K program.

We now define the multiply by K programs, denoted by X;(gin, ¢out) = (R3, Qx,, Px,),
where ¢ € {1,2}. This program is meant to multiply the contents of r; by K, with input
state ¢, and output state g,,;. We define the set Q. = Qix U Qr, and the set Py, =

PTZ- (QOut) U P+K U {Xim ><loopu ><out}, where:

Xin  ©  QinS3514 < agS3S4
Xloop - agS;r; < apS;
Xout + GrSiSiy1 < 10S;Si41

Set <, (gin.q0ur) t0 b€ the computation relation on the multiply by A program, and will
write <, when the program is understood in context.
We define the subtract-K program, denoted by —; K = (Rs,Q_,x,P_ k), for i €

{1, 2}, which is meant to subtract K tokens to register r; and output state sx. We define
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Q-, = {so, .., Sk} and the instructions P__ - = {—1, ..., —x }, where:

-1 S0S;r; < 8155
—9 $15,r; < 8955
—Kk : Sk-18;r; < SkS;

We denote the computation relation on the subtract- X program by <_.
We are now ready to define the divide by K program for ¢ € {1,2}, denoted by
+i(Gins Gout) = (R3, Q=,, P~ (Gin, Gout ) ). We define the set Q., = Q_, U Qr, and the instruc-

tions P—z (qina QOut) - PT,' (QOut) U P—iK U {+in7 +1oopa +out}, where:

“in ¢ QinS38s < 808354
“loop - SgS3 < SpS3r3
“out - S05:8iy1 < 10S;Siq1

We denote the computation relation on the divide by K program by <. ;. 4...)» but will
write <_.. when understood in context.

Lastly, we define the end program, denoted by F' = (R3, Qr, Pr) to be a transition of the
final state g of M to the final state g of Mx. We define Qp = {cF, qr} and the instructions

Pr = {F}, F»} are the following pair:

IN

Fy o g8y CFS;

Fy 1+ cpSery < qpSs

We define <r to be the computation relation on the end program.
We can now formally define the My machine. For a 2-CM M = (Ry, Q, P), define P,

P_, and P, to be the sets of increment, decrement, and zero-test instructions, respectively,
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from P. Hence P = P, UP_ UP, is a disjoint union. Assume Q is disjoint from Q, and for
each increment and decrement instruction py : ¢inS; < QouwtS;r; € P and p_ : ¢uS;r; <

GoutSi € P_, for i € {1, 2}, we relabel the elements of the following sets

Q};: = {qp+ NS Qxl} & Qg: = {qp_ 1q € Q_L}

PUo = {p"* i p € Pu (Gins Gout)} & P2 = {p" : p € P (Gin, Gour) }»

making the sets disjoint. Lastly, for each ps : ¢inSiSit1 < QoutSiSi+1 € Py, by Equa-

tion (51) we define 17¢ : qinSiriSiH S qoutSiriSHl, and

P, := {17 : p, € P,}.

Definition 5.2.1. Let M = (Ry,Q,P) be a 2-CM and fix K > 1. We define the machine

Mk := (Rs, Qg, Pk ), where

* Qr:=QuUQrU U QAU U @,

PEP4 pEP_
e Py :=P,UPrU U PLU |J PL.
peEP L pEP_

Lemma 5.2.1. Let p € P be an instruction acting on register r;, where {7, j} = {1,2}. Let

C = (g;n1,n2,n3) € Conf(Mg) and suppose C € Acc(Mg) witnessed by

c<m Cy <Pz... PN Cy=Cp € ACC(MK).

1. If p € P, and ¢ € QY, then there exists k¥ < N such that C <, D = (qou; M1, M2, 0),

where m; = n; and
(i) m; =n; +ng+0,if ¢ = for 6 € {0,1};

(i) m; = Kn;+n3+ K —96,if¢g=aj for0 < ¢ < K.
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2. If p € P_and ¢ € Q~, then there exists & < N such that C <. D = (gou; M1, M2, 0),

where m; = n; and
(i) m; =n; +ng+0,if ¢ = for 6 € {0,1};
(i) K | (n; + K — ) and m; = ng + “EE=0 if g = sh for 0 < 6 < K.

3. If p € Py, then C <Y {(qou; ma, ma, ng) iff m; = n; and m; = n; = 1.

Proof. The proofs of (1) and (2) are identically those given in Lemma 5.1.7, where only the
arguments for the zero-test program are replaced by the same argument that C <? C’ iff and
only if the i-th register of both C and C’ are empty, where p : ¢:nS;Sit1 < GoutSiSi1 1S an
instruction internal to some multiply or divide program. (3) clearly holds by the definition

of < as a {-}-compatible relation. O

Lemma 5.2.2. Let C = ¢;,r'r5°r3® € Conf (Mg ) and suppose ¢, € Q. Then C € Acc(Mk)

if and only if there exists C' € Conf (M) such that ' € Acc(M) and C = Cl.

Proof. This proof is essentially the same as Lemma 5.1.8, where only the instructions
corresponding sets P, and P; need to be checked. Consequently, it is sufficient to verify

that for all p € Py,
C <Y D€ Acc(Mg) <= (3¢,D’ € Conf(M)) ¢’ <P D' € Acc(M) and C = C),D = Df.

Let p : qwSiSit1 < GousSiSi+1 for some i € {1,2} and gin,gous € Q. Since gr & Q,
Jout 7 qr. So by the construction of My and the definition of the end program, ¢.,; € Q, C €
Acc(Mg) if and only if C <y, ¢S1r1S2r2S3S4 = (Cf) k., where C; is the final configuration
for M. This observation completes the base case for induction for each direction. The

inductive steps follow from Lemma 5.1.7(3).
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Let M be the 2-CM given by Theorem 4.2.1. Since membership of Acc(M) is undecid-

able, we obtain the following:
Corollary 5.2.3. Membership of the set Acc(Mg) is undecidable for K > 1.

5.2.2 Simple equations and admissibility for CMs.

Consider a simple equation [D] € Y. By Theorem 5.3.1, the word problem for RL+ D]
is undecidable, witnessed in its {V, -, 1}-fragment. We may inquire whether the root of
undecidability can be traced further down to its { <, -, 1}-fragment in the same way by using
the machine M. However, unlike Section 5.1.3, a more delicate approach is necessary to
prove admissibility. This technicality is rooted in that many rules in &/ may have instances
that allow stopper variables to permute amongst register terms, potentially allowing non-
configurations to be accepted. Since our machines are {S; }-stable, if there are instances of
<D that have this effect, then it implies there exists € supp(D) such that #(d,z) = 1
and d = ugrvy where © & supp(uqv,), for all d € D. Therefore, if [D] € U is such that, for
all z € supp(D) there exists d € D such that #(d, x) # 1, then [D] is strongly admissible
in Mg by essentially the same argument as Theorem 5.3.1, establishing undecidability of
the {<, -, 1}-fragment.

We first establish the following technical lemma as a consequence of Lemma 5.1.11.

Lemma 5.2.4. Let [D] € U be a simple equation and M a 2-CM. Then for all sufficiently

large K > 1, if C € Conf(Mg) is such that C <P v € Acc(Mg) then C € Acc(M).

Proof. Let [D] = (1,,D) € U. By Theorem 5.3.1, for all K sufficiently large [D], K =
(%%). Fix such a K > 1. Let C € Conf(Mg) and suppose C <P v € Acc(Mg). Since
Conf(Mg) is stable in Mg by Lemma 4.2.2, v = \/,.,Cq € Conf(Mg)". Hence C; €

Acc(Mg) for each d € D by Proposition 4.1.12. Let o be the substitution such that

C=uo(1y)v <P \/ uo(d)v,
deD

132



where u, v are monoid terms and C; = uo(d)v for each d € D. For each d € D, define
d € N" via d(i) := #(d,z;), where {x1,...,x,} is set of distinct variables appearing in
[D]. Under this notation, 1,, = (1,...,1) € N". For each j € {1,2,3}, define o; € (N*)
via 0j(1) = #(0(1a),1;) and C; € N via C; = #(uv, r;). Therefore there is a ¢ € Qg

such that
C = (¢:C1+ 011y, Cy + 091, Cy + 021_n>
Cd = <q; Cl + 0'167, CQ -+ 0'26_17 02 + 0'23>
for each d € D. This is precisely the same setup as Lemma 5.1.11, and thus by fol-

lowing the same arguments and using the corresponding Lemma 5.2.1, we deduce that

C € Acc(Mg). O

Motivated by above, let U{_; be the class of all [D] = (1,,D) € U such that for every
i = 1,...,n there exists d; € D such that #(d, ;) # 1. It is straightforward to verify,
in the style of Theorem 2.4.1, that > C /_; implies > does not entail commutativity (see

Section 4.2.2).

Lemma 5.2.5. Let & € U_; be finite and M a 2-CM. Then there exists K > 1 such that [>]]

is strongly admissible in M.

Proof. Since ¥ is finite, by Corollary 5.3.14 there exists a X' > 1 such that ¥, K |= (%*).
Fix [D] = (1,,D) € . By Lemma 4.1.11, it is enough to show that if t <P \/,_p ¢, for

some monoid terms ¢ and {t, : d € D}, then

Vd € D,t; € Acc(Mg) = t € Acc(Mk).

Now, t; € Acc(M) implies t; = Cq € Conf (Mg ) by Lemma 4.2.2. Sot <P \/, ., Cq. We

first show that ¢t € Conf (Mg ).
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Since ¥ does not entail commutativity, it follows that ¢ must be of the form Equa-
tion (4.7) from Lemma 4.2.5, i.e., t = uqv for some ¢ € Qx and monoid terms u, v such
that uv = S;18229S32334 for some x1, z9, x3 € Rj. We wish to show uv € Box(Mg).

Let o be the substitution witnessing ¢ <P V agep Cds 1.€.,

wv = wo (1y)w' <t \/ wo (d)w',
deD
where w,w’ are monoid words. Since each C; =g, qwo(d)w' is a configuration and
[D] € U_,, by definition it follows that no variable from Qx U Stp, that is a subword of

o(d), for all d € D. This implies that

ww' = 811" 8yry?S3ry?S, € Box(My)

and there is an ¢ € {1,2,3} such that for each d € D, o(d) = r;"¢ since wo(d)w' €

7

Box(Mg). Since [D] € U, [D] is not integral and hence o(1,) = r*. Hence, uv =
wo (1,)w" € Box(Mk ). Therefore t € Conf (Mg).
Since ¥, K = (%x) and t € Conf (M), by Lemma 5.2.4, we obtain ¢t € Acc(Mk).

Therefore ¥ is strongly admissible in M. [
Therefore, by Corollary 5.2.3 and Corollary 4.1.10 we obtain:

Theorem 5.2.6. Let > C U{_; be finite. Then the {<, -, 1}-fragment of the word problem
for RL + X is undecidable

We note that the above is only a sufficient condition for our result. One can define
weaker conditions that imply canonical admissibility. However, we will only motivate

such an investigation with the following example.
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Example 5.2.1. Consider the simple equation [R_,| given by
R :xy <yzVy.

Now, [R.]com : @y < xy V y, which is trivial and therefore [R_,] € U but [R,] & U_;.
Consider the machine My; where M = Mg, and K > 1. Recall that for a monoid term ¢,
t € Acc(Mg) implies ¢ € Conf (Mg ). Hence, for ¢y € Qeven and u, v € Ay, , we observe that
uqov € Acc(Mg) iff ugov € Conf(Mg) and ugev = {(qo; K**). Consider the substitution

that maps z — "' and y — 8;. Then £’ '8, < 8,r%* Vv 81, and therefore
2 2
qor{( 1811'182 SRQ qulr{( SQ V q081r182 € ACC(MK),

since in both joinands the r;-register contains K2 and K° many tokens, respectively. How-
ever, qor* 2_1slr182 ¢ Conf (Mg ), and therefore [R_,] is not strictly admissible in M.
Although strict admissibility fails for [R_,], since we can only permute variables in one

direction, we will prove that [R_,] is admissible in M, i.e., for every C € Conf (My),
C € Acc(RuMg) <= C € Acc(Mg).

Roughly, the argument is as follows: The only way an instance of <%~ that, when applied
to a configuration, results in a non-configuration is if a ri-variable permutes over the stop-
per Sy. Since there are no instances in <y, nor instances of <R~ that can “undo” this

effect, such an application cannot result to an accepted term in M.

5.3 Membership of I/
5.3.1 The class of equations /. We will now define a class &/ C S of simple equations

for which we will show (C)RL + [D] has an undecidable word problem, for [D] € . The
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collection U/ is so vast that it is easier to define its complement in S. We motivate the
definition with the following observation.

Consider the machine By, and the simple equation [R] : x < 22V 1. As before, it
is easy to see that gor? € Acc(RBeyen) \ Acc(Beyen). However, this behavior cannot be
controlled with By for any K > 1. E.g., letn = (K% — K?2)/2, then qor’ " ¢ Acc(Bg)

since K2 + n # K?™ for any m € N, however

qor{(2+” = qor{(2r’f <R qor{@r?" V qorfgr? = qor{<4 \Y qorf2 € Acc(Bg).
In fact, we will show this failure occurs, not just for functions of the form n — K" but
actually for any (computable) injective function on N.

Given the natural ordering of our variable set {x; : ¢ € Z*}, note that using our
vector notation, every commutative monoid term can be written in the form x,/, for some
n € Z* and f an n-tuple of natural numbers; recall that x, = (x1,...,x,). If we actually
extend our notation to the case where X, = (;);ez+ = (21, 29,...) and f is a sequence
of natural numbers that is eventually constantly zero, then every commutative monoid term
is of the form x../, and thus it is fully specified by such an f. In the following we will
work interchangeably in the free monoid over the variable set {x; : i € Z"} and also in
the isomorphic monoid [F of eventually-zero sequences of natural numbers. More formally,
NZ" denotes the set of all functions from Z* to N and for f € NZ", we define supp(f) :=
{i € Z* : f(i) # 0} to be the support of f. Thenthe set F := {f € NZ" : |supp(f)| < oo}
of all functions of finite support forms a commutative monoid (I, +, 0), under addition
and with unit the constantly-zero function 0. Clearly, this monoid is simply an additive
rendering of the free commutative monoid on countably many generators and isomorphic

to the above multiplicative rendering by exactly the map f — X/, and we will freely
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move between the two representations. Under this isomorphism the variable x; maps to the
generator e;, which has 1 in the ¢-th entry and 0 everywhere else.

For reasons that will be clear soon, we view the elements of IF' as column vectors and
we also consider the bijective set F7 of the row vectors, which are the transposes of the
elements of F. In particular, for f € F and o € F”, the matrix product o f yieldsa 1 x 1
matrix, which we identify with the natural number equal to its unique entry. Even though
f and o are each of infinite dimension, they both have finite support, so their product is
well defined. For a set X C I, we write 0.X := {of € N: f € X} and supp(X) :=
Usex supp(f). For n € N, we will often define the set n := {1,...,n} for ease of
notation.

In this way, for n € Z™, the n-variable linear vector 1,, € F is written

1n = Z €.

ken

Definition 5.3.1. We identify the proper ISR-equations for CRL by the set A C F x o(F),
where (ag, A) € Aif and only if A is finite and supp(A) C supp(ao). Similarly, the simple
equations for CRL by are represented by S C A, where (ag, A) € S if ap = 1,, for some

ne€Zr.

We see that each proper n-variable equation [A] corresponds to some (ag, A) € A via

xp, %0 < \/ Xp' .
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By the terminology of Definition 2.1.1, an equation [A] = (ao, A) is trivial if ag € A, and
integral if supp(A) C supp(ag).’

Figure 5.1 contains examples of simple equations [R] viewed as sets of vectors R:

[R] 1, R

@ r<1 1, 0}

(Zl) X S 1’2 11 {281}

D) z<a’V1 1, 2e1,0]

(iv) r<z*Vvat 1, {2e,,4e;}

(v) ry < 2ty V 23y’ 1, {2e; + ey, 3e; + 2ey}
(vi) | zyz < 2’y Vy?zVaz? |13 | {2e; + ey, 2e; + e3,€; + 2e3}
(vig) ryz < x2% Vyz 15 {e; + 2e3,e; + €3}

Figure 5.1: Simple equations as set of vectors

A substitution o on [ is fully determined by its application on the generators e; +—>
fi € F for each ¢ € Z*, and as it is a homomorphism, namely an additive/linear map,
its application is given by multiplication of an associated matrix M,; so o(f) = M, f.
Since we only consider finite sets R C F for equations [A] = (ag, A) € S, we may view
R C N" and, in this way, will only consider substitutions o : N — N, in which case the
associated M, is a k X n matrix; in this case, we say o is a k-variable substitution. We
will write o; € N for the i-th row of M, for each i < k and also M,, = (0;)¥_,. Abusing
notation, we will identify o0 = M, = (0;)%_,. If [A] = (ag, A) € A, then (ag, 0 A) € A,

which we denote by [o A].

Definition 5.3.2. We say a finite set V' C Fis a spineif V = {0} or V\ {0} = {v1, ..., v}
such that i € supp(v;) C {1,...,i} foreach 1 < i < k. If o is a substitution, we say V'

is a o-spine if oV is a spine. We say an equation [V] = (f,V) € A is spinal if [V] is

SThat is, ag € A implies RL = [A], and by Proposition 2.1.2, supp(ag) \ supp(A) # () implies R |=
[A] <= Rz <1forany R € RL.
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nontrivial and V' is a spine. Le., viewing it as an ISR-equation, [V'] is equivalently written

as:

V] 20 af® < (1y) g0y g20m@ Ly o) on®)
—_——— —— —— — —_———

f 0 V1 V2 Vk
where (1V) is meant to signify 1 may or may not be included in the join, i.e., whether O
is contained in V. We say a simple equation [R] = (1,,R) € S is pre-spinal if there is a

substitution o such that [ocR] is spinal.

Note that all knotted equations [k'] : z™ < z™ are spinal and so their equivalent
simple equations [K”| (as defined in Section 2.4) are pre-spinal. As a consequence of the
definition, [R] is spinal if an only if [R U {0}] is spinal, so all equations z™ < z™ V 1 are
spinal as well.® From Table 5.1, we see that (i)-(4ii) are spinal. The simple equation (vii)
is pre-spinal via the 1-variable substitution o given by o := (e; +e5)7, i.e., CRL+ (vii) =
2? < . On the other hand, no trivial equations are pre-spinal. The general characterization
of whether a simple equation is pre-spinal will be addressed in Section 5.3, where it can be

verified that (iv) — (vi) in Table (5.1) are not pre-spinal by Theorem 5.3.5.

Definition 5.3.3. The set I/ contains all simple equations that are not pre-spinal. If [R] is

any simple equation in RL, we write [R] € U iff [R]com € U.

In the following sections we will prove, in particular, the following theorem as a con-

sequence of Lemma 4.1.11, Lemma 5.1.11, Corollary 5.1.9, and Corollary 5.3.14:

Theorem 5.3.1. Let ' C U{ be finite. Then any variety V in the interval CRL4+-I" C V C RL

has an undecidable word problem.

In particular, by Corollary 4.3.10 we prove:

It should be noted that knotted extensions of CRL have the FEP (see Proposition 3.1.1) and hence a
decidable word problem, but decidability results for z™ < 2™ V 1 are unknown to this author.
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Theorem 5.3.2. Let I' C U/ be finite. If CRL + I' is expansive then it has an undecidable

equational theory.

We will characterize the complement of ¢/ by giving conditions for when a simple
equation [D] is pre-spinal. We will show that if there are infinitely many K such that
[D], K [~ (%*) then we can construct o witnessing the pre-spinality of [D]. Then by
Lemma 5.3.4, [D] € U if and only if there is N > 1 where [D], K |= (%*) forall K > N,
establishing Theorem 5.3.1. To that aim, we make the following definitions and observa-
tions.

For f € F and for S C Z™ finite, we write f[S] to be the restriction of f to the indices
S, and can naturally view f[S] € NISl, We say f is S-positive if f[S] > 0, i.e., f[S] # 0
and f(i) > 0foreachi € S. For T C S, we say f is (T, .S)-positive if f is T-positive and
supp(f) € S. For D C F with supp(D) C n, we write D[S] = {d[S] : d € D} and will
interchangeably view D[S] as both set or a |S| x |D| matrix with columns from D[S] C N™;
in which case we denote the i-th row of D by D[i] := D[{i}].

By definition, [D] = (1,,D) is pre-spinal iff there exists a substitution o such that
oD C Fisaspine and o1, ¢ oD, ensuring it is not trivial. Since no integral equation is in
U by Lemma 5.1.10, we will assume supp(D) = n henceforth. Similarly, if oD is a spine
then we will assume oD \ {0} # 0. Since (1, D) is pre-spinal if and only if (1,, DU{0})
is pre-spinal, we will assume any spine is of the form V' = {vg, vy, ..., vx}, where always
vo = 0 and v; given so that i € supp(v;) C {1,...,i} foreach 1 <1i < k.

5.3.2 Spinal equations. Let IV C [ be a spine. Viewing it as a matrix of column vectors
[vo v1 -+ vg], we see that V' is an upper-right triangular matrix such that v;(i) # 0. For
feF,(f,V)e Aonly if supp(V) C supp(f), and is furthermore spinal only if f ¢ V. It
easily follows that [V] = (f, V') € A is spinal only if f # v,. We say [V] is reduced-spinal

if furthermore f(1) # v (1) but f(¢) = v(7) for all i > 1. So for every spinal equation [V/],
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(f[X], V[X]) is reduced-spinal, where m = max{i : f(i) # vg(:)} and X = {m,..., k}.

That is, [TV is reduced-spinal, where T = (el )F=".
0 w(1) e o) () )T
V=10 0 - - Um(m) - op(m) o f=|f(m)
: TV : Tf
L0 0 0 ve(k) | L f(k)

Figure 5.2: Reduced-spinal equation

Lemma 5.3.3. Let [V] = (f,V) € A be spinal. For any injection ¢ : N — N there exists
7 €Fand C € Nsuchthat C + 7V C @[N] but 7f & 7V.

Proof. By the above observation, we may assume [V'] is reduced-spinal. By definition of
[V] being reduced, f(1) # v (1) but f(i) = vg(i) for each i > 1. Hence 7f # Tuy, for
any 7 € FT with 7(1) > 0. To ensure 7f ¢ 7V, it is enough to construct a 7 such that
7(i +1) > 7v; foreachi = 1,..., k — 1, which is well defined since v;(i + j) = 0 for any

7 > 1. Indeed, if any 7 satisfying such a property, then for each 1 <1 < k,
k

=2 TG Z i+ Df+1) 2 7(i +1) > Tv;,
j=1

since f(j) > 0 for each j = 1,..., k by definition of [V] being reduced-spinal. And hence
Tfe&TV.

Let ¢ be an injection. With the above in mind, we will construct a 7 € F7 satisfying the
property that 7(i + 1) > 7v; foreachi = 1,..., k — 1, as well as ensuring C' + 7V C ¢|N]
for some C' € N.

Define N, := Hfm v;(j) for each 1 < i < k. Since ¢ is an injection, ¢[N] is infinite,
there exists an infinite subset A C N such that for all a,b € A, ¢(a) = ¢(b) mod Nj.

Define C' = min{¢(a) : a € A} and ag = ¢ '(C). We inductively construct 7 such
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that C' + 7v; € ¢[N]. For n = 1, since ¢[A] is infinite, there exists a; € A such that
¢(a;) — C = Niky = tjv1(1), for some k; > ¢(ap) = C and t; := Nyk;. Hence
C+ (e, = C + tyv1(1) = ¢(ay). Define 1, = tel € FT.

Suppose that for n > 1, there exists ¢4, ...,t, and a4, ..., a, such that C' + 7,v; =
é(a;), where 7, = > t;el, and t; = N;1k; with k; > ¢(a;—1), foreach 1 < i < n.
By definition for a € A, there exists m, € N such that ¢(a) — ¢(ag) = Nym,. Let

zq = ¢(a) — C — T,v,41 € Z. By the induction hypothesis,
Ty = Nlma — Z Ni+1kivn+1(i) =0 mod Nn+1, (52)
i=1

since C' = ¢(ap) and N, | IV; forall i < n+ 1. Since ¢[A] is infinite, there exists infinite
A" C A such that x, > 0 for each a € A’. So by Equation 5.2, there exists a € A’ such
that x; = Npp1ks = tavesi(n + 1), for some k; > é(a,) and t; := N, okz. We set
Unt1 = Gy knt1 := kg, tyy1 = tg, and 7,1 = 7, + tpprel . Thus 7,1 (n + 1) > ¢(ay)
and C' + 7,10, = ¢(a;), foreach 1 <i < n+ 1.

Set 7 = 7. Since [V] is reduced-spinal, 7f # 7vg. Furthermore, 7f > 7v; since

tau(i +1) = t;41 > Tv;, foreachi =0, 1,...,k — 1. Therefore 7f & 7V O
We deduce that Lemma 5.1.11 is not applicable to any pre-spinal equation:’
Corollary 5.3.4. If [D] is pre-spinal and K > 1 then [D], K [~ (%x).

Proof. Let [D] = (1,,D) € S be pre-spinal. Then there exists a reduced-spinal [V]| =
(f,V) € Asuch that [V] = [oD] for some substitution o. Fix K > 1 and let ¢ be the

map n — K". By Lemma 5.3.3, C' + 7V C ¢x[N] but 7f ¢ 7V, for some 7 € F” and

"In fact, Lemma 5.3.3 implies that the argumentation used in Lemma 5.1.11 will be ineffective for prov-
ing register-admissibility for any machine By, which simulates the register contents for a machine B by an
injective function, without having more information about Acc(B).
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C € N. Setting 0 = 7o € F, we obtain C + 0D C ¢x[N] but o1, & oD. Setting 0’ = o

and C" = C we deduce [D], K & (%x). O]

5.3.3 Pre-spinality. Let o be a substitution and D C F. If oD = {f} for some f € F,
we say o solves D, and we write oD = f. Similarly, if o € FT such that D = {a} for
some a € N, we say o is a solution for D and write D = a, and define Sol(D) C F” to
be the set of all solutions of D. Clearly, o solves D iff ¢ = (0;)_, and o; is a solution
for D for each i = 1,...,k. Given non-empty 7' C S C supp(D), we say o € F7 is a
(T, S)-solution for D if ¢ € Sol(D) and o is (7, S)-positive.

Let 0 = (0;)¥_, be a substitution for k¥ > 1. Suppose D is a o-spine witnessed by
oD =V, for some spine V. Viewed as a matrix equation and rearranging the columns,
this substitution naturally partitions the columns of D so that D = [¢DJ --- oD{] =
[vo -+ vi),ie., D7 :={d € D : od = v;} and so & solves D;. In other words, we use the
flexibility of moving columns in aims to display a better presentation.

For each 0 < j < k, we define S; C n, for j > 1 with i € S iff D;’[z] # 0 and
D?[i] = 0forall0 <[ < j,and Sy = n \ S], where S]T 1= ;s Si- Now, 0;D7 = v;(i)
and since i € supp(v;) C {1,...,i}, 0;DY > 0and 0;Df = O only if i > j, foreachi > 1.
Therefore S; # () for each j > 1 and so b, := (Sy, . .., Sk) partitions n, with Sy possibly
empty. Furthermore, every row of DY [S;] is non-zero, while D7[S;] = 0 when i > j, for
each 4 > 1. For the same reason, 0;[5;] # 0 but ¢;[S;] = 0 for each j < i, i.e., o; is
(S;, S)-positive.

For each k > j > 1 define D7 := {d € D : supp(d) N S; # 0} \ U, DY and
D% =D\ U}, D%. Then D% = D for each j > 0. So D” = Db := [D% ... D%].

Visually, we rearrange D and o into upper-triangle block matrices D* and o so that:
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(b b b bo ]
) O'ba o O'ba o O’lk- DOS Dg‘i' Ce Dgf . Dgz
11 1 - - -
. 0 Dy --- Dy --- Dif
b b . .
0 O o7 o7 =V,
i ik 0 o .. Di’;f e Di’]g '
b : : .
0 O 0 o5
- kk4 1 o o --- 0 --- DZZ

Figure 5.3: Spines as products of upper-triangular block matrices

where D?J‘-’ = Dij [S;] and 0'?]?’ := 0;[S;]. That is, starting from the right, we collect
all rows DJ[i], that are only non-zero in DY, into a collection D,Z‘; and move it to the bottom.
We then repeat this process for the submatrix of D with the rows D?j and columns D;
removed, for j < k.

Let R C F with supp(R) = n, and let b = (X, ..., X}) a tuple of subsets Xy, ..., X,

that partition n, where we allow X, possibly empty. Define R® := [R%, --- RY,], where

RY = {r € R:supp(R) N X; # 0} \ R,
i>j
foreach 0 < j < k,and R, = R\ U?Zl RY,. We say b is a blocking for R iff the sets RY;
are nonempty for each 0 < j < k. Given b = (X,..., X)), we define X := Uf:l Xi.
Note that there are only finitely many possible blockings for R, and if (X, ...., X;) is a
blocking then (n \ X/, X;, ..., X}) is a blocking for eachi = 1,.. ., k.

From the observation above, if D is a o-spine then b, is a blocking for D. Moreover,
if & = (0;)%_,, then o, is a (S;, S7)-solution for each DE;’ . On the other hand, if b =
(So, - . ., Sk) is a blocking for D and there exists o1, ..., 0} € ﬂle Sol(D};) such that each
o; is (S;, ST)-positive, then D is a o-spine for o := (0;)%_,. If [D] = (1,, D), then [o'D] is
a spine if 0;1,, # 0;D?, for some j > 1. Since we need only consider reduced-spines, we

conclude:
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Theorem 5.3.5. Let [D] = (1,,D) € S. Then [D] is pre-spinal if and only if [D] is
integral or there exists a blocking b = (Sp,...,Sk) of D, with & > 1, and 0y, ...,0 €

ﬂ?zl Sol(D};), where each o; is (S;, ST)-positive, but 011, # 0, DY, .

Example 5.3.1. Consider the simple equation
R] : wayz < 1V wVwaly Vv wdy?zs v ws?.
Indexing the variables alphabetically, [R] is equivalent to (14, R) € S where
R =1{0,(1,0,0,0),(4,2,1,0),(3,0,2,1),(2,1,0,2)},

its natural presentation as a subset of N*. Observe that

0,1,4 3 2
e e e i |
. |10 01 01012 0 1 0114 4 4
oR" = |+ -+ ----- Lo = |- -r=--=-==--- =V,
011 1 1 01011 2 0 0,03 3 3
| |
00,0 1 2

where b = (0, {1}, {2,3,4}) and o = (0;)%,, where o1 = (1,0,0,1)T;09 = (0,1,1,1)7.
Since 014 = (2,3) ¢ oR and V is a spine, (014, 0R) is spinal. Therefore [R] is pre-

spinal. Reverting to the multiplicative notation, this substitution shows

CRL + [R] | 2%y < 1Vva v o'y’

5.3.4 Solutions in R”. Let v € R” and M C R". We say a vector v is orthogonal
to the set M if vI'M = 0. We say v € R" is strictly (strongly) positive if v # 0 and

v(i) > 0 (v(i) > 0) for each i € n. The set X} (X7 ,) denotes the set of all strictly
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(strongly) positive vectors in X", called the strictly (strongly) positive orthant in X", where
X € {Z,Q,R}. Note that span(M)[S] = span(M[S]) for any M C R™ and S C n.
Leto € F', D C Fand S C n. Then o is a solution for D[S] iff #[S] is orthogonal
to D[S] in R", where D := {d — d : d € D} for any fixed d € D. Hence, if T C S, then
there exists a (7', .S)-solution for D iff there exists a T-solution for D[S] iff there exists a
T-positive v € R} orthogonal to D[S].® We recall a theorem of the alternatives for positive

solutions to linear systems.

Theorem 5.3.6 ([21]). Let M C R"™ be a set of vectors. Then exactly one of the following

holds:

1. There exists a strictly (strongly) positive v € R"™ orthogonal to M, or

2. span(M) intersects the strongly (strictly) positive orthant of R”.

Corollary 5.3.7. Let M C R™ and S C {1,...,n} be nonempty. If there is no S-positive
vector v € R orthogonal to M then there exists a strictly positive w € span(M) with

S C supp(w).

Proof. The assumption implies, in particular, there is no strongly positive vector orthog-
onal to M. By Theorem 5.3.6, there exists a strictly positive v € span(M). Proceeding
inductively, if n = 1 then supp(v) = {1} = S and we are done. Suppose the claim is true
forall 1 <m < n. LetY = {i: Ju € span(M) N R} withu(i) > 0} and X :=n\Y.
Since v is strictly positive, Y # () and there exists w; € span(M) with Y = supp(w,).
If S C Y then we are done. Otherwise, T := X NS # () and we consider the projection
M[X] € R, Since a T-positive u € R‘f' orthogonal to M [X| would also serve as an
S-positive vector in R orthogonal to M, there must be no T-positive . € R’ orthogo-

nal to M[X]. Since 1 < |X| < n, by the induction hypothesis we have that there exists

8For the reverse direction, since D[S] C Z™, by Gaussian Elimination we may assume v € (@1, and so
o=t-ve&Z} forsomet e N.
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w' € span(M[X]) with T C supp(w’). Let wy € span(M) such that wy[X] = w’. Let
t = max{|wy(i)| : ¢ € Y}. Then since w;[X]| = 0 and wy[X] is strictly positive, we have

that w := (t + 1)w; + w, € span(M) N R such that S C supp(w). O

Corollary 5.3.8. Let M C R"and 7' C S C n be non-empty. If there is no 7T-positive
v € R% orthogonal to M [S] then there exists L € N such that, for any v € R’} orthogonal

to M,v(i) < L-max{v(j):j€n\ S} foreachi € T.

Proof. By Corollary 5.3.7, there exists a strictly positive vector w € span(M[S]) with
T C supp(w). So there is w € span(M) with w[S] = w. Let X = n\ Sand L =
| X| - max{|w(j)| : j € X}. Suppose v € R" is orthogonal to M, then v"w = 0 and, since

T C supp(w) we have

(i) <Y w(vG) =Y —w(v) <D [wi)v() < L-max{v(j) : j € X},

jes jeX jex
foreachi € T 0
5.3.5 (x) and (%x). Recall AD] := >°" max{|d(i) — d'(¢)| : d,d € D} for finite
D C F. For each K > 1, let ¢ be the mapping n — K".
Lemma 5.3.9. Let d,d’ € F and K > 1 and suppose C' + od,C + od' € ¢;[N] with

od > od', for some C' € N and o € F”. If there exists L € N such that o(i) < L - (od’)

for each i € supp{d,d'}, then K < L - A[d,d'] + 1.

Proof. Suppose C + oD = K*? and C + od = K are distinct, for some a > 0 and
b > 1. On the one hand, od — od' = K*(K®—1) > K%(K — 1). While on the other hand,
od—od <old—d| < LK*°Ald,d]. Hence K < LA[d,d'] + 1. O

For o € F7”, define D = [D§ --- D¢|, where o(D U {0}) = {no,...,nx}, for
0=ng <--- <ng and D7 := {d € D: od = n;}. We say o defines a blocking for D if

D® = D¢ for some blocking b for D, i.e., 0 € ﬂ?zo Sol(D%;) with ¢D®, > --- > ¢D% = 0.
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Lemma 5.3.10. Let D C T be finite and K > 1. Suppose o € F? and C' € N such that
C + oD C ¢g[N]. If K > A[D] + 1 then ¢ defines a blocking for D.

Proof. Suppose supp(D) = n. If £ = 0 then b = (n) is the blocking, so consider & > 1.
We claim for each d € DY, supp(d) \ supp(Uk D7) # (. Supposing otherwise would
entail that for each i € supp(d) there exists j < k and d’ € D7 such that i € supp(d’),
implying K < A[D] + 1 by Lemma 5.3.9 and contradicting our assumption. Then S} :=
{i € n:DJ[i] # 0 = | = k} is nonempty and D] = {d € D : supp(d) N Sy # 0}.
Continuing in this way for 1 < j < k, since D’ C D implies A[D'] < A[D], the same
argument shows supp(d) \ supp(lJ/_) D7) is nonempty for each d € DY, and so S;

{ien:1<j&D7[i] #0 = 1= j}is nonempty with D7 = {d € D : supp(d) N S; #
0} \ Ui:jJrl D?. By defining Sy = supp(D) \ S}, we conclude b = (Sp,...,S) is a
blocking of D such that D = D°. O

Lemma 5.3.11. Let b = (S, ..., Sk) be a blocking for D with £ > 1. Suppose for some
i > 1 there is no (S;, SJ)-solution in ﬂ;‘fzo Sol(D?;). Then there exists L € N such that for
any 0 € F? with D7 = D, if C' + oD C ¢x[N] then K < LA[D] + 1

Proof. If i = 1, then o € Sol(D!,) implies ¢D®, = 0 by assumption, so D # D" and
the claim is vacuously satisfied. Suppose ¢ > 1. Observe there exists a (.5;, SZT )-solution in
ﬂ?zo Sol(D};) iff there exists an S;-positive v € R* orthogonal to D[ST]. Since D7 = D"

implies cD?; > oD?; |,

by Corollary 5.3.8 and Lemma 5.3.9 the result follows. [l
For K > 1 and [D] = (1,,D) € S, we write [D], K |= (%) if and only if
For all 0 € FT and for all C' € N,
if C + od is a power of K for eachd € D (*)
then there exists d € D such that 0d = 01,;
ie.,C+ oD C ¢x[N] implies 01,, € oD.
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Lemma 5.3.12. If [D] € U then [D], K |= (%) for all K sufficiently large.

Proof. We proceed by contraposition. Suppose A := {K € N : [D], K [~ (%)} is infinite.
For each blocking b of D, define A, C A via K € A, iff K € A witnessed by 0 € F”
such that D° = DP. Since A is infinite and there are only finitely many blockings of D,
there exists b such that Ay is infinite by Lemma 5.3.10. Fix a blocking b = (S, .. ., Sk)
for D such that Ay is infinite. Let oy be a witness to the failure of (x) for some K € A,
such that D?t = DP. If k = 0 then [D] must be integral and we are done. If & > 1, then
o) € ﬂfzo Sol(DY;) is (S, S])-solution such that oy 1,, # oD, Furthermore, since A is
infinite there must be a (.S;, S7)-solution o; € ﬂ?zo Sol(D?;) by Lemma 5.3.11, for each

1 < ¢ < k. Therefore, by Theorem 5.3.5, [D] & U. O

Theorem 5.3.13. Let [D] € S. Then [D] € U if and only if there exists N € N such that
D], K |= (xx) for every K > N.

Proof. The reverse direction follows from Lemma 5.3.4. We proceed by contradiction for
the forward direction. Suppose [D] = (1,,D) € U but for every M € N there exists
Ky > M such that [D], Ky, = (%%), i.e., there exists 0,0’ € F and C,C’ € N such that
C + oD,C" 4+ d'D C ¢k, [N] but for all d € D, either 01, # od or 0’1, # o'd. By
Lemma 5.3.10, o and ¢’ each define a blocking for D if K, > A[D] + 1. Since there are
only finitely many blockings of D, there must exist a pair b, ¢ that witness this failure for
every K, in some infinite set A C N. Let b = (Sy,...,Sk) and ¢ = (Ty,...,T;). Since
[D] € U, [D] is not integral and so k,[ > 1.

Since A is infinite, there is a (S, Sg)-solution o, € F? for D!, by Lemma 5.3.11.
Thus D is a (op)-spine. Now, oy1, = 0D} since otherwise [D] would be pre-spinal,
contradicting [D] € U. So let t, := 01, = 0pDg, and note t, > 0 since k > 1. By

symmetry, there is a (77, 7;)-solution o, for D¢, such that ¢, := o.1,, = o.Df > 0.
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We claim that Sy and 7; are disjoint. Since [D] € U, by Lemma 5.3.12 there exists
N € Nsuchthat [D], K |= (x) forevery K > N. Let K € Awith K > max{N, A[D]+1},
and 0, o’ falsifying (xx) for some with D® = D? and D* = D7, Since K > N, (%) implies
that 01, € oD® (6’1, € oD"). In addition, K > A[D] + 1 further implies 01,, = 0D?,
(0’1, = o'D)) by Lemma 5.3.9. Since 0,0’ falsify (%), there is no d € D such that
od = o1, and 0'd = 0'1,. So D?, N D¢, = 0, and hence S}, N T; = ) by definition of b, ¢
being blockings. Hence 0, D¢, = 0 and 0.D?, = 0. Let X; := D!, UD¢, and X;, := D\ X;.

Hence, for ¢ := t.oy + tyo., it follows that ¢ X; = t,t. > 0 Xg = 0, but 61, = 2tpt, >

tet.. Therefore [D] is a (7)-spine, contradicting [D] € U. O
Corollary 5.3.14. If ¥ C I/ is finite then there exists K > 1 such that X, K = (%x).

Proof. For each [D] € X there exists Np such that [D], K |= (%) for all K > Np. Since
¥ is finite, let K := max{Np : [D] € £}. Then X, K = (»x) by definition. O
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Chapter 6: Concluding remarks

We conclude this thesis with remarks about related results and a list of open problems.

6.1 The class / and known results

As our construction of algebraic machines in Chapter 4 was inspired by both [14]
and [5], there are many connections between these manuscripts and the results of Chapter
5. We wish to briefly mention here the general scope of the results obtained in [14] and
[5], natural generalizations of them, and their relation to the class ¢/. We note that the
constructions in [14] and [5] properly require non-commutativity. Although we show there
is overlap between the consequences of [14] and Section 5.2, we note that the our results
for extensions of CRL are novel.
6.1.1 Horc¢ik and the word problem for non-commutative varieties. In [14], Hor¢ik
proves that the word problem for RL + [k7’] is undecidable for any knotted equation [k]
for the values n # m where m > 2 and n > 1. Le., for all expansive knotted equations
and all non-mingly compressive knotted equations. The argument used to establish this fact
involves a residuated frames construction as in Section 4.1.1.

In particular, although not explicitly stated in [14], all equations present in the quasi-
equations used for the encoding are of monoid-type in the fragment {<,-,1}. Hence,
[14] in fact establishes that the {<, -, 1}-fragment of the word problem for RL + [k™] in
undecidable for the knotted equations described above.

We observe that since all such equations are knotted, they are by definition spinal and
therefore are not members of {/. In fact, the result captures a broad class of pre-spinal
equations for which our methods in Chapter 5 are unable to address. The residuated frame

W that Hor¢ik constructs is such that W+ = (2? < 2%)&(z < z?). By the same argument
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in Theorem 4.1.5, Hor¢ik shows that any subvariety 1V C RL containing W™ will have an
undecidable word problem. Consequently, if RL |= [(Vz)(2? < 22)&(z < 2%)] = (VT)[R]

for some simple equation [R], then W € RL + [R]. In particular (by Lem. 2.7 [14]):

Proposition 6.1.1 ([14]). Let [R] = (1,, R) be a nontrivial simple equation. If R contains
a square, i.e., ur?v € R for some monoid terms u, v, z, then WT € RL + [R]. In partic-
ular, for any non-mingly single-variable equation [R], the word problem for RL + [R] is

undecidable.

Although this result is remarkably encompassing, there are members of ¢/_; for which
[14] does not explicitly capture. We can use the very same function which Hor¢ik utilized
to ensure a language of square-free words (ensuring W+ = [(z® < 22)&(z < 2?%))), to
obtain a simple equation for which the above proposition is not applicable. Consider the
alphabet ¥ = {x,y, z} and the free semigroup X" generated by 3. Let h : Xt — 3T be

the semigroup homomorphism defined as follows:

h(z) = xyz,
hy) = w2
hz) =y

As shown in [18], the n-th composition h™(z) is square-free, for any n > 0.

Consider the simple equation [R] : z < x? V z°. Now, [R] € U_; and R contains a
square. Both Theorem 5.2.6 and [14] entail that the {<, -, 1}-fragment of the word problem
for RL + [R] is undecidable. Consider now the equation [hR] : h(z) < h*(x) V h3(z). By

the definition of A, [hR] is given by

[hR)] : zyz < xyzrzy V xyzrzyryzyrz,
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and the right hand side is square-free. On the one hand, the argument in [14] seemingly
fails for the equation [AR]. On the other hand, [hR] € U_; and therefore by Theorem 5.2.6,
the {<, -, 1}-fragment of the word problem for RL + [AR] is undecidable." In this way,
infinitely many examples for which Theorem 5.2.6 hold but [14] seemingly fails can be
constructed as above.

6.1.2 Chvalovsky & Horc¢ik and the non-commutative varieties. In [5], Chvalovsky
and Hor¢ik prove that for every expansive knotted equation k], i.e., for m > n > 0,
RL+ [k}] has an undecidable equational theory. In particular, they establish the remarkable
fact that provability in FL. is undecidable. The main idea developed in [5] was to obtain a
deduction theorem in which the undecidability of the word problem provided in [14] could
be bootstrapped to the equational theory.

As in [14], the primary focus of [5] was to investigate expansive knotted equations,
contraction in particular. However their result is general enough to establish that expansive
equations, as defined in Section 2.4, admit the same property. That is, RL + [E] has an
undecidable equational theory for any expansive equation [E]. As in [14], the challenge
was to create an encoding that maintained the property that only square-free words are
accepted to ensure instances of [k”| are admissible. This is achieved by their so-called

Conditional String-Rewriting Systems (CSRS). Now, expansive rules are of the form
[E] 2" < \/[ a?,
peEP

for some finite nonempty set P C N such that p > n for each p € P. As observed

in Equation (4.12), if [Rg] is the equivalent simple equation for [E], then [Rg| contains

Tt is straightforward to verify [hR] € U_;. Indeed, [AR]com : 7yz < x2y?22 V 23y323. Since the
corresponding set of vectors is hR := {(2,2,2), (3, 3,3)}, there is no non-zero o € N® such that |[chR| = 1
and 013 ¢ ohR. Hence we obtain [hR] € U. Since no variable appears precisely once in each joinand in
hR, hRR € U_;.
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2p € R, for some monoid terms u,v,z. As a result (Thm. 3.5 [5]),

a square, i.e., ux
their CSRS language L is trivially closed under the equation [Rg] since it L only accepts
square-free words. That is, [Rg| is admissible in the language L.

The last step in [5] was to ensure the completeness of the encoding, i.e., L accepts
some word if and only if some specific equation is satisfied in RL + [k?*]. This is achieved,
on the one hand, by a cleverly constructed formula (§4 [5]) using so-called aromic CSRSs.
On the other hand, the only role that the expansive knotted equation plays in the deduction
theorem if for carrying out the instructions of the atomic CSRS (Lem. 4.1 [5]). That is,
merely utilizing the fact that RL + [k”?] is negatively n-potent (see Section 2.5).

It is clear then that since an expansive equation [F] is such that (i) [Rg] contains
squares, and (ii) the variety RL + [R | is negatively n-potent, the variety RL + [Rg] has an
undecidable equational theory (Thm. 3.5, Thm. 4.4, §5.2, §5.3 [5]).

6.2 Open problems and future work

Lastly, we conclude with a list of open problems that arise from the contents of this

thesis.

1. Let be a set of simple equations ¥ and [A] = (ag, A) a proper ISR-equation. By
Lemma 233, RL+ X = [4] iff ISR+ X = [A] iff A Fy ap. We observed in
Section 3.2, that determining whether or not A -y ay is recursively enumerable. We
gave sufficient condition for decidability in Theorem 3.2.1 and Theorem 3.2.2. Is
it decidable in general? l.e., is the equational theory of ISR + X always decidable,
or does there exists a special set of simple equations > such that ISR + X has an

undecidable equational theory?

2. In Section 3.4, we show that the decision procedure for potent varieties of CRL
extended by finitely many simple rules not only primitive recursive, but at worst
doubly-exponential. Can this upper bound for complexity be lowered to, say, an

exponential bound?
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3. Letm > n > 0 and [k!”"] be an expansive knotted equation. By [23] and Section 4.4,
there is no primitive recursive decision procedure for the {V, -, 1}-fragment of the
quasi-equational theory for CRL + [kI”"]. What can be said about the complexity of
the word problem for this fragment? Specifically, is the word problem for {V, -, 1}-

fragment of CRL + [c] primitive recursive?

4. Continuing from the above, since these varieties are commutative [23] and Sec-
tion 4.4 relied on the presence of V to simulate zero-test instructions for ACMs.
What is the complexity of the quasi-equational theory (or even the word problem)

for the {<, cot, 1}-fragment of these varieties?

5. For the compressive knotted equation [k?,] with m > n > 0, CRL + k! ] has the FEP.
Does CRL + [k” | admit a primitive recursive decision procedure? More specifically,
what is a complexity lower bound for CRL + (z* < 22)? Can the construction in [23]

show there is no primitive recursive decision procedure for CRL + (2 < 22)?

6. In[14], itis established that RL+[k"| has an undecidable word problem for any n > 1
and m > 2. In fact, this result holds for any single variable equation ™ < va p L,
for n > 1, so long as the set P € {0, 1}. Le., [14] does not cover equations of the
form 2" < x, 2" < x V 1, and 2" < 1 (which is equivalent < 1 in RL).2 It has
been known extensions by x < 1 and 2% < z have decidable universal theories (and
hence the word problem is decidable). What can be said for the equations 2" < x

and 2" < x V1, forn > 3and m > 2?

7. In [5] and Section 6.1.2, it is shown that extensions of RL by expansive equations
have an undecidable equational theory. Is this also true for other, non-expansive

equations, such as 2® < 22 orz < 22\ 17

2We note that by Section 3.3, the varieties have the FMP.
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8. All single-variable spinal equations are either knotted or of the form z" < 2™ V 1,
where n # m. In the context of CRL, knotted equations have the FEP and thus have
decidable universal theories. In Theorem 3.3.2, we establish that ™ < z V 1, where
n > 1, has the FMP since its corresponding simple equation is completely linear.
However, for equations 2 < 2™ V 1, where m > 1, nothing is known. In particular,

a running example in this thesis has been the simple equation

[d:z<2*V1,

for which we have primarily stated negative results. By Proposition 3.1.3, CRL +
[d] does not have the FEP. By [23] and Section 4.4, the quasi-equational theory for
CRL + [d] does not have a primitive recursive decision procedure. On the other hand,
by [14], such equations are known to have an undecidable the word problem for when
extending RL. Is the quasi-equational theory of CRL + [d] decidable or undecidable?

Is the equational theory of CRL + [d] decidable or undecidable?
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