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ABSTRACT 

 An engaged brake system generates high temperature gradients in the brake rotor 

and brake pads. This high temperature gradient in turn induces thermal buckling. During 

high speed rotation, vibration is likely to occur in the system. In terms of a brake disc 

vibration will occur when there is a misalignment of the brake disc or thermoelastic 

instability (hot spot) forms on the brake rotor. Coupled and uncoupled problems of thermal 

buckling and vibration of a brake disc are analyzed and presented using finite element 

analysis in this thesis. Thermal buckling depends on the direction of the high temperature 

gradient. Having the temperature distributed either in the radial direction or axial direction 

affects the critical buckling load, which is noticed in the buckling temperatures. Effects of 

vibration on thermal buckling, and effects of the buckling temperature on vibration were 

analyzed as the coupling analysis of vibration and thermal buckling. In a simplified thermal 

buckling study, linear, sinusoidal and exponential temperature profiles are chosen for the 

thermal loading condition. The temperature increases in the radial direction with the 

minimum temperature at the inner radius and maximum temperature at the outer radius. 

Each temperature profile had a constant temperature change of 228°C. Uniform 

temperature was assumed in the circumferential directions. 
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CHAPTER ONE: INTRODUCTION 

1.1 Brake System Introduction 

Newton’s first law of motion states every body perseveres in its state of being at 

rest or of moving uniformly straight forward except insofar as it is compelled to change 

its state by forces impressed [1]. A body compelled to change its state when in motion is 

seen as that body coming to a stop. The force impressed on it (external force) can be 

another body obstructing its motion or friction. A body is not capable of being in motion 

indefinitely; there is always friction to slow down the body to an eventual stop. Friction is 

resistance to sliding. Any two objects in contact with and trying to move relative to each 

other have friction [3]. Over the years, friction has been studied and used to create the 

external force exerted on a body in motion to change its state. The process of using 

friction to create a force to stop a moving body especially a vehicle is called braking.  

A brake is an essential safety mechanism in any moving vehicle in production 

today such as cars, airplanes, and trains. A brake’s function is to slow or bring to a 

complete stop a moving vehicle. An assembly of a brake system showing its components 

is shown in Figure 1-1.
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Figure 1-1: Disc brake assembly [21] 

 For the purpose of this thesis, only three components will be discussed, as these 

are also known as the main components in the brake assembly. The three components are 

the rotor, caliper and brake pads. The brake pads are housed in the caliper along with a 

piston and are located on either side of the rotor. The rotor rotates with the wheels, while 

the caliper and every other component housed in the caliper including the brake pads are 

fixed in place and do not rotate with the wheels. 

 The working principle of a hydraulic brake system is shown in Figure 1-2. When 

the brake pedal is pushed the brake fluid gets compressed inside the master cylinder and 

that in turn applies pressure to the piston housed in the caliper. The piston also applies 
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pressure to the brake pads and the pads clamp down on the disc rotor gradually 

preventing it from rotating. During the braking process, heat is generated. The heat 

generated is due to the sliding friction between the brake pads and the rotor. This heat 

generated can cause a temperature change which in some cases can be really high 

depending on the angular velocity of the disc rotor, the pressure applied by the brake 

pads, and the friction material. 

  

Figure 1-2: Working principle of a hydraulic brake system [22] 
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1.2 Thesis Description and Background 

 Thermal buckling is a well known problem and continuous research topic in the 

automotive industry today. Buckling is an instability that leads to structural failure. 

Buckling load is the load at which the current equilibrium state of a structural element or 

structure suddenly changes from stable to unstable, and is, simultaneously, the load at 

which the equilibrium state suddenly changes from that previously state configuration to 

another stable configuration with or without an accompanying large response 

(deformation or deflection) [8]. Several literatures, publications, and analyses have been 

published for brake disc to be able to design a reliable brake disc for automobiles and 

ensure the safety of automobile users. Analysis such as thermal, structural and squeal 

have been extensively researched. During braking, it is known that heat generated in the 

process is due to friction. The heat generated in the process raises the temperature non-

uniformly in the brake rotor and brake pads. These temperatures can sometimes get as 

high as 800°C. The high temperatures may induce thermal stresses due to thermal 

expansion in the rotor and lead to thermal buckling. Simplified forms of a thermal 

buckling problem have been studied with different types of temperature profiles 

simulated to get a better understanding of the effects of thermal buckling in automotive 

systems such as clutches and brake discs.  

 This thesis is a study of uncoupled thermal buckling with simulated temperature 

profiles and a coupling analysis of vibration and thermal buckling. The coupling study is 

a two-step process. First, utilizing ANSYS, a vibration simulation is run, and the 
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deformation result is obtained. Second, utilizing a correlation between mechanical 

deformation and thermal expansion, a temperature change is obtained using MATLAB. 

The temperature change obtained is used as the basis for the temperature gradient 

(profile) in the thermal buckling simulation. There are different types of vibration to 

consider for the coupling study. In the case of this thesis, vibration caused by rotation is 

used as a basis for the coupling with thermal buckling. The distribution of the contact 

pressure is affected if there is axial deformation during the rotation of the brake rotor. 

This in turn affects the temperature gradient during the generation of heat due to friction 

and affects the thermal buckling critical load. The coupling study of vibration and 

thermal buckling is then compared with the uncoupled thermal buckling study to 

understand how much the presence of vibration affects the thermal buckling critical 

temperature of the brake rotor.  
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CHAPTER TWO: LITERATURE REVIEW 

2.1    Review of Vibration Study 

 Vibration was introduced in the early millennium BC. It came as a result of the 

base sciences in which it was derived from, mechanics and mathematics. Vibration is 

always used to describe wave and sounds. Over the years vibration have been used to 

study and quantitate a systems equilibrium state. Such simplified systems are often 

represented with a mass and spring system. Fred [15] indicated that although it would be 

reasonable to assume a vibrating system is out of balance the amplitude of a frequency 

determines the severity of a fault. In reality, vibrating systems or bodies are not 

necessarily out of balance. Every body vibrates at a certain frequency; this frequency is 

known as the natural frequency of the body. Vibration can be considered a sub-branch of 

dynamics and the study and understanding of vibration is very versatile branch of 

science. These studies have shown to be capable of predicting earthquakes and aided in 

the design of structures to withstand these vibrations. Boughner [16] used low frequency 

vibration to study the effect on arterial walls in regions where a murmur may occur. Low 

frequency vibrations can be beneficial to the human body, as all body does vibrate at a 

certain frequency. Zhao, Bo, et al. [33] found an inverse correlation between static load 

and ultrasonic amplitude in ultrasonic machining. With an increase in static load, there is 

a decrease in ultrasonic amplitude after an initial rise occurs. Various studies of vibration 
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have been conducted throughout the years in various areas, such as human anatomy, civil 

and structural engineering, mechanics, automotive industry, etc. 

Most vibration studies conducted for the automotive industry have been on brake 

disc and these have mainly been squeal analysis and brake judder analysis. Brake judder 

is a braking induced forced vibration occurring in different types of vehicles. Brake 

judder is usually felt in the steering wheel, which affects the operation of the vehicle and 

can cause veering. Hence, the study of such has been prudent so as to reduce the transfer 

frequency from the brake to the steering wheel. Squeal is defined as a noise that occurs 

when a system experiences very high amplitude mechanical vibrations. Brake squeal 

typically is either a low frequency vibration or a high frequency vibration usually caused 

by worn out pads and other conditions. Although, certain low frequency vibrations have 

been introduced to the human body for scientific purposes, Jr, M. Triches, et al. [40] stated 

that typically, the high frequency squeal occurs for frequency ranges between 8 and 16 

kHz, while low frequency squeal occurs between 1 and 7 kHz, but since the human ear is 

most sensitive to the frequency region between 1 and 4 kHz, the low frequency squeal is 

considered the most annoying type of brake noise. Nishiwaki [29] studied the dependency 

of disc brake squeal on the natural frequency of cantilever type pad-caliper, which 

occurred at 2.7 kHz, 2.0 kHz and 5.3 kHz for each cantilever length L=40 mm, 50 mm 

and 80 mm in each friction test. Kumemura [28] deduced that the phenomenon of low 

frequency squeal of disc brake occurs only under special conditions and the occurrence 

rate is very small compared to high frequency squeal. Jr, M. Triches, et al. [40] also stated 

that low frequency disc brake noise is a problem that typically occurs in the frequency 
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range between 100 and 1000 Hz and typical examples of noise problems from this 

category are groan and moan noises. Also, the generation mechanism of this kind of 

problem is the friction excitation at the rotor and lining material, which provides energy 

to the system. This energy is transmitted as a vibratory response through the brake 

assembly and couples with components of the suspension and chassis. Hu, Shugen, and 

Yucheng Liu [36] concluded in a research that the probability of brake noise generation 

increases with the increasing brake pressure because the velocity feedback causes a 

negative equivalent damping, which increases with the increasing brake pressure, and the 

probability of brake noise generation increases with the decreasing disc rotational speed 

because the slope of the curve decreases with the decreasing disc rotational speed, and 

the negative equivalent damping caused by the velocity feedback decreases as the speed 

decreases, which also decreases the total system damping. Duan, C, and R Singh [39] 

found that peak vibration levels of the steering wheel were seen when the rotational 

frequency of the tire coincided with the resonant frequency of the transfer path. They 

proposed a new vibration control concept that modulates the actuation pressure. The 

concept they proposed is based on an approximate solution for the angular displacement 

of the disc in the model they developed. Their preliminary work also indicated that the 

concept could be very effective in reducing the receiver vibration level without 

sacrificing the brake performance. Hajnayeb, Ali, et al. [42] found in their study of brake 

judder that the first two modes of the wheel are the dominant vibration modes and the 

vibration signal of the brake pedal has similar components to the steering wheel, except 

for showing lower vibration amplitudes in the natural frequencies of the transfer path. 
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Meyer, Ralf [41] studied disc brake judder that is attributable to thickness variations in the 

disc and that these deviations from the ideal plane surface can be caused either by wear 

and corrosion or by thermal stresses (changes within the microstructure of the disc 

material). They are termed “cold judder” and “thermal judder” respectively. This thesis 

studies vibration due to rotation of the tires, the vibration observed in this study has 

components of deflection in the axial, radial, and circumferential direction but with the 

majority of its deflection in the axial direction. This vibration study was used in a 

coupling analysis with thermal buckling to study the effects of vibration on thermal 

buckling and thermal buckling temperature on vibration. 

2.2    Review of Thermal Buckling Study 

It is well known that automotive brakes and clutches can fail at elevated 

temperatures and thermal stresses due to the frictional heat generation at the contact 

surfaces during brake operations or clutch engagements. The mechanism of failure, 

however, varies depending on the operating conditions. Timošenko Stepan Prokofʹevič, 

and James Monroe Gere [7] published the most important failure mechanisms include 

thermoelastic instability or hot spotting, thermal cracks and thermal buckling and among 

them, thermal buckling is believed to be one of the dominant failure mechanisms in 

clutch plates due to their small thicknesses. Instability problem was first observed by 

Euler Bernoulli. Euler’s method was revised and now used today to tackle buckling loads 

in linear elastic problems. Bigoni, D., et al.[31] showed that the sliding movement of the 

end of a structure against the curvature of the constraint strongly affects buckling loads. 
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Buckling is a widespread phenomenon that have been studied at various disciplines of 

engineering and for various geometries. Ari-Gur, Judah, and Samuel R. Simonetta [32] 

found that dynamic buckling can occur for lower loads at a range of loading frequencies 

near the fundamental frequency of a plate. They also found axial displacement in 

buckling is not sensitive to material configurations. Pegg, N.g.[34] discovered that 

buckling failure during dynamic response is shown to occur at peak loads that are much 

higher, and in modes which consist of much smaller wavelengths than static buckling 

loads. The buckling mode shape also changes significantly during its formation due to the 

effects of strain rate and curvature reversal. Stibich, Paul R., et al. [34] published a 

technique to predict thermal buckling in automotive body panels, by obtaining vehicle 

body temperature profile from a heat transfer analysis and is applied in the buckling 

analysis.  

The research of thermal buckling is important in both mechanical and material 

engineering, particularly in automotive systems to study and simulate realistic 

applications. Audebert et al. [38] studied buckling of automotive clutch plates due to 

thermoelastic residual stresses. It was based on a tent-like temperature distribution, which 

was all theoretical. The results showed that clutch plates subjected to axisymmetric 

temperature excursions can develop residual in-plane bending moments of sufficient 

magnitude to cause buckling during unloading. The coning mode occurred when the 

residual stress at the outer radius was tensile and the potato chip mode occurred when it 

was compressive. Ma [13] extended the method to automotive disk brakes and investigated 

the effect of geometric and material parameters on the critical buckling loads via the 
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finite element method. These studies revealed that both axisymmetric and non-

axisymmetric buckling modes can be caused by a uniformly distributed thermal loading 

in the circumferential direction. In addition, a slightly changed temperature profile in the 

radius can greatly affect the deformed shape of the buckling mode.  

 In this chapter, the studies on vibration, mechanical buckling, and thermal 

buckling have been reviewed. In previous studies, various methods have been used to 

analyze vibrations and buckling. Various geometries have been considered in both 

studies. In vibration studies geometries such as rectangular plates and in thermal buckling 

geometries such as plates, beams, etc. Vibration studies conducted or analyzed in 

automotive brake disc have been noise or squeal analysis. Thermal buckling studies 

analyzed in brake disc have all been simplified to annular rings or hat section. The 

present work will incorporate the theory of thermal buckling first introduced by Euler and 

the governing eigenvalue problem of buckling to investigate the coupling of vibration and 

thermal buckling in brakes by taking into account various vehicle speeds that affect the 

vibration modes and in turn affect the buckling temperature. The vibration study is based 

on a forced vibration due to tire rotation at various speeds of the vehicle. A more realistic 

model of a brake rotor will be the model analyzed in this study. Based on previous works, 

finite element analysis has proven to be efficient in analyzing vibrations and thermal 

buckling. Therefore, finite element analysis is chosen for the coupling numerical study of 

vibration and thermal buckling in automotive brake discs. 
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CHAPTER THREE: FINITE ELEMENT MODEL AND SETUP 

 Finite element analysis is a numerical method for solving physics and 

mathematical problems. Finite element analysis is used to solve real-world problems that 

cannot be easily solved using analytical solutions. Most problems are generally complex, 

so, when using numerical methods the problems are simplified to get an accurate 

understanding of the  problem. Due to these reasons finite element method was used in 

this thesis. Palmer, E, et al. [43] stated in high-demand braking applications, vented discs 

are increasingly being used as these are considered to have high heat-dissipating 

characteristics. Therefore, a vented brake rotor is the chosen model for the purpose of the 

analysis of this thesis. The geometric model of the brake rotor is based on the benchmark 

brake model for squeal analysis in ABAQUS [5] which was then modified and simplified 

not to include the brake pads. Maluf, Omar et al. [14] published that cast irons are 

commonly used in brake discs production, the low costs of the production, the excellent 

thermal conductivity, the ease of dissipating heat generated by the friction of the pads 

during a stop, and the capacity of damping vibrations, which are prime characteristics of 

this kind of component. Therefore, cast iron was the chosen material for this study. 

The 3D model is composed of tetrahedron element type with 34,984 nodes and 

19,116 elements. Figure 3-1 shows the modified brake rotor in the meshed state before 

the analysis is conducted. Table 3-1 shows dimensions for the brake rotor and Table 3-2 
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shows the material properties for gray cast iron. Figure 3-1 shows the side view and top 

view of the brake rotor to illustrate the dimensions shown in Table 3-1. The setup for the 

study only required some constraints be placed on the model. The constraints on the 

model followed a realistic boundary condition for a brake rotor, where the brake rotor is 

fixed to the wheel of the car via the bolts, and the inner and outer radii are free. A fully 

fixed constraint was placed on the bolt holes in the disc rotor. The constraint used was the 

same for the vibration simulation, thermal buckling simulation, and coupling simulation. 

The vibration study was given an initial condition of rotational velocity; the rotational 

velocity was applied in the circumferential (theta) direction. The loading condition for the 

thermal buckling simulation is a temperature gradient distributed in either the radial, axial 

or circumferential direction. Generally, to realistically characterize the coupling study, 

the type of vibration that occurs is a forced vibration; it is a forced vibration due to the 

rotating speed of the wheel of the vehicle. 
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Figure 3-1: Finite Element Model of a Brake Rotor [5] 

Table 3-1: Geometric Dimensions of the Brake Rotor 

  
Outer 

Radius 

Inner 

Radius 

Hat 

Diameter 

Hat 

Height 
Thickness 

Symbol Ro Ri Dh Hh t 

Unit mm mm mm mm mm 

Value 144 32 184 13 20 
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   (a)     (b) 

Figure 3-2: Brake rotor dimension illustration 

Table 3-2: Material Properties of the brake rotor 

  

Young’s 

Modulus 

Mass 

Density 

Poisson’s 

Ratio 

Thermal 

Expansion 

Thermal 

Conductivity 

Specific 

Heat 

Symbol E ρ ν α k Cp 

Unit Pa N/m   10-6/K W/m*k J/kg*k 

Value 6.6178x1010 7200 0.27 12 45 510 

 

 ABAQUS proved to have a longer run time, and occasionally did not yield any 

results for the proposed simulation later on in this thesis. So, the model used was 

obtained from ABAQUS benchmark and the simulations were conducted on ANSYS. 

The ABAQUS input file with the node coordinates and element number was modified to 

eliminate the brake pads and backer plates for both the vibration and thermal buckling 

simulations. All simulations were run using the graphic user interface in ANSYS 

workbench. The input file was saved in its original format of .inp and imported into 

ANSYS using the finite element modeler tool from the ANSYS toolbox. The vibration 
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simulation was run using the modal analysis system. The modal analysis system was 

linked to the finite element modeler and used as the model for simulation. In the modal 

analysis system the engineering data can be modified, the material properties for gray 

cast iron were added to the material data library to be used in both analyses. The model 

was opened in ANSYS mechanical from the modal analysis system in ANSYS 

workbench. Here the model was meshed, and the default mesh created had 34,984 nodes 

and 19,116 elements. A convergence study was conducted by creating a mesh control 

varying the element size. The element sizes are measured in mm, and changed from 

default to 20mm, 15mm, 10mm, and 5mm, the smaller the element size the larger the 

number of nodes and elements. A mesh behavior of hard was chosen instead of the 

default soft, because the hard behavior keeps the prescribed element size settings and 

number of divisions for the edges, unlike the soft behavior which can cause the mesh 

control to be affected by the curvature and often results in a different number of nodes 

and elements every time the model is remeshed. A new coordinate system was created 

specifically for loading conditions, and a more preferred cylindrical coordinate was 

chosen and created for a disc. The coordinate system was created to be able to accurately 

obtain the radial, axial and circumferential deformation results. Fixed supports were 

applied to the model at the bolt holes from the supports menu, and a rotational velocity 

was introduced from the inertial menu and the vibrational simulation was run and the 

deformations obtained. The deformation result was obtained by exporting the 

deformation result from ANSYS Mechanical Analysis Module after the simulation had 

concluded. 
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 The thermal buckling analysis had a similar setup to the vibration analysis in 

ANSYS workbench, but instead of a modal analysis system, it was a multistage setup. 

First a static analysis system was linked to the finite element modeler model and a linear 

buckling analysis system was linked to the model, setup and solutions tabs in the static 

analysis system. Similar fixed supports were used in the thermal buckling analysis, the 

same cylindrical coordinate system was created for the model in ANSYS Mechanical, 

and the thermal load was applied in the static study which transferred to the linear 

buckling study. The thermal loads were applied to the model using the newly created 

cylindrical coordinate and not the global cartesian coordinate. The setup for the thermal 

buckling was concluded and the simulation was run. 
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CHAPTER FOUR: VIBRATION ANALYSIS 

 Rotating machinery produces vibration during its normal operation as a 

consequence of friction and centrifugal forces of both the rotating parts and the bearings. 

As a result, vibration can be measured, recorded, trended, and in most cases even heard. 

Thus, we define vibration as a repetitive movement around a point of equilibrium 

characterized by its variation in amplitude and frequency [6].  

A type of vibration in a brake disc is brake judder. Brake judder can usually be 

noticed during braking because, the contact surface between the brake rotor and brake 

pads changes. This changing contact surface can be caused by different various 

phenomena such as warped rotor, material defect, unaligned rotor and TEI (thermoelastic 

instability), just to name a few. Vibration can also affect the heat dissipation process 

during braking, and this can lead to rapidly increasing and very high temperatures in the 

brake disc. It is also known and shown in Tables 4-1, 4-2 and 4-3 that at low traveling 

speeds the vibration of the brake disc can be high and at higher speeds the vibration 

reduces.  

Using the modal studies in ANSYS a vibration analysis was performed to find the 

vibration modes of the brake rotor’s frequencies. The simulation for vibration was setup 

with fixed supports at the bolt holes and given an initial condition of rotational velocity. 

The rotational velocity was obtained and calculated using Equation 1, assuming a 
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traveling speed of the vehicle in miles per hour (mph). The linear speed of the vehicle in 

miles per hour (mph) was converted to meters per hour, then using the circumference of 

the wheel in meters convert meters per minute to revolutions per minute (rpm), which 

was finally converted to rotational velocity in radians per second (rad/s). 

𝑅𝑉 = 𝑆𝑣 ∗
1609

3600𝑟
      (1) 

 Here RV represents rotational velocity in radians per second, Sv represents speed 

of vehicle in miles per hour and r represents the radius of the wheel in meters, not to be 

confused with the radius of the brake rotor. The radius of the wheel used in this study is 

based off Daws, J. W., et al [20] Chevrolet Avalanche wheel radius of 778mm (0.778m). 

The study was conducted at three various vehicle speeds with a low speed of 25mph 

(generally a school zone maximum speed limit), a high speed of 75mph (generally a 

highway maximum speed limit) and a highway minimum speed limit of 55mph. Using 

Equation 1, the calculated rotational velocities from the speeds of 25mph, 55mph, and 

75mph are 14rad/s, 32rad/s and 43rad/s respectively. Tables 4-1, 4-2 and 4-3 show the 

convergence study by varying the element size, obtaining the number of nodes and 

element, computing the vibration frequency and calculating the percent error between the 

computed frequencies to determine the best element size for an accurate result. A chosen 

medium mesh density was used. The medium mesh density is half way between a fine 

mesh density and a coarse mesh density.  

 

 



20 

 

Table 4-1: Convergence study for a rotational velocity of 14rad/s 

Tetrahedron Element Type 

Vehicle Speed of 25 MPH 

Element Size 

[mm] 

Number of 

Nodes 

Number of 

Elements 

Frequency 

[Hz] 

Percent Error 

[%] 

Default 34984 19116 769.96   

20 16053 8143 798.54 3.579031733 

15 19826 10143 785.52 1.657500764 

10 31651 16601 773.31 1.57892695 

5 105806 61366 751.18 2.946031577 

 

Table 4-2: Convergence study for a rotational velocity of 32rad/s 

Tetrahedron Element Type 

Vehicle Speed of 55 MPH 

Element Size 

[mm] 

Number of 

Nodes 

Number of 

Elements 

Frequency 

[Hz] 

Percent Error 

[%] 

Default 34984 19116 767.46   

20 16053 8143 796.72 3.672557486 

15 19826 10143 783.03 1.74833659 

10 31651 16601 770.78 1.589299152 

5 105806 61366 748.62 2.960113275 

 

Table 4-3: Convergence study for a rotational velocity of 43rad/s 

Tetrahedron Element Type 

Vehicle Speed of 75 MPH 

Element Size 

[mm] 

Number of 

Nodes 

Number of 

Elements 

Frequency 

[Hz] 

Percent Error 

[%] 

Default 34984 19116 765.89   

20 16053 8143 795.36 3.705240394 

15 19299 9760 781.47 1.777419479 

10 31651 16601 769.21 1.593843034 

5 105806 61366 747.04 2.967712572 
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Figure 4-1 is the deformed result of the first mode vibration with a rotational vibration 

32rad/s and an element size of 10mm, with a result frequency of 770.78 Hz. It also shows 

a color spectrum from blue to red; blue being the smallest deflection of 0mm and red 

being the maximum deflection of 20.992mm. The deformation shown in Figure 4-1 is the 

total deformation of the brake rotor in mm. Figure 4-2a&b below shows the potato chip 

mode and coning mode deformations in millimeters (mm) corresponding to the third and 

ninth mode respectively at 55mph and 10mm element size, with maximum deformation 

of 23.553mm and 24.799mm, respectively. The third and ninth modes are the first potato 

chip and coning modes observed at 55mph; this also holds true for both speeds of 25mph 

and 75mph. At a speed of 55mph the frequencies corresponding to modes 3 and 9 are 

1069.4 Hz and 3715.3 Hz respectively.  
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Figure 4-1: Mode 1 (dominant mode) total deformation in mm of the brake rotor  
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            (a)       (b) 

Figure 4-2: Deformation in mm with an initial rotational velocity of 32rad/s: (a) mode 3: 

potato chip mode; (b) mode 9: coning mode. 

 It should be noted that the deformation obtained from this vibration analysis will 

be used in Chapter 6 the coupling of vibration and thermal buckling study. It is also 

prudent to look at the radial, axial and circumferential deformation. The potato chip and 

coning modes remain the same as modes 3 and 9 respectively for all the directional 

(radial, axial and circumferential) deformation. Figures 4-3, 4-4 and 4-5 show the first 

mode deformation in the radial, the axial and the circumferential direction in mm 

respectively with a rotational velocity of 32rad/s. The color spectrum observed in all the 

figures in this chapter denotes blue as the minimum deflection and red as the maximum 

deflection. The maximum and minimum deflection in Figure 4-3 is 5.2648mm and -

5.2522mm respectively and for Figures 4-4 and 4-5 the corresponding maximum and 

minimum deflections are 20.353mm and -20.296mm; 4.0692mm and -4.0244mm 
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Figure 4-3: Mode 1 radial (X) deformation in mm with 32rad/s rotational velocity 

 

Figure 4-4: Mode 1 axial (Z) deformation in mm with 32rad/s rotational velocity 
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Figure 4-5: Mode 1 circumferential (Y) deformation in mm with 32rad/s rotational 

velocity 

 The total deformation of the brake rotor for mode 1 obtained from the vibration 

simulation with an initial rotational vibration of 32rad/s has a frequency of 770.78Hz and 

a maximum deflection at approximately 22mm and the minimum deflection at 0mm. 

Figures 4-6 and 4-7 show mode 1 plot of the radial deformation vs the radial location and 

the axial deformation vs the axial location with a 32rad/s rotational velocity. The plots 

show the profile of the deformation, Figure 4-6 shows a profile that looks like the plot of 

a cube root (x3) function. The plots will be used in Chapter 6 to calculate and construct a 

temperature profile that matches the deformation profile. Figures 4-7 and 4-8 show a plot 
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of the radial and axial deformation as a function of radial location on the midplane of the 

thickness. 

 

Figure 4-6: Plot of radial deformation vs. radial location 

 

Figure 4-7: Plot of axial deformation vs. axial location 
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Figure 4-8: Radial deformation vs. radial location on the midplane of the thickness 

 

Figure 4-9: Axial deformation vs. radial location on the midplane of the thickness 
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CHAPTER FIVE: THERMAL BUCKLING ANALYSIS 

5.1 Thermal buckling overview and effect of radial temperature distribution 

 When the brake is applied, the pistons in the caliper are engaged and push the 

friction pads which in turn apply pressure to the brake rotor. This creates friction between 

the brake pads and brake rotor, and this friction generates heat and creates a distribution 

of temperature along the radial direction in the brake rotor. The temperature distribution 

in turn causes a phenomenon known as thermal buckling. Thermal buckling occurs when 

a non-uniform temperature is applied to a body. Zhao, Jiaxin, et al. [8] stated that 

automotive transmission clutches and brakes undergo different operating conditions, such 

as the initial engagement, full contact and plate separation stages. As a result, various 

temperature distributions in the clutch plates and brake rotor are possible. Linear, 

exponential and sinusoidal distributions have been found among the most representative 

temperature profiles. The linear distribution can be caused by the sliding speed as a linear 

function of the radius and by the fact that the frictional heat generation rate is a linear 

function of the sliding speed. The sinusoidal distribution is related to the local high-

temperature regions known as hot spots that could be excited by thermoelastic instability. 

An exponential distribution can be caused by the non-uniform convective cooling on the 

surface or a non-uniform contact pressure during the engagement and separation of plates 

and similarly the engagement and separation of the rotor and brake pads. For the reasons 
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stated by Zhao, Jiaxin, et al. [8], this study assumed a linear temperature profile, a 

sinusoidal temperature profile and an exponential temperature profile distributed in the 

radial direction. In the first scenario, the temperature distribution in the axial direction 

(thickness) is uniform. Because, the distribution in the axial direction is negligible 

compared to the temperature distribution in the radial direction. Likewise, in the second 

scenario the temperature is distributed in the axial direction, and uniform in the radial 

direction. 

 The below equation is the governing equation for the eigenvalue problem of 

buckling. 

 ([𝐾] + 𝜆𝑐𝑟[𝐾𝜎]𝑟𝑒𝑓){𝛿𝐷} = {0}                       (2) 

Here the term "ref" represents the reference load, i.e., a load that is first applied to the 

structure to find the reference stress stiffness matrix, [Kσ]ref. Another load {R} = λcr{R}ref 

will then be applied to the structure, where λcr represents an arbitrary multiplier to the 

original reference load. The critical buckling load in a buckling analysis under 

mechanical or thermal loading is the product of the applied reference load and the 

calculated critical buckling eigenvalues. The most important buckling deformation mode 

is the mode with the lowest critical buckling temperature. The temperature distributions 

in the analysis are set as increasing from the inner radii to the outer radii of the rotor 

following either a linear, sinusoidal or exponential pattern, meanwhile having the inner 

and outer radii free to move but constrained at the bolt holes. 
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Based on Timoshenko’s [13] beam theory, the critical bending moment that causes the 

buckling of a disc can be determined by the following equations. 

 𝐾 =
1+𝜈

2
; 𝑎 = 𝑅𝑏 − 𝑅𝑎; 𝑅 =

𝑅𝑎+𝑅𝑏

2
;                    (3) 

𝑀 =
1+𝐾

2
± √(

1−𝐾

2
)

2

+ 𝐾𝑛2                                              (4) 

In the above equations, K, 𝜈, M, n, E, t, 𝑅𝑎 and 𝑅𝑏 represent the stiffness ratio, Poisson's 

ratio, the dimensionless critical bending moment, the buckling wave number, Young’s 

modulus, the disc thickness, the inner radius, and the outer radius, respectively. When 

n=0, the two calculated values of 𝑀 are 1 and 0.65. The smaller value of M should be 

used to calculate the critical bending moment.  

 The bending moment caused by the thermal stress in an annular ring can be 

obtained through the following equation.  

𝑀𝑏 = ∫ 𝑡𝜎𝜃𝜃(𝑟)(𝑟 − 𝑅)𝑑𝑟
𝑅𝑏

𝑅𝑎
                                             (5) 

When the inner and the outer radii are free, 𝜎𝜃𝜃 can be expressed as  

 𝜎𝜃𝜃(𝑟) =
𝛼𝐸

𝑟2 ∫ 𝑟𝑇(𝑟)𝑑𝑟 − 𝛼𝐸𝑇(𝑟)
𝑟

𝑅𝑎
+

𝐸𝐶1

1−𝜈
+

𝐸𝐶2

(1+𝜈)𝑟2        (6) 

 𝐶1 =
𝛼

2(1−𝜈)

1

𝑅𝑏
2−𝑅𝑎

2 ∫ 𝑟𝑇(𝑟)𝑑𝑟
𝑅𝑏

𝑅𝑎
                             (7) 

 𝐶2 =
𝛼(1+𝜈)𝑅𝑎

2

𝑅𝑏
2−𝑅𝑎

2 ∫ 𝑟𝑇(𝑟)𝑑𝑟
𝑅𝑏

𝑅𝑎
                                (8) 
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 𝑇(𝑟) =
𝛥𝑇

𝑅𝑏−𝑅𝑎
(𝑟 − 𝑅𝑎);  𝛥𝑇 = 𝑇𝑏 − 𝑇𝑎                      (9) 

where 𝛼, 𝑇(𝑟) and T represents the coefficient of thermal expansion, the temperature 

distribution along the radial direction and the temperature difference between the outer 

and inner radii, respectively. The critical buckling temperature is defined as the product 

of the highest nodal temperature and the computed load multiplier. Having the bolt holes 

fixed in all three directions, the dominant buckling deformation mode has a wavy shape 

that looks like a potato chip with a load multiplier of 46.426. The corresponding critical 

buckling temperature is 1.1607×104 ºC, which can be considered as the upper bound of 

the result. Here the load multiplier is known as the eigenvalue. The eigenvalue can also 

be considered and the buckling load factor, the buckling load factor is the number 

obtained from the simulation that determines the lowest acceptable load before buckling 

occurs, in this case, the lowest acceptable temperature before buckling occurs. The lowest 

acceptable temperature is also the critical buckling temperature. 

It can be noted that the range of temperature variation (i.e. the difference between 

the highest temperature and the lowest temperature) increases with the coefficient of 

friction. The eigenvalues increase with the ranges of temperature variations in the radial 

direction. The profile of temperature distribution can significantly affect the critical 

buckling temperature and the associated buckling deformation mode. 

Figure 5-1 shows the temperature profile obtained using the linear equation 

shown in Table 5-1 and dimensions shown previously in Table 1-1. Figure 5-2 shows the 
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first mode deformation for the thermal buckling analysis. The first mode being the 

dominant mode with load multiplier used to calculate the critical buckling temperature. 

The deformed first mode of the brake rotor with a linear temperature profile distributed in 

the radial direction is known as the potato chip mode because its deformed shape looks 

like that of a potato chip. Figure 5-3 shows the deformed thermal buckling mode of the 

second mode with a linear temperature profile distributed in the radial direction; the 

second mode also known as the coning mode, because the deformed shape looks like a 

cone. All deformations in this thermal buckling analysis are axial (thickness direction) 

deformation. The equations and constants are chosen such that the temperature difference 

for each scenario is the same at 228°C across the radius, with a low and high of 22°C at 

the inner radius and 250°C at the outer radius respectively. The blue color in the figures 

indicates the low temperature and the red indicates the high temperature. Modes 1 and 2 

deformations of the thermal buckling analysis with the given temperature profiles below 

distributed along the radial direction are the potato chip mode deformation and coning 

mode deformation.  
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Table 5-1: Assumed temperature profile in the radial direction 

Temperature 

Profile 

Equation 

Load 

Multiplier 

Critical 

Buckling 

Temperature 

Linear 228 ∗ (
𝑟 − 32

144 − 32
) + 22 46.426 1.1607×104 ºC 

Sinusoidal 228 ∗ sin (0.80357 ∗ (r − 32)) + 22 61.861 1.5465×104 ºC 

Exponential 228 ∗ [
exp(0.2222 ∗ (r − 32)) − 1

573.8629 × 106 ∗ (144 − 32)
] + 22 68.393 1.7098×104 ºC 

 

 

Figure 5-1: Linear temperature profile in the radial direction  
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Figure 5-2: Mode 1 potato chip deformation in mm with above linear temperature profile. 

 

Figure 5-3: Mode 2 Coning mode deformation in mm with above linear temperature 

profile. 
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5.2 Effect of axial (thickness) temperature distribution 

 In the previous analysis in Section 5.1, the temperature distribution was applied in 

the radial direction and the temperature in the thickness direction was considered 

uniform. In this analysis the temperature is varied in the thickness direction and uniform 

in the radial direction. This study is to find the effect of having a variable temperature in 

the thickness direction and how it compares to having a radial variable temperature. 

Figure 5-4 shows the axial temperature distribution. The critical buckling temperature 

with the axial variable temperature distribution is 5.2972×104
 °C. Unlike the radial 

temperature distribution having both the potato chip and coning modes as modes 1 and 2 

respectively, the potato chip and coning modes are modes 6 and 7 respectively for an 

axial temperature distribution with a linear profile. The temperature varies from the hat 

head to the bottom of the rotor. The hat head showing a blue color denotes the lowest 

temperature and the red color on the bottom of the rotor denotes the highest temperature. 

Also, in this simulation, it is good to note the circumferential temperature is uniform. 
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Figure 5-4: Linear temperature profile distribution in axial (thickness) direction. 
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CHAPTER SIX: COUPLING OF VIBRATION AND THERMAL BUCKLING 

ANALYSIS 

6.1 Coupling overview and effect of vibration on thermal buckling 

 The coupling analysis of vibration and thermal buckling is a significant study to 

be conducted as there are various mechanical operations that can affect the critical 

buckling temperature of a brake disc, either increasing or decreasing the critical buckling 

temperature. As stated in an earlier chapter, vibration in a brake can occur during the 

rotation of the wheel, and at given speeds, the frequency of the vibration varies; at lower 

speeds, the frequency is higher compared to higher speeds. The coupling of vibration and 

thermal buckling occurs during braking. If there is vibration present during the rotation of 

the brake rotor, and the brakes are applied, the contact between the brake pads and rotor 

will be different from the case if there was no vibration present during the rotation of the 

rotor. It is known that heat generated during a sliding process depends on the coefficient 

of friction, sliding speed, applied force or pressure normal to surface and contact area 

between both surfaces. 

For simplicity, in the previous chapter, the temperature distribution used was a 

generic assumption of linear profile. Also, for the sake of this thesis, it is assumed the 

sliding speed i.e., rotational speed of the brake rotor, coefficient of friction and brake 

force applied remain constant during the braking process with and without the presence 
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of vibration. Therefore, the only variable that changes in both scenarios (with or without 

vibration) is the contact area between the brake rotor and the pads. Figure 6-1 shows an 

image of a run-out error; that is when the brake disc is pulling out of alignment. In a 

situation where run-out error occurs, the heat generated is different and in turn the 

temperature profile in the brake rotor changes. In the previous chapter, the situation 

studied assumed no run-out error and simplified temperature profiles. This chapter 

studies the coupling between vibration and thermal buckling.  

The coupling consists of three consecutive steps. The first step is obtaining the 

deformed result from the vibration simulation performed in ANSYS. This is achieved by 

exporting the deformation result in a text file. The text file consists of the node number, 

node xyz location in mm and the total deformation in mm. The second step is importing 

the text file in MATLAB and calculates for temperature using Equation 11. Plot 

temperature vs. location and using MATLAB curve fitting tool found in the apps menu, 

find a profile that best fits the plot and it automatically generates an equation. The third 

step is obtaining the equation from step 2 and apply a thermal load described by the 

function in the buckling analysis conducted in ANSYS. 
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Figure 6-1: Run-out error [6] 

Equation 10 shows the relationship of a simplified analysis between deformation 

and temperature change. Deformation is directly proportional to temperature change, 

where k is a constant. During braking, the temperature in the brake rotor can reach up to 

800°C, and deformation can be very small, hence the multiplication of a constant with the 

deformation to increase the value of the change in temperature to match the high 

temperatures. To keep a constant maximum temperature with that used in the uncoupled 

thermal buckling analysis, the chosen constant for k, is determined by the maximum 

deflection from the vibration simulation. Therefore, the value k varies in such a way that 

the maximum temperature is 250°C. The maximum temperature used is a calculated 

average temperature obtained from Belhocine Ali, and Mostefa Bouchetara’s [44] finding 

of temperatures through a disc thickness of three types of cast irons. To maintain the units 

for Equation 11, the value of k is multiplied by 1°C and divided by 1mm. Table 6-1 

shows the value for k, based on the maximum directional deflection obtained from the 

mode 1 deformation in mm for each study conducted with the various rotational 

velocities. The direction of the applied thermal load is guided by the directional 
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deformation. Therefore, using the data obtained from the radial deformation to create a 

data set, creating a plot and finding the best fit for the plot and obtaining an equation; the 

equation used for the thermal load will be applied in the radial direction. Likewise, a 

temperature distribution in the axial direction is from data collected from the axial 

deformation. Figure 6-2 shows a plot of temperature vs. radial location with temperature 

calculated using the radial deformation data and Figure 6-3 shows a plot of temperature 

vs. axial location. Both plots follow the same profile as the deformation plot due to the 

relation stated in Equation 10 and the temperature is calculated using Equation 11. The 

maximum temperatures calculated using Equation 11 for the plot constructed in Figure 6-

2 and Figure 6-3 are 250°C and the minimum calculated temperatures are -205.4543°C 

and -205.3615°C respectively. 

∆T ∝ k*∆U                                     (10) 

𝑇 =  (𝑘 ∗ 𝑈)  +  22                                                  (11) 

Table 6-1: Values of k based on the maximum radial deflection for each rotational 

velocity 

Rotational 

Velocity [rad/s] 

Maximum Radial 

Deflection [mm] 
Value of k 

14 5.6860 40.0985 

32 5.2648 43.3065 

43 5.1686 44.1125 
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Table 6-2: Values of k based on the maximum axial deflection for each rotational 

velocity 

Rotational 

Velocity [rad/s] 

Maximum Axial 

Deflection [mm] 
Value of k 

14 21.9790 10.3735 

32 20.3530 11.2023 

43 19.9820 11.4103 

 

 

Figure 6-2: Plot of Temperature vs. Radial Location with a k value of 43.3065 

Radial Location [mm]

-150 -100 -50 0 50 100 150

T
e
m

p
er

at
u

re
 [

C
]

-200

-150

-100

-50

0

50

100

150

200

250

Plot of Temperature vs. Radial Location with a k value of 43.3065



42 

 

 

Figure 6-3: Plot of Temperature vs. Axial Location with a k value of 11.2023 

 Using MATLAB curve fitting tool, the best fit found for Figure 6-2 is a third 

degree polynomial equation and for Figure 6-3 a table was generated from MATLAB 

containing the temperatures and axial locations. Equation 12 shows the format of the 

equation of the best fit for Figures 6-2. The coefficients p1, p2, p3, and p4 were 

calculated and generated by MATLAB. 

𝑝1𝑥3 + 𝑝2𝑥2 + 𝑝3𝑥 + 𝑝4            (12) 

The critical buckling temperature was calculated as the product of the load multiplier and 

the highest nodal temperature. Figure 6-4 shows the mode 1 total deformation in mm of 

the buckling analysis with a temperature profile governed by Equation 12 in the radial 
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direction with a maximum deflection of 1.04mm and Figure 6-4 is similar to that 

obtained for the mode 1 total deformation for a temperature profile governed by Equation 

13 in the axial direction and the same maximum deflection of 1.04mm. The potato chip 

and coning modes were observed in modes 7 and 8 respectively for both temperature 

profiles in the radial and axial direction. The color scheme denotes the minimum and 

maximum deflection, blue being the minimum deflection and red being the maximum 

deflection. Table 6-3 shows the critical buckling temperature with the corresponding 

rotational velocities and a temperature profile governed by Equation 12 and distributed in 

the radial direction. Table 6-4 shows the critical buckling temperature with the rotational 

velocities and a temperature profile governed by Equation 13 distributed in the axial 

direction. 

 

Figure 6-4: Mode 1 total deformation in mm of the coupled buckling analysis, with a 

temperature profile in the radial direction. 
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Table 6-3: Critical buckling temperature corresponding to the vibration observed at the 

various rotational velocities with applied thermal load in the radial direction. 

Rotational 

Velocity [rad/s] 

Maximum 

Deflection 

[mm] 

Frequency 

[Hz] 

Load 

Multiplier 

Critical Buckling 

Temperature 

[°C] 

14 5.6860 773.31 82.573 1.4238×104 

32 5.2648 770.78 82.584 1.4240×104 

43 5.1686 769.21 486.21 1.4241×104 

 

Table 6-4: Critical buckling loads corresponding to the vibration observed at the various 

rotational velocities with applied thermal load in the axial direction. 

Rotational 

Velocity [rad/s] 

Maximum 

Deflection 

[mm] 

Frequency 

[Hz] 

Load 

Multiplier 

Critical Buckling 

Temperature 

[°C] 

14 21.9790 773.31 537.72 3.8005×104 

32 20.3530 770.78 537.73 3.4784×104 

43 19.9820 769.21 537.73 3.4769×104 

 

6.2 Effect of critical thermal buckling temperature on vibration 

 In a coupling situation, the phenomenon coupled is suspected to influence each 

other. In this coupling of vibration and thermal buckling study, it is prudent to study the 

effect of vibration on thermal buckling, and how it affects the critical thermal buckling 

temperature, as well as the effect of thermal buckling on vibration, how the thermal 

buckling temperature affects the frequency of vibration and displacement. Figure 6-5 

shows the vibration mode 1 total deformation in mm with a temperature profile in the 

radial direction and a critical buckling temperature of 1.4238×104 ºC. Table 6.5 shows the 

rotational velocity, frequency and maximum deflection correlated to the critical thermal 

buckling temperature. The maximum deflections shown in Table 6-5 are the deformations 
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obtained from the vibration simulation to verify if the critical buckling temperature does 

affect the frequency of vibration and the deformation during vibration.  

 

Figure 6-5: Total Deformation in mm of vibration mode 1 with critical buckling 

temperature of 1.4240×104 ºC and rotational vibration of 32rad/s 

Table 6-5: Frequency and maximum deflection of vibration study with applied critical 

thermal buckling temperature. 

Critical 

Buckling 

Temperature 

[°C] 

Rotational 

Velocity 

[rad/s] 

Frequency 

[Hz] 

Maximum 

Total 

Deflection 

[mm] 

Maximum 

Radial 

Deflection 

[mm] 

Maximum 

axial 

Deflection 

[mm] 

1.4238×104 

14 773.31 22.6690 5.6860   21.9790 

32 770.78 20.9920  5.2648  20.3530 

43 769.21 20.6100  5.1686  19.9820 

3.4784×104 

14 773.31 22.6690 5.6860   21.9790 

32 770.78 20.9920 5.2648  20.3530 

43 769.21 20.6100 5.1686 19.9820  
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 As seen in Figure 6-5 and Table 6-5, it can be noted that thermal buckling 

temperature has no effect on vibration. The frequency and maximum deflection remain 

the same as the results from the previous vibration analysis chapter. Therefore, with or 

without an applied temperature field, and with various applied temperature field, it shows 

in Table 6-5 that the frequency and maximum total and individual directional deflection 

are  unaffected.  
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CHAPTER SEVEN: CONCLUSION AND FUTURE WORK 

The critical buckling temperatures obtained from the coupling analysis are as high 

as the uncoupled buckling temperature. The critical buckling temperature in the coupling 

analysis is seen with a minimum value of 1.4238×104 °C with a temperature profile in the 

radial direction and 14 rad/s rotational velocity. This high value signifies that buckling is 

unlikely to occur, because the critical buckling temperature is higher than the melting 

point of gray cast iron. Also, it is concluded that buckling is unlikely to occur with the 

given conditions studied in Chapter 5 the uncoupled thermal buckling analysis, because, 

the critical buckling temperatures of 1.1607×104
 °C, 1.5465×104

 °C and 1.7098×104
 °C 

are higher than the melting point of gray cast iron. Therefore, vibration during braking 

does not increase the chances of buckling in a brake disc with the chosen material, 

dimensions, and rotational velocity. It should be noted that the higher the temperature 

difference from the inner radius to the outer radius, the lower the buckling temperature. 

This only holds true with the chosen dimensions for the brake rotor in Table 3-1. As seen 

in the equations from Chapter 5, buckling is governed by a lot of variables such as 

material properties, geometric dimensions, and temperature changes. Changing these 

variables will show a noticeable change in the critical buckling temperature. This was 

proved in Tables 6-3 and 6-4, that changing the temperature profile, and also the thermal 

load direction does show a noticeable change in the critical buckling temperature. A more 
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realistic temperature profile for a thermal buckling analysis can be achieved with a 

transient dynamic analysis with all the brake components included in the analysis.  

Axial run-out in a brake disc is a type of vibration induced phenomenon that was 

not studied in detail in the past. A coupling study with axial run-out should be studied 

more in the future, such as coupling between transient heat transfer and structural 

dynamics to better understand how this can affect the heat generation, heat dissipation, 

the wear rate of the brake pads and the structural integrity of the brake rotor.  

Vibration in a brake disc can occur in a different number of ways such as low 

frequency vibration that occurs due to non-uniformity caused by “hot spots”. The 

localized hot and cold regions can be hypothesized that they cancel out each other and 

would not cause thermal buckling. However, in future research, a multistage coupling of 

thermoelastic instability, vibration, and thermal buckling should be analyzed to 

investigate the validity of this hypothesis in more depth. 
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