University of Denver

Digital Commons @ DU

Electronic Theses and Dissertations Graduate Studies

2022

Local-Global Results on Discrete Structures

Alexander Lewis Stevens
University of Denver

Follow this and additional works at: https://digitalcommons.du.edu/etd

6‘ Part of the Other Computer Sciences Commons, and the Other Mathematics Commons

Recommended Citation

Stevens, Alexander Lewis, "Local-Global Results on Discrete Structures” (2022). Electronic Theses and
Dissertations. 2082.

https://digitalcommons.du.edu/etd/2082

This Dissertation is brought to you for free and open access by the Graduate Studies at Digital Commons @ DU. It
has been accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of Digital
Commons @ DU. For more information, please contact jennifer.cox@du.edu,dig-commons@du.edu.


https://digitalcommons.du.edu/
https://digitalcommons.du.edu/etd
https://digitalcommons.du.edu/graduate
https://digitalcommons.du.edu/etd?utm_source=digitalcommons.du.edu%2Fetd%2F2082&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/152?utm_source=digitalcommons.du.edu%2Fetd%2F2082&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/185?utm_source=digitalcommons.du.edu%2Fetd%2F2082&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.du.edu/etd/2082?utm_source=digitalcommons.du.edu%2Fetd%2F2082&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:jennifer.cox@du.edu,dig-commons@du.edu

Local-Global Results on Discrete Structures

Abstract

Local-global arguments, or those which glean global insights from local information, are central ideas in
many areas of mathematics and computer science. For instance, in computer science a greedy algorithm
makes locally optimal choices that are guaranteed to be consistent with a globally optimal solution. On
the mathematical end, global information on Riemannian manifolds is often implied by (local) curvature
lower bounds. Discrete notions of graph curvature have recently emerged, allowing ideas pioneered in
Riemannian geometry to be extended to the discrete setting. Bakry- Emery curvature has been one such
successful notion of curvature. In this thesis we use combinatorial implications of Bakry- Emery curvature
on graphs to prove a sort of local discrepancy inequality. This then allows us to derive a number of results
regarding the local structure of graphs, dependent only on a curvature lower bound. For instance, it turns
out that a curvature lower bound implies a nontrivial lower bound on graph connectivity. We also use
these results to consider the curvature of strongly regular graphs, a well studied and important class of
graphs. In this regard, we give a partial solution to an open conjecture: all SRGs satisfy the curvature
condition CD(, 2). Finally we transition to consider a facility location problem motivated by using
Unmanned Aerial Vehicles (UAVs) to guard a border. Here, we find a greedy algorithm, acting on local
geometric information, which finds a near optimal placement of base stations for the guarding of UAVs.

Document Type
Dissertation

Degree Name
Ph.D.

Department
Mathematics

First Advisor
Paul K. Horn

Second Advisor
Jing Li

Third Advisor
Mei Yin
Keywords

Bakry Emery curvature, Graph theory, Local-global results, Spectral graph theory

Subject Categories
Computer Sciences | Mathematics | Other Computer Sciences | Other Mathematics | Physical Sciences
and Mathematics

Publication Statement
Copyright is held by the author. User is responsible for all copyright compliance.

This dissertation is available at Digital Commons @ DU: https://digitalcommons.du.edu/etd/2082


https://digitalcommons.du.edu/etd/2082

Local-global results on discrete structures

A Dissertation
Presented to
the Faculty of the College of Natural Sciences and Mathematics

University of Denver

In Partial Fulfillment

of the Requirements for the Degree

Doctor of Philosophy

by
Alexander Lewis Stevens
June 2022

Advisor: Dr. Paul Horn



Author: Alexander Lewis Stevens

Title: Local-global results on discrete structures
Advisor: Dr. Paul Horn

Degree Date: June 2022

ABSTRACT

Local-global arguments, or those which glean global insights from local information,
are central ideas in many areas of mathematics and computer science. For instance, in
computer science a greedy algorithm makes locally optimal choices that are guaranteed to
be consistent with a globally optimal solution. On the mathematical end, global information
on Riemannian manifolds is often implied by (local) curvature lower bounds. Discrete
notions of graph curvature have recently emerged, allowing ideas pioneered in Riemannian
geometry to be extended to the discrete setting. Bakry-Emery curvature has been one such
successful notion of curvature. In this thesis we use combinatorial implications of Bakry-
Emery curvature on graphs to prove a sort of local discrepancy inequality. This then allows
us to derive a number of results regarding the local structure of graphs, dependent only on
a curvature lower bound. For instance, it turns out that a curvature lower bound implies
a nontrivial lower bound on graph connectivity. We also use these results to consider the
curvature of strongly regular graphs, a well studied and important class of graphs. In this
regard, we give a partial solution to an open conjecture: all SRGs satisfy the curvature
condition CD(o0, 2). Finally we transition to consider a facility location problem motivated
by using Unmanned Aerial Vehicles (UAVs) to guard a border. Here, we find a greedy
algorithm, acting on local geometric information, which finds a near optimal placement of

base stations for the guarding of UAVs.
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Chapter 1: Introduction

A graph G consists of a set of vertices, V' (G), and a set of edges F(G) where each
edge joins a pair of vertices. As graphs are so versatile, they have proven an important
tool for many things, including storing and analysing massive sets of relational data. As
graphs being analyzed have grown in both size and complexity it has become impossible
to precisely understand all their properties. Instead, it has become increasingly fruitful to
focus attention on key graph properties which allow us to understand general underlying
behavior. Unfortunately, many of these properties are prohibitively computationally expen-
sive. Uncovering connections between the most enlightening properties and those which
are most computationally feasible has been a huge area of research in virtually all areas of
applied mathematics, and the study of graphs is no exception.

These sorts of questions lie at the heart of extremal graph theory, which may broadly be
described as the study of relationships between graph parameters. For example, a typical
theorem in this area may be of the form, ‘Graphs which satisfy property P also satisfy
property 7. These kinds of extremal arguments allow us to relate parameters we are most
concerned with to those which we can most easily compute. A fundamental result in this

extremal graph theory is Turan’s Theorem.

Theorem 1 (Turan’s Theorem). [58] A clique is a subset of pairwise adjacent vertices. The
clique number of a graph, w is the size of the largest clique. For any graph G = (V| F)
1\ V|2
with |E| > (1 — —) |T’ we have w > r + 1.
r

Turan’s theorem relates the number of edges — a parameter that is computationally

inexpensive to compute — to the clique number, which is known to be /N P-complete.



Some graph parameters which are both computationally inexpensive and insightful
are found through viewing spectral properties of various graph matrices. Viewing graphs
though their associated matrices has allowed research in graph theory to take advantage
of a wealth of results and insights from linear algebra and other fields. One such area is
differential geometry. As we explore later in this thesis, there are many parallels between
the Laplace-Beltrami operator and the graph Laplacian matrix.

In Chapters 2 and 3 we explore Bakry-Emery Graph Curvature, a local graph parameter
that has been found to serve as a good discrete analogue of curvature due to relationships
between the Laplace Beltrami operator and the graph Laplacian. Investigating discrete
notion of curvature has been an attractive venture in part because in the continuous set-
ting it has been wildly successful in relating local properties to global phenomena. In the
discrete setting, local conditions are typically computationally inexpensive, making them
very attractive. We explore relationships between local and global properties further when
considering optimal drone base-station placements in Chapter 4.

As graphs model relational data particularly well, polygons and polygonal lines have
been wonderful aids in representing and understanding geographic data. One may see
almost immediately why these objects are so useful in representing roads, islands, borders
between territories, etc. The formal study of algorithms on these objects falls in the area of
computational geometry. A major problem in this field has been finding efficient algorithms
to compute the convex hull of a polygon. In our final chapter we explore a variant of
this problem and provide a near optimal solution to this problem extremely efficiently.
Like our work with curvature, which enabled us to derive global properties of graphs from
local measurements, our algorithm uses local information from the polygon to give global
insights.

In the remainder of the introduction we survey some important results in these areas

and provide some notation and preliminary information.



1.1 Spectral Graph Theory and Curvature

In this thesis, G = (V, E') will denote a simple undirected graph. We denote the degree
of the vertex x € V(G) by d(x) and for a subset X C V' we denote by dx (z) the number
of neighbors of x in X. The minimum degree is denoted by §. We write  ~ y when
xy € E(G). We only consider graphs which are locally finite; that is, d(z) < oo for
all x € V(@) (which encompasses all finite graphs). We will make use of the Landau

notations O, o, so that f(n) = O(g(n)) means f(n)

g(n)
f(n)

f(n) = o(g(n)) means ) tends to 0 as n — oo.

is bounded above as n — oo and

We begin by introducing the most commonly used graph matrix. The adjacency matrix
A of a graph GG on n vertices is the square matrix indexed by the vertices of A such that
Azy = 1 when z ~ y, and A,, = 0 otherwise. Because A is real and symmetric, A has n
real valued eigenvalues. We commonly label them A\; > Ay > --- > ), and refer to the
collection (with multiplicity) of these values as the spectrum.

Many graph properties are directly related to the spectrum of the adjacency matrix.
For instance, when G is d-regular it is not difficult to see that I is an eigenvector with
associated eigenvalue d. One classical result relating the spectrum of A to graph properties

is the expander mixing lemma[2].

Theorem 2 (Expander Mixing Lemma). Suppose G is d-regular.
Define p = max{|\s|, |\,|}. For any two sets X and Y, the number of edges between them

e(X,Y) satisfies

d| X1 -

Y
(X, ) - 1@|| | < VIXT- 7] (.1

The term on the left of (1.1) compares the number of edges between X and Y to
what we would expect had the edges of G been distributed randomly. It is known this

bound is asymptotically tight for random d-regular graphs, for which p = O(\/E) with
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high probability [29]. For this reason, p has become a measure of randomness of edge
distribution. We explore the spectrum of A further later in this chapter and again in Chapter
3.

While the spectrum of the adjacency matrix is useful, it also has limitations when used
to understand geometric properties of general graphs. For example, graph connectivity —
a very natural geometric property — is not determined by the adjacency spectrum. For a
small example, the two graphs in Figure 1.1 have the same adjacency spectrum, while one

is connected and the other isn’t.

(a) (b)

Figure 1.1: The adjacency spectra of both graphs is [—2, 0, 0, 0, 2]. On the other hand, their
Laplace spectra are [0,0,2,2,4] and [0, 1, 1, 1, 5] respectively.

There is a family of graph matrices for which spectra does a particularly good job of
capturing properties like connectivity— the graph Laplacians. These matrices have close
ties to the Laplace-Beltrami operator, allowing graphs to be viewed from a more geometric
perspective. In this thesis, we focus on the combinatorial Laplacian L = D — A where
D = (dy,dy,- -+ ,d,) is the diagonal degree matrix. Considering the spectra of the two
graphs in Figure 1.1, we see the Laplacian spectrum of graph (a) has 0 with multiplicity 2.
In fact the Laplacian always has an eigenvalue of 0 with eigenvector 1 and the multiplicity
of 0 is exactly the number of connected components of G.

There are several other natural ways to define the graph Laplacian— an incidence matrix
definition is used in the proof of the celebrated Kirkhoff’s matrix tree theorem [26]. We
place an arbitrary orientation on the edges of GG and define the |V'| x |E| incidence matrix

B as



1 if the edge e has initial vertex v
B(v,e) =< —1 ifthe edge e has final vertex v (1.2)

0 otherwise.

One can confirm that BBT = L. More enlightening perhaps is that for the edge e from v to

v" and for all ¢, (BT¢) (¢) = ¢(v) — ¢(v'). From this we see

OTLE =Y ($(v) — d(v"))? (1.3)

v’

and so L is positive semidefinite and as a consequence has non-negative spectrum. We find
the quadratic form of (1.3) suits our results in Chapters 2 and 3 particularly well. Notice that
the Laplacian is also a ‘local’ operator, meaning (L¢)(v) only depends on values of ¢ for
v" ~ v. From the Laplacian, we define two other local differential operators — the gradient,
I' and iterated gradient I's. We derive them later in Chapter 2. This allows us to define the
Bakry-Emery notion of discrete curvature— a graph G' = (V, E) satisfies CD(o0, K) if for
allz € Vandall f:V — R, (I'af)(z) > K(I'f)(2).

The local nature of Bakry-Emery curvature makes calculating it computationally inex-
pensive. Computing local information in this way often allows us to certify graph prop-
erties, which could otherwise, be prohibitively difficult to determine. For instance in [45]
Matthews and Sumner extended Ore-type results relating minimum degree to longest paths
for K, 3-free graphs. While the general Hamiltonicity problem is NP-complete, certifi-
cation of Hamiltonicity through verification of minimum degree and forbidden subgraphs
conditions can be considerably less computationally expensive.

Bakry-Emery curvature, and its variants, have proven particularly adept at deriving

global consequences from curvature lower bounds. For example, the celebrated work of
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Li and Yau which provides an upper bound on the gradient of positive solutions of the
heat equation in compact manifolds — was extended to the graph setting by Bauer et al.
[6]. From this, consequences such as the volume doubling property and diameter bounds
were derived, see [22, 38]. Quite recently, Salez proved the nonexistence of non-negatively
curved sparse expanders in both the Ollivier and Bakry-Emery sense, the former being an
open problem for a decade [54].

In Chapter 2 we continue to explore these ideas by using combinatorial arguments.
We show, for example, that curvature implies a local discrepancy inequality which then
provides a non-trivial lower bound on vertex connectivity of connected graphs, dependent
only on the degree and a lower bound on Bakry-Emery curvature.

1.2 Strongly Regular Graphs

In Chapter 3 we consider the curvature of strongly regular graphs (SRGs). A graph
G is said to be strongly regular with parameters (n,d, A, u) if G is d-regular of order n,
every two adjacent vertices have exactly A common neighbors and every two nonadjacent
vertices have exactly ;x common neighbors.

Immediately from the definition of strongly regular graphs, structural properties begin
to emerge. It is easy to see, for instance, that connected strongly regular graphs have
diameter at most two and that the complement of a strongly regular graph is strongly regular
with parameter set (n,n —1—d,n—2— (2d — p),n — (2d — \)). Once one starts studying
them, more non-trivial relations between the parameter sets emerge. For instance, double
counting the edges between the first and second neighborhoods of a vertex reveals that
(n—d—1Dpu=dd—X—1).

More interesting, is that there is an immediate connection between strong regularity
and the spectrum of the graph. Supposing M is the adjacency matrix of G, we have M? =
dI+AM +pu(J —I—M). To see this, we may view M? as a count on the number of paths of

length 2. Through dI we see the d paths each vertex has to a neighbor then back to itself. In



the second term we see the A paths a vertex has to its neighbor, and in the third, the x paths
between a vertex and its non-neighbors. Since M is real symmetric, it is diagonalizable and
aside from the d eigenvalue, eigenvalues ~ of M satisfy v> = d+ Ay — i — yy. Therefore y
can take at most two unique values aside from d. Conversely, it turns out that regular graphs
with 3 distinct eigenvalues are strongly regular. It is good here to note that since the sum
of eigenvalues with multiplicity of M is tr(M) = 0, the smallest eigenvalue is negative.
Because the spectrum of SRGs are so well understood, it is often given as a supplementary
or alternative parameter set, in which case we say the SRG has spectrum d' v/, and (—m)?,
where 1, f, and g represent the multiplicities of the eigenvalues respectively. Understanding
these multiplicities has also helped further restrict parameter sets. For example, in [51]
Neumaier shows that all SRGs in which —m is not integral have the form n = 4p + 1,
d = 2u,and A = pu — 1. These are the so called conference graphs.

A number of the most commonly encountered SRGs are from highly structured fami-
lies of graphs, notably Cage and Cayley graphs. Such highly structured graphs are a natural
first place to look at curvature — vertex transitivity, for instance, makes computing curvature
much simpler as the curvature at all vertices is the same. Beyond this, generalizations of
these families seem like natural graph classes to look at the curvature of.

One such generalization is the class of Ricci-Flat graphs, introduced by Chung and
Yau [14]. Motivated by the structure of the d-dimensional grid Z¢, these graphs satisfy
nonnegative curvature conditions for Bakry-Emery curvature and Ollivier curvature — the
other most studied notion of discrete curvature.

Ricci-flat graphs are described completely by bijections between neighboring balls of
radius one. Ricci-flat graphs are closed under tensor, Cartesian and strong products, making
them a good candidate for the prototypical non-negatively curved graph. In [15] Cushing

et al. showed that Ricci-flat graphs which satisfy an additional reflexively condition also



satisfy CD(o00,2). As it turns out, this is the maximal Bakry-Emery curvature attainable
for triangle free graphs, a proof of which is provided in Chapter 2.

The strongly regular graphs can be thought of as another such generalization. It was
shown by Cushing et al. [15] that despite not generally falling within the family of Ricci-
Flat graphs with Reflexivity, SRGs with girth 4 do attain this maximal curvature of 2. This
suggests perhaps, that the general SRG may also have a strong connection to Bakry-Emery
curvature.

Cushing et al., having computed Bakry-Emery curvatures of many smaller SRGs,
posited the conjecture that all SRGs satisfy CD(oc, 2). In Chapter 3 we explore these ideas,
show this is largely the case, and that the full result may rest on a longstanding conjecture
regarding open feasible parameter sets of SRGs.

1.3 Intro to Base Station Placement Problem

Finally we consider a problem with a more geometric flavor.

Imagine an island modeled as a simple polygon P with n vertices whose coastline we
wish to monitor. We consider the problem of building the minimum number of refueling
stations along the boundary of P in such a way that a drone can follow a polygonal route
enclosing the island without running out of fuel. A drone can fly a maximum distance d
between consecutive stations and is restricted to move either along the boundary of P or
its exterior (i.e., over the sea). We present an algorithm that, given P, finds the locations
for a set of refueling stations whose cardinality is at most the optimal plus one. The time
complexity of this algorithm is O(n* + gn), where L is the length of P. We are able to
achieve this time complexity because our algorithm is ‘greedy’.

Greedy algorithms which, given an input make a sequence of locally optimal choices
in order to try and build a globally optimal solution, are a fundamental construct in com-
puter science. In particular, they are often used to construct good approximate solutions to

problems where finding the exact solution is intractable. Of course, making local decisions



does not always work — there are many problems where greedy solutions can be arbitrarily

bad in relation to the optimal solution. Take, for instance, the knapsack problem.

Problem 1 (Knapsack Problem). Given a set of n items numbered from 1 to n, each with

a weight w; and a value v;, along with a maximum weight capacity W,

n
Maximize E V; L5
i=1

subject to Zwﬂi < W and z; € {0, 1}.

=1

The decision problem version of the knapsack problem is known to be NP-complete.
For this reason, we would like to find a good approximation algorithm which is easy to
implement and computationally inexpensive. A natural idea for an approximation algo-

rithm is to greedily choose the items with the largest value to weight ratio.

Algorithm 1 Greedy Knapsack Algorithm

. . . V;
Sort items in nondecreasing order of —

i
Greedily select items from this order while remaining under maximum weight capacity

Unfortunately, this algorithm can be arbitrarily bad: consider an item with weight 1
and value 2 and another item of weight I/ and value W.

Nonetheless, for broad classes of problems greedy algorithms do work particularly
well. For instance, a wide array of optimization problems are ‘submodular’ where one is
trying to find a set S of a fixed size which maximizes an objective function. We find that
a greedy algorithm provides a multiplicative 1/e approximation — that is, if the best set S
has value f(S), proceeding greedily yields a set S’ with f(S’) > f(S)/e. In fact Matroids
are characterized by the property that the greedy algorithm correctly solves optimization

problem.



For this drone base location problem we find that while a simple greedy algorithm gives
an arbitrarily bad bound, a modification of this algorithm works quite well. In Chapter 4
we begin with some related work and the presentation of this algorithm. We then consider
a sort of dual to this problem: what if we have some number of base stations which can be
built and wish to minimize the maximum distance that a drone is forced to travel between
refuelings? We then finish Chapter 4 with an extension of the base station location problem.
Instead of enclosing the polygon, we wish to find an optimal set of locations allowing a

drone to fly from one point to another point on a polygon.
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Chapter 2: Curvature

2.1 Introduction

A fundamental issue with the computational study of large networks is that their sheer
size makes many algorithmic approaches unrealistic. Then, instead of computing vari-
ous graph properties exactly, one often studies simpler properties which ‘certify’ that vari-
ous graph properties hold — perhaps not giving the best possible value of a parameter, but
enabling a quick guarantee.

One important route to such information is through spectral graph theory. The spec-
tra of various matrices associated with graphs is known to capture various structural and
geometric properties. For instance, the well-known Cheeger inequality relates isoperimetry
in a graph (that is, the size of normalized cuts) with the first non-trivial eigenvalue of the
Laplacian. Kirkhoff’s matrix tree theorem [26] relates the spectra of the (combinatorial)
Laplacian with the number of spanning trees — which, again, can be thought of as a mea-
sure of how well connected a graph is. As another example, the discrepancy inequality
commonly known as the expander mixing lemma uses the eigenvalues of the adjacency
matrix (for regular graphs) or the normalized Laplacian (for general graphs) to certify the
pseudo-random properties of the edge set of a graph. These facts underlie many commonly
used graph partitioning, clustering, and drawing algorithms.

One particularly interesting aspect of the spectral graph theory of the Laplacian matri-
ces is the strong analogies between Laplace operators on graphs and the Laplace-Beltrami
operator on Riemannian manifolds — perhaps most notably through the Cheeger inequality,
but also through inequalities relating eigenvalues and diameters (for instance). As a result

of this, recent years have seen researchers try to adapt other concepts on manifolds to the
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discrete setting. A particular point of interest has been on the development of notions of
curvature for graphs. One markedly successful aspect of this work has been the adapta-
tion of the so-called curvature dimension inequality CD(N, K), introduced by Bakry and
Emery in a different setting, along with some variants to graphs. Curvature lower bounds in
this sense, which is more precisely defined in Chapter 3, have been used to prove bounds on
eigenvalues, and diameter, along with being used to study heat flow on graphs and, through
this, to establish other geometric properties of networks.

Many of these works have been largely analytic in their character — using curvature to
study networks via eigenfunctions and the mixing of random walks (through heat flow).
In this work, we take a more directly combinatorial view of curvature and aim to use the
definition of curvature to establish a number of purely combinatorial consequences of a
curvature lower bound directly.

Our main result is that, just as eigenvalues of a graph certify the pseudo-randomness of
the edge set, that a curvature lower bound at a point establishes a local pseudo-randomness
— and that the more ‘positively curved’ a graph looks at a point, the more the edge sets in
neighborhoods of that vertex behave (in a precise sense) pseudo-randomly. This result, and
some variants, are then used to obtain a number of combinatorial properties of graphs. For
instance, a bound on the connectivity of a connected graph is given in terms of a curvature
lower bound — interestingly, curvature (being a local property) cannot detect whether a
given graph is connected but it can detect that a connected graph is well connected.

The remainder of the chapter is organized as follows. In Section 2.2 we introduce the
curvature-dimension inequality introduced by Bakry and Emery [5], and give a reformu-
lation of this inequality which is more useful for our purposes. In Section 2.3 we derive
our main result, a discrepancy inequality depending on curvature. Several corollaries and
variants are also presented to highlight the flexibility of results of this type. In Section 2.4

we present several combinatorial consequences of our result, dealing with the connectivity

12



of a graph and its local neighborhoods, and small subgraph containment. In Section 14 we
explore graph operations which don’t decrease curvature and in Section 2.6 we consider
future work.
2.2 Preliminaries

In this chapter, G = (V, E) will denote a simple graph. We denote the degree of
the vertex z € V(G) by d(z) and for a subset X C V we denote by dx (z) the number
of neighbors of x in X. The minimum degree is denoted by §. We write  ~ y when
xy € E(G). We only consider graphs which are locally finite; that is, d(z) < oo for
all x € V(@) (which encompass all finite graphs). Given a measure i : V' — R, the

p-Laplacian on G is the operator A : RVl — RVl defined by

1
Af(x) = ——= ) (f(y) = f(x))
p() yZN;
In the case pu(x) = 1 for all z € V(G), we have A = —L, where L is the combinatorial

graph Laplacian as defined in the introduction. Also of interest is when p(z) = d(z) for
all x € V(G), in which case A is the normalized graph Laplacian with a change of sign.
Both operators are used in various applications. For the types of combinatorial results that
we aim for, we will use the case ¢ = 1. This corresponds to the combinatorial (standard)
graph Laplacian.

The gradient form T' = I'® is defined by

I(f.0)(x) = 5 (AL -0) = £ - Alg) = AL -0) ()
- zul(a;) > (F) = F@)(gly) — g(x)
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for all f, g € RIVI. For brevity’s sake we write I'(f) = I'(f, f). The iterated gradient form
', = I'5 is defined by

for all f,g € RIVI. Again, we write T'y(f) = Iy (f, f).

In their 1985 paper [5], Bakry and Emery demonstrated that in the manifold setting
curvature lower bounds may be understood completely through the Laplace-Beltrami oper-
ator. They did so through a modification of Bochner’s identity, a fundamental identity in
Riemannian Geometry. Bakry and Emery suggested using this consequence of curvature in
the manifold setting as a definition in the more general setting of the Markov Semigroup,
which encompasses both diffusion and random walks on graphs. This approach has been
met with much success see e.g. [6, 23-25, 31, 34-37, 39, 46, 48-50, 56]. This is in no
small part due to the close ties between the Laplace-Beltrami Operator and the Laplacian,
as defined above. Through use of the differential operators I' and I's, constructed from the

Laplacian, we state the Bakry-Emery notion of discrete curvature below.

Definition 1 (Bakry-Emery Curvature). Let G be a locally finite graph. For K € R and
N € (0,00], we say that a vertex © € V satisfies Bakry-Emery’s curvature-dimension

inequality CD(N, K), if for any f : V' — R, we have

D) > (AF)) + KT () (@),

where N is a dimension parameter and K is regarded as a lower Ricci curvature bound
at z. A graph G is said to satisfy CD(N, K) if every vertex satisfies CD(N, K'). Since
graphs do not have a well-defined dimension, a natural choice simplifying this inequality is
to take n = oo. In this thesis the curvature of a vertex (or graph) is defined as the maximum

value K for which CD(oc0, K) holds, for that vertex (or globally).
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When considering curvature as a measure of local expansion in the manifold case, we
associate large negative curvature with spaces that expand well and large positive curvature
to spaces without much local expansion. We find this sentiment echoed in the discrete case.
For example, it is known due to [27] that the curvature of the complete graph K, is 1 4 g;
it turns out for any d regular graph the curvature is at most 1+ % We provide a general
upper bound on curvature in Example 1 and a lower bound for the curvature of the complete
graph in Example 2.

The curvature of a d-regular tree, on the other hand, is 2 —d [27], the smallest curvature
of a d-regular graph. We use Corollary 7 to prove this in in Example 3. The curvature of
most graphs, of course, fall somewhere between these two extremes.

In Riemannian geometry, there are numerous results that hold for nonnegatively curved
manifolds. If we are to extend these notions to graphs, a natural goal is to determine which
classes of graphs have non-negative curvature. In [27], it is proven that the curvature of
the hypercube (), is 2, regardless of the dimension. Furthermore, all finite abelian Cayley
graphs, the discrete torus for example, have non-negative curvature. A notable case is that
of the complete bipartite graph K, as studied in [17]. When s = ¢, the curvature of K,
is 2. As the parts become more unbalanced, the curvature decreases, and is in fact negative
in many cases.

Often graph curvature is studied on highly symmetric graphs. For vertex transitive
graphs, such as Cayley graphs, the curvature of all vertices is the same. For less structured
graphs, neighborhood structures differ among vertices and the curvatures of different ver-
tices differs. In these cases, global graph curvature is a lower bound on curvature computed
at the vertex level. In this thesis we explore local combinatorial implications of such cur-
vature lower bounds. As we shall see, this gives a way to certify that graphs satisty certain

interesting properties.
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As defined above, curvature is formulated via the Laplacian (A) and the gradient (I),
each of which only depend on the the structure of the first neighborhood of vertices.
Since the iterated gradient (I';) is a composition of these two operators, the curvature is
determined solely by the structure of the balls of radius 2. Therefore, we can translate
CD(o0, K) into more combinatorial terms, highlighting the contribution of each edge type
(that is, the edges within the first neighborhood of x, the edges between the first and second
neighborhoods of x, etc.) to the curvature dimension inequality.

The proposition below allows us to begin to rework the CD inequality. For notational
purposes, let Ni(z) = {y : d(z,y) = 1} be the neighborhood of = and let No(z) = {z :
d(x, z) = 2} be the second neighborhood of z. When x has been fixed, we will often write

these simply as N; and [Vs.

Proposition 3. G satisfies CD(oco, K) at x if and only if for all f : V(G) — R,

> 3 [0 - 5002 - 506 - F) - £

ZzENy Y~z
yEN1

)T - JA0 @) @

Proof. Expanding I'y according to the combinatorial definitions of A and I" yields

Do(f)(e) = 5AT(F) = T(, Af)

= 2 S - D]~ 5 S () — F@)AT) — Af)
= Y @) - ) - X () — @)
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2 )~ F@) [ )~ 1) — X () — F@)

Yy1~T 2yl Y2~z

S Y@ W) 1 Y Y () f@))

Y~T 2~y Y1~T Ya2~xT

5 S ST U ~ S~ Fn)

Yi1~T z~Y1

£330 S () — F@) ()~ ()

Y1~ Y2~

= LSS - s - L2 S ) - sy

4
Yy~ 2y y~x

5 S S )~ FENE) — Fm)

Yyi~x 2yl

53 S () — F@) ()~ f@))

Yi~x Y2~
To this sum, the edges between N; and N, contribute

> 3 U6 - 102 - 06 - fw - f@)]. e

zENg Y2
yEN1

To the sum, the edges between two vertices in /N contribute

= > (- fu)* (23)

¥,y €EN1(z)
y~y'

Lastly, the edges between x and /NV; contribute



2
=° _f S5 - s+ %Af(cc) > (fw) - f(x) 2.4)
= _Qd(x)r(f)(x) - %(Af(x))z' 2.5)

By combining (2.2), (2.3), and (2.5) we see then that I's(f)(x) may be rewritten in

combinatorial terms as

> 3 [{0 = 10 - 306 - Fs) - o)

zENy Y2

T SO ) R T O N AN TE0) R e
Y,y €N (x)

Substituting this rewritten I'; into Definition 1 we see CD (o0, K) is satisfied at a vertex

x if and only if for all functions f

Ty E< £(2) — 1)) ~ S () — S W)~ Fa)

+ Y (fw) - F0))?
> () e - AUy e

]

A similar combinatorial reworking of the curvature dimension inequality was estab-
lished by Klartag, et al. in [27]. While their presentation of the curvature dimension
inequality is useful in many applications, ours proved more fruitful for the types of inequal-

ities derived in this thesis.
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There are several approaches to calculating curvature of graph families. In this chapter,
we relate edge distributions to curvature bounds. If we fix some vertex in a graph of interest
and find the CD(o0, K) inequality is tight for a particular function, this K serves as an
upper bound of the vertex and graph curvature. For example if we choose to evaluate the
CD(o0, K) inequality of a function which measures the distance from a vertex x, we are
provided with an upper bound of curvature dependent on the edge distribution in the ball of
radius two around x. A nice example of this may be found in [27]. In Example 1 we show
how we may use the combinatorial interpreitation of I'y and I" in Proposition 3 to find such

bounds.

Example 1 (General Curvature upper bound). Given G satisfying CD(oo, K') at = where

d=d(zx),

K<

T3 2d

a3 e(Nl(x), NQ(;U))
3 .

Proof. By fixing some vertex x with degree d and applying the distance function f(v) =

dist(v, x) we find,

2F2(f)(x):d2—|—2(2 d+deg > Z 1

vT A(z,v,u)

and T(f)(x) %d.

We have the CD(o00,K) inequality simplifies to

d2+2(2 m) Z 1> dK.

VT (z,v,u)

Now let dy, (»)(v) := the number of edges from vertex v into N, (z) and dy, () (v) := the

number of edges from vertex v into No(z). We can simplify the inequality above to find

d+ degy (x)(v) + degn. (z) (U) +1 degn (x)(’l})
d> (2 — ! 2 > —7 7 >dK
> ; >z

v~ v~vIT
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2 2 2 —
and so
Lod 3 (M@ Nw)
< 4z
-2 + 2 2d

]

If we hope to find curvature lower bounds we instead find which values of K the
CD(c0, K) inequality holds for all functions on all vertices, we explore this more in Chap-
ter 3.

2.3 Discrepancy Inequalities

Spectral graph theory, in particular the spectral theory of Laplace operators on graphs,
is particularly useful in giving ‘cheap’ certifications of graph properties; for instance,
despite the question of graph Hamiltonicity being NP-complete, polynomial time checks
of regularity and spectral gap conditions may be used to certify Hamiltonicity [28]. One of
the most important properties that the spectra of a graph certifies is the pseudo-randomness
of the edge set, through what is commonly known as the Expander Mixing Lemma, which

we state now in its form for regular graphs.

Lemma 4 (Expander Mixing Lemma). [2] Suppose G = (V, E) is a d-regular n-vertex
graph. Denote by ) the second largest eigenvalue in absolute value of the adjacency matrix.

Then VS, T C V,

d
e(S8,T) = ~IS|IT]| < AWISIIT,
where (.5, T") denotes the number of edges between .S and 7'.

This simple proposition implies that graphs with a large spectral gap behave like a

random graph with respect to its edge distribution. Having global control on the edge
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distribution is extremely useful when it occurs, but in some cases it is too much to hope
for. For example, many real world graphs display clustering where neighbors of a vertex
are more likely to be connected among themselves. Furthermore, as most degrees tend to
be small in comparison to the size of the entire network, much of the ‘action’ in the graph
occurs locally.

For these types of graphs, Bakry-Emery Curvature can be particularly useful. The
Bakry-Emery Curvature at a vertex « may also be seen as the largest K such that the
matrix ['y — KT is positive semidefinite. The order of this matrix depends only on the size
of second neighborhood of z, as opposed to the number of vertices in the graph n, and
hence for a graph with max degree A(G), the curvature at a point 2 may be calculated with
high accuracy in time complexity O(A(G)®log(A(G))) as documented in [16]. Hence, for
a graph of bounded degree, a global curvature lower bound can be computed in linear time
in the order of the graph, with the implied constant depending on the maximum degree.

This makes using curvature to certify certain graph properties efficient computationally.
Moreover, curvature lower bounds certify similar properties to those of the graph spectrum.
For instance, curvature bounds imply bounds on mixing of random walks, on the diameter
of a graph, and (through Buser’s inequality) regarding cut properties of the graph.

In this section, we show that curvature actually implies a type of ‘local’ discrepancy
inequality, which implies that at vertices with a lower curvature bound the edge distribution
within the first and second neighborhood behaves, in a sense, pseudo-randomly. We now

present our main result below.

Theorem 5. Suppose G is a graph satisfying CD(o0, K) at x € V(G). Fix X C Ny(z)
with X = Ny(z) \ X. If | X| = a|N,(2)

[adg(2) = (1 — a)dx(2)]”
Z < le('Z) > =

2EN2

, then
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ZW He(X,No) + (1= ) - (X, No)] + (X, X) — (2K : 1(:6) : 3) a(l — a)d(z).

The sum on the lefthand side of the inequality of Theorem 5 measures how ‘randomly’
edges are distributed from N;(x) to No(z) in the following sense. If the edges were dis-
tributed randomly, and a set X C N;(z) were fixed we would expect a proportion close
to | X|/|N1(x)| of the edges to have an endpoint in X — moreover, we would expect this
to (roughly) be true for the edges incident to every vertex in No(z). The sum on the left
hand side exactly measures this deviation from ‘random’ in the aggregate — note that if the
edges were precisely distributed in this way then this discrepancy term would be zero. Of
course, this is too much to expect even if the edges in the neighborhood are truly distributed
randomly!

Then, what we obtain is an upper bound on this deviation in such a way that the larger
the curvature is the more ‘random-like’ the behavior is. Note that this mimics the theme of
the Expander Mixing Lemma — a graph parameter is certifying a random-like behavior of
the edge set — only now locally, between the first and second neighborhoods. Hence, this

theorem acts as a local discrepancy inequality.

Proof. Fix z € V(G). We proceed by defining an explicit function f and interpreting the
curvature dimension inequality, per Proposition 3. Define f(z) = 0. Let X C N;(x) such
that | X| = a|Ni(z)| and let X = Ny(x) \ X. Foreachy € X, let f(y) = 1 — « and for

eachy € X, let f(y) = —a. Note that for this function Af(z) = 0 and

D)) = 5la(1 —)? + (1~ a)(@)?]d(x)
= %(a — 20+’ +a® — a’)d(x)
1 2
= (o~ a?)d(x)

= %a(l — a)d(z).
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Our goal is, for each z € Ny(z), to select f(z) in order to minimize the left side of the

inequality derived from CD(oco, K). Thus, fix z € Ny(z). Then

= dx(2) [U) — (1= @) = 5(7) ~ (1= a1 - )
F5() |3 + @+ 5(7G) + ol
= 14w (27 + [adx(2) — (1 a)dx ()] £(2) + > la%dg (=) + (1~ a)dx(2)]

By taking a formal derivative with respect to f(z), we see that the sum is minimized when

f() = 2lodx(2) d—N(zz; a)dx (2)] (2.8)

For this selection of f(z),

Jadg(2) = (1 —a)dx(2)]* 3
le (Z) 4

Summing over z € N, we find

5 5[50 - 5007 - 306 - ) - )

zENg Y~z
yeN1

Z (_ ladx(2) — (1 — a)dx(2)] n 3 [a?dg(2) + (1 — a)2dx(2)}>

B = dy, (2) 4

— <_ o _dz(vl1 (;)a>dX(Z)] ) - Z[oﬂ@()_(, Na) + (1 = a)?e(X, Ny)].
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As aresult, satisfying CD(oo, K') implies that

= (MdX(z) . <;>a)dx<2)] ) 202X, No)+(L—a)%e(X, o) +¢(X, X) >

2EN2

<2K +d(z) —

; 3>@u—am@y

Solving for this first term yields

adg(2) ~ (1 — a)dx (2]
2 ( an () ) =

zZENy

Zp%ﬂiA@ﬁ%l—adeJ%H+60£X>—(

2K +d(z) —
4

3>au—aw@y

]

Corollary 6. Suppose G is a graph satisfying CD(co, K) at x € V(G). Let X C Ny(x)
with X = Ny(z) \ X. If | X| = a|N,(z)|, then

(X.cn, ladsg(2) — (1 — a)dx(2)])”
e(Ny, Na)

<

2K +d(z) —
4

3 e, )+ (1~ e, 3] 00 X) - |

3>au—am@y

Proof. We use Cauchy-Schwarz to simplify the sum

[adg(2) + (1 — @)dx(2)]”
Z le(Z) '

zENy

Using Cauchy-Schwarz in the form of

zaz Z)
Zal =TSR
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with

= ady(z) — (1 — a)dx(z) and b = \/dy (7]
l A (2) S

we obtain

[adg(2) = (1 = Qdx () _ (Z.en, [0dx(2) — (1 — a)dx(2)))°
ZGZ]VQ le(z) - ZzeNz dN1 (Z)

(Z.en, ladg(2) = (1 - @)dx(2)])
- €(N1,N2) ’

As a result, satisfying CD(co, K') implies that

oY Iadx(ze)&l(’lj\;)o‘)dﬂz)') +§ [@Pe(X, Na) + (1 — a)®e(X, No)] +e(X, X) >

<2K - i(:v) - 3> (1 — a)d(z).

]

This corollary gives us a much cleaner version of the above theorem. However, in
some situations, this corollary gives away too much in its use of Cauchy-Schwarz. While
we typically think of applying these results to bound the discrepancy of a graph whose
curvature is known, they can also be applied to bound the curvature in cases where the local
discrepancy is understood. For example, our theorem gives a sharp bound on curvature for
the graph Z?, while the corollary only gives us an asymptotic upper bound of d on the
curvature. We will more fully explore similar examples later in Section 2.4.

We highlight a few special instances of these results.
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Corollary 7. Suppose G is a graph satisfying CD(oco, K) atz € V(G). Forany X C N(x)
1 —
with | X| = §|N(x)], if X = N(z)\ X, then

2
(z eNo dx(2) — dX(Z>|) 3 — 2K +d(z) —3
- < —e(Ny, N. de(X, X) — d(x).
e(Ny, N2) - 46( 1 No) - 4e( X X) 4 (z)
. 1. . )
Proof. Taking o = 3 in the above theorem directly gives the corollary. [

Corollary 8. Suppose G is a triangle-free graph satisfying CD(co, K) at z € V(G). Let
X C Ny(x) with X = Ny(z) \ X. If | X| = a| N, ()], then

(Yeem lodz(2) = (1 = a)dx(2)])° _
G(Nl,NQ) -

w

= [ 26()_(,]\[2) + (1 - 04)26(X, NQ):| _ <2K+i($) - 3) 04(1 _ @)d(x)

W

Proof. 1f e(X, X) > 0, then there exist adjacent vertices y,y’ € N;. This edge then creates

a triangle with . Since G is triangle-free, then, e(X, X) = 0. O

2.3.1 Local Buser Inequality. The isoperimtric problem in a graph — how sparse is the
sparsest normalized cut? — is well-known to be closely related to the spectrum of the nor-
malized Laplace operator via the Cheeger and Buser inequalities. It concerns the isoperi-
metric constant

e(S,S)

(G) = Sglvi(%) min(vol(S), vol(S))

The ‘standard’ form of the Cheeger inequality for graphs states that

(G)?/2 < X(L) < 20(G).

Here the lower bound is the analogue of Cheeger’s inequality from Riemannian geometry,

while the upper bound is roughly an analogue of Buser’s inequality. We remark here that
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the upper bound can be improved under a curvature assumption; such a result depending
on curvature is the original Buser’s inequality from manifolds, and is known for graphs
satisfying CD(oo, K) [27].

The simple upper bound \y(L) < 2®(G) on the first non-trivial eigenvalue of the
e(3, )
vol(.S)

one explicitly defines a vector ¢ based on this cut and computes via the Rayleigh quotient

Laplacian proceeds by fixing a set .S minimizing the isoperimetric constant . Then

that

e(S, S)vol(V) <20(G).

AalL) < vol(S)vol(S) —

This inequality is tremendously useful in practice, as it implies that for all sets .S

3) > (L) voliil)(vcc;l)(S) 7

which when restricted to the d-regular case states

|S1]S]. (2.9)

We remark that local variations of Cheeger’s inequality have been the basis of several
successful local graph partitioning algorithms. While Cheeger’s inequality is a statement
about all subsets of (G, of which there are exponentially many, most proofs of Cheeger’s
inequality (and its variants) follow by considering a much smaller number of cuts defined
by some process — eg. via (classically) an eigenvector sweep, or a sweep of the distribution
of a random walk after some number of steps. The underlying ideas have, then, been used
to develop a number of fast algorithms for finding sparse cuts in a graph. For example, one
such algorithm given by Spielman and Teng in 2004 [57] considers subsets based off of a
rapid mixing result for random walks given by Lovasz and Simonovits [42, 43]. Through a

modified Cheeger’s inequality, this graph partitioning algorithm runs in time proportional
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to the size of the output — independent of the size of (G. This approach and others like it
have been particularly useful in solving problems involving massive networks.

It turns out that, just as curvature provides a ‘local’ version of a discrepency inequality
it also provides a local version of the Buser inequality in the form of (2.9). We explore this
in a variant of Theorem 5 and in Section 2.4 we use it to prove two connectivity results,
one local and the other global. Both proofs rely on the connectivity of the punctured ball
of radius two, which we define as B, (x), the subgraph of G containing all vertices with
distance 1 or 2 from z, and all edges between these vertices, except those edges between
vertices of distance 2 from x. Theorem 5 and the corrolaries that followed, show how a
curvature lower bound ensures that most vertices have a close to proportionate edge count
between bipartitions of N;(x). We use this to speak to edge counts between sets in a
variant of our main result, Theorem 10. This allows us to show, for example, Corrolary 11:
Suppose G satisfies CD(oo, K) at x, and = has degree d, for all partitions of Bg(x) into .S
and S,

— >2K—|—d—3

e(S,85) > ¥ IN(z) N S| - |N(z)N S|

Notice the similarity between this inequality and the Cheeger inequality on regular graphs,
equation (2.9). To prove Theorem 10 we first present the following lemma which gives us

a reworking of the discrepancy term of Theorem 2.3.

Lemma 9. Suppose # € V(G) and let X, X partition N, () and A, A partition No(x). Let
RS

o= . Then
|N1(z)]

Il
QM
PN
=
5
+
—
|
g
o
=
5
|
PN
=
=l
|
2
=
=
_|_
ol
>
&
+
o
>
&
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Proof. Equality follows from a series of algebraic manipulations. First, we split the sum

over N (z) of the discrepancy term into a sum over A and a sum over A,

[adg(2) — (1 = a)dx(2))” [adg(2) — (1 - a)dx(2)]*
Z dN1 (Z) " Z le (Z) .

2€A 2€A

The squares are rewritten in terms of edges to N; to find

lady, (2) — dx ()] . = [(1 — a)dw, (=) — dg ()]
D T S R D dx, (2) |

2€A z€A

We expand the squares to find

> ady, (2) — 20dx(2) dN + Z (1—a)?dy, (2) — 201 — a)dg(2) + dx(2)*

z€A

Summing over z in A and A yields

+(1—a)2e(X,A)+(1_a) (X A)—Q(l—Oé) <X A +Z N(>)
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which can be seen as

The discrepancy term is then rewritten as to more easily compare it against other terms in

the CD(o0, K') inequality

[0426()_(, Ny) + (1 — a)?e(X, Nz):| —20e(X,A) — (1 — a)26(X, A) + a26(X 71)

z€EA le
_ [oz26()_(, No) + (1 — a)?e(X, N2)] ~[20+ (1 - a)2 - o/ﬂe(x, A)
> (
- 20l-—a)+a*—(1—-a) XA—I—
a1 z
- [aQe()_( No) + (1 —a)e(X, Ny) ] — (X, A)

2 ()2
*Z > ZdM()
]

In Lemma 9, we see that the discrepancy term may be rewritten to provide information
on the distribution of edges between all bipartitions of Bg(a:) We may use Lemma 9 to

relate this distribution to graph curvature in Theorem 10.
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Theorem 10. Suppose G is a graph satisfying CD(co, K) at x € V(G). Let X, X partition

N, (x) and A, A partition No(z). It follows that

e(X, ) + e(X, A) + e(X, X) > (2K+d<x> _3) X1 1X]

4 d(x)

X

Proof. Using Theorem 5 , let « = ——. We have the inequality,

d(x)

> (_ [odg (2) _dfvl<;>a)dX(Z)] ) + 2 [a2e(X. Do) + (1 0)e(X, Ny)]
2ENa(z) !

+e(X,X) > <2K i ‘if“"”) - 3) (1 — a)d(x).

Through Lemma 9 we use the partition of No(z) into A and A and substitute this into the

inequality to find

— [0Pel(R, V) + (1 @)X, Na)] + (X, ) (%, 4) - 30 L 5 &xl)

+§deXJ%y+Q—adeJ%ﬂ+eQQX)Z(

cA
2 +d(
4 4

which simplifies to

e(X,X) +e(X,A) +e(X,A)

_ zll[a%()_(’ No) + (1 — a)’e(X, NQ)] B Z dx(2)* Z dg(2)?

> (2K il ‘iff”) - 3) (1 — a)d(z).
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Most notably,

_ _ — 2K —
(X, A) + e(X, A) + e(X, X) > ( i ‘Z”””) 3) (1 — a)d(z).
With the substitution o« = ﬂ and1l — o = ﬂ we have
d(z) d(z)

e(X,A) + e(X, A) + e(X, X) > (2K+d("”> _3) JXLIXT

4 d(x)

This immediately gives us the following corollary.

Corollary 11. Suppose G is a graph satisfying CD (oo, K) at x € V(G). Let the degree of

x be d. For all partitions of Bg(x) into S and S,

- >2K+d—3

e($,5) = ———IN@) N S| - IN(z) N 5.

Proof. Given some partition of Bg(x) into S and S we use Theorem 10 and let X =

SN N (z), A= SN Ny(z), X =SNNi(z)and A = SN No(z). O

2.4 Applications and Examples
2.4.1 Connectivity. Thus far we have seen several ways in which curvature of a graph
can be used to certify similar properties to spectral properties, only locally. Eigenvalues
of the Laplacian are well known to certify notions of connectivity of a graph in various
forms: through Fielder’s Theorem[18], Kirchhoff’s matrix tree theorem [26], and Cheeger’s
inequality, for example.

In this section we present two results relating the curvature to connectivity. One, like

before, is a ‘local’ connectivity result. The other, however, actually provides a truly global
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connectivity bound. We highlight here that a curvature bound alone cannot imply that a
graph is connected. If one takes two disjoint copies of a single graph, curvature can never
see the existence of the other copy — a lower curvature bound for one copy implies a lower
curvature bound for both. None the less, a curvature lower bound does imply a strong bound
on the connectivity of a connected graph. We note that a lower bound on connectivity for
positively curved graphs can also be obtained by combining results of Chung, Lin and Yau
[13] and Fielder [18]. However, we find a result which applies even when the curvature
lower bound for a graph is not too negative.

We say G is [-connected if after the removal of any [ — 1 vertices G remains connected.
We define x(G) as the largest [ for which G is [-connected. We see through Corollary 11
that even moderate curvature conditions ensure balls of radius 2 to be well stitched together,

we exploit the manner in which these balls overlap to provide a global connectivity bound.

Theorem 12 (Global Connectivity). Suppose GG is a connected graph which satisfies
CD(o0, K) with minimum degree §. Then

5(6*) > w

Remark: Unlike most theorems in this thesis, Theorem 12 requires the graph to satisfy

CD(oo, K) atall x € V(G).

Proof. Suppose G = (V| E) is a connected graph with vertex connectivity x(G). Then
there exists U = {z1,...,%.q)} C V such that G \ U is not connected. Label the com-
ponents of V' \ U as Ay, A, -+, Ay. Let S = A; and S = Uf:2Ai. Choose Ug and Ug

to partition U in such a way as to minimize e(S U Ug, S U Us). Notice that as a con-
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sequence of the minimization of e(S U Usg, S U Us), for all z; € Usg, it is the case that
dsuus(#:) > dgyp, (#:) and for z; € Ug, it is the case that dg (i) > dsuug (). Fix
x € U which maximizes min{dg(z;), dg(z;)}. Without loss of generality, assume = € Ug.
We now apply Corollary 11 with X = Ny(z) N (S U Ug), X = Ni(z) N (S U Us),
A= Ny(z) N (SUUs),and A = Ny(z) N (S U Ug). From this we see,

2K +d(z) — 3) x| 1X]

e(Ni2(z) N (SUUsg), Ni2(z)N (3’ UUs)) > ( A d(x)

Notice that every edge passing from S U Us to S U Us is adjacent to a member of U, and
by our choice of ;, each member of U is incident to at most | X | of such edges. This allows

us to bound the number of edges in N; 5(x) which pass from S U Ug to S U Uz above by

(5(G) = DIX],
(w(€) ~ DIX| 2 (2“6;@) - 3) 'Xd'@'f'.
Recalling that % > %, we see
(K@) — 1) > (2K + d;(w) - 3) |
Therefore,

- 2K +d(z)+5
—_— 8 .

k(G)
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We remark that such a curvature based lower bound can, in theory at least, provide an
efficient way of bounding the connectivity of a graph. Classical algorithms for determining
vertex connectivity run in O(|V|*|E|) time (O(|V| - |E|) for determining the number of
vertex disjoint paths between any fixed pair of vertices). Meanwhile, as briefly discussed
above in Section 2.3, for a bounded degree graph the curvature at a given point can be
computed in constant (depending on the degree bound) time and hence a global curvature
bound can be computed in linear time. For details see [16]. A reasonably accurate curvature
calculation at vertex requires a binary search on potential curvatures, taking log(A) checks,
and each check requires an eigenvalue calculation of a matrix of size O(A?) (serving as an
upper bound on the size of the second neighborhood of ) which takes at most O(A°) time.
Therefore, a curvature computation of graph with maximum degree A takes at most time
O(Alog(A)|V(G)|)). In practice, we expect to see degrees much smaller than the size of
the network, making a curvature calculation in linear in V' potentially more efficient than a
more classical computation.

Finally, we present a slight improvement of a result in [17]. In [17], Cushing et al.
showed that, with very few exceptions, if the curvature at x is positive then Bg(x) is con-
nected. Through Corollary 11 we show that with more moderate curvature assumptions,

allowing for negative curvature, this remains true.

Theorem 13 (Local Connectivity). Suppose G is a graph satisfying CD(co, K) at x €
V(G) and 2K + d(z) > 3, then By(x) is connected.

Proof. Let S, S be nonempty and partition BQ(:C) Suppose N; C S. Since S is nonempty
it contains a member of N, and we see (S, S) > 0. A symmetric argument covers the case
when N; C S. Supposing that N; NS and N; N S are both nonempty, we use Theorem

10 letting X = NyNS,A=N,NS, X =N nNSand A= N,N S to find e(S, ) >
2K +d(x) —3\ |X]||X]

( 4 ) - d@)

S, 5 nonempty and partitioning By(z), e(S, S) > 0 and therefore By () is connected. [

which by assumption is greater than 0. Therefore, for all
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Sharpness Example for Theorem 13: The two graphs in Figure 2.1 show that Theorem
13 is sometimes sharp. The graph on the right has curvature —1.5 and d(z) = 6 so 2K +
d(z) = 3 and we see that Bs(z) is disconnected. On the other hand, the graph on the
left has curvature —.5, d(z) = 4, we also have 2K + d(z) = 3 but in this case By(z) is
connected. Following the string of inequalities leading to Corollary 11, we observe that the

inequality in Theorem 13 only needs to be made strict when Ny () is empty.

x T

Figure 2.1: In the graph on the left, Bs(z) is connected and N (z) is nonempty, while in
the graph on the right By () is disconnected and N(x) is empty.

2.4.2 Examples. As promised, we now provide the lower bound of K, using Proposition

3.

Example 2 (K, satisfies CD(oo, g + 1)).

Proof. By Proposition 3 we have K, satisfies CD(oo, g + 1) at x provided for all f,

> 5 [{0t = 10 - 30 - Fs) - o)

z€Ny Y2
yEN,

Notice that since N is empty this may be simplified to

> () - 1007 = (FEEIER N0 - ja@? @10
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We may simplify the lefthand side of (2.10).

S () —fW))P==2- Y fWrE)+ -2 fy)?

_ (Z f(y)> +(n—1)> fy)?
= —A(f(2))*+2(n — DT(f)(z). (2.11)

With the substitution of % + 1 for K, and n — 1 for d(x), the righthand side of (2.10)

becomes

(n— DP(H)() — A () @12

Since (2.11) is nonnegative and twice (2.12), we see (2.10) holds. ]

We now present a few examples to illustrate that the inequality presented in Theorem
5 can actually be tight. This implies, in turn, that the functions considered actually witness
the limiting curvature for some family of graphs. This, in turn, means that the discrepancy
properties of graph neighborhoods can, at times, imply sharp upper bounds on the curvature

for graph families.
Example 3 (Regular Trees).

We find that Corollary 7 gives a sharp upper bound on graph curvature of regular trees.
Suppose that G is a d-regular tree. In any tree, every vertex in N, must be adjacent to
exactly one vertex in Ny, as any vertex z € N, with dy, (z) would form a 4-cycle with z

and its neighbors in N;. Thus, we have that

D ldg(z) —dx(2)] = Y 1=d(d-1).

zEN>2 zEN>2
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Furthermore, every tree is triangle-free, which implies that e(X, X) = 0. Our theorem, in

this case, states that

d(d—1) — Md_

d(d—1) < .

A~ w

Solving for K here yields that X' < 2 — d, and as shown in [27], the curvature of a tree is
exactly K = 2 — d. Therefore, our theorem gives a sharp upper bound on the curvature of

a d-regular tree.
Example 4 (Z5.

In this example, we find Theorem 5 provides a sharp upper bound on the curvature of
Z". Consider the graph Z°. Letx = (0,...,0). Then Ny (z) = {(y1,---,%a) : Z lyil = 1}
and No(z) = {(21,...,24) : Z |zi| = 2}. Define X C N;(z) to be the points (y1, ..., Ya)
where y; = 1 for some i € {1,...,d} and y; = O for all j # i. Then X C N;(z) is the
set of points (y1,...,yq) where y; = —1 forsome i € {1,...,d} and y; = O for all j # i.
Note here that a = %, as /V; is split evenly according to this partition.

Let z € Ny(x). We will analyze how each possible z contributes to the sum on the left

side.

* If z contains two 1s, then |ady(2) — (1 — a)dx(2)| = 1 and dy, (2) = 2. Thus, the

L o1 d )
contribution of z to the sum is 3 There are (2) such vertices.

* If 2 contains two —1s, then |adg(2) — (1 — a)dx(2)|
d
2

1 and dy, (z) = 2. Thus, the

o 1 . .
contribution of z to the sum is 7 There are again ( ) such vertices.
1

e If 2z contains a 2, then |adx(z) — (1 — a)dx(z)| = 3 and dy, (z) = 1. Thus, the

. .1 .
contribution of z to the sum is T There are d such vertices.

1
* If z contains a —2, then |adx(z) — (1 — a)dx(2)| = 3 and dy, (z) = 1. Thus, the

o .1 )
contribution of z to the sum is T There are d such vertices.
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* If z contains a 1 and a —1, then |ad(2) — (1 —a)dx(z)| = 0 and dy, (2) = 2. Thus,

o ) d )
the contribution of z to the sum is 0. There are 2 <2> such vertices.

Thus, the sum over all z yields

(S ()40 o ] b

2EN2

1
On the right side, o = 3 Thus,

02 (X, Ny) + (1 — a)2e(X, Ny)] = %e(Nl, ).

IRt

To compute e( Ny, Ny), every vertex in Ny with two nonzero coordinates has two neighbors
. d . . .

in N; and there are 4 <2> of these vertices. Also, every vertex in N, with one nonzero
coordinate has one neighbor in /V; and there are 2d of these vertices. Thus, e(Ny, Ny) =

d _
8 ( 2) + 2d = 4d® — 2d. Since Z is triangle-free, we have that e(X, X) = 0. Finally, the

) d(2K + 2d — 3)
curvature term yields 3 .

Therefore, our discrepancy inequality yields that

P d(2K +82d -3)

4d? — 2d) —
< —( )

N| —

Solving for K yields that ' < 0, which again is a tight upper bound as [27] gives that
K =0.

We remark here that while we have chosen to consider combinatorial properties as
they relate to the infinite curvature dimensional inequality, the functions we consider in our
main result and the corollaries that follow effectively ignore the dimension term in the C'D
inequality. As a result, these results hold curvature when normalized to any dimension. We

leave the reader to confirm that the function used in 2.3 satisfies A f = 0.
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2.5 Curvature and Graph Operations

Another way to better understand how this curvature on graphs works is to explore how
curvature is affected by various graph operations. As we have seen before, the curvature of
the disjoint union of graphs is calculated by considering the graphs separately. Ricci-flat
graphs are closed under tensor, Cartesian and strong products. In the paper [17] the authors

propose the following two conjectures, both of which we confirm below.

Conjecture 14. Let G = (V, E) be a graph and x € V be a vertex. Let G' = (V' E’) be

the graph obtained from GG by one of the two operations:
* Delete a leaf in Sy(z) and its incident edge.

* Delete z € Sy(x) and its incident edges {{y,z} € F : y € Si(z)}; Adding a new

edge between every two of {y € Si(x) : {y, z} € E}.

Then we have for any N € (0,00 and K € R

If G satisfies CD(N, K) at = then so does G'.

We are only interested in the N = oo case, which we have proofs of below.

We will start with the following lemma.

Lemma 15. Fix some z € Ny(z) andletY, = {y : z ~ y ~ z}. If forall y,y’ € Y,

y ~ 1/, it will be the case that for any function f on Y}, and for optimized values of f(z),

> 0 - 10022 X (U1 - 5602 - 56 - Fhf )

y~y' €Y, YyeY,

Proof. Fix some z € Ny(z) andletY, = {y:xz ~y~ z}. Letr = |Y,|.

2
By Cauchy-Schwarz we can say M < Z fy)*.

yeY,
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2 EyEYZ f(y)

We have shown that the optimal value of f(z) =
r

Notice also that

ST (FW) =W = D> fW+ W) —2fWfW).

y~y'eY; y~y'eY;

Under the hypothesis that for 4,13’ € Y., y ~ ¢ then the above may be written as

= | fw? = fw) Y f(y’)]

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

%;:rf(y)2 - (; fZ?/e');2

> (=1 f)*+ z > W) - (Z f(z/)>2

- ZY o EZY o <ryfyi><zieyz O _ (Eyen 10

Using Cauchy-Schwarz this may be simplified to

(2.14) > z > )’ - (nyey; Ul
> Z y; o) — Z(Zy@; fy))? N (Zy/ey; f))?
. zg ) - Q(Zy/eiz fW)” %LT (M)z
o e
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with the assumption that f(z) = this becomes.

2 EyEYZ f()

> 3 (3502 - 110 + 1761 @19
) 2 .
> 3 (U6 = P = 51 - /) 2.20)
Therefore,
/\\2 1 2 1
> ) - 10022 X (01 - 5602 - 516 - Ff )

Theorem 16 (Proof of Conjecture 14).

Proof. Let G, z and G’ be as in Conjecture 14. Let Y, be as in the Lemma above.
WLOG let f(z) = 0,let f : N;(z) — R and choose optimized values of f(z).
Let K be the largest value such that G satisfies CD(N, K'). We have

> X [JUE - S0 - U6 - F)U ) - £

zEN () YF
( )ZJENl (z)

+ Y (fw) - fw))?
y,y'EN1(z)
> s+ (EEEEDZD rgy ) - LA

Letting K be the largest value such that G’ satisfies CD(N, K), we have

> X E(f(2> — F@) ~ ()~ F) ) - )

zENa(z) Y~* 2
2 yeN(x)
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-3 (306 - 102 = 5076) = Fs )
+ Y (W) =)+ DD (fy) - fW))?
y~y'€Y; Y,y €EN1(z)
> 3as@p+ (FEEE= rpe) - jau)
By Lemma 3
> X |06 - 50P - 506 - 1)) - )]
o) WE
-y G(f(z) - 1P = 50G) = S
+ Y (W) = f)+ DD (fy) - fW))?
y~y'€Y; y,y' €N1(x)

2 yos) s (PR ) e - gau)

Since our choice of f was arbitrary, and K is the largest value for which the above inequal-
ity holds for arbitrary f, K < K'. Note also that if G satisfies CD(N, K) it also satisfies
larger values of N and smaller values of K. With this we see that whenever G satisfies

CD(N, K) at z, so does G'. O

2.6 Future Work

Moving forward, we hope that these discrepancy-type bounds may be used to certify
other global graph properties, Hamiltonicity for instance. Local Ore-type conditions have
had great success in this regard. We hope that through this local combinatorial lens we
can uncover structural implications of curvature which may then be used to guarantee the

existence of long cycles and paths.
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Chapter 3: Strongly Regular

3.1 Introduction

A graph G is said to be strongly regular with parameters (n,d, A, 1) if G is d-regular
of order n and, so that every two adjacent vertices have exactly A common neighbors and
every two nonadjacent vertices have exactly ;4 common neighbors.

One can see from the definition that structural properties of strongly regular graphs
quickly present themselves. It is easy to see, for instance, that connected strongly regular
graphs have diameter at most two and that the complement of a strongly regular graph is
strongly regular with parameter sets (n,n — 1 —d,n —2 — (2d — p),n — (2d — \)). Once
one starts studying them, more non-trivial relations between the parameter sets emerge.
For instance, double counting the edges between the first and second neighborhoods of a
vertex reveals that (n —d — 1)p = d(d — A — 1).

More interesting, is that there is an immediate connection between strong regularity
and the spectrum of the graph. Supposing M is the adjacency matrix of G, we have M? =
dI+AM +p(J—I—M). To see this, we may view M? as a count on the number of paths of
length 2. Through dI we see the d paths each vertex has to a neighbor then back to itself. In
the second term we see the \ paths a vertex has to its neighbor, and in the third, the x paths
between a vertex and its non-neighbors. Since M is real symmetric, it is diagonalizable and
aside from the d eigenvalue, eigenvalues y of M satisfy v> = d+ Ay — 1 — yy. Therefore y
can take at most two unique values aside from d. Conversely, it turns out that regular graphs
with 3 distinct eigenvalues are strongly regular. It is good here to note that since the sum
of eigenvalues with multiplicity of M is tr(M) = 0, the smallest eigenvalue is negative.

Because the spectrum of SRGs are so well understood, it is often given as a supplementary
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or alternative parameter set, in which case we say the SRG has spectrum d' r/, and (—m)?,
where 1, f, and g represent the multiplicities of the eigenvalues respectively. Understanding
these multiplicities has also helped further restrict parameter sets. For example, in [51]
Neumaier shows that all SRGs in which —m is not integral have the form n = 4p + 1,
d =2u,and A = pu — 1. These are the so called conference graphs.

Because the spectrum is so well understood, algebraic techniques work particularly
well. Due to the close ties between graph spectra and curvature conditions, it is natural
then to ask what the curvatures of these graphs can be. If G is an SRG of girth 5, then
G is a Moore graph in which case balls of radius 2 are trees. As seen in Chapter 2, the
curvature of these graphs is well understood. When the girth is 4 (or equivalently A = 0
and ;1 > 1), Cushing et al [15] showed that such graphs satisfy CD(o0, 2). It remains to
be seen however, if there is a general lower bound on the curvature of SRGs with girth 3.
We do not even know if they satisfy CD(oco,0). Through calculating curvatures of many

known SRGs, Cushing conjectured the following
Conjecture 17 (Cushing SRG Conjecture). All SRGs with girth 3 satisfy CD(o0, 2).

However, proving that all known SRGs satisfy CD(oo, 2) and all possible SRGs satisfy
CD(o0, 2) are two different problems.

Determining for which parameter sets strongly regular graphs exist is a major open
question. To this end, a number of less obvious conditions have been uncovered which
serve to further restrict feasible parameter sets. While some sets may have thousands of
graphs, in many cases we see the parameters alone are enough to certify a number of graph
properties. In this chapter we use the the parameters to understand these SRGs well enough
to give nontrivial curvature bounds. This makes it important for us to understand what the
feasible parameters of SRGs are. In this chapter we use established bounds, and some that

we uncover, to play parameters off each other.
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In one particularly impressive result regarding the classification of feasible parame-
ter sets of SRGs, Brouwer and Maldeghen combined several known powerful relations
between the parameters and their structural implications to establish the following theo-

rem, which they credit largely to Neumaier.

Theorem 18 (Claw Bound). (Theorem 8.6.3 [10]) Let GG be a primitive strongly regular
graph with integral eigenvalues k£ (with multiplicity 1) » = n — m (with multiplicity f) and
s = —m (with multiplicity g). Let f(m, p) = %m(m —D(p+1)+m-—1.

Then

(i) Bruck [11]) If 4 = m(m — 1) and n > f(m, u) then I is the collinearity graph of a
partial geometry pg(K, R,T) with T'= R — 1, that is, is a Latin square graph LS,,(n).
(ii) (Bose [9]) If x = m* and n > f(m, ) then I is the collinearity graph of a partial
geometry pg(K, R,T) with T = R, that is, the block graph of a 2 — (mn +m — n,m, 1)
design.

(iii) (‘Claw bound’, Neumaier [51]) If z # m(m — 1) and 1 # m? then n < f(m, u).

1
In other words: If r + 1 > ES(S +1)(u+ 1) then = s(s + 1) or u = s>

Using this bound, we show that the truth of Cushing’s conjecture may rest on the
existence of a hypothetical family of SRGs, yet to be found. Specifically, we find the

following.

Theorem 19 (Main Result). All but a finite number of strongly regular graphs with smallest
eigenvalue —m satisfy CD(o0, 2).

Furthermore, if there exists an SRG with A > 0 and p = 1, it does not satisfy CD(c0, 2).

This chapter is outlined as follows. We show that all other collinearity graphs of partial
geometries of type 7 and i7 in Theorem 18 satisfy CD(o0, 2). We do this first in Section 3.2

by considering those SRGs which satisfy the conditions or our main lemma, Lemma 20.
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1
Lemma 20 (Main Lemma). Strongly Regular Graphs with ;1 > Max{2, §)\} satisfy

CD(00,2).

We then address the remaining SRGs in Section 3.3 by considering the relationships
between parameters of the underlying partial geometries and finish with Section 3.4 where
we consider future work in this area.

3.2 Proof of Main Lemma

We begin this section by considering the curvature of SRGs with 4 = 1. We then
rework the CD inequality and consider SRGs with A = 1. We then use an averaging
argument to compute a curvature lower bounds for SRGs with A > 2 and u > 2)\. We
combine these results to show all SRGs with p > %/\ and p > 2 satisfy CD(o0, K).

For the remainder of this chapter we consider an SRG with parameters (n, d, \, ;1) and
fix our attention to some vertex z. We refer to the first neighborhood of x as V; or NV and
the second neighborhood of = as Ns. The local graph is the subgraph of the SRG induced
by the vertices of N. We also fix an arbitrary ordering of the vertices in /N which we label,
Y1, -+ ,yq. We find it convenient to sometimes think of f as a function and other times, to
think of f as a vector, f in which case ﬁ = f(y;). In context, which we are using should

be clear.
Theorem 21. Strongly regular graphs with A > 0 and p = 1 do not satisfy CD(c0, 2).

Proof. Let G be an SRG with 4 = 1 and A > 0. Fix some x € G and consider the local
graph. Since ¢ = 1 and x is a mutual neighbor of all vertices in the local graph, there are
no paths of length two in the local graph, and the local graph is a disjoint union of cliques.
Notice that if A +- 1 = d, then pz = 0. It then becomes clear that Bg(yc) is disconnected, and

by Theorem 13, CD(o0, 2) is not satisfied. O
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It is interesting to note that it is not known if SRGs with A > 0 and © = 1 exist.
The smallest open parameter set is (400, 21,2,1). If one were known to exist, then the

Conjecture 17, that all SRGs with girth 3 satisfy CD(c0, 2), would be false.

Lemma 22. Strongly Regular Graphs with parameter set (1, d, A, i) satisfy CD(co, K) at

a vertex x if and only if for all functions, f : N — R,

ZPZGNQ;ZN%WMywyj+i_1 (f () — F ()

1,J

— e (3.1)

Proof. There are several ways in which we are able to simplify the combinatorial CD
inequality when dealing with the SRG case. We know that f(z) is minimized at the value

— Z f(y) which will make these values much easier to compare to one another. Recall

QSNyNZ

]. 2 .
also that (Af)? Z f(y)*andT'f = 5 Z f(y)*. We use the equality

n

Zal —"Z“% Z —aj

=1

in two ways. In one, we find
(Af)? =2df = (f(y:) — Fly;)* (3.2)
i,J

This allows us to relate some of our most common terms to one another. Also, it allows us

to simplify the previously stubborn Z f(2)? as

2EN2

P => (QZ%N@,NAZJ”@))2

z€EN2 2EN> H

48



“Y e X - X ) fw)

2EN, Ty~z z~{y,wi~z

:Wr f= Yo lee Mozl () — fB)R G

1]

Typically we expect Z f(2)? to depend heavily on the structure of edges between N, and
zEN>o
Ns. Interestingly enough, the only term in (3.3) which isn’t concerned with Ny, |z € Ny :

z ~ y;,y;|, is completely determined by the structure of the local graph. A consequence of
this is that curvature of an SRG at some point = is completely determined by the structure
of the local graph at z. We note here that Cushing et al. made this observation in [17]
(Theorem 11.1).

We begin reworking the CD inequality by considering the first term of (2.1) in Proposition

3
T3 [§061 - S = 50 - 1 0]
- B[ - swse) + o]
=3 S [juer-sosa] + 5= Sl
-4 > () + 2 _: - ;V[f(yz)ﬂ
S PIUCLE Ay, e

With the substitution for Z f(2)%in (3.3), this gives us

(3.4) =

Mff_%z]z € Ny 2~y yil (F(ws) — flyy))?

%,J

=
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3(d —2)\ - 1)F(f)

-y BRIl pp - g 69

Using (3.2) we find the equality

_2dQ+ /\Ff = —ZZC;M ((Af)2 i Z(f(yi) B f(yj))2) . (3.6)

By adding the right side of the equality (3.6) and subtracting the left, we rewrite (3.5)

as

’ZGNQIZNyi,yj‘ —2d + A\
) el R ) - £,

n —2d + A
4d

@+ T rg), G3.7)

We also rewrite the second term of (2.1)

ST UFW) = FW)P =D gy, (Fi) — fly3) (3.8)

¥,y €Ny 4,J

Through the substitution of (3.7) and (3.8) we find (2.1) is equivalent to

1)+ X L ()~ 5007 = (EEE2 0y - Jape 69

Through simplification of (3.9) we find (2.1) is equivalent to
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|z € Nyt 2z~ y;, 45 A1 )
sz: |: ,U + ]lyiNyj + 4d 2 (f(yz) f(yj))

A 2K — 4
Z(Af)? -
+ 1A

Tf>0 (3.10)

and through Proposition 3, an SRG satisfies CD(co, K) if and only if (3.10) is satisfied. [

Corollary 23. Strongly Regular Graphs with parameter set (n, d, A, i) satisfy CD(o0, 2) at

a vertex x if and only if for all functions, f : N; — R

A
> e (Fw) = fu)’] + 4—d(Af)2 >0 (3.11)
1,JEN1
N LY Y )\ ]_ . . '
where «; ; = |2 € Na < iy ~ 2] + Ly, y + i Note that if for all 7 # j, o, ; > 0,
i

then (3.11) is satisfied.
Proof. This follows immediately from Lemma 22. [
Lemma 24. If GG is an SRG with A = 1 or A = 0, and p > 2 then G satisfies CD(c0, 2).

Proof. First let G be an SRG with A = 1 and ¢ > 2. Fix some x € (. Notice that
the edges within the local graph form a perfect matching. If y; % y; € N then |z €
Ny : z ~ y;,y;| = p — 1. In this case we have a; ; > {MT_l—'—él_);l_%} > 0. By
Lemma 22 we have that G satisfies CD (o0, 2) at x and since our choice of x was arbitrary,
G satisfies CD(c0, 2). Similarly, we let G be an SRG with A = 0 and p > 2. Fix some
x € G. Notice that the local graph has no edges. Then for all y;,y;, € Ny, y; % y; and
|z € Ny : 2z~ y;,y;| = p— 1. In this case we have «; ; > {— +— — —] > 0. By

Lemma 22 we have that G satisfies CD(00, 2) at « and since our choice of x was arbitrary,

G satisfies CD(o0, 2). O
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We see that Lemma 24 gives an alternate proof of the result in [15] that all SRGs with
girth 4 and ¢ > 2 satisfy CD(o0, 2).

We have now covered the cases where A or 1 is 1. Next we redistribute the «; ; coeffi-
cients from adjacent vertices to paths of length 2. We then show that these new coefficients

are non-negative provided A > 2 and p > 2.
Lemma 25. If GG is an SRG with A > 2 and p > 2, then G satisfies CD(2, 00).

Proof. Let GG be an SRG with A > 2 and . > 2. By Corollary 23 it suffices to show

2 € No iy yj~ 2 Al
ZP LI e A ) - fwr 2o G
%,J H

We start with the observation that every edge in the local graph is a part of 2(\ — 1) paths
of length 2 in the local graph. This observation, along with the triangle inequality gives us

the rewritten term

Z Ty, (Ui — )° = Z Z ((y - y;)(;r_(%— Y5) )

%) yEN~Yi,y;

M_iz_i_w_jz
SN IDS (( y2> _<1) y))

yEN~yi,y;

o> 2( >
)

Ny vy y; ~
_Z (|y€ 1:-Yi yj y| (313)
Thus by averaging (3.13) with its original form, we have
ye Nty y;~ 2
Z ]lywyy yj 2> Z ywyg ’ - ! | (yi — yj)Q- (3.14)

SO — 1)

52



Though the substitution of (3.14) into (3.12) we find

|2y y~ 2 1 lye M) yiy;~z A 1 N F (o))
> [Eeti Ay o, 4 MR 2 S 2 () - £

1]

> 0. (3.15)

Therefore the satisfaction of (3.15) implies the satisfaction of (3.12).
We now show that in the parameter regime we consider, all coefficients of (f(y;) —
f(y;))? in (3.15) are non-negative. Note that if y; ~ y;, then clearly this coefficient is

non-negative, as the contribution from the indicator is enough to make the term positive.

Supposing y; % y;, |2 € Notyi,yj~z| + |y € N1t yi,y; ~ y| = p— 1. When
lz iy~ 2y vy~

> 8(A—1) the sum + is minimized when |z : y;, v, ~ z| =
p>8(A-1) . S = 1) 21 yi,y; ~ 2|
—1 Y Yi 1 . .
4 — 1 and since K + v 8(y)\ Ji 1 vl > 5 and the coefficients are non-negative. When
M JE—

zrynyi~z yiynyi~yl. L
d h N ’i? s N =
p + SO —1) is minimized when |2 : y;, y; ~ 2|

1 < 8(A—1), the sum

\z:yi,ijz\ \y:yi,yjfvyl

pw— (A+1)and |y : y;,y; ~ y| = A, in which case

p 8(A—-1) —
M_<>\+1)+ A . Now observe that for ;1 > 2\ and A > 2,
% 8(A—1)
w—(A+1) A A—1 A 1 1 1 1 1
> = 4+ - 4 >_
L B0 =D~ 2% T8 =1 278 22 T8(h—1) -2

Thus, with these parameters, all of the coefficients of the (f(y;) — f(y;))* terms in (3.15)

are non-negative, and hence the sum is non-negative and hence G satisfies CD(o0, 2).

]

Now that we have taken care of the cases where \ or p is 1, and when p > 2. We
will now use the spectrum of the local graph to show CD(c0,2) is satisfied when p >

1
max{gk, 2}. We begin by defining some relevant graph matrices and their row sums.
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For a strongly regular graph with parameter set (n,d, \, 1) and a fixed x, we define

Q5 = |2 € N, 5 b~ 2 + Lyymyy + a2 ifi # jand a;; = 17 Notice that

d—XA—1)(p—1 Ad

E «; ; is independent of j, we will call this sum A = ( =) + A+ 1 7
: ft

We define A as the square d matrix with A; ; = o ;. We remind the reader that a restricted
eigenvalue, is one which is not associated 1. We would also like to remind the reader that
because A is real valued and symmetric, it has d orthonormal eigenvectors. This result,
attributed to Cauchy, was later generalized by Von Neumann and is known as the Spectral

Theorem.

Lemma 26. If there exists a function f : N — R which violates the following inequality,

> e (fly) = Fw))?] — {@} I'f>0 (3.16)

i?jeNl ($)
where K = 2, then there exists a restricted eigenvalue of A larger than A.

Proof. Note that if a function fails (3.16), it can be scaled so that Z f(y;)* = 1. For such

a function f, the left hand side (specialized at K = 2) is

> ai(f(w) = fly)

i,jENl(I)
=2 Z az]f yz -2 Z &Z]f yz )]
1,jEN1 () 1,JEN1(z
=2 > [Af@)Y) =2 > i f W) f ()] (3.17)
1€EN1 () 1,jEN1 ()

where we used that .4 has a constant row and column sum of A. Thinking of f as a vector,

we have

(3.17) = 2A — 2fTAf (3.18)
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and satisfying (3.16) is hence equivalent to minimizing (3.18) and showing that this mini-
mum is non-negative.

A is real symmetric, and hence admits an orthonormal basis of eigenvectors. It is pre-
cisely such a vector that minimizes (3.18). Further observe that, though Tisan eigenvector
of A, the constant function does satisfy (3.16). Thus if (3.16) is violated it must be must
be for the eigenfunction corresponding to a maximal restricted eigenvalue of A, +. For this

function,
B17)=A—~y

and we see if (3.16) is not satisfied, then v > A. [

From Lemma 26 we find the left-hand side of 3.16 is minimized at eigenvectors perpen-
— A —
dicular to 1. Since @(A f)? is also minimized at eigenvectors perpendicular to T, (3.1) is

also minimized at these eigenvectors and by Lemma 22 we have the following proposition.

Proposition 27. Strongly Regular Graphs with parameter set (n, d, A, u) satisfy CD(o0, 2)

at a vertex z if and only if there exists some maximal eigenvalue ~ of A such that v > A.

We now relate the eigenvectors of A to the eigenvectors of the adjacency matrix of the
local graph. Using this same labeling of the local graph used in the construction of A, let
A be the adjacency matrix of the local graph. Let v be the largest restricted eigenvalue of
A. Notice that because the local graph is A-regular, it has eigenvector 1 with associated

eigenvalue \. In the next lemma, we show the relationship between ~ and an eigenvector

of A.

55



Lemma 28. Suppose 7 is the largest restricted eigenvalue of A. Suppose A =y, > --+ >

v are the eigenvalues of A, then

1 A — A—p+1
vzmw-ﬂﬁﬁ%( m%+ a . (3.19)
i>1 o ) M

Proof. We remind the reader that

AZ'J‘ = j (320)

|z € Nyt yi,y; ~ 2| A1
= Teyyy +— — = 3.21
u T e T g T 62D

Since vertices y;, y; have Ai ; mutual neighbors in the local graph and one mutual neighbor

x, all other mutual neighbors are in N,. This allows us to rewrite .4,

I It VR B St B T
A=F () = A=)+ = = A= (A AI)+uA+—(4d 2)11 (3.22)

This expression of A in terms of A and .J ensures that any restricted eigenvector of A
is a restricted eigenvector of A and vice versa.

Notice that 1 is an eigenvector of A. Let ggz 1 T be another eigenvector of A with

associated eigenvalue ;. Then Jy = 0. From (3.22) we have

I S el PR S A St SRR C I AL g
Ap; = | A+ . (J—A-1)+ . A u(A AI)+(4d 2>J]¢Z
1 A—1 1 B}
= %+“—<o—%—1>+—%——<73—A>}¢>z~
1 I "

RN N TE
u u
L, (A=p) )\—,u-i-l}(g

=|—=% * Vi + e
H H H
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1 A— A— 1
where |——77 + ( 2 Yi + s is a restricted eigenvalue of A coming from a
H H H

restricted eigenvalue ~y; of A. 0

Maximizing the quadratic in (3.19) allows us, in turn, a bound on + solely in terms of
the parameters of the SRG. This allows us to drop the dependence of the spectrum of the

local graph in the following corollary.

Corollary 29.

p=20 A (A—p)p?
A—ny>al—2yy2 21 2
12 )+ - (3.23)

Proof. By treating ; as a formal variable in (3.19), we see «y is maximized when some

A\ —
¥ = —M. Since v arises from such a ; this implies that
A—p)? A — 1
e [Rga A
Ap 1
d—A—1)(p—1 Ad
as desired. RecallA:( ) )+>\+Z_§' Therefore
i
d—A—1)(p—1 A d A—p)? A — 1
At Sp=1) A _d_(A=p” A-pdt
Ju 42 4p Iz
-1 1 A— 1A A—p)? A — 1
_d(u___)_|_L+__(( 'u) + Pt )
p 2 Iz 4 4p Jz

(“__1_1)+§ A—np

! 2 4 4n
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Lemma 30. Fix a 4 > 2 and let

A
C,, = min {— : An SRG with parameters A and p does not satisfy CD(oo, 2)} ,
i

taking C,, = oo if no such graphs exist. Then C, > 3 and C), > 4 for p > 3.

Proof. Per Lemma 26 and Corollary 29 the inequality

implies CD(o0,2). As K, satisfies CD(00,2) we know that in any SRG not satisfying
CD(00, 2) the local graph has two nonadjacent vertices in which case d > 2\ — p.
Hence it must be the case that if a graph fails this inequality, with A = z - 1 and using

our lower bound on d we must have

The roots of this polynomial are

T — 84 +/37u2 — 961 + 64

2
Note that
T —8 — +/37u2 — 96 + 64 _ 1
20 2
7T— 37
for 4 > 2 (and actually, the limit as ¢ — oo increases to (—2) ~ (0.458...). Recall

1
Lemma 25 implies that C, > 3 therefore all SRGs with z less than this smaller root satisfy

CD(00,2).
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Thus the only way that G fails to satisfy CD(c0, 2) is if

- T — 8+ /372 — 96 + 64
xr .
24

For ;1 > 4, this is already at least 4, and for ;1 = 3, note that this is larger than 11/3 and

hence C3 > g = 4. For y = 2, this root is 3 +2\/5 > g, and hence Cy > g =3
[
We define the conference graph to be an SRG with parameters, n,d = (n ; D JA =
(n ; 5) ,and pu = (n ; 1). As mentioned earlier, these graphs are known to be the only

class of SRG without integral eigenvalues. In the next corollary, we show that conference

graphs with girth 3 satisfy CD(o0, 2).

Corollary 31. Conference graphs with girth 3 satisfy CD(o0, 2).

A -5
Proof. Notice for a conference graph, with girth 3, n > 9sopu > 2 and — = n 1 <1
Beooon=
By Lemma 30 we see CD(00, 2) is satisfied. O

Unfortunately, there are SRGs with parameter sets which are not covered by Lemma
30. For example, The line graphs L( K, ), n > 2, with parameters (n*2(n—1),n—2,2).
We consider many of these graphs in the next section.

It is also good to note that the parameters do not determine the local graph, or its spec-
trum. For example, the Shrikhande graph and 4x4 Rook’s graph both have parameters
(16,6,2,2), but the local graph of the Shrikhande graph and 4x4 Rook’s graph (see Fig-
ure 3.1) are not isomorphic — this is reflected in the curvatures of these two graphs. The
Shrikhande graph has curvature 2 (that is, it satisfies CD(00, 2) but not CD(co, K) for any

K > 2), while the Rook’s graph has curvature 3 [17].
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Figure 3.1: On the left is the first and second neighborhood of the Shikrande Graph and
on the right, that of the Rook’s graph. The local graph of x is highlighted in blue.

3.3 Curvature of Collinearity Graphs of Partial Geometries
In this section, we show that the infinite families of graphs with smallest eigenvalue
—m which are not covered by Lemma 20 satisfy CD(o0, 2). By the claw bound, these are

all collinearity graphs of partial geometries. We begin by defining SRGs of this form.

Definition 2. A partial geometry pg( K, R, T') is a partial linear space (X, £) such that each
line has K points, each point is on R lines, and given a point x outside a line L, there are

precisely 7' lines on x meeting L.

It is known that the collinearity graph of a partial geometry is strongly regular with
parametersn = K + K(K —1)(R—1)/T,d=R(K - 1),A=(R—1)(T—1)+ K — 2,
and p = RT.

We define the set of exceptional graphs as described in the claw bound to be £. We note

here that when R = 1, GG is a complete graph and by Example 2 G satisfies CD(00, 2).
Theorem 32. Suppose G is an SRG with © = 2 and G ¢ L, then G satisfies CD (o0, 2).

Proof. Suppose G is an SRG with p = 2 and G ¢ L. If G is a conference graph, then by
Lemma 31 we are done. Otherwise, GG has integral smallest eigenvalue —m. By the Claw
Bound, i = m(m — 1) and G is the collinearity graph of a partial geometry with 1" = 2

and R = 1, in which case G is a complete graph, which we know satisfies CD(00,2). [
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Theorem 33 (partial geometry theorem). Let G be the collinearity graph of a partial geom-
etry, pg(K, R,T), with strongly regular graph parameters (n,d, A, ) such that > 3.
Then G satisfies CD(00, 2).

Proof. Let G be the collinearity graph of a partial geometry, pg(K, R,T), with strongly
regular graph parameters (n, d, A, 1) such that © > 3. If A < 4, by Lemma 30 G satisfies
CD(0,2). For the remainder of the proof, suppose A > 4. Noticeif R = 1orT =0
then G is a union of disjoint cliques, which satisfies CD(co, 2). For the remainder of the
proof we assume R > 2 and T > 1. We let A be the adjacency matrix of local graph of ¢
at some fixed vertex x. We notice A = A; + A, where A, is the adjacency matrix of R
many K — 1-cliques and A, is (R — 1)(7" — 1) regular. We let 3; be the R dimensional
eigenspace of A, associated with the eigenvalue K — 2. Notice that by Perron Frobenius
we have the largest eigenvalue in absolute value of Ay is (R—1)(T'—1). Lety; > -+ >
be the eigenvalues of .A. By the Courant-Fischer Theorem we have
Yr = max min z’ Ax

X TEX
dim X=R ||z||=1

> min 2’ Ax
TEB
[|z|[=1

>K —2— (R—1)(T—1).

Similarly, we define B, to be the k¥ — R dimensional eigenspace of .4; associated with —1.

Again, by Courant-Fischer,

Yre1 = min  max 2’ Az
X reX
dim X=k—R |[[|=1

< max 27 Ax
rE€B2
[Jz||=1

<—1+(R—-1)(T-1).
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From Lemma 28 we have

1 A— A—pt1
7 = max [——7?+ Aoy An } -
il om p u

(d=-A-Dp-1)
0

Recalling A = + A+

A d .
1 we may rewrite A — y as

—2 A
mind('u—)—l———l- {

Yy — A+ )
ind(= =) + 5 —] . (3.24)

I

We may think of A — ~ as a function of ; in which case, it is an upward facing parabola.

Here we wish to bound the eigenvalues of A away from from the potentially negative region
A\ —

— which is centered at v; = T,u

We start by showing that the first R eigenvalues of A are sufficiently larger than ; ’u,

in doing so we find suitable lower bounds for the terms in (3.24). Recall that we assume

A
A > 4y, and so the second term of (3.24), 17 (R —1)(T — 1). We see that the lower

A A-
bound on g, K —2— (R—1)(T = 1) = A=2(R=1)(T = 1) > 5 > TM Since

Yy — A+ p)

K —2—(R—1)(T —1) bounds 5 from below, and [
i

} is increasing when

A\ —
v > T'u,forallj <R,

Yilvi = A+ 1) . (K—2-(R-DT—1)(K-2-(R-DT -1~ A+p)

ft ft

(3.25)

Notice K —2—(R—1)(T—1)—A+pu=—-2(R-1)(T'-1)+RT > —(R—-1)(T"—1),
the right hand side of (3.25) may be bounded below by

(K —2— (R—1)(T - 1) (~(R— 1)(T - 1))
RT '

(3.26)
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Since R >2and T > 1, (R—1)(T'— 1) < RT — 2. Using this substitution we find a lower

bound for (3.26)

(K=2—-(R-1)(T'—1) (=(RT - 2))
RT

. (3.27)

We will use (3.27) as a lower bound for the third term of (3.24). We now wish to bound the

first term of (3.24). Through substitutions we see

g =2y - K= 1)22{” =2 (3.28)

adding (3.28) to (3.27) yields

(K~ D)(RT —2) | (K -2 (R—-1)(T 1) (~(RT - 2))

5T T > 0. (3.29)

(3.29) shows that the sum of the first and third terms of (3.24) is positive, and since the
second term, 2 is also positive, for all ; < R we have (3.24) is positive. Therefore, if
(3.24) is minimized at some j < R, G satisfies CD(c0, 2).

We use an analogous argument for j > R. Since A > 4y we have K —2+(R—1)(T'—1) >
ART and K — 2 > 3RT.

A — K -2 — 1T —-1)—-RT 2RT
With some substitution we see 5 H_ + (7 2) ( )R 1

A\ —
have -1+ (R—1)(T - 1) < Tﬂ Because —1 + (R — 1)(7" — 1) bounds g4 from

i(7 — A . . A— .
u] is decreasing when v; < TM forallj > R+ 1,
i

v

and we

above and [

Vil — A+ p) > 1+ EB-DT-D)(1+(R-DT —1) = A+p)

ft [t
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Since =14+ (R—1)(T—1)—A=—-1+(R—1)(T—1)— [K —2— (R —1)(T — 1)},

the third term of (3.24) may be rewritten as

(—1+ (R—1)(T—1)) (—(K —1—2(R—1)(T — 1) — RT)

) 3.30
T (3.30)
Earlier we saw the first term of (3.24) may be rewritten as
-2 K—-1)(RT -2
gt =2y - K= 1 ), (3.31)
21 2T

Since R>2,RT—2> (R—1)(T—1)—1and K —1> K —1—2(R—1)(T —1) — RT,

(—1+ (R—1)(T —1)) (—(K —1—2(R—1)(T — 1) — RT)
RT

> 0. (3.32)

(K — 1)(RT — 2)
" oT

A
Since (3.32) shows the sum of the first and third terms of (3.24) is positive, and 1 clearly
is as well, we have for all j > R+ 1, (3.24) is positive. Therefore, if (3.24) is minimized at
some j > R, G satisfies CD(o0, 2). Combining this with our result when j < R, we have

(3.24) > 0 and by Lemma 26, G satisfies CD(c0, 2). O

3.4 Future Work

While we hope to extend these results to all SRG’s, this will likely require additional
observations regarding the structure of feasible SRGs that we have yet to uncover. We are
particularly interested in the case when 2 is large. There are also several other families
of graphs for which discrete curvature bounds are of interest. For instance, the Ollivier
curvature of circulant graphs has recently received attention. It would be worthwhile to see
if our combinatorial techniques could give nontrivial lower bounds on the Bakry-Emery

curvature of these graphs.
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Chapter 4: Drones

4.1 Introduction

In the previous two chapters we explored global implications of local structure in the
setting of extremal graph theory. We now turn our attention to a the setting of computa-
tional geometry where we consider a sort of facility location problem. While the setting
is different, the sentiment is the same. Using only local information, we can glean global
insights. In this case, the global insights are a near optimal solution the facility location
problem.

The rapid development and use of Unmanned Aerial Vehicles (UAVs), commonly
called drones, in many activities of our daily life has created a need for the development of
new algorithms to optimize their use. A factor that is common to most types of drones is
their relatively short flying range due mostly to their their restricted energy capacity [41].

Patrolling a border is one typical application of air surveillance systems where the
deployment of drones has become a natural choice [3, 33]. In this context, a team of UAV's
can be deployed to monitor an area and send information such as images or videos to the
nearest base station.

In this chapter we study the following problem which we call the MinStation Problem:
Suppose that we want to guard the border of an island Z whose boundary is modeled by a
simple polygon P using a set of drones that can fly a distance d before needing to refuel.
These drones can fly over the boundary of Z or over small sectors of the sea surrounding
it, but not over the interior of Z. The objective is to place a set S = {so,...,s,_1} of
k refueling base stations with minimum cardinality k and located on the boundary of Z,

such that when a drone visits all the refueling stations it travels a closed curve that encloses
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P; the flying distance between s; and s;,; is at most d, with addition taken mod k. See
Figure 4.1. We will refer to S as an optimal solution. A set S = {s;, ..., s} with k + 1

refueling stations will be called a quasi-optimal solution.

Figure 4.1: Example. A polygon P and d-hull C (black dashed line) that uses an optimal
set of base stations (solid circles) for the MinStation problem.

Our main contributions are as follows: We give an algorithm, OPTSOL, with complex-
ity O(n® + Ln), such that if s, is a fixed point on the convex hull of P, CH(P), finds an
optimal solution .S to the MinStation Problem under the restriction that sq € S; here, L is
the length of P. This yields either an optimal or quasi-optimal solution to the unconstrained
MinStation Problem (without requiring sy € .S). The problem of finding an optimal uncon-
strained solution is equivalent to that of finding the location of a single station in an optimal
solution. We leave as an open problem the problem of designing a polynomial time algo-
rithm for the general unconstrained case.

Then we address the following dual problem, which we call the MinDistance Problem:
Suppose that we have a budget that allows us to build & refueling stations. Find the smallest
d such that we can build £ refueling stations that allow a drone with flight capacity d to
guard the border of the given island. We present an algorithm which approximates an
optimal solution to the MinDistance Problem up to an additive constant. The main tool in
this solution is a discretization of the original MinStation Problem, via an algorithm we
call APPSOL. This discretized approach also yields an easier to implement algorithm to

approximate the MinStation problem.
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Our results can be applied to problems such as border patrolling, where the use of
fleets of small cheaper drones with limited capacity results in cheaper systems that use less
resources, and increase the frequency with which the drones patrol the border.

A reviewer asked the natural question: can we find an optimal placement of base sta-
tions if instead of enclosing the polygon, we wish to travel between two arbitrary points on
the polygon? We find that with some additional machinery, this problem can be answered
by extending our results. We supply this proof in Section 4.6.

4.1.1 Related work. Drones have become the natural choice for the deployment of air
surveillance systems [3, 33, 44]. There are three areas in which problems close to ours can
be found: operations research, wireless networks and computational geometry.

In facility location problems, we are interested in finding the best places to locate a set
of facilities (e.g. airports, pharmacies, gas stations, markets, etc.) to better serve a com-
munity, as well as creating optimal routes to visit them. Recently, applications in the aerial
robotics community, such as finding the best places to locate drone base stations and creat-
ing flying routes for the drones, have arisen in areas such as border patrolling [55]. Cities on
the borders of countries are modeled as demand points, and airports are considered as base
stations or hubs. In [61] the authors studied a base location and path planning problem in
maritime target reconnaissance problems. Their problem is formulated as an integer linear
program where the total score obtained from visiting points of interest by flight routes of
drones is maximized; a novel ant colony optimization metaheuristic approach is proposed.
In a more recent paper [40], both capacity constraints on base stations and endurance limi-
tations on drones are taken into account and two heuristic algorithms are designed to solve
the problem.

Another field of research close to our work can be found in wireless sensor networks.

In [30], the authors study the k-barrier problem: how to deploy a set of sensors in a

belt region surrounding a castle in such a way that any intruder is detected by at least k
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sensors. In [7] the following problem is studied: Given that an intruder has been detected
by a set of sensors, how can they be moved in an optimal way to prevent further intrusions?
An interesting survey of problems similar to ours can be found in [1], where they study the
problem of protecting several types of holes that can occur in a wireless sensor network,
where a hole is a region not covered by the sensing disks of a set of sensors. In the same
paper, other problems related to ours are considered, including routing in static and mobile
sensor networks. See also [8, 19, 60].

Finally, in computational geometry, two classic areas of research that study problems
related to ours are Art Gallery and Watchman Route problems [4, 52, 53, 59]. In the first
one, we deal with the problem of finding a set of points S within an art gallery, usually
modeled by a polygon P, such that every point in the art gallery is visible from at least one
point in S. The watchman problem is that of finding a path that a guard can follow in order
to guarantee that any point within P is visible from a point in the path.

4.2 Terminology and Problem Formulation

In what follows a polygon P is represented by a sequence (po, . . ., p,_1) of its vertices
given in clockwise order around its boundary. Thus, the edges of P are the line segments
DiDi+1, with addition taken mod n. We assume that our polygons are always simple, i.e.
that no two non-consecutive edges intersect. We use In#(P) and Ext(P) to denote, respec-
tively, the interior and exterior of the region enclosed by P, and use P itself to refer to the
boundary of this region (often referred to by P in the literature). Accordingly, the length
of P is the sum of the lengths of its edges. A (polygonal) path is a sequence of points
(qo, - - -, qr) together with the set of edges G;Gi11, 7 = 0, ...,k — 1; the length of a path is
the sum of the lengths of its edges.

Given two distinct points a,b € P the interval [a, b] is the set of points of P traversed

while moving from a to b in the clockwise direction along the boundary of P. The distance
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dp(a,b) between a and b in P is the length of the interval [a, b]. Observe that since a # b,
la,b] # [b,al], [a,b] U[b,a] = P, and that ép(a,b) + dp(b, a) is the length of P.

The following definitions of what we will call d-paths and d-hulls arise from the restric-
tion that the flight range of a drone is a fixed number d.

An open line segment contained in Ext(P) joining two points a,b € P will be called
a bridge; if its length is at most d it is called a d-bridge of P. Note that a drone cannot fly
along a bridge of P with length greater than d; the base stations are restricted to be on P,
thus if a drone chooses to fly over a bridge with length greater than d it would run out of
fuel and fall to the sea.

A polygonal path joining two points a,b € P is called a d-path if all of its edges are
d-bridges of P, or segments of edges of P. We say that a polygon C is a d-hull of P if it
encloses P, and all of its edges are contained in edges of P or are d-bridges of P. Observe
that a polygon has many (in fact an infinite number) of d-hulls, indeed P is a d-hull of

itself.

Figure 4.2: The interval [a, b] and a d-path 7, , joining = and y are shown in black dashed
lines. The segment p;p; is a d-bridge contained in 7, ,,.

The drone distance 6(a,b) from a to b is the length of a shortest clockwise d-path
joining a to b. As an example, Figure 4.2 shows the shortest d-path from = to y. For
simplicity, we will refer to the drone distance as the distance from a to b. Observe that
d(a, b) is in general different from §(b, a). Further observe that the drone distance and the

geodesic distance from «a to b (understood as the length of the shortest clockwise path from
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a to b disjoint from Int(P)) coincide whenever this distance is at most d. Finally, note that
if a drone with flight range d can fly between two points a, b € P without recharging, then
there is a d-path joining them of length at most d.

Our island guarding problem can now be restated as follows:

Problem 2 (MinStation). Given a polygon P find a set of base stations S = {sq, ..., Sk_1}
with minimum cardinality such that for every 0 < ¢ < k — 1 there is a d-path 7; of length
at most d joining s; to s;11, and such that C = 7wy U ... U m,_1 is a d-hull of P; s; € P,

1=20,...,k — 1, addition taken mod k.

By a solution to the MinStation problem we refer simply to a set S of base stations
together with the collection of d-paths 7; whose union is a polygon that encloses P. Recall
that a solution is optimal if it contains the least possible number of base stations, and quasi-
optimal if it contains one more base station than an optimal solution.

We also study a kind of dual problem to the MinStation problem. Suppose that we
have a budget that allows us to build £ base stations, and want to find the locations along P
where to build them such that the flight range of the drones used to patrol P is minimized,

formally:

Problem 3 (MinDistance). Given a simple polygon P and an integer £ > 2, find the
smallest d and a set S = {sq, Sa, ..., Sp_1 } of k stations on P such that, for: =0, ..., k—1,
there is a d-path m; of length at most d joining s; to s;.1, addition taken mod k, and C =

o U ... Um,_1 1S a d-hull of P.

Computing a d-hull that minimizes the number of base stations needed to solve the
MinStation problem is more subtle than it may at first look. There are polygons P for
which, given d, the smallest number of base stations needed to solve the MinStation prob-
lem, lie on the shortest d-hull enclosing P. An example is shown in Figure 4.1. However,

there are examples for which the stations of an optimal solution do not lie on the shortest
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d-hull enclosing P. An example is given in Figure 4.3. It is easy to see that placing a
base station at any point other than the black points shown there, increases the number of
base stations needed to solve the MinStation problem. In fact, it is not hard to construct
polygons such that the number of stations required for the shortest d-hull is almost twice
the number of stations given by the MinStation problem. This is the case, for example, for
a star shaped polygon such that the distance between adjacent vertices on the boundary of
the convex hull is g + ¢, for some arbitrarily small ¢, as shown in Figure 4.4.

We remark that in the optimal solutions of the MinStation and the MinDistance prob-

lems, the base stations lie on P but not necessarily on vertices of P or C.

Figure 4.3: Example. The optimal d-hull requires 6 base stations. Replacing it with one
with smaller perimeter increases the number of base stations to 7.

Figure 4.4: Example. The shortest d-hull (dotted) requires almost twice as many stations
as the optimal d-hull that solves the MinStation problem (dashed). This example can be
extended to polygons with arbitrarily many vertices.
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4.3 Preliminary results
Given a fixed point s € P we define a total order O4(P, <) on the points in P as

follows:
1. for any pointa € P, s = a,

2. for any a,b € P, both different from s, a < bif [s,a] C [s,b]. (Note that possibly

a=1».)

For convenience we will add an extra element s to our order such that for any a € P,
a =< s'; that is, s and s’ are, respectively, the minimum and the maximum elements of
O,(P, =<). We can think of s as a copy of s, and refer to O, (P, <) simply as <.

Consider a point s € P and the order < it defines on the points on P. We define a

distance ¢4 on the points on P as follows:
1. dq(a,a) =0,
2. ifa b€ P,d4(a,b) = 1if there is a d-path of length at most d from a to b,

3. da(a,b) = k if k is the smallest integer such that there is a sequence of points py =

a,--+ ,pr = bsuchthat d4(p;, pir1) = 1,i=0,...,k— 1.

The following technical Lemma will be crucial in the proposed approach to solve the

MinStation problem.

Lemma 34 (The Sandwich Lemma). Let w,z,y,z € P suchthat w < z < y < z on
P, such that 04(w,y) < 1, and d4(x,z) < 1. Then 04(w,z) < 2, §g(w,x) < 2 and

5d(y7 Z) S 2.

Proof. Suppose that d4(w, z) > 1, for otherwise we are finished. Sincew <z <y < z

the shortest d-paths 7, and 7, . joining w to y, and x to z intersect. Let p be a point
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in the intersection of 7, , and 7, .. If the distance J(z, p) along 7, . between p and x is
smaller than the distance 0(p, y) between p and y along 7,,,, then §(w,p) + d(p,xz) < 1
and therefore 04(w, z) < 2. The case when 0(p, z) > d(p,y) follows the same way. The

inequalities 04(w, ) < 2 and d4(y, z) < 2 are proved in a similar way. O

Figure 4.5: Illustration of Lemma 34.

Lemma 34 suggests that in an optimal solution to the MinStation problem, a drone
flies around in a non-crossing curve C that encloses P. We formalize this observation in

the lemma that follows:

Lemma 35. Suppose that s € PNCH(P) and let S = {sg, s1, ..., Sk—1 } be a solution to the
MinStation problem that goes around P in the clockwise direction and which has the least

number of stations among all solutions starting from sy. Then sy < 57 <59 < -+ <X 55_1.

Proof. Assume that all of the m; paths joining s; to s;,; are of minimum length. Since
C =moU---Um,_; encloses P, any point p in CH(P) lies on C. It is now easy to see that
C covers p exactly once. It follows now that sq is not in the interior of 7, and that 7 is a
simple curve that always advances in the clockwise direction along C.

Now, suppose that s; < s;_; for some ¢ > 1, and let j be the maximum value such that
s; = s;; thatis, s; < s; < s;4;1. Using Lemma 34 it follows that s; < s; < 541 = 8;_1.
Thus, by Lemma 34, 5d(sj, s;) < 2, and since S is an optimal solution, it follows that

Sj+1 = Si—1.

73



Let r be the minimum value such that s;_; =< s,. Then, we have that s; < s, <
Si—1 = s,. It follows that s; = s,_1.

Now, since s;y1 = s;—1 and s; = s,_; we have that s; < s, < s,_; =< s,, where
da(sj, Si—1) = da(si, s;) = 1. Therefore, by Lemma 34, 0,4(s;, s,) < 2. This is a contradic-
tion, and thus s; < s;,; for all i. Hence, {so, s1, ..., 5, } continues to make forward progress

and the result follows. ]

A similar argument shows that for any optimal solution S = {sq, s1, ..., $5_1} of the
MinStation Problem (no longer subject to the condition that s, is fixed) C is a simple closed
curve.

4.4 OptSol
We consider the following algorithm, which constructs a solution to the MinStation

problem starting at a point v € P N CH(P).

Algorithm 2 OptSol
Input: Polygon P, so € PN CH(P),d > 0.
Output: The stations in an optimal or quasi-optimal d-hull for P.
1: procedure OPTSOL(P, sq, d)
2 Let so = s, = y—1 = v and yo = max{y : d4(s0,y) = 1}
3 Set Sp = {sp} and i =0
4: while y; # s, do
5: 1=1+1
6
7
8
9

yi = max{y : d4(si-1,y) = 2}
s;=any s € {w : dg(s;_1,w) = 1 and d4(w, y;) = 1}
Set Sl =951 U {51}
: end while
10: return S = 5;
11: end procedure

We claim that if we further require that v € S, then the set .S returned is, indeed, an
optimal solution to MinStation. On the other hand, we observe that this algorithm always
gives a solution that is globally optimal or quasi-optimal (no longer subject to the restriction

that v € S).

74



Theorem 36. Given a starting point s, € P N CH(P), if k is the least value such that
Sk = Sy, then the set of points S = {sq, -, s;_1} returned by the OpPTSOLalgorithm is
an optimal solution to the MinStation problem with the additional requirement that a base

station be located at s.

Proof. Suppose that S has more than one element, for otherwise our result is obvious.
Suppose that Z = {zy, ..., z,_1} is an optimal solution for the MinStation problem such
that there is a base station located at sy = 2zy. We prove now thatn = k

By Lemma 35, we may assume that v = zp X 23 =X -+ X 2,1, that for all 4,
da(2i, zir1) = 1, and that 64(z,_1, sy) = 1. Consider now the set S = {sg = v, -+ , 5,1}
returned by the OPTSOL algorithm. Recall that y;,_; = s;. While the relationship between
S and Z is unclear, the relationship between Z and Y;_1 = {y_1,%0,-.-,Yx_1} is more
straightforward; indeed we prove by induction that, for all 7, z; 11 < v;.

This clearly holds for 7 = 0, as z; < vy, by definition. Now, suppose z; < y;_1. Let j be
minimal so that z; < y;_;. Then j < ¢, and as v = y_; < z; we have that j > 1. Now, by
the minimality of j, we know that y;_» = z; < y;_; and by definition of y;_, we have that
Sj—1 = yj—2. Combining, s;_1 X z; = y;—1. Then as (Sd(sj_l,yj_l) = 1 by construction,
Lemma 34 implies that z;,1 < y; = y,;. This completes the inductive step, and hence the
proof.

Therefore, the smallest value of & such that d4(sg, sy) = 1 is also the smallest value
of n such that 04(yy, s5) = 1. Thus S = {sy = v,---sx_1} is an optimal solution to the

MinStation problem, with the additional requirement that there is a base station at sy = v.

]

Theorem 37. Let s = v € PN CH(P). The set S = {so, ..., sx_1} returned by the OPT-

SoL algorithm is an optimal solution or a quasi-optimal solution to MinStation problem.

75



Proof. Suppose that Z = {z, ..., z,_1} is an optimal solution to the MinStation problem,
and that S = {sg,...,Sk_1} is the solution returned by the MinStation algorithm. We
prove now that k =nork =n+ 1.

Since sq is on the convex hull of P there is a shortest d-path between some z; and
z;+1 that contains sg. Hence, adding so to Z = {zy,..., z,_1} yields an optimal or quasi-

optimal solution to the MinStation problem including s. U

Remark 1. Note that this algorithm can be used to solve the MinStation problem for a
polygonal line instead of a simple polygon. This may be useful to patrol a section of the
coastal boundary of a region that is not fully landlocked. We also note that our choice
to travel clockwise is a convention and while traveling counterclockwise may result in

different station locations, the same number of stations will be used.

Remark 2. Although there are polygons such that the optimal solution contains no points
in CH(P) (a simple modification of Figure 4.1 yields one such example), from a practical
point of view, it is convenient to assume that at least one station v lies in P N CH(P), as
otherwise any solution that includes v could have an arbitrarily large number of stations

(imagine that it is located in a large pocket where bridges cannot be established).

Remark 3. Here we also note that a naive greedy algorithm performs poorly. In Figure 4.6
we see one such example. We may further construct similar polygons by increasing the
number of pockets and their depth. As the number of pockets the depth of the pockets
increase we see that a naive greedy algorithm on these polygons which explores all pockets

gives an arbitrarily bad approximation.

4.4.1 Time complexity. We prove now that we can implement the OPTSOL algorithm to

run in O(n?) time.
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Figure 4.6: In this polygon, pockets are only avoidable if vertices of the polygon are used.
The depth of this polygon is labeled as .

Given a point s; we want to find a point ;1 = max{y : d4(s;,y) = 2} with respect to
=< and a point s;11 € {w : d4(s;, w) = 1 A dq(w,yi11) = 1}. We refer to the problem of
finding s;.1 and y;41 as the 2-hop problem, see Figure 4.7.

We will show that by applying a quadratic time pre-processing on P the 2-hop problem
can be solved in linear time for each s;.

A point x of an edge e is a projection of a vertex p; on e if < p; and the line segment
joining them is a d-bridge of P perpendicular to e. See Figure 4.7 (a).

In a similar way, we say that a point x of an edge e of P is called a d-projection of an
edge f on e if there is a point y € f such that the line segment joining them is a bridge of

P of length d perpendicular to f. See Figure 4.7 (b).

Lemma 38. Given s;, s;1 is either a vertex of P, the projection of a vertex on an edge, the

d-projection of an edge, or a point with §(s;, s;11) = d.
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(a) (b)

Figure 4.7: The 2-hop problem. (a) s;, is a projection of the vertex p; on the edge e. (b)
s;+1 18 a d-projection of the edge f on the edge e.

Proof. Suppose that s;; is not a vertex of P and 0(s;, s;4+1) < d. Let e be the edge of P
containing s;, 1, see Figure 4.7. Note that §(s;,1,y;+1) = d by the choice of y; 1. If s;,1 is
neither the projection of a vertex on e nor the d-projection of an edge on e, then it can be

moved slightly along edge e and advance y; ;. This contradicts the definition of y; ;. [J

There might be O(n) points at distance d from a previously placed station s;. However,
we only need to consider the maximum with respect to < among them as a candidate for

placing s;,1, as we prove next.

Lemma 39. Let w, z, y, z be points in P such that w < x < y < 2. Suppose that 6 (w, x) =

d(w,y) =d, (w, z) > d,and 6(z, z) = £. Then, 6(y, z) < L.

Proof. Letr be an intersection point of the shortest d-path 7, , from w to y and the shortest
d-path 7, , from z to z. Note that r always exists by the choice of the four points on P.
Let 0(w,r) and §(r,y) be the distance along ,,, between w and r, and between r and
y, respectively. Let d(z,r) and d(r, z) be the distance along 7, . between = and r, and
between r and z, respectively. Since (w, z) > d, we have §(r,y) < §(r, z). Now suppose
that 6(r,y) > d(z, 7). Then we have that §(w,r) + 6(r,z) < d, which is as contradiction

to our assumption that §(w, x) = d. Thus, 6(r,y) < d(z,r) and §(y, z) < £. O

We claim that, although there may be O(n?) projections of vertices and d-projections

of edges, O(n) candidate points are sufficient to compute ;1.
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Let e and f be edges of P. We say that e < f if for any point z in the interior of e and

any point y in the interior of f, z < .
Lemma 40. For each edge e of P we need to store at most three points:
1. The minimum d-projection (with respect to <) of an edge ¢’ on e such that ¢ < ¢’

2. The endpoint not in e of the bridge generating the maximum d-projection (with
respect to <) on e of an edge ¢’ such that ¢’ < e. In this case the stored point lies on

e.

3. The minimum projection (with respect to <) of a vertex on e.

Proof. Case 1. Let x and 2’ be d-projections of two distinct edges f and f’, respectively,
on e such that e < f and e < f’. Let Ty be the d-bridge perpendicular to e having x as an
endpoint, i.e., y € f and 7y is has length d. Define 2'y’ analogously. Because of the length
of 7y (respectively, z'y/), if we place a station at = (respectively, ') then we also need to
place a station at y (respectively, y'). Suppose w.l.o.g. that z < 2/, see Figure 4.8 Since all
the bridges defining d-projections of edges on ¢ are parallel, this implies that f < f and
y" < y. Moreover, as the interval [z, y| contains the interval [z', 3], placing a station at
guarantees that both intervals of P are guarded. Hence, we maximize y;,, with respect to

= by choosing the minimum d-projection of an edge on e as s;1.

Case 2. This case is analogous to the first one, see Figure 4.8.

Case 3. Let x and 2’ be the projections of two distinct vertices p; and p;, respectively, on
an edge e. Let Zp; and x/p; be their corresponding d-bridges. Suppose w.l.o.g. that z < 2.
This implies that p; < p; and that placing a station at x guarantees that both intervals [z, p;]

and [/, p;] are guarded, see Figure 4.9. It remains to be proven that by placing a station at
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x we can advance further on P with respect to <. Let w € P be a point such that p; < w,
and let p,,, and p,,, be the shortest d-paths joining = to w and z’ to w. Let r be the
intersection point of Zp; and p,,,. Notice that the points x, ' and r form a right triangle
that is right-angled at x. Therefore, the length of p, ,, is smaller than the length of p,/ ,,
which implies that we can maximize ¥;,1 by choosing the minimum projection of a vertex

oneas s; 1.

v
®
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Figure 4.8: (a) Case 1: we only need to store the point x on edge e. (b) Case 2: we only
need to store the point x on edge f.

Figure 4.9: (a) Case 3: The distance from x to w is smaller than the distance from 2’ to w.
(b) We need to store all vertex projections except the one that is the endpoint of the dotted
segment.

In order to compute the candidate points on P, we first find, for each edge e € P, the
subset containing each point « € P for which there is a segment perpendicular to e joining
x and e, and completely contained in Ext(P). In such case we say that x is orthogonally

visible from e.
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We define a lid as an edge of the convex hull of P that is not an edge of P. Each lid
h = ab defines a polygon P}, which is the union of % and the interval of P determined
by a and b which has no points in the convex hull of P besides a and b. Note that any
projection of a vertex or d-projection of an edge is defined by a segment whose endpoints
are contained in the same Py, for otherwise the segment would intersect Int(P). Therefore,
we only need to compute the set of points orthogonally visible from each edge e contained
in a Py,; moreover, we only need to look at the polygon P}, containing e to find these points.

For the next lemma, we assume that we have computed the polygons defined by all the
lids of P, as well as the triangulation of each such polygon. This can be done in O(n) time

overall, see [47] and [12].

Lemma 41. We can find the set containing all the segments of P orthogonally visible from

any edge of P in O(n) time. Moreover, each such set has O(n) size.

Proof. Let h = ab be a lid of P and let e = v be an edge of P,. We proceed as follows:
Compute the set VP(Py, e) of points of P, visible from a point in e. VP(Py,e) can be
computed in O(n) time [21].

Suppose w.l.o.g. that u < v. Let R be the region contained between the lines perpen-
dicular to e through u and v, and to the left of the line directed from w to v. It is easy to see
that any point of P orthogonally visible from e must lie in R, = VP(Py,, e) N R, which can
be computed in O(n) time by intersecting VP (P}, €) with both lines. We suppose w.l.0.g.
that e is horizontal and that the interior of R, lies above e.

We say that a vertex p € R, is a turn vertex if the maximal vertical segment zy through
p and completely contained in R separates R, into three subpolygons, see Figure 4.10(a).
If two of these subpolygons lie to the right (left) of Ty, we say that p is a right (left)
turn vertex. Let x be the top endpoint of zy. The segment pz separates R. into two
subpoygons, one of them containing e. Let R.(p) denote the subpolygon generated by pz

not containing e. It is easy to see that any point in R, not being orthogonally visible from
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e lies in the subpolygon R.(p) for some turn vertex p, and that any point in R.(p) \ DT is
not orthogonally visible from e.

Note that the internal angles at both vertices of e = uv are convex in R.. Ghosh et
al. [20] proved that for any vertex p in R, the shortest path from u to p, denoted as p,, ,
makes a left turn at every vertex of the path, and p,, , makes a right turn at every vertex of
the path. This also holds true for the points in the interior of any edge of R..

Let p be a turn vertex of R, and let = be the top endpoint of the maximal vertical
segment through p completely contained in R.. We claim that the vertical line through p,
¢,, does not intersect any point of R.(p) \ pZ. Suppose otherwise that there is a point 2" in
R.(p) \ T contained in £,,. Then, there exists a vertex ¢ in R.(p) \ p= such that p, ,» makes
a left turn at q or p,, ,» makes a right turn at ¢, which is a contradiction [20], see Figure 4.10
(b).

It follows that R.(p) N ¢, = pz. This fact yields the following algorithm for removing
R.(p) from R, for each turn vertex p.

We deal with the right turn vertices by traversing the edges of R. clockwise from v to
u. We set a variable edgelsVisible to true. Let f = qr, ¢ < r, be the current edge in the

traversal.

» If edgelsVisible is true we check if r is a right turn vertex. In the affirmative case, we

set edgelsVisible to false and store the vertical line through r, /. and the edge f.

o If edgelsVisible is false, then we had previously stored the last visible edge g = op,
where p is a right turn vertex, and the vertical segment through p, ¢,. We check if
x = f N, is not empty. In such a case, we replace the interval [p, z| of R, with the

vertical segment pz, set edgelsVisible to true, and discard g and /,,.

We can remove the sub-polygons defined by the left turn vertices analogously by traversing

R counter-clockwise from u to v. As each edge of R. is visited at most twice, the removal
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of the sub-polygons defined by all the turn vertices takes O(n) time. Let R, be the polygon
obtained by this traversal.

To obtain the subset of P orthogonally visible from e, we only need to discard e, the
segment contained in the lid of P, and the vertical segments added in the previous process
(at most one per turn vertex) from R.(p).

Since P}, has no holes, each edge of P}, provides at most one segment to R.,. Therefore,

the set of segments of P orthogonally visible from any edge e has O(n) size. [

/ % S ®)

Figure 4.10: (a) p is a left turn vertex, r is a right turn vertex, and ¢ is not a turn vertex. (b)
Neither 2" nor any point in the shaded region is in R.: the shortest path from v to 2’ makes
a left turn at q.

Lemma 42. For any edge e of P we can find the projections described in Lemma 40 in

O(n) time.

Proof. Suppose that e = uv, u = v. By Lemma 41, we can find the set W of all the
segments of edges and vertices of P orthogonally visible from e in O(n) time; moreover,
W has O(n) size. Let Wy be the subset of elements of IV smaller than u and let 14 be the
subset of the elements of IV greater than v with respect to <.

We find the d-projections corresponding to the first two cases of Lemma 40 as follows.
Let ¢ be the line parallel to e, to the left of the line directed from u to v and at distance d
from e. We first compute the intersection of ¢ with both W and W, which by the size
of W can be obtained in O(n) time. To obtain the point described in the first case of the

proof of Lemma 40 we take the maximum point ¢ with respect to < in /N W4 and store the
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intersection point of e with the line through ¢ perpendicular to e. To obtain the described
in the second case of the proof of Lemma 40 we store the minimum point in £ N Wy with
respect to =, if any.

We find the projection of the maximum vertex on e described in the third case of
Lemma 40 as follows. For each vertex of P in Wz we compute its distance with respect
to e. We then store the maximum with respect to < of the vertices at distance less or equal

than d from e. O]

Now we need to solve the following subproblem: given a point x € P, find the max-
imum w, r < w, such that 0(x,w) = d. Guibas et al. [21] proved that, given the trian-
gulation of a polygon R and a point p € R, the euclidean shortest paths from p to all the
vertices of R can be found in linear time (see also [32]). The union of all the shortest paths
from the source point p to the vertices of 'R is a planar tree called the shortest-path tree of
‘R with respect to p.

Let R be the polygon obtained by enclosing P in a sufficiently large rectangle and
connecting one of the sides of the rectangle to the starting point of the sequence, x(, with
a thin corridor. The polygon R can be obtained in O(n) time, see [52]. Note that R has
m < n + 8 vertices and P is contained in the exterior of /R. We assign to the points in R
that are also points in P the same order as in P.

Henceforth we assume that R has been computed along with its triangulation, which

as proven by Chazelle [12] can be found in O(n) time.

Lemma 43. Given any point x € P, the point w € P with §(z,w) = d such that w is

maximum with respect to < can be found in O(n) time.

Proof. Let x be a point in P and let 2’ be its corresponding point in R. We compute the
shortest path p(z’,y) from 2’ to every vertex y € R such that y is also a vertex of P and

x’ < y. Let T be the shortest-path tree obtained by the union of these shortest paths. Let

84



M be the set of vertices of 1" such that, for any w € M, ¢ (x’ ,w) < d, and w shares an
edge of R with a vertex y such that §(z’, y) > d. The set M can be found in O(n) time by
traversing 7" from its root 2.

Observe that any point of R at distance d from 2’ is one of the following:

e An element of M.

* A point in an edge e = uv, u < v, of R such that e € E(T). In this case, u € M and

§(x',v) > d.

* A point in an edge e = uv, u < v, of R such thate ¢ E(T"). Notice that, in this case,

§(2',v) > d. Moreover, there is exactly one z € M such that (z,u) € E(T).

Hence, in order to find all the points at distance exactly d from z’ it is sufficient to
check the edges having a neighbour of an element of M in 7" as an endpoint. Since each
vertex is adjacent to at most one element of )/, this can be done in O(n) time. At the final
step we need to find the maximum among all the points at distance d from z’, which can

also be done in O(n) time. Our result follows. O

Theorem 44. Let P be a polygon with n vertices and let s; € P be a point on the convex
hull of P. Then OPTSOL returns an optimal solution .S to the MinStation Problem such

that so € S in O(n® + Ln) time, where L is the length of P.

Proof. By Lemma 38, given s;, the point s, is either a point on P at distance exactly d
from s;, a vertex of P, the projection of a vertex onto an edge, or the d-projection of an
edge onto another edge.

By Lemma 39, we only need to consider the maximum point with respect to =< at
distance d from z;, which can be found in O(n) time as stated in Lemma 43.

There might be O(n?) projections of vertices and d-projections of edges. However,
Lemma 40 states that in the set of candidates we need to store at most three projections for

each edge of P. Moreover, these projections can be found in O(n) time for each edge.
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The set of candidate points to compute all the elements of the set S has O(n) size. For
each candidate z, we compute the maximum point at distance d from = and associate this
point to x, which by Lemma 43 takes O(n) time per candidate.

It is easy to see that we only need to consider the candidates contained in the interval
of P from s; to the maximum point with respect to < at distance d from s;. From all these
candidates, we choose as s;;1 the candidate which maximizes y;,1, which can be done

L L
in O(n) time. Since we might need to place O<E) stations, this step takes time O(En)

L
Therefore, the set S can be found in O(n? + En) time. ]

4.5 Discretization

In this section, we present a discretization algorithm that is easy to implement for
the MinStation problem, and then show how it can be utilized to obtain a solution to the
MinDistance problem which is close to optimal. This algorithm avoids computing pro-
jections, drone distances (geodesic paths) and orthogonal visibility, which makes it very
practical. The idea is to construct a graph and apply a slight modification of Dijkstra algo-
rithm.

Fix 0 < e <dandlet X = {sp = x9 = ... X 2,1} C P be a set of points so that
sp lies on P N CH('P) and the distance between x; and x;,; along P is at most ¢, addition
taken mod r. For technical reasons that will become apparent later, we also ask that the
vertices of P are contained in X. Consider the graph G4(X) such that V(G4(X)) = X
in which two elements z;, z; € X are adjacent if the length of the geodesic path 7, ;. in
P U Ext(P) connecting them is at most d (as we will show soon, computing G;(X') does
not require the shortest-path trees mentioned in Lemma 10). We then solve the problem of
finding a shortest cycle in G4(X) from z, to itself going around P. The set of vertices of
that cycle, including x, is a valid solution to our problem, but not necessarily an optimal

one.
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Note that the problem of finding a shortest cycle from x; to itself can be reduced to
that of finding a shortest path from z to a copy z, = z,. of xq. To this end, we insert zj,
in V(G4(X)) in such a way that, if the length of the interval [x;, x| is at most d, then x; is
adjacent to z, instead of .

Now we show in detail how the algorithm works, including how to compute G 4(X).

It is possible to check whether a directed edge (z;,z;) belongs to Ey in O(n) time.
This leads to a total time complexity of O((%)?’ + (%)271) for APPSOL, where L denotes
the total length of P.

This algorithm, while simpler to implement than OPTSOL, does not directly yield an
approximation to the MinStation problem (this is discussed in more detail in the next sec-
tion). We now show how we can improve on this by applying this algorithm more than
once: two applications of the MinStation APPSOL algorithm can be used to certify the
sharpness of a single application of this result, and a logarithmic number of applications
can be used to give an additive approximation for MinDistance.

Denote by a(P, s, d, €) be the number of base stations found by the APPSOL algorithm
for given P, sy € P, flight range d, and € > 0. Let k£ be the minimum number of base
stations among all solutions that have s, as one of their base stations. The key is the

following result:

Theorem 45. «(P, so,d + €,¢) < k < a(P, sg,d, €). In particular, if «(P, so,d + €,€) =

a(P, so, d, €), the solution is best possible among those containing s.

Proof. Clearly, a(P, sg, d, €) > k. It suffices to show that a(P, sg,d + €, €) < k. Consider
an optimal set of k base stations S*. Let S be a set of base stations obtained by selecting
the nearest point in X for each point in S*, then the geodesic distance between consecutive

base stations in .S is at most d + €. Therefore a(P, so,d + €, €) < k. O
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Algorithm 3 AppSol

1:
2
3
4.
5:
6
7
8

hd

10:
11:

12:

13:
14:

15:

16:

17:

18:
19:

Input: Polygon P, s € PN CH(P),d > 0,¢ > 0.
Output: List of stations in a d-hull of P.

procedure APPSOL(P, sg, d, €)
if s; = x( is not a vertex of P then
we make it so by splitting the edge that contains it into two edges
end if
Let V' be the set of vertices of P and set X =V
Add a copy zj of zg to X
N +n
for each edge of P of length ¢ > e do
Add [h points to X dividing the edge into segments of length < ¢
end for ‘
Let X = {zo,%1,...,Tm_1,Zm = x4} be the set of points in clockwise order
around P
Construct a weighted directed graph Hy;(X) = (X, F) with E' = F; U E, defined

as follows:
a: (x;,x;) € By if j =7+ 1 and z;, x;4, are on the same edge of P
b: (z;, ;) € By if i < j, and the open segment from z; to x; has length < d and
is contained in Ext(P)
c: The weight of each edge (z;,x;) € E is the Euclidean distance between x;
and x;
for each z; € X do
use Dijkstra’s algorithm to compute X;, the set of vertices of X that can be
reached from x; by a directed path of total weight < d
end for
Construct a graph with vertex set X where x; is adjacent to z; iff z; € X; or
x; € Xj. Since the vertices of P belong to X, one can easily check that this graph is
actually G4(X).
Using Dijkstra’s algorithm, compute a shortest path P from zq to 2, = x,, of
minimum length in G4(X)
return vertices of P
end procedure
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In practice, Theorem 45 can be used to certify that the approximation given by a dis-
cretization corresponds to the solution computed by the OPTSOL algorithm, for fixed s.
Indeed, Figure 4.11 shows two optimal solutions, for different values of d with sy = 0, that

are obtained and certified by this method.

Figure 4.11: Salamis Island in the Saronic Gulf. (a) 36 base stations for d = 2000. (b) 26
base stations for d = 2400. The number of base stations in (a) and (b) is optimal among
those containing sy by Theorem 45.

On the other hand, since s lies on the boundary of the convex hull of P, every solution
to MinStation must contain a station on a point z € P such that d(z¢, z) < d. This can
easily be seen to imply that Theorem 13 can be adapted to work for general solutions
(and not only those that contain z() by modifying the algorithm so that it searches for the
shortest path in G4(X) from x; to itself for all z; with §(xg, ;) < d + % and then returns
the shortest one among all of these. This slight variant of APPSOL will be called APPSOL2.

This has immediate implications for MinDistance; if the least number of stations in a
solution in G4..(X) is at most k, then the optimal solution to the MinDistance Problem
(find the smallest flight range such that £ stations are sufficient) lies between d and d + e.
Thus by using binary search on d, the optimal flight range can be approximated up to an

additive constant.
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Theorem 46. Given a positive integer k£ and an € > 0, it is possible to find a solution
to the MinDistance problem using £ base stations such that the flight capacity of the
drones is at most € larger than the optimal one. This is achieved by running O(log | X|) =
O(log(% + n)) iterations of APPSOL2 to perform a binary search on the set of all distinct

drone (geodesic) distances between pairs of points of X.
Corollary 47. Given a positive integer k and an € > 0,

* An additive e-approximation for the MinDistance problem with one fixed base station

L
can be computed in O((n? + Ln)log(= + n)) time.
€

* A quasi-optimal additive e-approximation for the MinDistance problem (i.e. with &

L
or k + 1 base stations) can be computed in O((n* + Ln) log(= + n)) time.
€

4.6 Extending Results
We have an algorithm for encircling an island with close to an optimal number of
drones. A very natural question is, what if we only wish to connect two points on this

polygon? We now consider the following variant.

Problem 4 (MinStationVariant). Given a polygon P and two points on the boundary s, f,
find a set of base stations S = {s = sg,..., s, = f} with minimum cardinality such that

for every 0 < ¢ < k — 1 there is a d-path 7; of length at most d joining s; to S;.1.

At first glance it may seem that Problem 4 may be solved directly by OPTSOL. Under
many circumstances this is indeed the case. However, we find that navigating ‘pockets’
can become tricky. In Figure 4.12 we see where problems arise. An optimal solution
to Problem 4 clearly requires base stations on both the clockwise and anticlockwise arcs
from s to £. In OPTSOL we argued that under < an optimal S was clearly monotonic.
Unfortunately, as we see in Figure 4.12, defining < as before would not allow optimal .S
to have such a property. It is for this reason we introduce two orderings, which as it turns

out, ends up being enough.
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Figure 4.12: Optimally placed based stations will be located on both the clockwise and
counterclockwise arcs from s to ¢.

4.6.1 The 2 step algorithm for pockets. We choose two distinct points on JP, name
one s (for start) and the other f (for finish). We then define a clockwise ordering <™ on
the points of 0P, where a < b if b lies on the clockwise arc (a, f). We also define a
counterclockwise ordering <, where a <~ b if b lies on the counterclockwise arc (a, f).
Notice that in both orderings we think of f as being maximal. Like before, we say that
d(z,y) is the geodesic distance on R? \ int(P). We define a metric d;, on 9P. Given a € P
we let dj,(a,a) = 0. We say that dj,(a,b) = 1 if a drone at the location a may legally fly
to a base station located at b, and d,(a, b) = k if k is the minimal value such that there is a
location ¢ € OP such that d,(c,b) = 1 and dj(a,c) = k — 1.

4.6.2 The Algorithm. We define j = z, = s # f. We define y; as the point y
maximum with respect to <" such that d(y, s) < d and y, as the point y maximum with
respect to <~ such that d(y,s) < d. For ¢ > 1 we define y;" as the point on (s, f)

maximum with respect to <" such that either dy(z; ;,y;") < 2 or dp(z; 1, y}) < 2.

We choose ;" as a point that is one hop from y;~ and one hop from either x; , or z; ;.
Similarly for ¢ > 1 we define y; as the point on (s, f) maximum with respect to <~

such that either dp,(z; |,y;) < 2 or dp(z; ;,y; ) < 2. We choose z; as a point that
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Figure 4.13: In this example z is also y;, and z; is also y; . y; is also a candidate for
x4, as both are exactly distance d from x5 . However, a slight modification of the polygon
could make one of these two candidates part of the unique optimal solution. Here the
optimal S = {s,zy, x5, 24, f}.

is one hop from y; and one hop from either z; | or z; ;. Notice that for all i > 1,
min{dy(x}, 2} ), dn(x}, 27 )} < 1 and min{d,(z;,x; ), dn(z;, 2, )} < 1. It fol-
lows that dj,(s, ;") < @ and dj(zo,y; ) < 4. We terminate the algorithm when y" or y/; is
f and let S be the set consisting of s, f, and the zs which witness dj,(s, f) < j.

In Figure 4.13 we see a small example of this algorithm in practice. Notice that while
there are two solutions to OPTSOLVAR for this example, small changes in the polygon can
quickly make solutions unique.

We can picture the set of x; forming a tree with root s where z;’s are vertices and edges
are present when some z;; is formed through some z;. (y;") and are non-decreasing with
respect to <1 and <, respectively.

Like before, we will show that .S from OPTSOLVAR is optimal by relating some optimal
solution to y; values (in this case y;" and y; ).

Label some set of points (z;) which are a solution of OPTSOLVARsuch that zy = s,

zm = [ and for all i < m, d(z;, z;+1) < 1. We will show that that our set S is of size m. In
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Lemma 48 we argue that if z;, is properly bounded by ;" and y; , then for some j < i, it is

properly sandwiched by some z; and y; where j < 1.

Lemma 48 (Sandwich Lemma Variant). Fix some k. If for some 7, z;, <~ y, and 2 <+

y;, then there exists some j < 7 such that
lz) <7 2, =7 y; and dp (2] ,y;) < lor
2. x; <7z, 27 y; and dp(zy,y;) < lor
3. xj <tz <7 yj and dh(x;r,y;-r) <1lor
4. xy <tz < yj and dh(xj’,y;-r) < 1.

Proof. Consider the minimal i with the property 2;, <~ y; and z; <" y;". By the minimal-

ity of 4, y;” , <" 2, ory; | <~ 2. WLOG suppose y;" ;, <" 2. Notice that by definition

y;" | is the maximal two step from ;" , and z;_,, and notice that ;" and z; are 2 steps from

x) , or x;_,, therefore x; <%y and ] <" y;",. By definition, either d;,(z;,y;") < 1

or di(x; ,y;") < 1. Therefore one of the four cases is satisfied. [

In Lemma 49 we assume that z, is properly sandwiched by some x; and y; and show

that 2, is properly bounded by some ;.
Lemma 49 (Bounding z;.; when z;, is sandwiched. ). If for some £ and some 7,
1. a:j+ <" 2 X" y; and dh(mj,yj’) <1lor
2. 7y <7 2 27 y; and dh(a:j’,yj’) <1lor
3. x]* <tz <7 yj and dh(x;r,y;-r) <1lor
4. a3 <tz <7 yj and dh(x;,y;-r) <1,

then 21 <7 y;,, and 20 =Ty
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Proof. Fix some k and some j, with the desired property. By 48
I a7 <7 2, =7 y; and dp (2], y;) < lor
2. x; <7z, 2 y; and dp(zy,y;) < lor
3. 27 <%z, =Tyl and dy (2], yf) < lor
4. o7 =Tz, =Ty and dp(x7, ) < 1.

For cases 1 and 2, By sandwich lemma and the definition of ?J;'FH and Y\, Zkt1 3 Y
and zj4q <7 Z/j++1'
For cases 3 and 4, By sandwich lemma and the definition of y;;l and Yirt 2kt = Yi

and 2,41 <7yl O

Like in the original OPTSOLwe use induction to show that for forall ¢ > 0, z;,1 <7 y;F

and z;1; <~ y, , which will finish our proof.

Theorem 50 (Proof that the OPTSOLVARis optimal). For all i > 0, z;; <* y;" and

Zig1 Y -

Proof. We proceed by induction. We see this holds when 7 = 0.

Suppose this holds for some ¢ > 0. By Lemma 1 there exists some j < ¢ such that
1 27 <7 241 <" y; and dp(2],y;) < lor
2. 77 <7 241 =" y; and dp(x;,y;) < lor
3.2 <"z <yl and dy (2], y) < lor
4. a7 =¥z <Tyf and di (27, ) <1,

By Lemma 2, zj45 <~ y;,, and 2,5 <" ¥, and since (y;) and (y; ) are increasing,

Ziys <~ Yiyq and z4o <" yi, concluding our inductive step. O
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