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Abstract

A Banach space T7(d, 6) with a Tsirelson-type norm is constructed on the top of the topological Ramsey
space T7 defined by Dobrinen and Todorcevic [6]. Finite approximations of the isomorphic subtrees are
utilised in constructing the norm. The subspace on each “branch” of the tree is shown to resemble the

n+1 -space where the dimension corresponds to the number of terminal nodes on that

structure of an £e
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d6>1,and dO = d'’P. Banach spaces with analogous norms are also constructed on extensions of the
tree defined by Dobrinen and Todorcevic [6] and Trujillo [17]. They are shown to be isomorphic to

(Snen®Le"")p as well.
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ABSTRACT

A Banach space T} (d, #) with a Tsirelson-type norm is constructed on the top of the
topological Ramsey space 17 defined by Dobrinen and Todorcevic [6]. Finite approxima-
tions of the isomorphic subtrees are utilised in constructing the norm. The subspace on
each “branch” of the tree is shown to resemble the structure of an ¢F'-space where the
dimension corresponds to the number of terminal nodes on that branch. The Banach space
T1(d, ) is isomorphic to ( 3 on® a;jl) ,where d € Nwithd > 2,0 < 6 < 1,df > 1,
and df = d'/». Banach spaces with analogpous norms are also constructed on extensions of
the tree defined by Dobrinen and Todorcevic [6] and Trujillo [17]. They are shown to be

isomorphic to (ZneN@ egjl) as well.
p
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CHAPTER 1: INTRODUCTION
Let X be a linear space over the scalar field R. A norm || - || : X — [0, 00) on the

linear space X is a function such that
(1) ||z|| = 0 if and only if x = 0.
(2) forevery A € R and for every x € X, | Az|| = |A|||z]|-
(3) forevery z,y € X, |lz + yl| < [lz]| + [lyl.

A linear space with a norm on it is called a normed space.

For a normed space (X, || - ||), setting, for every z,y € X, d(z,y) = ||z — y|| defines
a metric on X. The topology of X induced by || - || is the metric topology given by this
metric d. A Banach space is a normed space that is complete with respect to this metric, in

the sense that every Cauchy sequence in the space X converges to a point in X.

Here are some of the classical examples of Banach spaces.
Example. The scalar field R is a Banach space with the norm ||z|| = |z| for x € R.

Example. ¢o = {(z,)nen € RY : lim, o2, = 0} with the norm H(mn)neNHCO —

sup {|z,| : n € N}.

Example. For 1 < p < o0, £, = {(zp)nen € RN : Y, |za|P < oo} with the norm

l@nnen, = (Znen leal?) e

Example. (o, = {(zn)nen € RY @ sup,cy |z,| < oo} with the norm ||(2y)nen||, =

sup {|z,| : n € N}.



There are normed spaces that are incomplete, though they must be infinite dimen-

sional. A typical example is the space co9 = {(z,)nen € RY : 3N € N sit. Vn >

N,z, = 0} with the norm ||(z,)nen|| = sup {|z.| : n € N}. Indeed, take z,, =
(L33 737,0,0, .. .) € RN for each n € N. Then (z,),en is Cauchy in cgo, and

yet it does not converge in cqg.

While there are both complete and incomplete normed spaces, every normed space
X can be isometrically imbedded as a dense subspace into a complete space by taking
quotient of the set of all Cauchy sequences in X with respect to the equivalence relation that
two Cauchy sequences (,,)nen, (Yn)nen are equivalent if lim,, . ||z, — y,|| = 0. This
complete space is called the completion of the normed space. Therefore every normed
space has a completion, and if a normed space is complete, then it is isomorphic to its
completion.

In 1974 Tsirelson [18] constructed a Banach space that did not contain a copy of ¢
or any of /,, 1 < p < oo, answering a long standing question. This was one of the first
example of Banach spaces with the norm defined implicitly. Later in the same year, Figiel
and Johnson [8] gave an inductive definition of the norm of the dual of the space constructed
by Tsirelson, and this is what is known as the Tsirelson’s space. Their construction is
as follows: Writing £ < F for max(FE) < min(F') where £, FF C Z* are finite and
nonempty, we say { E; }*_; C [ZT]<* is admissible if {k} < B} < Fy < -+ < E}. Define

a sequence of norms for x € ¢y as

lzllo = [lloo,

1 k
lllus = max{uxum §max{2 15,
=1

. {E}E s admissible}} : (%)

and finally set ||z||7 = lim, . ||Z||,. The Tsirelson space is the completion of ¢y with

respectto || - ||



A few years later, Bellenot [4] (1985) modified Figiel and Johnson’s construction by
looking at a different definition of admissible sets and by changing the constant !/, in
equation (%) to a more general 6 with 0 < ¢ < 1. Bellenot fixed a constant d € N with
d > 2 and defined the set {F, ..., Ey} to be admissible if £} < Ey < --- < E;. He
defined the norm as Figiel and Johnson did in [8] and proved the surprising result that if
df > 1, then the space generated is isomorphic to ¢, for p satisfying df = d'/» . Argyros
and Deliyanni obtained the same result and some generalizations a few years later [1].

Recently, Arias, Dobrinen, Giron-Garnica, and Mijares [3] used similar ideas to con-
struct spaces Si(d,0),k € N\ {0} using a special type of finitely branching tree with
unbounded heights defined by Dobrinen in [5]. When & = 1, S;(d,0) is the space con-
structed by Bellenot. They proved that for £ > 1, every infinite dimensional subspace
of Si(d, ) has a copy of ¢,, where p is given by df = d'/, that the Si(d,6)’s are non-
isomorphic for different values of k, in the sense that there is no linear homeomorphism in
between the spaces, and that S, (d, #) embeds isometrically into S1(d, 9).

Motivated by similar ideas on constructions of Banach spaces, we construct in this
work a Banach space T} (d, #) based on the topological Ramsey Space 7 defined by Dobri-
nen and Todorcevich [6] (shown below).
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Figure 1: The structure of the tree 7.

We will show that the top of the tree 7} is a topological Ramsey space. The Banach

space T1(d, @) has an unconditional Schauder basis indexed by the top nodes of the tree.



We will show that 7 (d, #) is isomorphic to ( Y nen® KZO“) , where each component (7
corresponds to the span of the top of the tree on the branch (;Df (n).

The proof utilises continuous linear functionals on the space of T}(d,f). They are
linear functions from 77 (d, ) to the scalar field R that are continuous. The continuity of
a linear function is equivalent to the condition that the image of the function on the closed
unit ball is bounded. In other words, a continuous linear functional, in general, is a linear
function f : X — R such that sup {|f(z)] : [|z]| < 1} < co where X is a normed space
over the scalar field R. The collection of continuous linear functionals on normed space is
itself a Banach space with the norm || f|| = supy, < | f(2)|. For each element in the space,
the Hahn-Banach theorem gives us a continuous linear functional of norm 1 whose value
at x is ||z||. In exploration of the isomorphism type of the space 77(d, 6), we construct, for
each x € T1(d, 0), a set of linear functionals that attains the norm of z.

Finally we explore how our ideas can be applied to other trees with greater heights.
Each branch in 7} has a height of 2. We will extend the heights of the branches of the tree
and construct Banach spaces on them. The isomorphism types of the Banach spaces on

those extensions are to be examined.



CHAPTER 2: TOPOLOGICAL RAMSEY SPACES

We will set N = {0, 1,2, ...} and denote, for a set A, A" = {B C A: |B| =n} and
Al<oo] — Unen Al

We begin with illustrating an idea that we will use in this chapter. One day infinitely
many people decide to travel and stay at a hotel. Well, there are only finitely many hotels
in the world, and so we figure that somewhere in the world, there has to be a Hilbert’s
hotel that can fit infinitely many travelers in it. This is known as the pigeonhole principle.
Formally the pigeonhole principle states that for every d € N, given a partition {X j }jzo of
N, meaning X, # @, U;‘l:() X; =Nand X;NX; = @fori # j, thereis k € {0,1,2,...,d}
such that X}, is infinite. Ramsey [14] extended this idea to consider a partition on all n-
element subsets of a countable set and stated that, for n € N, given a finite partition of
the collection of all n-element subsets of N, there is an infinite subset M of N such that
all n-element subsets of M are contained in one of the sets from the partition. Thinking
of a partition as assigning a number (or a colour) to each set, we formulate the Ramsey’s

theorem in the following form:

Theorem 1 (Ramsey). [14] Let k,d € N with & > 0. Then for every f : Nk —

{0,1,2,...,d}, there is an M € N>l such that f [ M is constant.
As a corollary to the Ramsey’s theorem, we have the finite version of this theorem.

Corollary 2. [16] For each k,m,d € Z™", there is n € Z" such that for every n-element
set N and every f : N¥ — {0,1,2,...,d}, there is M € NI™ such that f | M is

constant.



One generalisation of the Ramsey’s theorem is to consider finite colourings on infinite
subsets of naturals numbers. Starting with 2-colouring, we may consider the question:
given Y C NIl is there an X € NI[*l such that X[l C ¢/ or XI*) N/ = @? This
is not in general true for any collection of infinite subsets of N, so we may characterise a
collection of the natural numbers with this property as follows: a collection ¢/ C N>/ s
said to be Ramsey if for every X € NI, there is Y € X! such that either Y| C U/ or
Yielny = 2.

For each A € N>, we may list the elements of A in the increasing order A = {an nen
Thus A corresponds to a sequence (a,),eny € NY. Thinking of infinite sets of Natural
numbers as increasing sequences in N, we induce a metric d on NI°J, namely, for A =
{an}nen and B = {b,},en in increasing order, if A # B, then d(A, B) = 5, where
m = min{n € N : a, # b,} (d(A,B) = 0if A = B). On the other hand, for each
a € NI=l we consider the set [a] = {B € NI*/ : ¢ C B}, where « C B means a is
an initial segment of B. It is known that the collection {[a] ra €N [<°°]} forms a basis
for the metric topology mentioned previously. In this topology, Nash-Williams showed
that clopen sets are Ramsey [12], Galvin showed that open sets are Ramsey [9], Silver
showed that analytic sets are Ramsey [15], and Galvin and Prikry showed that Borel sets
are Ramsey [10]. These prompted the explorations of the connections between topological
notions and Ramsey sets.

In contrast we may consider the set [a, B] = {A eNkl.qC AC B} for a € NI<>l
and B € N The collection {[a, B] : a € NI=*land B € N*I} also forms a basis
of a topology, which we call the Ellentuck topology on N>/, Under these notions, a set
U C NI is said to have the Ramsey property if for every nonempty set [a, B], there is
A € [a, B] such that [a, A] C U or [a, A|NU = @. U is said to be Ramsey null if for every
nonempty set [a, B], there is A € [a, B] such that [a, A N = @. Note that a Ramsey

set mentioned previously is a special case of a set having the Ramsey property by taking



a = & for the set [a, B]. Ellentuck also characterised a set having the Ramsey property
as the following: a set X C NI* has the Ramsey property if and only if it has the Baire
property in the Ellentuck topology, and a set X is Ramsey null if and only if it is meager in
the Ellentuck topology [7]

Since then, Ramsey methods have provided fruitful results in various directions of
analysis [2]. Some notions such as fronts and barriers that were brought up in the proofs of
the Ramseyness of some topological sets also provides application in Banach spaces [13],
[3]. In addition, Todorcevic formulated the axioms of an (abstract) Ramsey space [16] to
generalise the connections between a topological space with the Ramsey property. Under
this framework, given a set R with a quasi-order (a relation that is reflexive and transitive)
that satisfies these axioms, a collection of subsets of R has the Ramsey property if and only
if it has the property of Baire in its Ellentuck topology, and a collection of subsets of R is
Ramsey null if and only if it is meager in its Ellentuck topology. Therefore abstract Ramsey
spaces axiomatise the works of Ellentuck in [7]. Ramsey spaces, in particular, include a
notion of finite approximation which generalises the idea of finite approximation of infinite
sequences in N. We will utilise these approximations in constructing new norms for our

spaces in later chapters.

Following the abstractions by Todorcevic [16], a Ramsey space is a structure of the
form (R, S, <, <0, s) that satisfies certain axioms which we will give below. R and &
can be identified with collections of infinite sequences. < is a quasi-order on S, i.e. <is a
subset of S x S that satisfies reflexivity and transitivity. This means that for each X € S,
X < X,and foreach X,Y,Z €S, X <Y andY < Z implies X < Z. <"is a relation
on R x Ssuchthat VA € R,VX,Y € S, A<’ Xand X <Y implies A <" Y. In
additionr : R x N — AR and s : S x N — AS are surjective functions onto some

sets AR and AS. We will denote r,(A) = r(A,n) and s,,(X) = s(X,m). For each



n,m € N, set AR, = {r,(A) : A € R} and AS,,, = {s,,(X) : X € S}. We note that
AR = U, en AR and AS = {J,,cpy ASm.
The following axioms give us the structures of a Ramsey space so that AR and AS

contain finite sequences that approximate the elements of R and S respectively.

4 Sets of Axioms

A.1 (Sequencing)
(1) 79(A) = ro(B) forevery A, B € R, and so(X) = s9(Y) forevery X, Y € S.

(2) Forevery A, B € R, A # B implies r,,(A) # r,(B) for some n € N, and for every
X, Y €8, X # Y implies $,,,(X) # s,,(Y) for some m € N.

(3) rn(A) = r,,(B) implies n = m and r(A) = ri(B) for each k < n. 5;(X) = 5;(Y)

implies i = j and s;(X) = s,(Y") for each [ < i.

Definition 1. Let a,b € AR and z,y € AS. a C b if there are m < n and A € R such
that a = r,,(A) and b = r,(A). Similarly z C y if there are j < 7 and X € S such that
xr = s;(X)and y = s;(X). We say z is an initial segment of y if z C y.

We call n the length of a € AR if a = r,(A) for some A € R, and denote length(a) =

n or simply |a|. Define and denote similarly the length of = € AS.

Under the first set of axioms, we can identify elements A € R and X € S with

sequences (r,(A)) N € AR and (s,(X ), oy € AS" respectively.

A.2 (Finitisation)
There is a relation <J C AR x AS and a quasi-order <3,C AS x AS such that the

following are satisfied.

(1) {a € AR :a < z}and {y € AS : y <g, z} are both finite for each z € AS.



(2) A <% X if and only if for every n € N, there is m € N such that r,,(A) < s,,(X).
(3) X <Y if and only if for each n € N, there is m € N such that s,,(X) <g, s, (Y).
(4) Forevery a € AR and for every z,y € AS, a <8z <g, y implies a <2 .

(5) For every a,b € AR and for every z € AS, a C band b <) =z implies there is

y C x such thata <9 v.

Notation. Fora € AR,z € AS,m € NandY € S, set

[a,Y]={A€eR:A<"Y and3n € Ns.t.r,(A) = a},
[2,Y]={X €S8: X <Yand3In € Ns.t s,(X) =z},
and [m, Y] = [s,,(Y),Y].

Fora € AR, let[a] = {A € R : rq(A) = a}.

Lemma 3. {[a] : a € AR} forms a basis of the metric topology on R, where for A, B €

‘R, the metric d is defined as

5= where m = min{n : r,,(A) # r,(B)} , if {n:r,(A) #rn(B)} # @
d(A,B) =

0 yif{n:r,(A) #r,(B)} =9 |

Proof. We first show that d defined above is indeed a metric. Let A, B,C € R. If A = B,
then r,(A) = r,(B) foreachn € N. So {n € N: r,(A) # r,(B)} = &, which means
d(A,B) = 0. If A # B, then r,,(A) # r,(B) for some n € N by axiom A.1(2). So {n €
N:r,(A) #r.(B)} # @,and m = min{n € N: r,(A) # r,(B)} € Nexists by the well-
ordering of N, and so d(A4, B) = 5 > 0. d(A, B) = d(B, A) is clear. Suppose d(A, B) =
& and d(A,C) = L. If p < m, then d(A,B) = ;= < L < d(A,O) +d(B,C).

om 2P 2m  — 2P



Assume p > m. Since r,(A) = r,(C) for all n < p, we have r,,(A) = r,(C). But
T (A) # 7 (B). So d(B,C) > 5. This means that d(A, B) = 55 < d(A,C) +d(B,C).

Take an open ball in the metric topology OB.(A) = {B € R : d(A,B) < &} for
A€ Rande > 0. Let B € OB.(A). Then d(A, B) = 5= < ¢ for some n € N. Take
m € Nsuch that 5 < ¢ — 5. If C € [r,,(B)], then r4,(C) = ry(B) for each k < m. So
d(B,C) = 5 for some p > m. So d(A,C) < d(A,B) +d(B,C) < 5 + 5= < ¢. This
means that for every B € OB.(A), there is m € N such that B € [r,,(B)] C OB.(A).

Conversely for each element [a], let A € [a]. Take & < k. Then for each B € OB.(A),

d(A, B) = 5= < & < 57 for some m € N. This means that . = min{n € N : r,(A) #
ro(B)} > |al, and so ri(A) = ri(B) for each k < |a|. Hence B € [a] and we have

OB-(A) C [a]. Therefore {[a] : a € AR} generate the same topology as the metric. ~ [J

Lemma 4. Suppose (R, S, <, <° r,s) satisfies axioms A.1 and A.2. Then the set [a, X]

is closed with respect to the metric topology of R for every a € AR and X € S.

Proof. R\ [a,X] = {A e R : AL X}U{A e R :r,(A) # aVn € N} =
(Unes {n(A)] = 7a(4) £, 50(X)¥m € N}) U (Upear {8 -0 Z aanda 2 b}),
[

which is a union of basis elements of the metric topology.

Before we get into the third set of axioms, we give the definition of the depth of an
element in AR into a sequence in S. The definition simplifies the expressions in the next
sets of axioms that relate a specific finite sequence with some other elements in S than the

one it approximates towards the Ramseyness of the space.

Definition 2. Fora € AR andY € S,

min{k:a <% sp(Y)} ,if 3k st a <] sp(Y)
depthy (a) =

%) , otherwise.

10



A.3 (Amalgamation)

(1) For every a € AR and for every Y € S, if depthy (a) < oo, then [a, X| # @ for
each X € [depthy (a),Y].

(2) Forevery a € AR and for every X, Y € S, if X <Y and [a, X| # @, then there is
Y’ € [depthy (a), Y] such that [a, Y] C [a, X].

Lemma 5. Suppose (R, S, <, <% r,s) satisfies A.l and A.2. If a C band if [b,Y] # @,

then [a, Y] # @ and depthy (a) < depth, (b) < oco.

Proof. Since [b,Y] # &, there is A € R such that A <° Y and r,,(A) = b for some n € N.
Since a C b, there is m < n such that a = r,,,(A) by definition. So A € [a,Y] # &. Also
there is p € N such that b = r,,(A) <Y s,(Y) by axiom A.2(3). So depthy (b) < co. Set
po = min{p : b <P s,(Y)}. Thenb <P s, (V). By axiom A.2(5), there exists ¢ < p

such that a <% s,(Y). So depthy (a) < depthy (b). O

A.4 (Pigeonhole)
Suppose a € AR has length j and O is a subset of AR;;;. Then for every Y €
S such that [a,Y] # @, there is an X € [depthy (a),Y] such that r;;][a, X] € O or

riy1la, X]NO = @.

Theorem 6. [16] {[a,Y]:a € AR,Y € S} forms a basis for a topology.

Definition 3 (abstract Ellentuck topology). The topology that the basis {[a, Y| :a €
AR, Y € § } generates is called the (abstract) Ellentuck topology on k.

By lemma 4, the Ellentuck topology is finer than the metric topology since for each
a € AR, [a] = Uxeus {la, X] : a <}, s (X) for some m € N}. In fact, it is strictly
finer since for each [a, X|, X <Y for some Y € S means that [a, X] is not a union of sets

of the form [b] for some b € AR.

11



In the special case that R = S, < is <, and r = s, we have the space on the triple
(R, <,r) that satisfies the axioms given below, where R is a nonempty set, < is a quasi-
orderon R, and 7 : R x N — AR. We will still denote r,,(A) = r(A,n) for A € R and
n € N. Setting AR,, = {r,(A) : A € R}, we have AR = |J,,.jy AR

Since the set of approximations AR in this special case is going to define our norm,
we will also give the axioms that are specified in this special case.

Axiom 1
(1) r9(A) = @ forevery A € R.
(2) Forevery A, B € R, A # B implies that r,,(A) # r,(B) for some n € N.
(3) m.(A) = r,,(B) implies n = m and r(A) = r(B) for each k < n.

Axiom 2

There is a quasi-order <g, on AR that satisfies the following.

(1) Foreachb € AR, {a € AR : a <g, b} is finite.

(2) Forevery A, B € R, A < B if and only if for every n € N, there is m € N such that
Tn(A) <gn Tm(B).

(3) Forevery a,b,c € AR, if a C band b <g, ¢, then there is d € AR such thatd C ¢
and a <g, d.

Recall the definition

min{k : a <g, rx(B)} ,if Ik s.t. a <g, ri(B)
depthg(a) =
9] , otherwise.

fora € AR and B € R.

12



Axiom 3

(1) For every a € AR and B € R, depthg(a) < oo implies that [a, A] # @ for each
A € [depthg(a), B].

(2) Forevery a € AR, A,B € R, if A < B and [a,A] # @, then there is A’ €
[depthg(a), B] such that [a, A'] # @ and [a, A'] C [a, A].

Axiom 4
Suppose a € AR is of length j and O is a subset of AR ;.. Then for every B € R
such that depthp(a) < oo, there is A € [depthy(a), B] such that 7;41[a, A] C O or

TjH[a,A] NnNo = 2.

If [b, B] N [c,C] # @, take A € [b,B] N [c,C]. Then there are p,q € N such that
rp(A) = band ry(A) = c. Also A < Band A < C. Take m = max{p, ¢}. Certainly
A € [r(A), A] by the reflexivity of the quasi-order < on R. Let X € [r,,(A), A]. Then
there is n € N such that r,,(X) = r,(A) and X < A. By axiom 1(3),n = m and r(X) =
ri(A) for every k < m. This means that 7,(X) = r,(4) = band r,(X) = r,(4) = ¢
since p < m and ¢ < m. Also by the transitivities of the quasi-order, we have X < B and
X <C.So X € [b, B]N [¢, C]. Therefore we get A € [r,,(A), A] C [b, B] N [c, C].

From the above we see that the collection of the sets of the form

la,B]={A€eR: A< Band3n € Ns.t.r,(A) =a},

where a € AR and B € R forms a basis of a topology, which we still call the Ellentuck

topology.

Definition 4. A subset .S of a topological space X is nowhere dense if for every open subset

O in X, there is a nonempty open subet I/ C O such that SNU = .

13



A subset M of X is meagerif M C |J _. S, where {S”}neN is a countable collection

neN

of nowhere dense subsets of X .

The Ramseyness is generalised to an infinite quasi-ordered set satisfying the axioms

A.1 through A.4 as the following definition.

Definition 5. A set ¥ C R is Ramsey if for every nonempty basic open set [a, A], there is
B € [a, A] such that either [a, B] C X, or [a, BjN X = &.
A set N C R is Ramsey null if for every nonempty basic open set [a, A], there is

B € [a, A] such that [a, BN N = @.

Definition 6. A subset X of R has the property of Baire if ¥ = O/AM for some open set
O C R and some meager set M C R. We call a set that has the property of Baire and

Baire set.

Definition 7. (R, <, 7’) is a topological Ramsey space if every Baire set of R is Ramsey

and every meager set of R is Ramsey null.

We may identify the elements in R with the elements in AR through the embedding
AeR+— (rn(A))n cn € ILen AR, Note that the Ellentuck topology extends to the

topology on AR" induced by the first difference metric

5= ifm=min{n € N:r,(A) #r,(B)} < o0

A((ra(A)yuers, (rn(B))nert) =
0 L if{neN:r(A)#ru(B)} =2

Under these identifications, We have the following theorem, which will be utilised in the

next chapter. Recall that fora € AR, [a] = {A € R :a C A}.
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Theorem 7 (Abstract Ellentuck Theorem). [16] If (R, <, r) is closed as an embedding into
AR in the Ellentuck topology induced by the collection {la,B]:a € AR and B € R}

and if it satisfies axions A.1 through A.4, then (’R, <, r) forms a topological Ramsey space.
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CHAPTER 3: (R(Tl), <, r) AS A TOPOLOGICAL RAMSEY SPACE

Let X be a set. Denote X< as the collection of all finite sequences of elements of
X. For s = (s¢,51,82,...,5,) € X<N, we say n is the length of s and is denoted by
|s|. If i € Nwith 0 < i < n, then a;(s) denote the sequence of first ¢ elements of s,
namely «;(s) = (so, 51, .-, 5;). For s,t € X<N s is an initial segment of ¢ if there exists
1 < < |t|such that s = o(t).

For a set T of finite sequences, cl(7") is the set containing 7" and all the initial segments
of elements of 7. T'is a tree if T = cl(7T'), and in this case we say T is closed under initial
segments. We identify each sequence in 7" as a node of the tree. A terminal node s is one
that whenever s is an initial segment of some node ¢, we have s = ¢. Here we look at a tree
that is bounded on height but is unboundedly branched. Below we give the definition of a

tree that we will call it 77.

Definition 8 (the tree of 77). [17] For i € N, let

Ti(i) ={0), (@), (i,5) : 0 < j <},

and set 17 = U T:(4).

i€EN

By the definitions and descriptions above, there is a simpler way to define a tree.
Namely, we may give the collection of terminal nodes of a tree and close the branches
downwards. By closing its branches, we mean including all of the initial segments of the

terminal nodes. Therefore 77 can also be defined by

Ty =cl{(i,j):i,j eNand 0 < j < i}.
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We will be mainly working with the top of the tree, or the collection of the terminal
nodes of 77, which we denote by [T1]. There is a natural order on [T}, the lexicographic
order: (7,7) < (k,l) if either i < k, orif i = k and j < [. Note that this defines a linear

order on [T7] of order type w.

We look at the subtrees of 7 isomorphic to 77, i.e. those that have the same structure
as 77 itself. They are described by injective maps ST, — Ty that preserve the initial
segments and the lexicographic order, and often we will identify S by its range S (T}). An

example of a subtree isomorphic to 77 is illustrated below.

D) ~) Q > N ) D ~
J N ) <) QN =~ ) oy o Q) <
> N N > S & S & o o < Y $ $ $ o 5 02 S ¥ &
S N N I S\ A\ Y\ S\ A
N Q Q N N N el el el el N N N N] IN] & & & & & &
(10) (13) (25) (34) (107) (574)

Figure 2: An initial structure of a subtree of 77 isomorphic to 77.

Since the map preserves initial segments, it also preserves the length of the sequences.
Namely, g(( ) = (), g((z)) = () and 5’((1,])) = (k,l). Moreover, if 5’((2,])) = (k,1)
then S((i)) = (k).

The collection of all subtrees isomorphic to 7} is denoted by
R(Ty) = {S(Tl) | STy, — Ty is injective and preserves C and < }

On R(T3), define S < UifS - U as their ranges. This subset relation is clearly reflexive

and transitive, and so < is a quasi-order on R(77).
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Dobrinen and Todorcevic [6] proved that (R(Tl), <, r) is a topological Ramsey space
with 7,(S) = S | U~ T1(i). Here we will only restrict our interest on the top of the
tree, namely [7}]. Therefore we take r : R(T}) x N — ([Tl])[<°°] by (S,n) — [S ]
U, T1(4)]. Analogously we will denote 7,,(-) = r(-,n). Then AR(T}) = {ra(S) :
n e N, S e R(Ty)}. Fora,b € AR(TY), a T b if and only if there is § € R(T})
and m < n such that a = r,,(S) and b = 7,(5). Also [a,U] = {S € R(Ty) :
S C Uand3n € N s.t. rn(g) = a}. An example of an approximation would be
{(10,2), (13,5), (13,9), (25, 3), (25, 20), (25,23)} for n = 2 for the subtree in figure 2
above. In general, if the first point of an approximation is (i, j), then it cannot have any
other point with first coordinate as i. If the second point of the approximation is (&, ), then
it contains exactly two points that have k as their first coordinate. This restriction makes

approximations “thin” on large number branches of 77.

We will show that (R(Tl), <, r) is a topological Ramsey space with basic open sets of
the form [a, U ]. By the abstract Ellentuck theorem formulated in the previous chapter, it is
enough to show that (R(7}), <,r) satisfies the axioms A.1 through A.4, and is closed as

an embedding into the product space (AR(T’ 1))N.
Proof. A.l1.

(1) ro(S) = @, forevery S € R(T}).

(2) S # U implies that there is s € T} such that S(s) # U(s). Suppose s € T (n) for
some n € N. Then [5’ I Uiy T1(3)] # [U Uiy T1(4)]. So Tni1(S) # Tngr (0).

(3) Suppose 7,,(S) = 7n(U). Then [S i U?:_Ol Ti(i)] = [U i U;":_Ol Ti(j)]. By the

cardinality of either set, we must have n = m. Also for every k£ < n, we have

A

S Ui:ol Ti(1) = Ul Uf;é T1(j). Hence we derive rk(g) =re(U).
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A2

On AR(T}), define a <g, b if there are S, U € R(T}) and n,m € N such that a = [5’ |
UiZo Ti@)] € [U T UL T1(0)] = b Note thatif [S 1 UiZg T2(60)] € [0 TUZ Ta(3)],

we must have n < m by an argument on the cardinalities of the sets. Since for each

S € R(Ty) and foreach n € N, [S | Ui Tu(i)] € [S 1 UM, Ti(i)], we have a <g, a

for every a € AR(T}). Suppose a <g, band b <g, ¢ for a,b,c € AR(T}). Then there are

S, U,V € R(Ty) and n,m,p € Nsuch thata = [S | U, T2(:)] € [U 1 U, Th(@)] =

band b = [U | U, ' T1()] € [V | U Ta(i)] = c. By the previous note, we have

n < m and m < p. Since the usual order < on N and the subset relation are both transitive,

we have a = [S [ Ul Th(i)] € [V I U, Ti(i)] = cand thus a <g, c. Therefore we

see that <g, is a quasi-order on AR(T}).

ey

2)

3)

For each b € AR(T}), since b is finite, there are at most finitely many subsets of b.

Therefore {a € AR(T1) : a <gy b} is finite.

Suppose S C U and let n € N. Then r,(S) = [S P U, Ti(i)] C U as a
restriction of S. Since U is isomorphic to 7} and S | |J/—) T1(i) is isomorphic
to an initial segment of 77, there is m € N such that (5” U Ti(i)) C (U I
Ui, Tu(i)), as UiZ) Ta(j) is finite. So [S [ UiZy Th(d)] € [U T Uy Ta(d)]
and we have 7,,(S) <gn m(U). Conversely suppose for each n, there is m(n) such
that [S | U7y Th(7)] € [0 1 UZS Y Tu(i)]. This gives us (S | U T1(5)) €
(U ) Uﬁ(g_l) Ti(i)) as S and U preserves initial segments. So S = |, .y [5‘ )

Uy Ti()] € Unen [U TUZS ™V T0(5)] € T

Let a,b,c € AR(T}) and suppose a = b and b <g, c. Then there are S, U € R(T})
andn < m < psuchthata = [S | U}y Ti(i)] and b= [S [ U, Th(i)] € [U 1

Uf:_ol Ty (z)] = c¢. This means that « C b and b C ¢, and thus we have a <g, c.
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A3.

Define depthg(a) = min{n € N : a <g, 7,(5)} if the minimum exists, and co otherwise.

(1) Assume a = [\7 F U Ti(i)] for some m € N. Suppose depthg(a) < oco. Set
d = depthg(a). Let U € [ry(S),S]. Then U C S and there is n € N such that
[U Ui, Th(@)] = r4(S). By the definition of r, n = d and r4(U) = r4(S), and
since a <g, 74(S), we have m < dand [V | U7,  Tu(i)] € [U 1 UL, 71()]. For
each p > m, we may take W, C U | T1(p + (d — m)) with |W,| = p. Then by
setting W = [V | Uy  T1(i)] U (U, W), we have W € R(T1) and W C U.
So [a,U] # @.

(2) Leta € AR(Ty). Assume a = [V | [JI","' T1(i)] for some m € N. Suppose U C S
-

and [a, U] # @. Since [a,U] # @, there is n > m such that [V | U, T1(i)]
[U U Ti(i)]. Set d = depthg(a) and e = depthy(a). Since U C S, there is
g € Nsuch that [U | Uy T1(9)] € [S | U, Ta(i)]. So d < oo and we have
e < d. Take W, = [U | T1(p)] for each p > d. Then W = [S P UL, Ty(i)] U
(UZyW,) € R(TY). So W e [ra(5),S] since W, € S | T (k(p)) for each
p > d, where k : N — N is increasing. Since depthy; (a) = d and W C S, we
have [a, W] # @ by A3 (1). Take Y € [a,W]. Then [V | U7,  71(i)] = a and
Y C W. So for every j € N, we have an increasing ¢ : N — N such that [)A/ i
UL Ti(®)] € [W 1 UPY Tu(3)]. Since [Y | U, ' Th(6)] € (W T U Th()].
we have d = ¢(m). So for every j > m, [Y I T1(j)] € [W I Ti(e(5))] C [U I
T1(¢(5))]. Therefore Y C U.

AA4.

Let a € AR(T) with length(a) = j and let S € R(T}). Suppose depths(a) < oo and let
O C AR;+1(Th). Set d = depthg(a). For each m € N, for each u C [5‘ I Ty (d + m)}
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with |u| = j + 1, define

0 ,ifaUueO
Parm(u) = .
1 JifaUug¢O

Then this is a 2-colouring on the j + 1-element subsets of [3 I Ti(d + m)} By the
finite Ramsey theorem (corollary 2), there is N(0) > d + 1 such that for the set [5’ |
Ty (N(0) — 1)], there is W) C [S | T1(N(0) — 1)] with [Wyqy| = d + 1 such that
ON@©)-1 | (WN(O))[j+1] is constant. Recursively having chosen N(n) > N(n — 1) >

> N(1) > N(0) > d + 1, there is N(n + 1) > N(n) such that for the set [S |
Ty (N(n+1) —1)], there is Wx(ns1) € [S [ Ty (N(n+ 1) — 1)] with [Wy(uyny| = N(n)
such that oy (1)1 | (Wa(ns1)) U1 s constant. These are possible by the finite Ramsey

theorem. Now, define

0 lf gDN WN(n {O}
p(n) =

I L if onmy—1 [ Wrm) = {1}

By the pigeonhole principle, there is M € NIl such that ¢ | M is constant. Set M =
{p(n)}nen € Nin the increasing order. For each n € N, take V;, C W) with ‘Vn‘ =

d+n+1.SetU = aU (Unen Va)- Then U € R(T}) and note that U C S by construction.

neN
Foreachy € 741 ([a, U]), y = aUw for some v € V, for some n € Nand [v| = j + 1. By
the construction above, either all of such y are in O or all of such y are in O°. This means
that either ;.1 ([a,U]) € O orrj11 ([0, U]) N O = 2.

Lastly take (x,,)nen € (AR(Tl))N \ I,.en AR, (T1). Then there is j € N such that
x; # 1) (S) for any S € R(T1). This means that z; = 7y (U) for some k # j and

U € R(T1). So the ball centered at (x,,),en With the radius / 9; contains no elements
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in [[,cy ARR(T1) since for every element (y,)nen € [[,en ARR(T1), y; = r;(S) for

some S € R(T}). Therefore we see that [ _ AR, (T}) is closed in (.AR(Tl))N, and

neN

correspondingly R(7}) is closed as an embedding in (AR(T’ 1))N. O
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CHAPTER 4: THE BANACH SPACE OF T;(d, 6)
The space of T(d, ) is a Banach space with the norm that will be defined in this
chapter.
For d € Nwithd > 2 and for m < d, a collection of nonempty sets { £;}7*, C AR(T})
is said to be admissible if foreach j = 1,2,...,m—1, we have max F/; < min F;,, where
< is the lexicographic order on [7}], the top of the tree of 7} described in the previous

chapter.

Definition 9. By cy([77]), we denote the set of all functions = : [71] — R such that
the support set of each function z, denoted as supp(z) = {s € [T1] : z(s) # 0}, is
finite. Let {e;};cr,) denote the canonical basis of coo([71]): for each x € coo([T1]), x =
D ieim Teet = Do) Le€t for some u € [T7], where 2, € R for each t. If £ € AR(T1),

we set Ex =), p 16y

Definition 10. Take 0 < 6 < 1 withdfl > 1. Forx =,  2ver € coo([T1]), we define

the following sequence of norms:

l|z|lo = sup |z¢| = max |z,
te[T] te[T]

and for each j € N,

zllj+1 = max{uxuj,emax { DBl s 1<m <d {E}] s admissible}} .
=1

Finally set ||z ||z, (4,0) = sup;ey || 2]5-

Note that since d > 2, the support set is indeed split on each stage of the recursive

process in taking admissible sets.
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From now on, the underscript of the norm || - ||; would mean the j-th step in the
inductive definition of taking norms in Definition 10. If we ever want to indicate the norm

in the £, space, we will use the convention || - |, .

Now we show that this definition induces a norm on cgo([77]).
Lemma 8. || - |7, (a0 defines a norm on coo([71]).

Proof. We first show that || - ||; is a norm on ¢go([7}]) for each j € N by induction on j.
Throughout the proof we let , y be arbitrary elements from cqo([77]).

| - ||o is the usual sup-norm on cy([7}]), so is a norm.

Suppose for some j € N, || - ||; is a norm defined on cyo([Z3]). Then ||z||;4+1 is
chosen as the maximum of nonnegative values, so is nonnegative. ||z| ;11 = 0 means both
|z||; = 0 and HEz:c”] = 0 for each i = 1,2,--- ;m and for every choice of admissible
collection {£;}™,, which in turn implies x = 0 since || - ||; is a norm. If z = 0, then
|z||; = 0 and ||ExHJ = 0 for each £ € AR(T1). So ||z|/;+1 = 0 as it is chosen from
either a value of 0 or a sum of 0. For o € R, either ||ax|/;11 = |az|; or |az|j11 =
Qmax{zzil HEZxHJ : {El}j; is admissible}. For the first case, ||az|j11 = |lax|; =
|| ||z||; as || - ||; is a norm. For the latter case, since we have E(ax) = ), p arie; =

aY,cpaer = o Ex) for each E € AR(T}), we see that

|az||;11 = 0 max {Z [ Ei(aa)||, - { B}, i admissible}

i=1
= f max {Z a(E)]], : { B} s admissible}
i=1
— fmax {|0‘i Z HEla:H] : {EZ}:L is admissible}
i=1
= |a| - # max {Z Hsz”j : {EZ}ZL is admissible}
i=1

= laf 2] j11-

24



In addition, either [|z+y|[j+1 = lz+yll; < [lzll;+llyll; < lzlljri+yll+1 or lz+ylljrn =
f max {ZZ’; Bz + )|, { B} is admissible}. Since we also have F(z + y) =

Yorep(TFyer =D cp e + Y cpyer = Ex + By, we see that

[+ yllj+1 = 6 max {Z Bz +y)||, - {E}L is admissible}

i=1

= f max {Z |Ex + Eyl|, : {E}" is admissible}

i=1

< fmax {é | Bix]| + z:? Byl - { B} i admissible}
< e(max { zj; Hmall]} + max { ﬁ:; HEinj]})

< [l lljen + [yl

Therefore || - ||;+1 is a norm, and by induction || - ||; is a norm for each j € N.

Lastly, for each = € cgo([71]), the sequence (||| j)j <y is increasing and bounded above
by the ¢, ([T}])-norm of x since on each stage of the recursion, the cardinality car({EZ- N
supp(z) # @ : {Ez}:’; is admissible}) has to be less than or equal to car(supp(z)).
Hence [[allrao) = supyex 7] < 0. Also 2l aa) = supjex 7l > 0 as [lzf; > 0
for each j € N. ||z||7,(49 = 0 if and only if ||z|; = O for each j € N if and only if
x = Osince || - ||; is a norm for each j € N. For a € R, ||ax||7,(q,0) = lim; o [|az||; =
lim,— oo 0] 2] = ] iy e [l2]; = I 2l a0y» and o+ llzyca0) = limy—oo o+
yll; < Timy oo ally + Timy oo [yll; = ollzy(ao) + [9llmcas) by the continuities of

addition, scalar multiplication, and taking norms.
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The completion of coo([71]) with respect to |||z, (40 is a Banach space which is
denoted by (Tl(d, 0),] - HTl(d’g)), or simply by T}(d, §). Often enough we drop the sub-
script 71 (d, ) of the norm and simply denote it by || - || in this context.

Notice thatif « = i, z:e: € T1(d, 0), then

i=1

|z]| = max {HxHoo, 0 sup { Z |Ex||: 1 <m <d {E}", admissible}} ,

where [|z]|oc = supyeiry) |2

Notation. For k € N, denote
Ti[k] = {t € [T1] : au(t) = k},
where o (t) gives us the length 1 initial segment of the node ¢, and set
T* = spanfe, : t € T [k]}.
The following lemma provides a critical observation for a method to find maximal

norms on admissible sets, and will be utilised in the proofs of the later properties.

Lemma 9. Let {E;}7, C AR(T;) be admissible and suppose for some & € N, we have

E; NT[k] # @ for some j < m. Then E;;; N T}[k] is either empty or a singleton.

Proof. By the admissibility of {E;}",, we have max(£;) < min(E;;1). So we have
ozl(max(Ej)) < ozl(min(EjH)). If £ < al(maX(Ej)) < al(min(Ej+1)) or k <
a1 (max(E;)) < a;(min(Ej41)), then as a; (min(Ej4)) < aq(t) for every ¢ € Ejyq,
we have & < «(t) for every t € E;;y. Hence E;; NT1[k] = @. Otherwise k =
a1 (max(E;)) = oy (min(Ej4q)). Since Ejq € AR(T}), min(Ej4;) is the only node of

Ej,y thatisin Ty [k]. So Ej; 1 NTi[k] is a singleton. O

26



Proposition 10. Forafixed k € N, if x = 37, ;. ) weer € T®, then

1
< < -
g ol < el < 75 g

And therefore we have Tl(k) =3

Proof. We show that maxcr, i |2¢| < [|z]|; < ( T, 6") (d — 1) maxer, ) || for each

j € N by induction. Note that since (Zi:o 9") > 0" = 1 and d > 2, the inequalities

make sense.
The base case j = 0 is clear: maxyeq, ) |2:] = [|z]jo < 0°(d — 1) - maxier ) |2 since
d—1>1.

Now suppose maxyer; ) |2¢| < [|zll, < (D0_,60")(d — 1) - maxser, ) |z¢] for each
p < j for some j € N. Then since {||z[[;}52, is an increasing sequence for each x, we
have max;cr, i) |7¢| < ||||j4+1. On the other hand, if ||z||;+1 = ||z]|;, then this means that
lzlls = ||zlls+1 = -+ = ||z|l; = [|z||j+1 = --- for some s < j. Hence by induction

hypothesis we have

s J+1
=l < o (d—1>- < o (d—1)-
| ]|j41 = [lz]ls < (; ) max |z (; ) max |z

since s < j. Otherwise ||z||;41 = 6 - max { Yo Bl {E T, admissible}. In order
to attain the maximum, we may assume that F; N Ti[k] # @ foralli = 1,2,...,m. By
lemma 9, the support set supp(F;z) are singletons for i = 2,3,...,m. Set E; = {{;}

where t; € Ty[k] for eachi = 2,3,...,m. Then we have

el = emax{HElxuj 0y |xti|}
=2
J
7 ((;9") (d—1) -trer%ax |z + (d—1) - Jpax |2y, \)
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j
n+1 _ X
< (;9 +9> (d—1) Jnax ||
j+1
< (;9 +1) (d—1) - ax |
j+1
- (20 g e

Thus by induction we have the claim.
Now since ||z|| = sup,ey [|7]|;, we see that

d—1

= < < 0" ) (d—1) - =—" .
s el = Lol S suplly < (207) (4 1) - bl = -

]

If + € Ti(d,0), we can write it as « = ), a,x, where for each n € N, z,, €

) for each

Tl("), normalised. So {z,}.cn denote the normalised block sequences on Tl(”
n € N. We will show that ||z| =~ (32, lla,||)””. We divide the proof in two parts,
using Bellenot’s result (see below) to prove the lower bound, and Argyros and Deliyanni’s

method to prove the upper bound.

Let0 <f < land1 < p < oo. Take
z € coo(N) = {(an)nen : a, # 0 for finitely many n € N}.

Let {b, }nen be the canonical basis of co(N), so that z = S a,b, = Y nen Anby for
each z € cyo(N) where a,, = 0 for n > N + 1. For a sequence of subsets { D;}¢_, C Nl<=l,

we say {D;}%_, is Bel-admissible if max D; < min D, fori = 1,2,...,d — 1. Bellenot
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defines the norm || - ||g as the following: for x = ) a,by,

]l = sup |an,
neN

a1 = sup {ux

) (ef; I2alt) ",

where the supremum is taken over all Bel-admissible sequences {D;}%_,, and finally

. d o
|l = Jim [J2]]; = sup {Hx}loa (92 HDwH’;el) }
=1

In addtion we have the following inequality that Bellenot derived to characterise the norm

with the £,,-space.

Lemma 11 (Bellenot [4]). If d§ = d'/» > 1, then

N 1/p
A(S)
n=1

N 1/p
< (Z‘an|p> for each V € N.
Bel n=1

N
E anby
n=1

Lemma 12. If for each £ € N, we take a specific e, € Tl(k), an element of the canonical

basis, then span{ey, : k € Z7} = (,,.

Proof. Let x = Z,ivzo ager. Given {E;}7", C AR(T)) admissible, assume for each i =
1,2,...,m that E; consists of nodes of [71] from Ty[k}], T1[k3], ..., Th[k]]. As {E;}7,
is admissible, we see that k] < ki"'. Hence {E; N supp(z)}, forms a sequence of
Bel-admissible sets on {k : £ € N}. On the other hand, it is easy to see that for each Bel-
admissible sequence on {k : k € N}, we can find an admissible sequence in AR (7}) that,

when restricted to the support of z, corresponds to the Bel-admissible sequence. Hence we
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get that HZQLO akekH = szNzo arer|| . Therefore, we obtain

Bel
N 1/p N N 1/p
92(Z{an|p> < Zanen < (Z{an|p> foreach N € N,
n=0 n=0 n=0
and this completes the proof. 0

The goal here is to show that the space 7} (d,#) is isomorphic to (ZHGN@ égjl) .

p

To this end we consider sequences in blocks where each block has support set on a single
branch of T1. Let z = 3. x, € coo([T1]) where foreachn = 0,1,2,..., N, z, € ™.

Then we derive a lower bound of the norm of z in the following lemma.

Lemma 13. y
=0 (S~ )
] > =1 ; ”%H .
Proof. Foreachn = 0,1,2,..., N, suppose =, = Y ;" an,€n, and max{|ay, |}iern)

lan,....|- Take Q... : T1(d,0) — span{e,,,. } as the canonical surjection onto the closed
span of the basic element with maximal coefficient in each block. Set () = Zf:;a Qo -
Since T;(d, ) has a 1-unconditional basis, () is a contractive surjection. By a previous

lemma we have |anmax

> =4 Han Therefore we get

N

2

=0

=] =

l’n

enmax

-
) pzeQ(i(ﬁ\xW)%

n=0

(
_ g (%)pz Hanp /p _ 92;1_—19) i\f: Hwan 1/p.
(V) -5 (2
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We now use techniques from Argyros and Delyanni [1] to show that

l/p
2
) < > (Z ||xnup) .

neN

Definition 11. We say that a sequence of finite sets {F;}™, C 2" m < d, is almost
admissible if there is admissible {E;}7, C AR(T}) such that F; C E; for each i €
{1,2,...,m}.

For a linear functional f : T1(d,0) — R, we will call supp(f) = {t € [T1] : f(e;) #

0} for simplicity.

Definition 12. Define inductively a sequence { K } scn of subsets of linear functionals from
the dual space of T1(d, 6) such that Ko = { £ ¢} : t € [T1]}, where €] is linear such that

e;(e;) = 1 and e} (e,) = 0 for each u # t and that for each s € N

Koo = K U {HZfi :m <d, f; € K, {Supp(fi)}r,n

i=1 =

almost admissible} .
1

Set K = |J,.y K. For convenience we call a sequence of functionals { f;}, successive

seN

if {supp(f;)}, is almost admissible.

Lemma 14. For each f € K, we have ||f|| < 1. For each z € cy([T1]), ||z]] =

SUp e g f ().

Proof. For the first statement, we show that for every f € K, s € N, we have |f(z)| <
|z]|. Let x € coo([T1]). If f € Koy, then f = =ef for some t € [T1]. So |f(z)| =
| + €j(z)| < ||lz|| by unconditionality. Suppose |f(z)| < ||z|| for every f € K,. Take
[ € K. Either f € K, in which case we are done, or f = 6> """ f; form < d, where

fi € K for1 < i < m,and {supp(f;)}., almost admissible. Take {F;}/", C AR(T})

i
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admissible such that supp(f;) C F; for each i. Then we have

|f ()| =

0> filx) <4 (ZWE-:E)I) <9 (ZHFwH)

M
< fsup {Z |Eiz| : 1< M <d {E}Y admissible} < |lz||.

=1

0 Z filF)

By induction we establish that || f|| = supy,<; |f(z)| < supj<, lz]| < 1 for each
f € K, and that sup e f() < ||z

For the second statement, we show that |[z[|; < sup;cf, f(z) for each s € N. For
the base case we have ||z[lo = supye(p) |7:| = sup,epy | + €;(z)| = supseg, f(x). Now
suppose ||z||s < supycg, f(x) for each x € coo([T1]). Then either [|z||s1 = [z <
SUp e, F(2) < supjer,, f(x) as K, C Kop, ot allyer = 050, || B, for (B},
admissible. By the induction hypothesis and the fact that the supremum is actually attained,
there is { f;}1*, C K, such that supp(f;) C E; and ||E;z||s < f;(E;z) for each i. Setting
9= 65T, fiuwehave g € Koy, and so [[o]1 = 037, | Brll, < 030, filBia) =

0> 2 fi(x) = g(x) < supsey ., f(x). Hence we have ||z|| < sup;cg f(). O

Definition 13. For every ¢ € K; \ K, ;, we define an analysis of ¢ as a sequence
{F*(¢)}._, of subsets of K such that

(1) for each s, F**(p) consists of successive elements of K and | FeFs (o) supp(f) =
supp(¢).

(2) If f € F*"!(p) then either f € F*(yp), or there are successive fi1, fa, ..., fm € F*(p),
m < d,suchthat f =60>" f; and

(3) F'() = {¢}.

Note. By the definition of K, every ¢ € K has an analysis. Also given ¢, if f € F*(y)

and g € F**1(y), then either supp(f) C supp(g) or supp(f) Nsupp(g) = @.
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Lemma 15. Let ¢ € K. Then ¢ can be represented as Zle az e, with a;, # 0, where
{t;}k_, C [T1]. So supp(p) = {t1,ta,...,tx}. Let E C [T}] be finite and set Pg(p) =

2 teEnsupp(p) 4€; - Then we have Pp(p) € K.

Proof. We show Pg(p) € K by induction on s € N where ¢ € K. If ¢ € K, this is
clearly true as ¢ = +e; for some ¢ € [T}]. Assume that for every p € K, Pg(p) € K.
Take ¢ € Ki. Then either ¢ = f for some f € K, and Pg(f) € K by induction
hypothesis, or ¢ = 6> | f; where f; € K, fori=1,2,...,m and {supp(f;)}", almost
admissible. So Pg(y) = P (9 S fi> — 027, Py(f;) by the linearity of Pp. By the
induction hypothesis Pg(f;) € K foreachi = 1,2,...,m, and so Pg(p) € K by the

definition. U
The lemma allows us restricting the functional to any part that we want to focus on.

Lemma 16. Let {z, },cn be the normalised block sequence such that supp(z,,) € Tl(n) and

z,|| = 1foreachn € N. Let x = N: anxy € coo(|T1]). Then we have
n=0

9 (& "
< g (Z |an‘p> , where df = d.

n=0

N
E An T,
n=0

Proof. Throughout the proof, let {e;}cr,; denote the canonical basis of coo([71]). Let
v € K,say ¢ € K;\ K;_; forsome | € N\ {0}. We want to find an upper bound for
¢(x). By lemma 15 we may assume that supp(y) C supp(z) since Psppa)(9) € K. As
r € coo([T1]) and {e;}+epry is an unconditional basis, we may also assume that = and ¢

have nonnegative coordinates. Foreachn = 0,1,2,... N, set

s = max {5 € N ‘{f & F*(¢)  supp(f) N supp(iza) @}' > 2}
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and s, = 0if [{f € F*(¢) : supp(f) Nsupp(z,) # @}| < 1 for every s. Hence for each
n =0,1,2,..., N, there are gn(1), gn(2); - - - » Gn(m)> Where 2 < n(m) < d, of successive
elements of F*** () such that for each i = 1,2, ..., m, supp(gn()) Nsupp(x,) # @. Define

the initial and the final parts, 2/, and x/ respectively, as

/

x, = x, | supp(gn(1)) and z,, = x, | U Supp(gngiy)- (*)
1=2

We show by induction on s that for every J C {1,2,..., N} and for each f € F*(y), we

have

E AnCn

neJ

E AnCn

neJ

()

neJ

1
and f(Za,@’é) < g

Bel neJ

Bel

We first show the initial part. For f € F°(i) this is clear: by the unconditionality we

have f( 3 ,c)anl,) = €; (X cy anl) < ||aed|| < || Xonc) anenl|4, for some ¢ € [T7].

Suppose for every k < s and for each f € F*(¢), we have that f (3>, ; an2},) <
éH Y ones anenHBel forevery J C {0,1,2,...,N}. Let f € F*"!(p) and take an arbitrary
J € {0,1,2,...,N}. Either f € F*(y), in which case we are done, or f = 6(>_" | f;)
form < dand {f;};, C F*(p) where the support set is almost admissible. Take { F;}!",

admissible such that supp(f;) C E; foreach: = 1,2,...,m. Set

D = {n eJ: ){z : supp(f;) N supp(z,) # @}‘ < 1}
and consider the sets
I= {z € {1,2,...,m} : supp(f;) N supp(z,) # & for some n € D}
and

H:{nGJ:

{i supp(f) N supp(),) # 27}| = 2}
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Let n € H and set i = min {i € {1,2,...,m} : supp(f;) N supp(z},) # @}. We claim
that 50 + 1 ¢ I. Indeed, since n € H, other than f; , there is f; € F*(y) such that
supp( f;) N supp(z),) # @ for some j > iy + 1. By the definition of s,,, we see that s < s,.
So we may find g, h € F**"(y) such that supp(f;,) C supp(g) and supp(f;) C supp(h). By
(*), we must have g = h, for otherwise supp( f;) Nsupp(z),) C supp(h) Nsupp(x,) = & as
!, only takes on the support of one functional on F***. (x) also tells us that max supp(g) =
max supp(z,). Note that we have assumed that supp(f) C supp(¢) C supp(x) for
any f € F*(p). In particular the supports of f;,, fi,+1- .., f; are nonempty and have
nonempty intersection with supp(z’,). So by the almost admissibility, max supp(fi,+1) <
max supp(f) = maxsupp(x},) and minsupp(fi,+1) > maxsupp(fi,,) > minsupp(x)).
Therefore supp( fi,+1) € supp(z),) and we have io + 1 ¢ I.

As a result, the function G : H — {1,2,...,m} \ [ defined by n € H +—— min{i :
supp(f;) Nsupp(z),) # @} + 1 is an injection. Therefore |H| < m — |I| < d—|I| and we
have ‘]‘ + ’H{ <d.

Thus we have

H(Z o) = (eif) (o) :eé (;ﬁ(anx;))
g 2<;f<ax>>+§;(;{f<ax)>)
~o(Sa(a T an) 3 (30) (W;))
<o(2 (S Bel+;[(§f) (anx;)>
5[ EISSLEN] IS ol ¥4 )

AnCnp

+> ‘
el  npeH

1
< - ane
Bel_eHZ nen
neJ

B Bel
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as {EZ}ZE ;U {{en}}ne ; forms a sequence of Bel-admissible sets.

Now we show the inequality for the final part. By the unconditionality we have
F(Xnesantly) = €i (e anth) < Jlaed|| < || X0,c) anenl|y, for some ¢ € [T1] for
fe Fp).

Suppose for every k& < s and for all f € F*(y), we have that f (3}, a,z) <
5| ey anénl|y, foreach J € {1,2,... N}. Let f € F**'(p)and J C {1,2,...,N}.
Either f € F*(¢p), in which case we are done, or f = 6(Y.1", f;) for m < d and
{fi}, € F*(yp) where the support set is almost admissible. Take {£;}!", admissible

such that supp(f;) C E; foreachi =1,2,... m. Set

D:{nEJ:

{4+ supp(f;) N supp(xy,) # @“}‘ < 1}
and consider the sets
I= {2 € {1,2,...,m} : supp(f;) Nsupp(z))) # @ for some n € D}
and

H= {ne J: ’{z : supp(f;) N supp(z)) #@}‘ > 2}.

Letn € H and set ip = min{i € {1,2,...,m} : supp(f;) N supp(z)) # @}. Since
n € H, other than f; , there is j > i, such that f; € F**(y) with supp(j) N supp(z],) # @.
By the definition of s,, we see that s < s,. So we may find g,h € F*(¢) such
that supp(f;,) C supp(g) and supp(f;) C supp(h). By the definition of the final part,

min supp(g) > minsupp(z)). So from the above and the almost admissibility we have

"

min supp(z)) < minsupp(g) < minsupp(fi,) < maxsupp(f,,) < minsupp(f;) <
max supp(z ). Therefore supp(fi,) C supp(x]) and we have i ¢ 1.

As a result, the function G : H — {1,2,...,m} \ [ defined by n € H —— min{i :
supp(f;) N supp(z’) # @} is an injection. Therefore ‘H‘ <m— |I| <d- ]I] and we

have‘]‘jt‘H! <d.
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Thus we have

f(Za,@Z) = (Oin: f,) <Zanxg> = sz: (Z fi (anx;i))
neJ i=1 neJ i=1 NneJ

iy z(zﬁw))+z(zﬁ(@nxg)))
i=1 NneD i=1 NneH

=0 Z fi <E1 Z anx;;) + (Z fz> (ana:';’L))
icl neD neH N i=1

= icl % Ei(rgDanen> Bel " neZH (%f) (anxﬁb >
1 1 "

<46 7 2 Ei<T;Danen> o + 5%2}[ ‘ anT, )

= Z EZ(Z anen> + Z ‘ ApCn . < %H Zanen

iel neD Bel  neH neJ Bel

as {E;},., U{{en}}, . forms a sequence of Bel-admissible sets.

Therefore since

N N N
f (Z anxn> =f (Z anT, + Z anx;;>
n=0

N N N 1/p
s () e (k) < (Sl
n=0 n=0 n=0

N

for every f € F*(¢) and for each ¢ € K, we conclude that

N 9 N L/p
p

]

Combining proposition 10, lemma 13, and lemma 16, we understand the structure of

T:(d, ) through the following theorem.
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Theorem 17. If d9 = d'/», then we have

71 (d,6) = (Z@ ezjl) .

neN
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CHAPTER 5: BANACH SPACE OF HIGHER HIERARCHY
There are two directions of extending the tree 77 along the lines of Ramsey spaces
constructed by Dobrinen and Todorcevic [6] and Trujillo in his dissertation [17]. One of
the examples increases the height [6], and the other increases the dimension of each branch
by taking tensor products [17]. Both extensions are of interests building Banach spaces
with Tsirelson-type norms by taking admissible sets from the finite approximations of the

trees. Here we give the definitions and look at their isomorphism types.

With the base case of 77, we may define recursively the higher levels of trees that the
maximal nodes attain. Recall that 73 = cl{(4,j) : 4,j € Nand 1 < j <i}. Suppose for

some n € N\ {0}, 7,, has been defined. For each i € N, set

i(i+1) << (i+1)2(i+2)}7

T (i) = {(), (), ()" s :s € T,(j), where

and 7,41 = | T 11 (4).
1€N

Figure 3: An Initial structure of 75.
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Figure 4: An Initial structure of 75.
We construct a Banach space on [T},] (the set of terminal nodes of the tree) similarly for

eachn € N\{0, 1}. Ford € Nwith d > 2 and for m < d, we take a collection of admissible

sets {EZ}ZL C AR(T),) such that max E/; < min F,; foreach j = 1,2, ..., m—1, where

AR(T,) is the collection of the terminal nodes of subtrees isomorphic to 7}, and < is the

lexicographic order on [T,]. Set coo([7}.]) = {x . [T] — R | supp(z) is ﬁnite}. Take

the canonical basis {e¢};c(z,) such that x = Ztem] zeq, 1 € R, for every z € coo([T])

For 0 < # < 1 with df > 1, define a sequence of norms recursively by

|z]lo = sup |x;| = max |z,
te[Th) te[Ty]

and for each j € N,
[ 2]lj41 = max {||$||j,9max {Z [ Bixl|, : 1<m < d {E;}] is admissible}} :
i=1

For each € coo([T5)]), the sequence (||z|| j)jeN is increasing and bounded above by the

(1([Ty,])-norm of x. Therefore we may set ||z||7, a6 = sup;cy ||z]|;. Completing coo(7},)

with respect to this norm, we get a Banach space (7,,(d, 6), || - ||7,.)
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On the other hand we may also give

netimd <U {<(nan)a(27])) : M < iaj < (n+ 1)(n+2) }) ’

2
neN

or in general for each m € N with m > 2,

Q11 =cl (U {((n,...,n),(z’o,...,im,l)) e N x N™: }) ,

n(n+1) < , (n+1)(n+2)
where 10y -5 bme1 < 5 .
< o X o S XY S X o S
= ~ < ) ~ o ) ~ & i) ~ o
S o ~ o N = N N = kel N =
S SENSS 5~ g 5~ g g ¥
N N g g

Figure 5: An Initial structure of 77 ® T7.

Note that we could still define similarly the recursive definition of the norm on [®,,, 7}
for each m € N\ {0,1}. The completions also induce Banach spaces on the top of these
trees. We will examine the Banach spaces on these two different types of extensions of the
tree 7.

Let " be a fixed tree of one of these types. We denote for each £ € N that

Tk = {t € [T]: u(t) = kY,

and 7™ = span{e, : t € T[k]}.
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For a fixed k € N, we have max,crp |2;] < ||z||; for each j € N for every z € T®.
For the upper bound of the norm, in the inductive step, the admissible sets F; N T'[k]
would need to be singletons for ¢+ = 2, 3,...,m by similar arguments as in Lemma 9 in
order to achieve maximal norm on || - ||;4+1. So analogous arguments still give us that
|zl; < 4= - maxyerpy) |2:|. Due to the definition of o, there are more terminal nodes on

T[k] than Ty[k] for each & € N. For instances )TQ [3]‘ = 65,

(®:T) [3]‘ = 16. In each
extension, there is an increasing function g : N — N such that g(0) = 1 and g(k) is the
number of terminal nodes on 7'[k] for each & > 1. Therefore combining the lower bound

and the upper bound, we obtain

70 2 o),

Considering for each x € T'(d,0) that + = ), ar; as block sequences where
rr € T™ for each k € N, the norm of the linear sum of the block sequences is greater
than or equal to the norm of the sum of the canonical surjections from each block onto the
linear span of the node with the maximal coefficient in that block. Also the collection of
the nodes each of which is from a specific T'[k] is Bel-admissible, and so ||z| = ||z||e if
x is with non-zero coefficients on a single node from each T'[k|. Since ||z||ge is bounded

below by the p-norm of those coefficients, we have a lower bound for the block sequence:

201 _ e
||x|rz%(2nxnup> .

keN

For the upper bound, we will again make use of the set K of linear functionals such
that each functional is the 6 multiple of some of others in K that the support sets are
almost admissible . Going through similar proofs, we see that the norm can still be rep-

resented by these functionals, namely ||z|| = sup;c f(x). For each ¢ € K, we can
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still utilise the analysis on ¢ to show that every functional f in the analysis satisfies that
1/p
N 2 N
F(Eoanra) < 3( L lanl?)
Therefore for a tree T' of one of these types of extensions, we may induce a Banach

space T'(d, #), and there is an increasing function g : N — N with such that

neN

T(d, ) = (Z@ gggm) '

We will now apply Pelczynsky’s decomposition method to obtain the result that each
of the Banach spaces constructed on the extensions of the tree 77 is in fact isomorphic to

the Banach space of 77(d, 0).

Theorem 18 (Pelczysky decomposition theorem). [11] Let X, Y be Banach spaces such
that X can be imbedded complementedly into Y and Y can be imbedded complementedly

into X. Suppose X = (ZneN@ X) . Then X =Y.
p

Proof. Since X is imbedded complementedly into Y, we have Y = X @ W = X @, W
for some complete subspace W' C Y. Also since Y is imbedded complementedly into X,

wehave X =Y @V =Y @, V for some complete subspace V' C X. Therefore we have

YXa,W

=~ (Z@X)p@pWNX@pW@p (Z@X)p

neN neN

~Y @, (Z@ X)p ~Y @, (Z@ (V ®, Y))p

neN neN

= (Z@ (v & V))p ~ (Z@ X)p

neN neN

=~ X.
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Lemma 19. Let X be a Banach space and suppose Z = (ZneN@ X ) . Then Z =
p
< ZnEN@ Z)

p

Proof. Let N = [ J._, 0, be a partition of N such that ¢, is infinite for each j € N. Set

JjeN

¥: (Tos®(Tnen®X),) = (Sien)
Vet (Tnea %) = Taenta.

p

by taking z, = > con 2" for each n € N. Then @ is a linear bijection. Moreover

1/p
o(S(X )| [ - (Sl
neN  meop neN neN
p\ /7
(x]z )
neN ' meo,
1\ P\ /7
(=((Zr)"))
neN meEon
l/p
(Z(zer) -z (z )|
neN “méeon neN “méeon
So ® provides an isometric bijection between < Y onen®Z ) and Z. [
p
Lemma 20.

Ty(d,0) = (Z@ Ty(d, 9)) .

neN
Proof. We will apply the Pelczynsky decomposition method to show this isomorphism.

First 7 (d, #) imbeds complementedly into ( Y nen®11(d, 9)) since
p

(Z@ 11 (d, 9)) =Ti(d,0) ®, (Z@ T (d, 9)) .

neN p neN
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Secondly to imbed ( > Bnen 11 (d, 6)) into 71 (d, #), we note that
p

(Zonwn) = (Te(gee) ) = (Ko (Team) )

where the m in the last expression is only to give each copy of ¢! an index ("!(m) to
indicate the number of direct summand of that particular copy is in. We may order linearly
the elements (m,n) € N2 by the following: (my,n;) < (ma,ng) if my +ny < My + ny
or if m; + ny = meo + ny and m; < my. Suppose ¢ : N> — N provides this order with
©(0,0) = 0. Then £7+* (m) is imbedded complenemtedly into ££™™ " (This is similar to

the diagonalisation argument in proving the bijectivity between N? and N. Since

(o) (5 (5 )
= (200, 208, 08, ) 0, (1) B, () ) 1) 0, - )
o (420, &) 0 ) By ) 8y

we may embed £!_(0) into £._, /2 (0) into ¢%, 1 (1) into £3_, ¢3 (0) into ¢2_, ¢ (1) into

o0 Yoo o0 Yoo o0 Yoo o0 Yoo
02, 0L (2) into (8, etc..)

Lastly by Lemma 19, we have

(Y or 9) (Z@(Z@Tl (,0)) )

neN neN meN

Therefore by the Pelczysky decomposition theorem, we have the result. [
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Let T'(d, 0) be a the Banach space constructed on one of the aforementioned extension

tree 7. Note that we have

neN

and T'(d,0) = <Z@ egg">>
p

neN

Ti(d,6) = (Z@ ez:l) ,

for some increasing function g : N — N.

Theorem 21. Let g : N — N be an increasing function with g(0) > 1. Then

(Z@zg@)p = (Z@fg:l)p.

neN neN

Proof. Since g is increasing, <ZneN® E&H) can be embedded complementedly into
p

<Zn€N@ egén)) by embedding ¢"+! into ¢4 naturally and the remaining parts as the

P

complements for each n € N, namely

(Z@ 6g§”>> = <Z@ (é’go“ Sp egg”><"“>>)
p p

neN neN
~ (Z@ 620“) Sy (Z@ fgg"”"“)) .
neN p neN p

Also ( Y nen® Ecg,én))
p

bining those dimensions in the range of g together and the others as the complement, specif-

can be embedded complemented into ( Y nen® f&) by com-
p

ically

(Z@ﬁgo“)pfv (Z@eggm)p@p( > e é’;jl)p.

neN neN neN\rng(g)
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Moreover we have

(%@ f?io*l) p = <m§e:\]@ ( %@ E&“) p) ,,

by Lemma 20.

Therefore we induce that

neN neN

<Z@ eggm)p o (Z@ fg;;l)p

by the decomposition theorem.

In conclusion, we see that

T(d,0) = (Z@egg">) = (Z@ﬁ’;:l) >~ T(d,0).

neN neN P
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