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ABSTRACT

We characterize all residuated lattices that have height equal to 3 and show that the
variety they generate has continuum-many subvarieties. More generally, we study unilin-
ear residuated lattices: their lattice is a union of disjoint incomparable chains, with bounds
added. We give the characterization of all unilinear residuated lattices. By presenting the
constructions and axiomatizations for different classes of unilinear residuated lattices, we
conclude that the study of unilinear residuated lattices can be reduced to the study of the
T-unital ones. Using the classification of unilinear residuated lattices, the idempotent uni-
linear residuated lattices are studied and amalgamation property and strong amalgamation
properties are proved or disproved, depending on if there are extra constants in the lan-
guage. We give two general constructions of T-unital unilinear residuated lattices, provide
an axiomatization and a proof-theoretic calculus for the variety they generate, and prove
the finite embeddability property for various subvarieties. Finally, we study the involu-
tive unilinear residuated lattices and give the characterization of a class of commutative
1-involutive compact unilinear residuated lattices. We present some open problems and

future work at the end.
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Chapter 1: Introduction

Residuated lattices are prominent ordered algebraic structures that generalize various
well-known structures such as lattice-ordered groups, the ideals of a unital ring, and rela-
tion algebras, among others. They also form algebraic semantics for various substructural
logics, such as classical, intuitionistic, relevance, linear and many-valued logic; as a result
further examples of residuated lattices include Boolean, Heyting, MV and BL-algebras. We
refer the readers to [12] for an introduction to residuated lattices and substructural logics.

A substantial amount of work has focused on the study of totally-ordered residuated
lattices (residuated chains) and the variety they generate (semilinear residuated lattices).
Here, we start our study by exploring the other extreme: residuated lattices whose elements
form an antichain, with two bounds added to obtain a lattice, which are called residuated
lattices on Mx. Then we generalize the class and study the unilinear residuated lattices
(URL). URL allows us to combine the study of residuated chains (e.g. see [5]) and the
study of algebras of larger “width”, but in a controlled manner. Also, it provides a new
context to study the direct product H x K of a residuated chain H and a cancellative
monoid K, which is not a lattice.

The variety of residuated lattices is vast and it’s usually difficult to do general explo-
ration. So it’s helpful to study the subclasses of residuated lattices. URL provides concrete
examples for residuated lattices and allows the combination of other substructures into
it. For example, generally the union of two residuated lattices doesn’t give a universe of
another residuated lattice, but during the study of URL, we find it works with a T -unital
residuated lattice and an integral residuated lattice as ingredients. This construction is like

the antithesis of the ordinal sum of integral residuated lattices.



The whole study involves a lot of aspects of unilinear residuated lattices and some of
them are of independent interest. As a guide to the reader, we outline the content as follows.

In Chapter 3, we show that all residuated lattices of height 3 are precisely the ones con-
sisting of two parts: a zero-cancellative monoid and a semigroup of at most three elements,
and we specify the process for putting these two parts together.

In Chapter 4 we provide an axiomatization for the positive universal class of residuated
lattices of height up to three and of the variety M it generates. More generally, we consider
the class URL of unilinear residuated lattices: they are based on disjoint unions of incom-
parable chains with two additional bounds. We axiomatize the positive universal class URL
and the variety SRL of semiunilinear residuated lattices it generates. Moreover, we show
that the finitely subdirectly irreducible members of SRL are precisely the unilinear ones. In
the particular case of M, the simplicity of height-3 lattices directly gives the semisimplicity
of M, but we further show that the variety bM, containing algebras on the expanded lan-
guage that includes the bounds, is a discriminator variety. We conclude the chapter with a
discussion of the proof-theory of SRL. In particular we present a hypersequent calculus for
SRL that enjoys the cut-elimination property, thus resulting in an analytic system for SRL.

In Chapter 5 we show that there are continuum-many subvarieties of M. These are
actually subvarieties of CMg, the variety generated by height-3 unilinear residuated lattices
where the middle layer is an abelian group. In fact we show that subvarieties of CMg¢ corre-
spond to ISPy-classes of abelian groups and we further present a completely combinatorial
characterization of the subvariety lattice of CM¢ (without any reference to group theory).
We extend this characterization a little further, by allowing the middle layer of the residu-
ated lattice to also include some semigroup elements, coming from the characterization in
Chapter 3.

Chapter 6 contains a proof of the finite embeddability property (FEP) for the variety

CMg, thus contrasting the complexity coming from the continuum-many subvarieties with



the fact that the universal theory of CMc is decidable. We also establish the FEP for more
subvarieties of SRL, which do not have the height-3 restriction. To be more precise, the
FEP holds for every subvariety of SRL that is axiomatized by equations in the language
of multiplication, join and 1, and satisfies any weak commutativity axiom and any knotted
rule; we establish this result by using the method of residuated frames.

In Chapter 7, we focus our attention on unilinear residuated lattices R where M :=
R\ {L, T} is a submonoid and the bounds are absorbing with respect to the elements of
M; we call such unilinear residuated lattices compact. We provide two constructions of
compact residuated lattices, with the first one coming from a finite cyclic monoid. In the
second one M is the Cartesian product of a residuated chain and a cancellative monoid,
relative to a 2-cocycle; thus it is a generalization of the semidirect product of monoids.

Chapter 8 classifies the (bounded) URLSs into various classes based on the structure of
the non-linear members of each class. These classes, which together cover all the URLs,
will be: B4, Tunital, B, TW and LW. Furthermore, by providing axiomatizations and
constructions of these classes, we show how the algebras in the three latter classes can
be constructed from algebras in Tunital, thus reducing the study of URLs to the study
of the T-unital ones. At the end of this chapter, we present an application of the the
characterization of URL to a class called URL of type h4.1.

In Chapter 9 we focus on the class of idempotent URLs. We apply the classification in
Chapter 8 to this class. Moreover, since our characterization has no restriction on the resid-
uated chains, we apply the result in [5] about x-involutive idempotent residuated chains to
study the amalgamation property (AP) and strong amalgamation property (sAP) of each
class. During the study, we realize the presence of constants | and T in the language
matters since AP and sAP are sensitive to the structures of subalgebras. We conclude this

chapter by showing any join of two of the varieties generated by the classes above fails AP.



As we found in Chapter 8, the study of URLs can be reduced to the study of T-unital
URLs. So in Chapter 10 we provide the classification of the commutative 1-involutive
URLs and then focus on the T -unital ones. In the presence of involutivity, these URLs are
not just T-unital, they are compact. If further the negation constant is 1, then the disjoint
chains form a group with the identity being the chain of 1. We give the characterization
of a class of commutative 1-involutive compact URL, whose chain of 1 is an odd Sugihara
chain and each chain is of finite order in the group. It turns out such URLs are precisely the
subalgebras of conucleus images of the direct product constructed by the chain of 1 and the
group, as mentioned in Chapter 7, up to isomorphism. Using this result, we characterize
all finite commutative 1-involutive T-unital URLs.

Finally, in Chapter 11 we list some open problems and future work.



Chapter 2: Preliminaries

The readers can find all the terminologies of this chapter in any textbook of Universal
Algebra and paper about residuated lattices and residuated frames. Here we use [12] and
[9] for reference.

2.1 Concepts from Universal Algebra

A language (or signature) L is the disjoint union of a set L° of operation symbols and
L" of relation symbols, each with a fixed non-negative arity. Operation symbols of arity 0
are called constant symbols.

For a set X, the L-terms over X is denoted by T'm (X ') and defined as the smallest set
T such that X C T, and if f € L° has arity n and t1,...,t, € T then f(t1,...,t,) € T.
Note the terms are simply strings of symbols. We fix a countable set of symbols (disjoint
from L) called variables, and we denote the set of all £L-terms over this set of symbols
simply as T'm.

An L-structure A = (A, (I*),c.) is a nonempty set A, called the universe, together
with an £L-tuple of operations and relations defined on A, where [ has the same arity as /.
An operation of arity n on a set A is simply a map from A" to A and that a relation of arity
nonaset Ais asubset of A”. An algebra is a structure without any relations. Two algebras
A and B are of the same type when both of them are £-structures for some language £. An
algebra is finite if the universe is a finite set, and is frivial if the universe is a singleton set.

A sublanguage KC of a language L is simply a subset of £, where every symbol retains
its arity. The K-reduct of an L-structure A = (A, (I*));c.) is the K-structure (A, (I*))1ex)
on the same universe, where K is a sublanguage of L. In this case A is called an expansion

of (A, (I*))ex). The K-reduct of A is also the M-free reduct of A, where M is the



complement of /C of L. If K is clear from the context, we simply refer to the K-reduct as
the reduct of A.
A structure Q = (Q, <) is a preordered set if < is a binary relation on () such that for

all z,y, z € @, the following hold:

r<x (reflexivity)

r<yandy<z — xr <z (transitivity)

A structure P = (P, <) is a partially ordered set, or a poset, if it is a preordered set and

forall z,y,z € P

r<yandy<zr —= =y (antisymmetry)

An algebra A = (A, A, V) is a lattice, if the binary operations, called meet and join
respectively, are commutative, associative and mutually absorptive, i.e., forall z,y, 2z € A

the following hold:

TANYy=yAx (commutativity of meet)
rVy=yVax (commutativity of join)
cA(yANz)=(xAy) Az (associativity of meet)
zV(yVz)=(xVy Vz (associativity of join)
zV(xAy)==x (absorption of meet by join)
zA(xVy) =z (absorption of join by meet)



An equivalence relation 6 on a set A is a reflexive, symmetric and transitive binary

relation on A. For symmetry, we mean for all z,y € A

0y — yb. (symmetry)

The set A is partitioned into equivalence classes [alg = {x € A : afx}. If for every n-ary

basic operation f, 6 satisfies that

a0by, ..., a,00, = f(a1,...,a,)0f(b1,...,bn),

then we say that the operations are compatible with the equivalence classes. An equivalence
relation with this property is called a congruence, and the equivalence classes are called
congruence classes.

An assignment or valuation into an algebra A is a function h from the set of variables
to A. Any such function extends uniquely to a function (also denoted by h) from T'm, to
A by defining h(f(t1,...,t,)) = fA(h(t1),...,h(t,)) for each operation symbol f € L°
with arity n.

Let () be a set. A subset - of P(Q) x @ is called consequence relation over @), if for

every subset X UY U {z, z} of Q
e ifx € X,then X F x, and
e if XFYandY + z,then X I 2,

where X F x stands for (X, z) € Fand X F Y stands for X -y forally € Y.
2.2 Residuated lattices

A residuated lattice is an algebra (R, A\, V, -, \,/, 1) where

* (R, A, V) is alattice,



* (R,-,1)is a monoid, and
ey < ziffy <z\ziffz < z/yforall z,y, z € R.

The last condition above is called residuation. Given posets P and Q, amap f : P —

Q is said to be residuated if there exists a map f* : Q — P such that

flz) <yiffz < f*(y)

forallz € Pandy € Q.

The following result is folklore in the theory of residuated maps.

Lemma 2.1. A function g from a poset P to a poset Q is residuated if and only if the set

{z € P: g(z) < y} has a maximum for all y € ) and g is order-preserving.

Proof. Let S, = {x € P : g(z) <y} and we assume that g is residuated with residual g*.
Note that g*(y) < ¢*(y) yields g(g*(y)) < yso g*(y) € S,. Also, forallz € S, g(z) <y
hence = < ¢g*(y). Therefore, g*(y) = max S,,.

If 21 < xy, then since g(x2) < g(x2) yields zo < g*(g(z2)), we get 1 < g*(g(22));
hence g(z1) < g(x3). Therefore, g is order-preserving.

Now suppose S, has a maximum for all y € () and g preserves the order. We define
g Q — P by g*(y) = maxS,; clearly ¢g* is order-preserving. If g(x) < y for some
reP,ye @, thenz € S,and x < ¢g*(y) by definition. Conversely, if z < g*(y), then
g(x) < g(g*(y)) since g is order-preserving. Moreover, g*(y) € S, so g(¢*(y)) < y; thus

9(z) <y. O

We mention that if the assumption that {x € P : g(z) < y} has a maximum is
replaced by the demand that it has a join, then the order-preservation of g is not enough to

give residuation.



Note that a lattice-ordered monoid supports a residuated lattice iff left and right multi-

plication are residuated. So Lemma 2.1 yields the following fact.

Corollary 2.2. A lattice-ordered monoid R is a reduct of a residuated lattice iff multi-
plication is order-preserving and for all x,z € R, the sets {y € R : zy < z} and
{y € R : yx < z} have maximum elements. In such a case the expansion to a resid-

uated lattice is unique by z\z = max{y € R: 2y < z} and z/x = max{y € R: yx < z}.

Corollary 2.3 ([12]). A complete lattice-ordered monoid R is a reduct of a residuated

lattice iff multiplication distributes over arbitrary joins.

In particular, multiplication distributes over the empty join, if it exists; so if there
is a bottom element 1, then x - 1 = 1 = 1 -z, for all . For convenience, we set

2N\z:={yeR:zy<z}and zJx:={y € R:yx <z} forz,z € R.

Remark 2.4. Let P = (P, A, V, -, L, T) be a bounded lattice-ordered semigroup such that
1z = 1 forallz € P. Then we have L\ = P,so L\z = max L\« = T forall z € P.
Also, since z\ T = P, 2\T = T forall z € P. Similarly, z/L = T and T /z = T for all

z € P.

A residuated lattice with bounds | and T is called rigorously compact if Tx = 2T =
T for all x # L. In this case we also have that xry = L = x = Lory = L, since
otherwise we get x # | # y,s0 L = 1T = xyT = xT = T, a contradiction. Note
that in rigorously compact residuated lattices we have 1 \x = z/1 = T = 2\T = T /x,
T\y=y/T=L2\L=1=1/zforallz € R,y #T,z# L.

Let - be a consequence relation on the set of L-formulas, for some language £, then a
matrix model of |- is a pair (A, F'), where A is an L-algebra and F is a subset of A such
that for every assignment f into A, and for every set ® U {¢'} of L-formulas, such that
O |- o, if f[®] € F then f(¢)) € F. In this case F called a --deductive filter of A, or a

deductive filter of A with respect to .



Let A be a residuated lattice. For a,z € A, we define the left conjugate \,(z) =
a\zra A 1 and the right conjugate p,(x) = ax/a A 1 of x with respect to a. An iterated
conjugate of x is a composition 7Yu, (Va, (- --7a, (7). ..)), where n is a positive integer,
ap,as,...,a, € Aand v, € {A\,,pq,},foralli € {1,2,... n}. We denote the set of all
iterated conjugates of elements of X C A by I'(X). In analogy with groups, a subset X of
A is called normal if forallz € X and a € A, \,(2), pa(x) € X.

We use [z, y] to denote the closed interval {u € A : x < u < y}. As for posets,
we call S convex if [z,y] C S for all z,y € S. Note that for a sublattice S of A the
property of being convex is equivalent to x,(x,y) € S forall u € A and z,y € S, where
Ku(x,y) = (u A x) Vy. Thus a convex normal subalgebra is precisely a subalgebra of A
that is closed under the terms A, p and k.

For a,b € A, wedenote a <+ b =a\bAb\aAlanda <’ b="b/a Aa/bA 1, clearly

a <» 1 =a\l AaA 1. Moreover, for every subset X of A, we define the sets

XANl={zAl:zeX}
AX)={r < 1:ze€ X}
(X)) ={x1xe- -2, :n>12,€ X} U{1l}

E(X)={a€eA:x<a<z\l, forsomez € X}

[1]

(X)={aceA:x<a<1, forsomex € X}

Note that the negative part A~ = {a € A : a < 1} of A is closed under multiplication
and it contains 1, so it’s a submonoid of A.
Theorem 2.5 ([12]). For every residuated lattice A, the following properties hold.

1. If S is a convex normal subalgebra of A, M convex normal in A submonoid of A~

 a congruence on A and F' a deductive filter of A, then
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(a) My(S) = S—, M.(0) = [1], and M(F) = F~ are convex, normal in A sub-

monoids of A~,

(b) Sp(M) = E(M), S.(0) = [1]p and S¢(F') = =Z(F ) are convex normal subal-

gebras of A,
(c) Fs(S) =18, F,,(M) =1M, and F.(0) = 1[1]y are deductive filters of A,

(d) 64(S) = {(a,b) : a < b € S}, ©,(M) = {(a,b) : a <> b € M} and
Os(F) ={(a,b) :a < b e F} ={(a,b) : a\b,b\a € F} are congruences on
A.

. (a) The convex, normal subalgebras of A, the convex, normal in A submonoids of
A~ and deductive filters of A form lattices, denoted by CNS(A), CNM(A)

and Fil(A), respectively.

(b) All the above lattices are isomorphic to the congruence lattice Con(A) of A via

the appropriate pairs of maps defined above.

(¢) The composition (whenever defined) of any two of the above maps gives the
corresponding map; e.g., M(S.(6)) = M.(6).

. If X is a subset of A~ and Y is a subset of A, then

(a) the convex, normal in A submonoid M (X) of A~ generated by X is equal to
=TIT(X);

(b) the convex, normal subalgebra S(Y) of A generated by Y is equal to ZIIT'A(Y);

(c) the deductive filter F'(Y') of A generated by Y C A is equal to TIII'(Y) =
HIT(Y A 1);

(d) the congruence ©(P) on A generated by a set of pairs P C A? is equal to

O (M(P")), where P’ = {a <> b: (a,b) € P}.
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2.3 Finite embeddability property and decidability

A class K of similar algebras is said to have the finite embeddability property (FEP) if
for every algebra A € K and a finite subset B of A, there exists a finite algebra C € K such
that the partial subalgebra B of A induced by B embeds in C. Note that a class satisfying
the finite embeddability property is generated by its finite members. Another consequence
of FEP is that every universal sentence that fails in the class also fails in a finite member
of the class. To see this, let KC be a class satisfying FEP and ¢ be a universal sentence
and A € K an algebra falsifying ¢ under a valuation v. Let P be the set of subterms of
. Clearly the image v[P] C A is finite. Moreover, it gives rise to a partial algebra of A
with v(s) % v(t) defined, as v(s * t), if s % ¢ is a subterm of o, where * ranges over the
operations occurring in ¢. By FEP, v[P] can be embedded in a finite algebra D € K and
it is easy to see that the valuation defined by sending each variable x occurring in ¢ to the
image of v(z) in D (and arbitrary for other variables) falsifies ¢ in D. Thus, if K is finitely
axiomatizable, then its universal theories are decidable.
2.4 Amalgamation property

Let K be a class of similar algebras. A V-formation in K is an ordered quintuple
(A,B,C, ¢B,¢c), where A/ B,C € L and pg : A — B and pc : A — C are embed-
dings. Given a V-formation V' = (A, B, C, ¢g, ¢¢c) in K and a class M of algebras in the
type of K, an amalgam of V' in M is an ordered triple (D, g, ¥c), where D € M and
1Y : B —= D and ¢)c : C — D are embeddings such that ¢g o pg = ¢ © ¢c. A class K
of similar algebras is said to have the amalgamation property in M if every V-formation
in /C has an amalgam in M. The class K is said to have the amalgamation property if K
has the amalgamation property in K.

Note that for classes closed under isomorphisms, we can assume without loss of gen-

erality that A is a subalgebra of B and C, and ¢ and (¢ are inclusion maps.
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A class of similar algebras K has the strong amalgamation property if it has the amal-
gamation property and amalgams (D, 15, ¢¥c) may be selected so that (g o pB)[A] =
¥[B] N1¢c|C]. In this case, we say (D, g, ?¢) is a strong amalgam.

It’s easy to see if the class /C of similar algebras is closed under isomorphisms, then
the strong amalgamation property has an easier formulation: if B, C € K intersect at a
common subalgebra A, there exists an algebra D € K such that B and C are subalgebras
of D.

2.5 Residuated frames

A pogroupoid is a structure G = (G, <, -), where < is a partial order on GG and the
binary operation - is order-preserving. A residuated groupoid is a structure G = (G, <
.+, \, /) where < is a partial order on G and the residuation property holds. It follows that
multiplication is order-preserving. If < is a lattice order, then (G, A, V, -, \, /) is said to be
an r/-groupoid, and if this algebra is extended with a constant 1 that is a multiplicative unit,
then it is said to be an rlu-groupoid.

For posets P and Q, the maps > : P — ) and < : () — P form a Galois connection
ifforallp € Pand q € Q, q < p” iff p < ¢°. A closure operator v on P is an increasing,
monotone and idempotent map, i.e., x < y(z), x < y implies y(x) < v(y), and y(y(x)) =
v(x) for all z,y € P. P., denotes the poset of y-closed sets, with underlying set the image
Py =~[P] ={y(p) : p € P}.

Given a relation R C A x B between sets A and B, for X C Aand Y C B define

XRY iff xRy forallz € X,y €Y.

Note that a pair of maps * : P(A) — P(B) and “ : P(B) — P(A) forms a Galois
connection iff there exists a relation R C A x B such that X* = {y € B : X Ry} and

Y9 ={x € A:zRY}. In this case we have 2Ry iff z € {y}“ (iff y € {z}*) and (*,7) is

13



called the Galois connection induced by R. The closure operator v : P(A) — P(A) is
defined by yr(X) = X" For a closure operator  on a complete lattice P, D C Pisa

basis for ~y if the elements in [P] are exactly the meets of elements in D.
Lemma 2.6 ([9]). Let A and B be sets.
1. If R is arelation between A and B, then 7 is a closure operator on P(A).
2. If ~y is a closure operator on P(A), then v = g for some R with domain A.

A nucleus on a pogroupoid G is a closure operator v on G such that y(z)y(y) < y(zy)
forall z,y € G. Now let G = (G, <, -) be a residuated pogroupoid, v a nucleus on G, and

forall z,y € G definez -,y = y(z - y). G, = (G, <, -,) is called the y-image of G.

Lemma 2.7 ([9]). (i) The nucleus image G, of a pogroupoid G is a pogroupoid and the

properties of lattice-ordering, being residuated and having a unit are preserved.
(ii) All equations and inequations involving {-, V, 1} are preserved.

(iii) If G is a residuated lattice and v is a nucleus on it, then the vy-image G, of G is a

residuated lattice.

Let (W, o) and (W', -) be ternary relation structures. A relation N C W x W is called
nuclear on (W, o) if there exist ternary relations \\ C W xW’'xW’and ) C W' x W x W’

such that for all u,v € W, w € W/,

wovNw iff vNu\w iff uNw/v.

Lemma 2.8 ([9]). If (W, o) and (W', -) are ternary relation structures and N C W x W',

then ~y is a nucleus on P (W, o) iff N is a nuclear relation.

Now we introduce the concept of residuated frames.
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A residuated frame is a structure of the form W = (W, W’ N, o,\, /) where (I, 0)
is a ternary relation structure and N C W x W' is a nuclear relation on (¥, o) with respect

to \\, /. Concretely, this means
* N is a binary relation from W to W/, called the Galois relation,
co CWINCWXW xW, ) CW xW x W and
* (uov)Nw iff uN (u\w) iff uN (w /v) for all u,v € W and w € W'.

It follows above lemmas that P(IV, 0),, is an r{-groupoid, called Galois algebra of
W.

Here is an instance of the application of residuated frame.

Let A be a residuated lattice and B be a partial subalgebra of A. Define (W, 0, 1) to
be the submonoid of A generated by B. A unary linear polynomial of (W,o,1) is a map
uon W of the form u(z) = v oz ow, for v,w € W. Such polynomials are also known
as sections and we denote the set of all sections by Sy,. Let W’ = Sy, x B and define
N (u,b) by u(x) <A b. Given z,y € W and u € Sy, define sections u'(z) = u(z o y)
and v (y) = u(x o y). We also use the notation v’ = u(_ o y) and u” = u(z o ). Now
define 2\ (u,b) = {(u(x o _),b)} and (u,b)/y = {(u(_oy),b)}. Then it’s easy to see
that Wa g = (W, W', N,o0,\, /) is a residuated frame and the map b — {(id, b)}" is an

embedding of the partial subalgebra B of A into the residuated lattice Wy p.
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Chapter 3: Residuated Lattices on M x
Residuated lattices based on chains have been studied extensively. We start by looking
into residuated lattices based on an antichain, with extra top and bottom elements.
3.1 Properties
Given a set X, we denote by M x the lattice over the set X U {_L, T}, where T is the

top element, | is the bottom element, and xt Vy = T and x Ay = L, for distinct x, y € X.

Figure 3.1: A residuated lattice over Mx

The characterization of all residuated lattices based on M y where X is non-empty and
closed under multiplication, L is absorbing in My and T is absorbing in X U{T } is known
([12] p. 205): X is a cancellative monoid. We will characterize all residuated lattices based
on My, even when X is not closed under multiplication.

Recall that in every bounded residuated lattice the bottom element is absorbing. Also,
in a residuated lattice based on M x we have Tz, T € {x, T} for all z, since 1 < T
impliesr < Tzandz < xT.

In a residuated lattice R on M x, we define

Up={x € R\{L, T}:2T=T}and Zr={x € R\{L,T}: 2T ==z},
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the set of elements that behave as units for T and the set of elements that behave as zeros
for T; when the residuated lattice is clear from the context we drop the subscript in Uy and
Zp.Notethatl e Uand U N Z = 0.

A monoid S with a zero (absorbing element) 0 is called 0-cancellative if forall z,y, z €

S,

xy=x2#0 = y==z2

yr=zxr#0 = y=z.
An element ¢ in a residuated R lattice is called central if xc = cx, for all x € R. Also,
we denote by LI the disjoint union operation.
Theorem 3.1. If R is a residuated lattice based on M x, then
l. TiscentralinRand R=U U ZU{L, T}.
2. Ur = U U{T}isa T-cancellative submonoid of R.

3. Z, = ZU{Ll} is a subsemigroup of R with zero L, |Z,| < 3 and zy = L for all
distinct x,y € 7.

Also, either Z, is idempotent, or Z, = {b, L} with 0* = L.
4, ab=ba="bforalla €c Uandb € Z.

Proof. (1) We will show that Tx = xT,forallx € R. If xis T, L or T, then Tz and =T
both are equal to T, L, z, respectively. Also, if x is incomparable to 1, thenx V1 = T, so
Te=(1Vr)r=zVari=x(1Vzr)=2aT.

Since T is central and T € {z, T} for all z, we have that for every x € R\ {L, T}

either x € U or x € Z, but not both.
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2)Ifa,be Ur,thenab- T =a-bT =aT = T,s0ab € Uy. Similarly, ba € Ut and
T is a zero for U~.

Ifr,y,z€ Urandoy = xz # T,thenz(yVz) =ayVezz=xzy# T.SoyVz#T,
because xT = T; in particular, y # T # 2. Also, since y,z € Ut and L & Uy, we get
y# L # z;hencey,z € X andy V z # T. Since, R is based on M x, we get that y = z.
Similarly, we obtain the other implication of T-cancellativity.

B)Ifc,de Z ,thencd- T =c-dT =cd. Also,cd < cT =c< T;hencecd € Z,.
Clearly, L is a zero for 7 .

Since Z;, C X U{L}, fordistinct x,y € Z,, wehave zy = zy Aaxy < axT ATy =
x Ay = L. So, if there were distinct x,y, z € Z,thenyVz=Tandz = 2T =z(yVz) =
xyV ez = 1V 1L = 1,acontradiction. Therefore |7, | < 3.

If b is a non-idempotent element of Z;, C X U {1}, thenb # L and * < bT = b,
so b> = L. If ¢ is an element of Z, distinct from b and L, then > = 0>V L = b> V bc =
b(bV c¢) = bT = b, a contradiction. So, if Z, is not idempotent, then Z, = {b, L} and
b= 1.

(4) Fora € U and b € Z, using the centrality of T, we get

b=Tb=Ta-b=T-ab=ab-T =a-bT = ab.

Similarly, we get ba = b. [

It is straight-forward to see that that the possible options for the subsemigroup 7,
mentioned in Theorem 3.1(3) are precisely the ones in Figure 3.2.

Note that if a residuated lattice based on M is integral (i.e., it satisfies x < 1), then
U = (). By taking into account all of the possibilities for Z , it follows that the only integral

residuated lattices based on M x are the 2-element and 4-element Boolean algebras, the 3-

18



L b by

L Lo I B R
, L L, 4L L,

N I el i 11 (A R

by | L L b

Figure 3.2: Four multiplication tables

element Heyting algebra and the 3-element MV-algebra. The latter two, together with the
3-element Sugihara monoid, are the only 3-element residuated chains.
3.2 Construction and characterization

We now prove the converse of Theorem 3.1. Let A be a T-cancellative monoid with
zero T and B a semigroup with zero 1, whose multiplication table is one of those in
Figure 3.2.

We define the lattice structure Mx on the set R = AU B, where X = R\ {L, T},
L is the bottom and T is the top. Also, we define a multiplication on R that extends the
multiplications on A and B by: 2y = yr = y, forall x € A and y € B. We denote by

R B the resulting algebra.

Theorem 3.2. If A is a T-cancellative monoid with zero T and B is a semigroup with zero
1, whose multiplication table is one of those in Figure 3.2, then R4 g is the reduct of a

residuated lattice based on M x, where X = (AU B) \ {L, T}.

Proof. Since associativity holds in A and B and every element of B is an absorbing ele-
ment for A, we get that multiplication on R is associative.

Corollary 2.3 ensures that an expansion of My by a monoid structure is a residuated
lattice iff multiplication distributes over arbitrary joins. Since Lz = zl = 1 for all
x € R, multiplication distributes over the empty join. Also, we observe every infinite join
is equivalent to a finite join, so it suffices to show z(yV z) = zyVxz and (yVz)r = yrVze

forall z,y,z € Rand y # z. Here we prove z(y V z) = zy V xz2.

19



If L € {x,y,z}, then it is easy to check that this equation always holds, so we will
assume that | ¢ {x,y,z}. Since y # z, we get y V z = T. Now we will verify that
rl =zyVaxz.

If x € B, then the left-hand side is z. If, further, y € A or z € A, then the right-hand
sideisxVaxz =xoraxyVax = x, since xu < x forallu € R. If y,z € B, then since
|B| < 3andy,z, L are distinct, we get B = {y,2, L} and x = y or x = 2. In this case,
xy Vxz =z V L = x, so the equation holds.

If x € A, then the left-hand side is equal to T. If y € B and z € B, then the right-hand
sideisyVz = T,sincey # z. Ify € B and z € A, then the right-hand sideisyVxz =T,
sincey € B,zz € Aand L ¢ {z,y,z}. Likewise, if y € A and z € B, then the right-
hand side is T. If y € A and z € A, then the right-hand side is zy V xz = T since A is
‘T-cancellative.

Similarly, we can show (y V 2)x = yz V 2z for all z,y, z € R. O

By Corollary 2.2 the divisions are uniquely determined by z\z = max{y € R : zy <
z} and z/o = max{y € R : yx < z}, and we give the precise values below.

It turns out that AU {L} and B U {T} are subalgebras of Ra g. In particular, B U
{T} is the 2-element generalized Boolean algebra, the 3-element generalized Brouwerian
algebra, 3-element generalized MV-algebra, or the 4-element generalized Boolean algebra,

corresponding to the tables in Figure 3.2. The divisions are given by Remark 2.4 and

as if ajaz = as as if asa; = ag
CL1\CL2 = ag/al =

1 otherwise 1 otherwise

for aq,as,a3 € A, where the as is guaranteed to be unique, when it exists. Finally, for
a € A\ {T} and b € B, any operation between a and b works the same as the operation

between 1 and b. For example, b\a = b\1,a Ab=1Ab, ab = 10, etc.
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By combining Theorem 3.1 and Theorem 3.2, we obtain the following characterization.

Corollary 3.3. The residuated lattices based on My are precisely the ones of the form
Ra B and the integral ones: the 2-element generalized Boolean algebra, the 3-element
generalized Brouwerian algebra, 3-element generalized M V-algebra, or the 4-element gen-
eralized Boolean algebra, where A is a T-cancellative monoid with zero T and B is a

semigroup with zero |, whose multiplication table is one of those in Figure 3.2.
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Chapter 4: Axiomatizations

In this section we will provide axiomatizations for the various classes we will be con-
sidering and also discuss their proof theory.

4.1 Axiomatization of residuated lattices based on M x

We start by giving an axiomatization for the variety M generated by all residuated
lattices based on M x, where X is a set; see Corollary 4.4. Since the lattice M x is simple,
when | X| > 3, residuated lattices based on M x are also simple; if | X | < 3 the residuated
lattice is simple, as well. It turns out (Corollary 4.7) that these are precisely the subdirectly
irreducible algebras in M and we will provide an axiomatization for them.

Actually, we can also expand the language of residuated lattices to include constants
which then evaluate as bounds. A bounded residuated lattice is an expansion of a residuated
lattice that happens to be based on a bounded lattice, by the addition of constants | and T,
evaluating at these bounds (so L < x < T, for all ). We will consider both cases where
the language includes the bounds or not, but opt for the axioms to be expressible without
the need for bounds. We can arrange for the axioms we will be considering to be positive
universal sentences, which is convenient for applying the correspondence provided in [8].

A (bounded) residuated lattice is called unilinear if it satisfies:

Vo, y,z,w(x <yory<zor(zAy<wandz <zVy)) (URL)

Since the axiom (URL) is equivalent to

Va,y, (z <yory<zorVzyw(x Ay <wandz < zVy)),
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a residuated lattice is unilinear iff it is linear or else the lattice is actually bounded and
every pair of incomparable elements joins to the top of the lattice and meets to the bottom
of the lattice. In other words the non-linear residuated lattices consist of two bounds and
the rest of the lattice is a disjoint union of totally incomparable chains; see Figure 4.1. For
these non-linear unilinear residuated lattices, we will be denoting these bounds by L and
T, even when the language does not include constants for the bounds. We denote by URL
and bURL the (positive universal) classes of unilinear and bounded unilinear residuated

lattices, respectively. Clearly, (bounded) residuated lattices on an M x are unilinear.

Figure 4.1: A non-linear unilinear residuated lattice

What distinguishes M x from other lattices is its height, so we axiomatize unilinear
residuated lattices whose height is no greater than a given number. We are careful to
formulate the first-order sentence so it has no implication in it and it remains a positive

sentence.

Proposition 4.1. Given a natural number n, a (bounded) unilinear residuated lattice has

height at most n if and only if it satisfies

Vi, ... Tpi1 ( OR V-V, =21V VTpna). (hy)
1<m<n
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Also, it has width at most n if and only if it satisfies

Voi,...,x OR z; <uxz;). w
1 s 41 (1§i¢j§n+1 % j) ( n)

Proof. Having height at most n is equivalent to saying that every subchain has at most n
elements. Now, every subchain always has the form a; < a; Vas < a; VasVaz <--- <
a1 V ---V ag, where aq,...,a are elements of the lattice and where the number of the
inequalities that are equalities determines the number of elements in the chain. So, having
height at most n is equivalent to stipulating that in every chain a1, a1 Vas, ..., a1V- - -Va,i1,
at least two adjacent elements are equal.

Having width at most n is equivalent to having at most n pairwise incomparable ele-

ments. H
We denote by URL,, the subclass of URL axiomatized by (h,,). In particular, (h3) is the
universal closure (which we often suppress) of
T =21 Varxy0rx Ve :fL’l\/ZEQ\/ZEg OI‘ZL‘l\/.I'Q\/l’3 :$1VI2\/ZE3VZL‘4.
Corollary 4.2. The (bounded) residuated lattices that are based on My, for some X,
together with the trivial algebra, are precisely the ones in the class URL3 (bURL3).

4.2 Equational basis for M
The class URLj3 is axiomatized by positive universal sentences. We note that [8] pro-
vides a general method for axiomatizing the variety of residuated lattices generated by a

positive universal class. In detail, if

I<pior---orl<p,

24



is a positive universal formula, then the variety generated by the residuated lattices satisfy-

ing the universal closure of the formula is axiomatized by the infinitely many equations

L=m(p1) V-V (pn)

where 71, ...,7, € I'(Var), the set of all iterated conjugates. The left conjugate of a by x
is the term z\axz A 1 and the right conjugate is xa/x A 1; iterated conjugates are obtained
by repeated applications of left and right conjugates by various conjugating elements from
the set Var of variables. If ¢ is a set of positive universal formulas, we denote by V,
the variety axiomatized by the set I';, of all the equations corresponding to the positive
universal formulas in ¢.

We consider the variety SRL generated by the class URL and we call its elements semi-

unilinear. Since URL is axiomatized by

r<yory<zor(zrAy<zandw < zVy),

which can be written as the conjunction of the two sentences

r<yory<zorxAy<z, r<yory<zorw<zVy,

and, in turn, as

I1<z\yorl<y\zrorl<(zAy)\z, 1<z\yorl<y\rorl <w\(zxVy),

we get the following result.
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Corollary 4.3. The variety SRL of semiunilinear residuated lattices is axiomatized by the

infinitely many equations

L=m(2\y) Vr@\2) Vas((@ Ay)\z)  T=u@\y) Vsy\e) Vsw\(@ V),

for all 1,72, ¥3, V4,75, 76 € I'(Var).

Corollary 4.4. The variety M generated by the class URL3, of residuated lattices on an

M, is axiomatized relative to SRL by : 1 =

")/1((.1'1 V .CEQ)\JZ'l) V ’}/2((371 VoV 1'3)\(371 V 1'2)) V ’Yg((.fCl VoV T3 V Z'4)\<£C1 VgV 373))

for all v, 79,73 € I'(Var).

The equational bases are not necessarily infinite. [12] gives an example of searching for
a finite equational basis of the variety RRL of representable residuated lattices. However,
the method there doesn’t work for our case. It’s still unknown if there are finite equational
bases for varieties SRL or M.

We denote by bM the corresponding variety of bounded residuated lattices. Also, we

can characterize the finitely subdirectly irreducible algebras in these varieties.

Theorem 4.5. The finitely subdirectly irreducible (FSI) semiunilinear residuated lattices
are precisely the unilinear residuated lattices: SRLzs; = URL. More generally, if ¢ is a
set of positive universal sentences, then the FSIs in SRL N V,, are precisely the unilinear

residuated lattices that satisfy ¢.

Proof. It follows from the proof of Theorem 9.73(2) of [8] that an FSI algebra satisfies the
unilinearity condition iff it satisfies the equations of Corollary 4.3, i.e., iff it is semiunilin-

ear. So, the semiunilinear FSIs are actually unilinear.
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Conversely, if an algebra is unilinear, then its negative cone |1 is a chain. There-
fore, the convex normal submonoids of the negative cone are nested and {1} cannot be the
intersection of two non-trivial convex normal submonoids; see [12] for the correspondence
between congruences and convex normal submonoids of the negative cone of residuated
lattices. Therefore, the trivial congruence is meet-irreducible and the algebra is FSI (and

semiunilinear, as it is unilinear). OJ

Corollary 4.6. Every semiunilinear residuated lattice is a subdirect product of unilinear

ones.

Corollary 4.7. The subdirectly irreducibles in M are the same as the finitely subdirectly
irreducibles in M and as the simple ones in M and they are precisely the non-trivial residu-

ated lattices based on M x, for some X. The same holds for bM.

That every subdirectly irreducible in each of the varieties M and bM is actually simple
follows from the fact that its negative cone has two elements. Consequently, these varieties
are semisimple. For bM we can say a bit more.

We define the following terms

rz)=0Vvz)IAz)AN(1V1/x)(1A1/x) reoy=s\yAy\z Al

Lemma 4.8. bM is a discriminator variety with discriminator term ¢.

Proof. If R € bMg; then, by Corollary 4.7, R is a non-trivial bounded residuated lattice
based on M x for some X. Note that if x is incomparable to 1, then also 1/x is incompara-
bleto lorisequalto L,sol Az =1A1/x = 1, hencer(x) = L. Also,ifz € {L, T},
then {z,1/z} = {L, T},sol Ax = LorlAl/x = 1, hence r(x) = L. Finally, since

1/1=1,wehaver(z) = 1,if z = 1 and r(z) = L otherwise.
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Note that for all z,y € R, we have x <> y < 1, i.e, x <> y € {L,1}. Moreover,
reoy=1iffl=2\yAy\z A1iff 1 <z\yAy\ziff (1 <z\yand 1 < Ay\o)iff (z <y
andy < z)iffz =y. Thuswehavexr < y=1lifz =yandz < y = Lifx #y.

Therefore, t(x,y,z) =r(1)- 2V (r(1)\LAl)-x =1-2V(I\LAl)-z =2V L.z =z
ifer =y;andt(x,y,z) =r(L)-2V(r(L)\LAl) -z = L-2V(L\LAL)- 2 = (TAl).x =

l-x=ux,ifx#y. O

4.3 Including (or not) the bounds in the signature

Note that when axiomatizing classes of unilinear residuated lattices for which the
non-linear members are asked to satisfy a certain positive universal sentence, oftentimes
the axiomatization looks nicer in the case where the language includes constants for the
bounds. For example, the class of URLs whose non-linear members satisfy Tx = xT is

axiomatized by the positive universal formula

u<vorv<wvorz(uVwv)=(uVv)r.

For non-linear bURLSs this formula is equivalent to

T = Tx.

For the sake of readability, we will allow ourselves to denote the first of these sentences
as the more pleasing to the eye:

T = Tx.

We call a (bounded) unilinear residuated lattice T -central, if it satisfies this formula.
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More generally, if ® is the sentence V' (¢(Z, T, L)), where ¢ is in the language of

URL, we denote by ® the sentence

VT (p(2, T, L)) == Yu, Yo, V% (u < vorv < wor (T, uVo,uAv))

where u, v are fresh variables.
Likewise, we call a (bounded) unilinear residuated lattice T -unital, if it satisfies the

formula

since in the non-linear models every non-bottom element acts as a unit for the top. Note

that for non-linear bURLSs being T -unital is the same as being rigorously compact.

Lemma 4.9. Let ¢ be a positive universal formula in the language of URLs, let ® be

VZ (¢(#, T, 1)) and let ® be VZ (¢(Z, T, 1)).

1. The non-linear bURLS that satisfy ¢ are precisely the non-linear bURLSs that satisfy

D

2. The non-linear URLs that satisfy ® are precisely the bound-free reducts of the non-

linear bURLS that satisfy ®.

3. The linear (bounded) URLs that satisfy D are precisely the (bounded) residuated

chains.

Proof. (1)If R is a non-linear bURL, then it satisfies ® iff it satisfies it for all incomparable
elements u,v (as ® automatically holds for comparable elements u, v) iff it satisfies ®
(since when u, v are incomparable, we have u Vv =T andu Av = L).

(2) follows from the fact that all non-linear URLs are bounded, say b and ¢ are the

bounds, and that for bounded non-linear URLs ® is equivalent to V& (p(Z, ¢, b)).
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(3) follows from the fact that ® holds in all totally ordered algebras. O

We note that there might be linear bURLSs that satisfy ®, but fail to satisfy ®. This
happens for example when ®is Tx = 2T.
4.4 Proof theory for SRL

Certain varieties of residuated lattices admit a proof-theoretic analysis, which is often
complementary to their algebraic study and which often yields interesting results. Not all
varieties of residuated lattices admit a proof-theoretic calculus, but we show that SRL does
admit a hypersequent calculus. We present the hypersequent system, but we do not pursue
any further applications in this paper.

As a motivating example, we mention the equational theory of lattices, which is axiom-
atized by the standard basis of the semilattice and the absorption laws. New valid equations
can be derived from these axioms using the derivational system of equational logic, which
includes the rules of reflexivity, symmetry, transitivity, and replacement/congruence. This
system is not amenable to an inverse proof search analysis as, given an equation s = t,
to determine if it is derivable in the system one cannot simply go through all applica-

tions of these derivational rules that could have the equation as a conclusion and proceed

s=t t=r
s=r

recursively: the transitivity rule

introduces (read upward) a new term that does not

s<t t<r
s<r

appear in the equation. Also, using inequational reasoning, where for example is
used instead and the axioms are replaced by inequational axioms such as s < sV¢, does not
make the problem go away: simply omitting this transitivity rule from the system changes
the set of derivable inequalities. However, a way to bypass this problem is to replace the

lattice axioms by inference rules; for example we replace s < s V ¢ by the inference rule

r<s
r<sVvt-®

The axiom and the rule are equivalent in the presence of transitivity, but the rule
has elements of transitivity injected in it when compared to the axiom: the rule implies
the axiom by instantiation, but the axiom implies the rule only with the help of transitivity.

Moreover, the new rule does not suffer from the problem of transitivity as all terms in the
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numerator are already contained in the denominator; so it is safe to replace the axiom by the
rule. There is a way to inject transitivity into all the axioms, converting them to innocent
inference rules, such that in the new system the transitivity rule itself becomes completely
redundant. The resulting system can be used to show the decidability of lattice equations.

A similar approach works for certain subvarieties of residuated lattices; the axioms
in the subvariety may or may not be amenable to injecting transitivity to them. Also,
since there are more operations than in lattices, the above inequalities have to be replaced
by sequents. These are expressions of the form sy, So,...,s, = S, where the s;’s are
residuated-lattice terms, and their interpretation is given by s; - So - - -5, < sg. The tran-
sitivity rule itself at the level of sequents takes the form or a rule called (cut) and the goal
is cut-elimination, in the same spirit as above, for lattices; we often write [' = II for
sequents, where I is a sequence of formulas and II is a single formula. The corresponding
derivational systems/calculi define different types of substructural logics and varieties of
residuated lattices serve as algebraic semantics for them; see [12].

The variety of all residuated lattices admits a sequent derivation system, which leads
to the decidability of the equational theory of residuated lattices, among other things. The
variety of semilinear residuated lattices (generated by residuated chains) however, provably
does not admit a sequent calculus, due to the shape of its axioms. It does, however, admit
a hypersequent calculus. Hypersequents are more complex syntactic objects of the form
=1 | Ty=1 | -+ | T, = I, ie., they are multisets of sequents. We denote
by HRL the basis hypersequent system for the variety of residuated lattices; additional
inference rules can be added in order to obtain systems for subvarieties.

We follow [3], which describes the process of injecting transitivity into hypersequents,
and we obtain a hypersequent system for the variety SRL that admits cut elimination. We

start with the axioms of URL, the positive universal class that generates SRL.
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First we convert the first axiom Vz,y, z(x < yory < zor z < (x V y)) to the equiva-

lent form Vx, y, 2, tq, {9, t3, S1, So, S3

ti <zandy < s;andty <yandz < spandt3 < zand (z Vy) < s3

=11 <s10rty < syoriy < s

by injecting some transitivity. This then allows to remove the V from the axiom, by rewrit-

il’lg it as \V/ZE, Yy, z, tl, tQ, t3, S1, S92, S3

ti <zxandy < syandt; <yandz < spandt3 < zand z < sgand y < s3

=1 <s10rty; < sgyorty < s3

In the terminology of [3], the clause is linear and exclusive, so we eliminate the redundant
variables in the premise (noting that z appears only on the right side of inequations, while
x and y appear on both sides): we apply transitivity closure and removal of variables in the

premise of the clause. The procedure yields the equivalent clause Vi1, to, t3, s1, S2, S3

tl < S9 and tl < S3 and t2 < S1 and tz < S3

:>t1 SSl Ortg §520rt3§53

We now instantiate s; by ¢\p,/d and use residuation to rewrite ¢; < s; as t; < c¢\p,/d and

as ct;d < p;. This results in the equivalent clause V1, {2, t3, ¢, p1, D2, P3, d

ct1d < po and ct1d < ps and ctod < pp and ctod < p3

= ct1d < py or ctod < py or ctzd < p3

Converting the clause to the corresponding hypersequent rule we get
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E|F721,A:>H2 E’P,El,Ajﬂg E|F,22,A:>H1 E‘F,ZQ,A:H?,
E’F,Zl,Aénl‘F,EQ,A#HQ’F,E:;,A@H?,

Likewise the second axiom of unilinearity gives the hypersequent rule

EI0,S,A=1L Z|T,55,A=1L 2|0, A=, =|[,55A =1
E’F,E1,A:>H1‘F,EQ,A$H2|F,23,A:>H3

We refer to these hypersequent rules as (URL1) and (URL2), respectively.

Corollary 4.10. The extension of HFL with the rules (URL1) and (URL2) provides a

cut-free hypersequent calculus for the variety SRL by [3].

It is notable, that even though SRL has an infinite equational axiomatization involving
iterated conjugates, there are only two inference rules needed for the hypersequent calculus.
This is because hypersequent calculi have the ability to go directly to the level of (finitely)
subdirectly irreducibles (SRLrgs; = URL in this case) and read off the axiomatization from

there.
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Chapter 5: Continuum-many subvarieties of M
Even though we have a fairly good understanding of the residuated lattices based on
My, where X is a set, we now show that there are continuum-many subvarieties of M.
More precisely, we will prove that the variety Mg generated by all the residuated lattices of
the form M, where G is an (abelian) group, has continuum-many subvarieties. We start

with an equational basis for Mg.

Proposition 5.1. The variety Mg is axiomatized by the equations 1 = 7 (u\v) V2 (v\u) V

y(x\(uAv))Vy((uVo)\z)Vys(z(z\1)), where v1,72, ¥3, 74, 75 € T (Var).

Proof. The formulaz = 1 orz = T or z(z\1) = 1 axiomatizes the FSIs in the variety, so

the result follows by Theorem 4.5. [

It is known that there are continuum-many varieties of groups (for example, see [15])
and we can use this fact to show that there is a continuum of subvarieties of Mg, as follows.
Starting with two varieties V; # V), of groups, we can consider the free groups F; and F5 on
countably many generators in these varieties; hence we have V(F;) = V; # V, = V(Fy).
Then, it is possible to show that V(Mpg, ) # V(Mgp,).

It is also well known that there are only countably-many varieties of abelian groups.
However, we are still able to show that the variety CM¢ of the commutative algebras in Mg
also has continuum-many subvarieties. Actually, we give a full description of the subvariety

lattice of CMg.

We consider the direct power N“ of countably many copies of the chain (N, <) and
its subset I of (not necessarily strictly) decreasing sequences that are eventually zero, such

as (4,2,1,1,0,0,...), (3,2,1,1,1,0,0,...) etc. We will also denote these sequences by
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(4,2,1,1) and (3,2, 1, 1, 1), respectively. It is easy to see that I defines a sublattice I of the
direct product. We also consider the subset 1®* of the direct product I¥ of all sequences
of elements of [ that are eventually the zero sequence. It is easy to see that this defines a
sublattice I®* of the direct product I*’; it makes sense to call I®* the direct sum of w copies
of I. We use commas to separate the numbers in each sequence in /, but we use semicolons
to separate the sequences in each element of 7¥%; this allows for dropping parenthesis, if
desired. Therefore, (2,1;3,1,1;0;2,1,1;0;...) is an example of an element of %%,

Now let P = 2 x I%¥, where 2 is the two-element lattice on {0, 1}. For a € P, we
define exp(a) to be the maximum number appearing in a; e.g., exp(1;3,1;0;2;0;...) =3
and exp(0;1,1,1;4,1;3,2;0;...) = 4. Also, for a € P we write a = (ag; as;az;...),
where ag € {0,1} and a,, € I, for n > 0; we define primes(a) = {n € N : a,, # 0}. For
T C P, we define exp(T") = {exp(a) : a € T'} and primes(T") = | J{primes(a) : a € T'}.

A downset D of P is said to be Z-closed if for all a € P,
exp(D N Ta) or primes(D N Ta) is unbounded implies a V (1;0;0;...) € D.
For example, for a = (0; 1;0;0; 0; ...), this condition has the following consequences:

(0;1;1;0;0;...),(0;1;2;0;05...),(0;1;3;0;0;...),... € D
or

(0;1,1;0;05...),(0;2,1;0;05...),(0;3,1;0;0;...),... € D
implies (1;1;0;0;0;...) € D, because exp(D N Ta) is unbounded. Also,
(0;1;1;0;0;...),(0;1;0;1;0;...),(0; 1;0;0; 1;...),... € D
implies (1;1;0;0;0;...) € D, because primes(D N Ta) is unbounded. However,
(0;1;1;0;0;...),(0;1;1,1;0;05...),(0; 1;1,1,1;0;0; . ..),... € D

does not imply (1;1;0;0;0;...) € D.

We denote the lattice of all Z-closed downsets of P by O (P).
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Theorem 5.2. The subvariety lattice of CMg is isomorphic to O (P).

Proof. Recall that a class of algebras is closed under HSPy iff it is axiomatizable by pos-
itive universal sentences. In other words, HSP-classes coincide with positive universal
classes.

Let F be a congruence-distributive variety such that Frg; is a positive universal class.
We claim that the subvarieties of F are in bijective correspondence with HSP-subclasses
of Frsr, where the correspondence is given by V +— Vpg; and K — HSP(K); further-
more, it is clear that this correspondence preserves and reflects the inclusion order. Indeed,
Vrsr =V N Frsr, s0 Vegy 1s axiomatized by positive universal sentences and the forward
map of the correspondence is well defined. To show that the two maps are inverses of
each other note that HSP(Vps;) €V C SP(Vs;) € HSP(Vpss) and by Jonsson’s Lemma
K = Kpsr CHSP(K)psr € HSPy(K) = K.

Note that residuated lattices form a congruence distributive variety by [12] and, by
Theorem 4.5 and Proposition 5.1, (CMg)rs; = CMg N SRLgg; is axiomatized by positive
universal sentences. So, by the preceding paragraph, the lattice of subvarieties of CMg
is isomorphic to the lattice of HSPy-classes of FSIs in CMg, which by Theorem 4.5 and
Proposition 5.1 are HSPy-classes of algebras of the form Mg, where G is an abelian group.

Further note that H can be replaced by I. Indeed, every ultrapower of algebras of the
form Mg, where G is an abelian group, is also an algebra of the same form (it satisfies the
same first-order sentences, hence also all positive universal sentences). Also, subalgebras
are also of the same form (where we also include the trivial algebra). Finally, since every
algebra of this form is simple (since their lattice reducts are simple), H does not contribute
any new algebras. So we are interested in ISP -classes of algebras of the form Mg, where
G is an abelian group.

We now prove that such classes are in bijective correspondence with ISP-classes of

abelian groups, by showing that for every class K of abelian groups, we have ISPy ({Mpg :
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H e K}) = {Mg : G € SPy(K)} and thus this class can be associated with ISPy (K);
clearly this correspondence preserves and reflects the order.

First we show IPy({Mg : H € K}) = {Mg : G € IPy(K)}. For a residuated
lattice R, if R € IPy({Mg : H € K}), then R satisfies all first-order sentences that
hold in the Myg’s, where H € K. In particular, R is commutative, unilinear, has height
at most 3, and all of its non-bound elements are invertible, closed under multiplication
and serve as units for the top. Therefore, R is isomorphic to M for some abelian group
G. Also, clearly, all algebras in Py(K) are abelian groups. Therefore the classes on both
sides of the equation contain only algebras isomorphic to Mg for some abelian group
G, and it is enough to focus on such algebras: we show that for every abelian group G,
Mg € IPy({Mp : H € K}) iff G € IPy(K); we will identify the bounds in all algebras
to omit .

If Mg € Pu({Mu : H € K}), there exists an index set /, an ultrafilter U on [
and H;, € K, i € I, such that Mg = [[Mp,/U. So, for every g € G there exists
z, € [[ Mg, such that g = [z,], the equivalence class of x,. We will use T and L to
denote the tuples (T );cr and (L);c; in [[ Mg, respectively. Then for all g € G, we have
g # [T] and g # [L], since g is invertible while [T] and [L] are idempotents different than
the identity. So we know {i € [ : 2,(i) # T} € Uand {i € I : 2,(i) # L} € U, hence
{iel:z(i)e HY ={i el :240i)# T}N{iel:xy(i) # L} € U. Now define
atuple z in [[ H; by 2(i) = z4(¢), if x4(¢) € H;, and z(i) = 1 otherwise. Then we have
g=lzy] =[z] € [[Hi/U,s0G € Py(K).

If G € Py(K), then there exists an index set I, an ultrafilter U on [ and H; € K,
i € I, such that G = [[ H;/U. Using the same index set I and ultrafilter U on I, we know
[T My, /U is also of the form My, where K is an abelian group. Since [T]V[z] = [TVz] =

[T] and [L] A [z] = [L A 2] = [L], we get [T, ] = TriMy, v and [Lag, | = Lpvg, v

For [z] € K, we have [2] # [Tmy ] and [z] # [Lag ] So{i € I : 2(i) # Twmy } €U
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and {i € I : 2(i) # Lmy} € U, hence {i € I : 2(i) € H;} = {i € [ : (i) #
T, fN{i €1 :2(i) # Ly, } € Usso[z] € [[H;/U = G and K C G. Conversely, if
[z] € [ Hi/U = G then [z] € K, s0 G C K. Therefore Mg € Py({Mg : H € £}).

Again note that to show S(Myg) = {Mg : G € S(H)} it is enough to focus on
algebras of the form Mg, where G is an abelian group. If Mg € S(My), then for all
r,y€ G, wehaver gy =2 Mg Y =T My ¥y =r-myandr ' =\ 1=2\\ 1=
r7 ;50 G € S(H). Conversely, if G € S(H), then for all z,y € Mg \ { L, T} we have
TMGY=TGY =T HY=T My ¥ T\My =2 ¢ gy = "H-gy=2x\m,yand
Y/MeT =Y me T ¢ =y, T H = y/p, 2. Also, since M is rigorously compact, the
operations on G and H also agree if one of z, yisin { L, T}. So Mg € S(Mpg).

Actually, given that every algebra is an ultraproduct of its finitely generated subalge-
bras, ISPy-classes of abelian groups are fully determined by their intersection with the class
of finitely generated abelian groups. Therefore, we are interested only in such intersections;
clearly this correspondence preserves and reflects the order.

By the fundamental theorem of finitely generated abelian groups we know that every

finitely generated abelian group is isomorphic to exactly one group of the form

L7 X (L X - X Zp;q,ml) X e X (Zp:k,l X e X Zp:k,mk)

for some m, k,my,...,my,n;; € N, where n; ; > n; ;4 for all suitable ¢, j, and p; <
po < -+- < pp < ...is the listing of all primes. We denote by F.A the set of all groups of
this form; also by f.A we denote all the finite algebras in F.A (i.e., where m = 0).

Since F A is a full set of representatives of the isomorphism classes of finitely gener-
ated abelian groups, instead of considering intersections of ISP-classes of abelian groups
with the class of finitely generated abelian groups, we can instead focus on intersections of

ISPy-classes of abelian groups with F.4. In other words, we have established that the sub-
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variety lattice of CMg is isomorphic to { N F.A : K is an ISPy-class of abelian groups},
where the order is given by: KN FA < LN FAIff ISPy(KNFA) CISPy(LNFA). In
the following, we will write Cx 4 for K N FA.

To the abelian group displayed above, we associate the sequence

(m; (naay e s MmOy o)y (Mt o vy Mg 0,2 22)5 (04 00)50 )

which is an element of the lattice N x I¥“. Also, note that the bijective correspondence
from F A to N x I®* is actually a lattice isomorphism between N x I** and F .4 under the
order given by: G <z4 Hiff G € IS(H).

Now, sets of the form K £ 4, where K is an ISP-class of abelian groups, are of course
downsets of F.A, but unfortunately not all downsets of F.A are of this form. For example,
note that forr, s € Z*, G € fAand K an ISPy-class of abelian groups, we have: G X Z" €
K iff G x Z* € K. (So, for example |{Z?} = {{1},Z?,Z} is a downset of F.A that is not
of the form Cr 4.)

To prove this, it suffices to prove: if G x Z € K then G x Z' € K for all t €
Z*. Let U be a non-principal ultrafilter on N and consider the elements a = [1]; and
b = [(2,22,2%...)]y of ZY/U, each has infinite order. Note that for all m,n € N, the
set {i € N: m-1 = n-2'} contains at most one element. Since U is not principal,
weget{i e N:m-1=n-2} & U, soma # nb. Thus (a,b) 2 Z X Z and Z x
Z € Py(Z). Similarly, to show Z' € Py(Z), it suffices to take a,, = [(p1,p3,p3,--.)]vs
apy, = [(p2, 03,05, s -ovs ap, = [(pe, 02,03, .. )], Where p1,pa, ..., p, are distinct
primes, and we have (ay,,...,a,) = Z'. More generally, we can show {G X Z' : t €
77} CPy(G x Z) forany G € fA.

For this reason, it makes sense to identify G x Z" and G x Z*® whenever r and s are both

non-zero. This can be done by considering the subset FA = fAU{Z x G : G € fA}
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of FA. The set FA also forms a lattice (actually a sublattice of F.4) isomorphic to
P = 2 x I®“. Therefore, moving through the isomorphism, we can apply the definitions
of exp and primes also to downsets of F.A". To be more specific, a downset D of F.A' is
Z~closed if for all G € fA, exp(D N1TG) or primes(D N 1G) being unbounded implies
that Z x G € D. Also, by the fact established in the last paragraph we have a lattice
isomorphism between {Kz4 : K is a ISPy-class} and {r4 : K is a ISPy-class}, where
Kry=KnFA.

Clearly, if K is an ISPy-class of abelian groups, then K ~ 4 is a downset of F.A". Unfor-
tunately, still not every downset of F.A’ is of this form. For example, {Z,, : p is prime} is a
downset of F.A', but since Z € Py({Z, : pis prime}), {Z, : p is prime} is not of the form
KCx 4. In the following we show that {/C 4 : K is an ISPy-class} is equal to the lattice of
Z-~closed downsets of F.A'.

First we note that for X C P, we have that exp(X ) and primes(X) are bounded iff
there exist K, N € N such that foralla € X, k > K, n,m € N, we have a;, = 0 and
anm < N. Therefore, for X C F.A’, we have that exp(X) and primes(X) are bounded iff
there exist i, N € N such that the cyclic groups in the decomposition of groups in X are
among the Z,», where k < K and n < N. This is in turn equivalent to asking that there is
M € N such that all elements in all the finite groups in X have order at most M (by taking
M = (pr---pr)™).

Now, for an ISPy-class K of abelian groups, K4 is a downset of F.A’". To show that
itis Z-closed, let G € fA. If one of exp(K 4 N TG), primes(K x4 N TG) is unbounded,
there is no uniform bound in the order of the elements in the groups from K £ 4/; so, there is
an infinite subset {H,, : n € N} of x4 N1G such that H,, contains an element of order
greater than n, say h,,. Therefore, the element [(h,,)] in any fixed non-principal ultraproduct

H of {H,, : n € N} has infinite order, and consequently H contains a copy of Z.

40



On the other hand, note that if G = {gy, . .., gx }, then for every group A we have G €
IS(A) iff A E ¢, where ¢ encodes the multiplication of G: 3z, ..., z, (A{z, #
Ty, 11 # G N NTgry, = 249, 1 < 4,5 < n}). Since, for all n, H,, contains a copy of
G, H,, satisfies ¢q; hence H also satisfies ¢ and H contains a subgroup isomorphic to
G. Therefore, Z x G € IS(H) CIS(K) =K andsoZ x G € Kx4.

Conversely, for a Z-closed downset D of FA’, we define Kp = ISPy(D) and prove
that CpNFA = D. Since D C Kp and D C FA', it suffices to prove Cp N FA C D. If
Z™xG € KpNFA', wherem € {0,1} and G € f.A, then a copy of Z™ X G is contained in
the ultraproduct [[ A;/U of some {A; : i € I} C D. Since [[ A;/U contains a copy of G,
it satisfies the sentence ¢g,s0 Ig :=={i € [ : G €IS(A;)} ={i€l: A Focg} e U.If
m = 1, then [[ A;/U contains a copy of Z, so it has an element of infinite order. Therefore,
there is no M such that [[ A;/U satisfies the sentence (Vz)(Mxz = 0), so there is no M
such that {A; : i € Ig} satisfy the sentence, so there is no uniform bound on the orders
of the elements of {A; : i € Ig}; thus exp({A; : i € Ig}) or primes({A; : i € Ig})
is unbounded. Since, exp({A; : i € Ig}) C exp(D N1TQG), primes({A; : i € Ig}) C
primes(D N 1G) and D is a Z-closed downset, we get Z™ x G =Z x G € D. If m = 0,
then we also have Z™ x G = G € D.

Thus the lattice {ICr4 : K is aISPy-class} is isomorphic to Oz(P), and hence the

lattice A(CMg) of subvarieties of CMg is isomorphic to the lattice O (P). O

Corollary 5.3. The variety generated by {Mz, : pis prime} has continuum-many subva-

rieties. Therefore the subvariety lattices of M and of M have size continuum.

Proof. For every prime p, the variety V(M) corresponds to the principal downset of the
sequence (0;0;...;0;1;0;...) in P, where the 1 is at the position of the prime p. The
variety generated by all Mz ’s is the join of all of the V(M ), where p is prime, and corre-

sponds to the Z-closed downset PN = {(1;0;0;...),(0;1;0;...),...,(0;...;1;...),...}
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in P. The Z-closed subdownsets of PN in the lattice Oz (P) is clearly isomorphic, as a lat-
tice, to P(N). O

We denote by CM ¢z the variety generated by the algebras in M that satisfy the formula

xT =zora(r\l)=1. (ZGroup)

Let F be the poset on {0, 1,2, 3}, where 0 < 1,2,3 and 1, 2, 3 are incomparable. For
adownset D of P x Fandi € F, weset D; = {a : (a,i) € D}. A downset D of
P x F is called Z-closed if Dy, Dy, D5 and D3 are Z-closed downsets of P; we denote by
Oz(P x F) the lattice of all Z-closed downsets of P x F.

Theorem 5.4. The subvariety lattice of CMgz is isomorphic to Oz(P x F).

Proof. By Theorem 4.5 and Corollary 3.3 the FSI members of CMgz are unilinear residu-
ated lattices of the form R, R + 1, R + 2 or R + 3, where R = Mg and G is an abelian
group, A is the T-cancellative monoid on G U {T}; R + 1 = Ra B,, where By is the
1 -semigroup based on {_L, b} given in Figure 3.2 with o> = L; R+ 2 = R B,, where B
is the | -semigroup based on {_L, by, by} given in Figure 3.2; and R+3 = R p,, where B;
is the | -semigroup based on { L, b} given in Figure 3.2 with ? = b; we define R +0 = R.
Note that R is a subalgebra of R + 4, for all i € {0, 1, 2, 3}.

In the proof of Theorem 5.2, we saw that subvarieties of CM¢ are determined by the
Z-closed downsets of F.A". We now sketch how subvarieties of CMgz are determined by
the Z-closed downsets of the poset Mz + F := {Mg +i: G € FA',i € F}, where
the order is given by Mg + i < My + j iff G <z, H and i <g j; this poset is clearly
isomorphic to P x F, so the definition of Z-closed downsets of P x F can be transferred
here. More specifically, a downset D of M4 + F is Z-closed iff for all 0 < ¢ < 3,

D N (Mg + {i}) is isomorphic to a Z-closed downset of F.A’.
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Every subvariety V of CMgz is determined by its finitely generated FSI algebras. These
are finitely generated algebras of the form R, R+1, R+2 or R+3, where R € (CMg) ps7,
ie.,, R = Mg, and G is a finitely generated abelian group. So, Vgg; is a downset of
Mgy +F.

For 0 < i < 3,if G € fA and exp(D; N TG) or primes(D; N 1G) is unbounded,
where D; = {K € FA : Mk + i € Vpsr}, then by the proof of Theorem 5.2, we have
Z x G € D,. So D, is a Z-closed downset of FA' for 0 < ¢ < 3 and hence Vpg; is a
Z-closed downset of M 4 + F.

By Corollary 3.3, for every downset D of M4 + F, the ultraproducts of algebras
from D are isomorphic to Mg + i, for some 0 < ¢ < 3. It can be easily shown that for
such ultraproduct Mg + i, G is an ultraproduct of {H : ¢ <p j,Myg + j € D}; since
D is a downset, actually G is an ultraproduct of {H : My + i € D}. (Also, conversely,
if G is an ultraproduct of {H, : j € J} and i € F, then Mg + ¢ is isomorphic to an
ultraproduct of algebras in the downset {Mk, + &k : j € J K; <zn Hj; k <g i} of
Mz + F.) Soif D is a Z-closed, then G € D;; hence Mg + ¢ € D. Consequently, we
have ISPy(D) N (Mz4 + F) = D, hence the subvariety lattice of CMz is isomorphic to

Oz(P X F) U]
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Chapter 6: The finite embeddability property

In this section we establish the finite embeddability property for certain subvarieties of
SRL.

Recall that a class /C is said to have the finite embeddability property (FEP) if for every
algebra A € K and a finite subset B of A, there exists a finite algebra C € K such that the
partial subalgebra B of A induced by B embeds in C.

For varieties axiomatized by a finite set of equations, the valid universal sentences
form a recursively enumerable set. Also, if the variety has the FEP, then any universal
sentence that is not valid will fail in a finite algebra of the variety. By enumerating these
finite algebras (using the finite axiomatizability of the variety) we can thus enumerate the
universal sentences that fail in the variety. Therefore, recursively axiomatizable varieties
with the FEP have a decidable universal theory; moreover, they are generated as universal

classes (thus also as quasivarieties and as varieties) by their finite algebras.
Theorem 6.1. The variety CM¢ has the FEP.

Proof. First note that since the algebras in CM¢ are commutative, the conjugates in the
equational basis are not needed, so CM¢ has a finite equational basis.

To prove the FEP for CMg, we claim that the variety of abelian groups has FEP first.
By Theorem 5.1 of [14], an abelian group is subdirectly irreducible if and only if it is a
subgroup of a p-cyclic group, i.e., either it is a p>°-group or a cyclic group of order p”,
where p is a prime. So every finitely generated subdirectly irreducible abelian group is

finite. By Corollary 2 in [2] every finitely generated abelian group is residually finite. By
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Theorem 1 in [4] this is equivalent to having the FEP, so the variety of abelian groups has
the FEP.

Note that the above characterization of the finitely generated subdirectly irreducibles
does not extend to algebras in CMg, since the notion of subdirectly irreducible is different.
Nevertheless, we can make use of the FEP for abelian groups.

It suffices to prove the FEP for the subdirectly irreducible algebras in CMg. Let G be
an abelian group and B a finite subset of M. Without loss of generality, we can assume
L, T € B, where T and L denote the bounds of Mg, so (B, A, V) is a sublattice of M.
Then (B’, -, 1) is a finite partial subgroup of G, where B’ = B\ {T, L}. By the FEP for
abelian groups, there exists a finite abelian group C’ such that (B’, -, 1) can be embedded
into C’; without loss of generality we assume that B’ C C".

We consider the set C' = C" U {T, L} and define an order keeping the elements of C’
incomparable and setting | < x < T, forall x € C’. Also, we extend the multiplication
of C' by stipulating that T is absorbing for C' U {T} and L is absorbing for C’. Finally,
wedefinexr -y =o' -yforr c ', T wu=1=v— Lforu#Tandv +# L, and
w— 1 =T =_1— w, for all w.

Since (B, A,V) is a sublattice of Mg and B" C (', (B, A,V) is a sublattice of
(C,A\,V). Forall z,y € B,ifx gy € B,thenz gy = ¢ gy =2 -y =
x -c ¥, since G is closed under multiplication; if #+ —g y € B, then z7'8 € B and
r =gy =xBpgy=a'®.gy=2a'.cy=2x—cy,since G is also closed
under inverses. Finally, if x,y € Bandx € {1, T} ory € {1, T}, then the embed-
ding works since 1. —n @ = T =a —mg [,al = L = laforalla € Mg and

b—oMe L=L=T =>mg e bT =T =Tbforallb# Landc# T. ]
Corollary 6.2. The universal theory of the variety CMg is decidable.

We can actually prove the FEP for many more subvarieties of SRL, unrelated to GMg,

using a construction based on residuated frames.
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An equation is called knotted if it is of the form z™ < z™, where n # m. Also,
we consider the following weak versions of commutativity. For every n € Z* and non-
constant partition a of n + 1 (i.e., a = (agp, a1, ..., a,), where ag +ay +--- +a, =n+1

and not all a;’s are 1), we consider the (n + 1)-variable identity (a):

TY1xY2 - Yk = Y Yo - - Yz
For example, (2, 0) is the identity zyz = xzy and (2,0, 1) is the identity xyxrzx = zaryzz.

We call all of these identities weak commutativity identities.

Theorem 6.3. If a subvariety of SRL is axiomatized by a knotted identity, a weak commu-
tativity identity and any additional (possibly empty) set of equations over {V, -, 1}, then it

has the FEP.

Proof. If V is such a variety, it suffices to prove the FEP for the subdirectly irreducible
algebras in V; so it suffices to prove it for unilinear residuated lattices. Let A be a unilinear
residuated lattice in V and B be a finite partial subalgebra of A.

Let W be the submonoid of A generated by B, W' = W x BxW andlet N C W x W’
be definedby: x N (y,b, z) if yrz < b, then Wp g = (W, W' N, - 1)is aresiduated frame
in the sense of [9] and the Galois algebra Wa g™ = (yn[P(W)], N, Uy, ans Y{11H),\s /)
is a residuated lattice, where X U, Y = y(X UY), X -, Y =4(X -Y), X\Y = {z e W :
2X CYrandY/X = {z € W : Xz C Y}. Moreover, [9] shows that W g™ satisfies
all {V, -, 1}-equations that A satisfies and that B embeds in W ™. Also, [1] shows that
such W A,B+ is finite, due to the knotted rule and the weak commutativity. So it suffices to
show that it is in SRL; we will show that W A,BJr is actually unilinear.

Note that for all (y, b, z) € W', we have a € {(y,b,2)}"iffa N (y,b, z) iff yaz < biff
a < y\b/z. Therefore, {(y, b, ) }* =] (y\b/z). By basic properties of Galois connections,

every element X of yy[P ()] is an intersection of sets of the form {(y, b, z)}*; actually
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X = N{{w}® : w € X*}. Therefore, X is an intersection of principal downsets of A.
Since A is unilinear, X is either equal to A itself or a linear downset of A.

Now, let X, Y € y5[P(WW)]; hence each of them is either equal to A or a linear subset
of A. If X Q Y and Y Q X, then none of them equals A, hence they are both linear
downsets. Since X ¢ Y, there is an x € X such that z € Y. Since, Y ¢ X, not every
element of Y is below z, so there exists y € Y withy £ x. Since x ¢ Y and YV is a
downset, we get © £ y; therefore in this case A is not linear. By unilinearity of A, it has
atop Tand T =2 Vye€ XU,Y, which is also a downset; hence X U, Y = A. Also, if
z € X NY,then z < z,y and by the unilinearity of A, we get 2 = 1;s0 X NY = {L}.

Consequently, vy [P (W)] is unilinear. O

Note that all knotted identities and all weak commutativity identities are equations
over {V, -, 1}. So, the theorem includes cases where multiple knotted and/or multiple weak

commutativity equations are included in the axiomatization.

Corollary 6.4. If a subvariety of SCRL is axiomatized by a knotted identity and any finite

(possibly empty) set of equations over {V, -, 1}, then its universal theory is decidable.

Proof. As for the case CMg, the variety SCRL is finitely axiomatizable, and so for these

subvarieties, then the results follows. O]
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Chapter 7: Constructing Compact URLSs
A unilinear residuated lattice R is called compact if it is T-unital (i.e., it satisfies:
x = LoraT = T = Ta)and R\ {T, L} is closed under multiplication. In other
words, non-linear compact URLs are obtained by a partially-ordered monoid M that is a
union of chains by adding bounds that absorb all elements of M. We will provide some

constructions of compact URLSs, but first we start by giving an axiomatization.

Lemma 7.1. The class of compact URLSs is axiomatized by the sentences

Ve(z=_LoraT=T=Tx)andVz,y,z(x = Torz(y A z) = 1y A x2).

Proof. By the definition of compactness, it suffices to show that, for every T -unital non-
linear unilinear residuated lattice R, the second formula captures the fact that R\ {T, L} is
closed under multiplication. Note that if a,b ¢ {T, L}, then abT = aT = T, so ab # L.
Assume first that R satisfies the second formula, but there exist a,a; € R\ {L, T}
such that a;a; = T. Since R is not linear, there exists an element a3 that is incomparable
to a; or to ay; without loss of generality, as is incomparable to as, so ag € R\ {1, T}.

Hence

1 = CLlJ_ = Cll(CLQ N CL3) = ajas N\ ajas = TA ajaz = apasg,

a contradiction. Thus R\ {T, L} is closed under multiplication.
Now assume R \ {T, L} is closed under multiplication and that z,y,z € R with

x # T.If v = L, then the formula holds, so we assume that x % 1. Also, if y and z are
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comparable, then z(y A z) = xy A xz holds since multiplication preserves the order; so we
assume that y and z are incomparable. In this case, xy V 2z = x(y V z) = 2T = T. Since
R\ {T, L} is closed under multiplication, xy and xz are incomparable, hence z(y A z) =

r-l=1=xyAzz 0
It follows that an alternative second formulais Va,y, z (x = T or (y A 2)x = yx A 2z).

Corollary 7.2. The variety generated by the class of compact URL is axiomatized by

1 =7 (u\0) V 2 (0\w) V s\ (w A 0)) V(v o)\ (@(u Vo) A (u Vo))

1 =y5(u\0) V 36 (0\w) V 92((u V 0)\&) V 3 (2 A 20)\a(u A 0)

where v1,72, V3, V4, V5, V6,77, ¥ € I'(Var).

Lemma 7.3. If R is a compact URL, then the comparability relation = on M, where
M = R\ {L, T}, is a congruence relation and the quotient monoid M /= is cancellative.

Also, [1]= defines a totally-ordered submonoid of M.

Proof. That the comparability relation = is a congruence on M follows from the order-
preservation of multiplication and the unilinear order. For the cancellativity of M /=, note
that if for z,y,z € M and y || z, we have T = x(y V z) = zy V xz, and since M is closed
under multiplication, we get xy || zz. Finally, [1]= is a totally-ordered submonoid of M

sincex =1landy = 1implieszy =1-1=1. 0

7.1 From a finite cyclic monoid

We show how to construct a compact URL starting from a finite cyclic monoid.

Given a finite cyclic monoid M generated by an element a of M, there is a smallest
natural number r, called the index, such that a” = a"* for some positive integer s; the

smallest such s then is called the period. So M = {1,a,...,a",...,a" '} and |M| =
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r + s. Note that every natural number n > r can be written as n = r + ms + k for
unique m € Nand 0 < k < s; we define [n|S := r + kforn > r + sand [n|S := n
for 0 < n < r + s. (We will write [n], when r, s are clear from the context.) Then the
multiplication on M is given by a’ - ¢/ = al"*7)7,

In particular, {a",...,a" 7'} is a subsemigroup of M and it is a group in its own right
with identity element a’ such that ¢ = 0 (mod s); so it is isomorphic to Z,.

We extend the multiplication of M to the set R = M U{L, T} by lo =zl = L
forall x € R,and Tx = oT = T forall z # 1. Also we define an order on R by
1 <z < Tforallz € Rand a’ < o if and only if j = i + ns for some n € N, where
0 <1i,5 <r+4s—1;see Figure 7.1(left). It is easy to see that this yields a unilinear lattice

order; we denote by Ry the resulting lattice-ordered monoid.

Figure 7.1: The two URLs based on a finite cyclic monoid

Theorem 7.4. If M is a finite cyclic monoid, then Ry, is the reduct of a residuated lattice.

Proof. Since both T and L are zero elements for M and L T = T_L = 1, the associativity
of M easily extends to the associativity of Ry;. Since R is finite, by Corollary 2.3, it
suffices to show that multiplication distributes over binary joins; we will show distribution
from the left: z(y V 2) = 2y V az, forall z,y, z € R.

If any of z,y, 2z is T or L, it easy to see that the equation holds, so we assume that

r,y,2 € M: x =a',y =a’ and z = a* forsome 0 < 4,5,k <r+s—1. Ify = o’
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* are incomparable, then j # k (mod s) by definition, so we have i + j %

and z = a
i + k(mod s) and hence zy || zz. Thus we have z(y V z) = 2T = T = zy V zz. If
@/ =y < z=a,wehave k = j + nsforsome 0 < n < |(r+s—1—7)/s]; we
will show that zy = al't7] < qlit7+7s] = 22 This is true since for £ = i + j, we have

[ +ns] = [(] + ms, where m = nif { +ns < r+ sand m = ([{ + ns] — [{])/s if

£+ns>r+s. O

The (commutative) residuated lattice based on Ry is compact so we have | — x =
T=2x—>T,T 2y=1,2— 1L =_1Lforallz € Ry;,y # T, 2 # L. Also, the

remaining implications can be easily calculated to be as follows:

1 ifj<i<rorj<r<i<r+4+s—1
‘ ‘ a’l ! ife<j<r
a — d =
P e L A <j<r+s-—1
ak ifr <i,j,k<r+s—1anda'a® = da’.
\
In particular, the subsemigroup {a", ...,a" "'} is closed under implication, but M is not.

It is easy to see that if we impose the dual order on the elements of M instead, then we
can obtain a different unilinear residuated lattice; see Figure 7.1(right). Residuation in this

second example works differently:

_ _ a’l~" ifi<j<r+s-—1
a' — a’ =
@I ifj<i<r4s—1
In this case, M is closed under implication, but {a", ..., a" "'} is not.
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Remark 7.5. Actually, we can prove that given a finite cyclic monoid M, these are the
only two ways where M U {_L, T} is the monoid reduct of a compact unilinear residuated
lattice.

Suppose M U {1, T} is the monoid reduct of a compact URL R.. Let a’ and o’ be
distinct group elements in M. If a* < o/, then e = a’a® < a/a”, where e is the identity
for the group elements in M and a” is the inverse of a’ in the group. Then ¢ < a/a* <
(aj a’“)2 < ---, 80 M contains an infinite ascending chain, contradicting the fact that M is
finite. Thus the group elements in M are pairwise incomparable.

We also observe that given 0 <7 < j <71+ s,

al < iff forall0 < k <i, a" % < a™* -
o) < a'iff forall0 < k <i, o/ % < a*
The backward direction is trivial, so we just show the forward direction. Given 0 <7 < j <
r+ ssuchthata® < @/ and 0 < k <i,ifa* % || @’ %, then T = a*T = a*(a’* VvV a/7%) =
a' vV al, so a' || @, a contradiction; if a'~* > a~*, then @’ > o’ since multiplication is
order-preserving and ' is distinct from a’.

Finally, we know 1 = e, since otherwise we would have T =e¢(1Ve) =eV e2=e,a
contradiction.

Now let ¢ be the smallest natural number such that a’ = 1. If t = 0, then by (*¥), a’ || @’
forall 0 < i < j < r + s; otherwise 1 = a/~% where j — ¢ > 0, a contradiction. Especially
we have e = 1 in this case, so M is a group and R is based on M x. Now we assume ¢ > 0.
If 1 < a', then we have a” < a"*' and both of them are group elements in M. Since all
group elements are pairwise incomparable, we know a” = a", so t = s. Since s = t is
the smallest integer such that 1 < a®, we know 1 || a* forall 1 < k < s, thus by (*) a” || a!

forall0 < k #1<s—1. Since 1 < a®, wehave 1 < a® < a* < --- < a™, where

ms <r+s < (m+1)s. Hence ' < o iff 1 < /" iff j = i 4+ ns for some n € Z7, so
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a' < a iff j = i + ns for some n € N and R is of the form as the left in Figure 7.1(left).

Similarly we can prove R is of the form as the right in Figure 7.1(right) if a’ < 1.

7.2 From a semidirect product of a residuated chain and a cancellative monoid;
monoid extensions with 2-cocycles

We first provide a general construction of compact residuated lattices and then show
that under certain assumptions a compact residuated lattice is exactly of this form.

Let A be a residuated chain, K a cancellative monoid and ¢ : K — ResEnd(A)
a monoid homomorphism, where ResEnd(A) is the monoid of residuated maps on the
chain (A, <) which are also endomorphisms of the monoid (A, -, 1). If ¢ and 1 are in
ResEnd(A) with residuals ¢* and ¢* respectively, then (1) o ¢)(a) < biff p(a) < ¢*(b)
iff a < (¢* o *)(b) for all a,b € A; so 1 o p is also residuated. Thus, ResEnd(A) is
a submonoid of End(A). Consequently, the semidirect product A x,, K of the monoid

reduct of A and K with respect to ¢ is also a monoid with multiplication given by

(a1, k1) - (ag, k2) = (a1, (az), k1ks),

for all (a1, k1), (az,k2) € A x K, and identity (14, 1x). We define an order on A x, K
by: for all (a1, k1), (az, k) € A X K,

(Cll, k’l) < (CLQ, ]{52) if and Ol’lly if ]Cl = k’Q and ay < as.

Also, we extend the multiplication and order of A x, Kto R = (A x K)U{T,_L} by:
1 <zx<T,lx=2l=1land Ty=yT =Tforallx € R, y # L. Itis clear that
this defines a lattice order; see Figure 7.2. We denote by A >4f0 K the resulting bounded

lattice-ordered monoid.
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Figure 7.2: A URL based on a semidirect product

Theorem 7.6. If A is a residuated chain, K is a cancellative monoid and ¢ : K —

ResEnd(A) is a monoid homomorphism, then A ><1fo K is a residuated lattice.

The proof of the above theorem follows from a more general construction. Given a
monoid K, a totally-ordered monoid A and a map ¢ : K — ResEnd(A), then a function

f: K x K — Ais called a 2-cocycle with respect to K, A ¢, if it satisfies the following

conditions:

1. f(ki, ko) is invertible, for all kq, ko € K.
2. f(k,1)= f(1,k) =1, forall k € K.

3. 1 = ida and @y, 1, (a) = f(k1, k2) - Or, Pry (@) - f(k1, ko)~ forall ky, ky € K and
a € A.

4. f(k’l, k’gk’g)@kl (f(k’g, kfg)) = f(k’lk’g, k’g)f(k‘l, k’g), for kfl, k’z, k‘g e K.

Now, given a cancellative monoid K, a residuated chain A, a map ¢ from K into

ResEnd(A) and a 2-cocycle f : K x K — A, we define multiplication on A x K by

(a1, k1) - (as, ko) = (a1, (a2) f (1, ko)™, kks)
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Also, we extend the multiplicationto R = A x K U{_L, T} by making | absorbing for R
and T absorbing for R\ {_L}, and we define a lattice ordering < by: for all a,a;,as € A

and k, ki, ko € K, L = 1 < (a,k) < T =T and

((11, ]{?1) S (Clg, k’z) iff aq SA as and /{?1 = k’g.

We denote the resulting algebra by R, ;.

Theorem 7.7. If K is a cancellative monoid, A is a residuated chain, ¢ is a map from K
into ResEnd(A), and f : K x K — A is a 2-cocycle with respect to K, A and ¢, then

R, ; is the reduct of a residuated lattice.

Proof. In the following we use R for R, s and M for A x K. Clearly, M is closed under

multiplication and (1, 1) is the identity. Also,

(a1, k1)(az, ka) - (as, ks)
=(arpr, (a2) f (k1, k)", Kka) - (as, ks)
=(arpr, (a2) f (k1 k2) ™ pryry (as) f (kika, k)™ Kz - ks)
=(a1om (a) f (ke ko)™ - f ko, ko)pn, ors(as) f (ka, k2) ™ - f Rz, k) ™,
kiks - k3)
=(a1pr, (a2) 0 Pry (a3) f (k1 ) 7 f (Ko, k)™ Kz - Ks)
=(a1px, (a2) P Pra (a3) ny (f (K, 3) 1) f (K, eakis) ™ ks - Fes)
=(arpr, (a2 (as) f (Ko, k3)™1) f (K, haks) ™ ey - Kakes)
=(ax, k1) - (a2, (as) f (ka, k) ™", kaks)

:(al, k1) : (az, k’2)(a3, k?3)
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where we used the identities

Pk (a) = f(kla k?) ’ Splﬂ(pkz(a) : f(kh kQ)_l

[ k1, kaks) o, (f (K2, k3)) = f(kika, k3) f (K, k2)

and the assumption that , is an endomorphism. Therefore M = (M, -, (1, 1)) is a monoid.
Since both T and _L are absorbing elements for M and T_L = 1 T = L, associativity holds
on R.

We now prove that multiplication is order-preserving: y < z — (zy < xz and yxr <
zx)forallz,y,z € R.Ify = zorz,y, zis L or T, then it it easy to see that the implication
holds; so we assume that | < z < T and I < y < z < T. Also, we assume that
x = (a1, k1), y = (a2, ko) and z = (as, ky) with ay < a3. Using the order preservation of

@k, (itis a residuated map) and of multiplication in A, we get

(a1, k1)(az, k2) = (a1ow, (az) f(k1, ko) ™, kuky)
< (arpn, (as) f (k1, ko)™, ki)
= (a1, k1) (as, k2)

(a2, k2) (a1, k1) = (azn,(ar) f(ka, ki) ™, ok
< (azpny(ar) f (ka, k1) ™", kaker)

= (as, k) (a1, k1)

Next we show that the sets x\\z and z/x have maximum elements for all z,z € R. By
Remark 2.4, we know 1\z = z/1L = 2\T = T/z = R for all z,z € R, so the
maximum element of all of these sets is T. Also, by construction, z\\ L = L /o = T\z =

2T ={L}forallz € R\ {L}and 2 € R\ {T}, so the maximum for all these sets
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is L. We now assume that | < 2,z < T and that z = (a,k) and z = (a’, k') for some
(a,k),(d, k') € Ax K.

For all (a1, k1), (as, k2) € 2\ 2, we have (api(ay) f(k, ki)~ kky) = (a,k)(a1, k) <
(a’, k') and (app(az)f(k, ko)™t kky) = (a,k)(as, ko) < (a', k'), so kky = k' = kky and
ki1 = ko, by the cancellativity of K. Since, A is a chain, we get that (a1, k1) and (az, k2)
are comparable; hence z\\ 2 is a chain.

For all (a”, k"), we have that (a”, k") € z\\z if and only if (a,k)(a", k") < (', K')
if and only if (apg(a”)f(k, k") k") < (d, k') if and only if apy(a”)f(k, k")t <
a’ and k' = kk”. Since multiplication is residuated, ¢y, is residuated, say with residual
o, and f(k, k") is invertible, we have: apy(a”)f(k,k")™' < o' if and only if pi(a”) <
a\ad' f(k, k") if and only if a” < @} (a\ad' f(k,k")). Therefore, we have (a”, k") € z\z
if and only if (a”, k") < (¢;(a\ad' f(k, k")), k"). Consequently, max(z\\z) exists and it
is one of the elements L, (pf(a\ad'f(k, k")), k"), T. Likewise, max(z/z) is one of the
elements L, (o' f(k", k)/awr(a),k”), T. By Corollary 2.2, R, f is the reduct of a compact

residuated lattice. O]

So R, s is the reduct of a compact residuated lattice, which we will also denote by

R, ; and whose divisions are given by

)

1 ifx = (a1, k1),y = (az, ko) and ko & k1 K
r\y =

| (P (a\aazf (ki  K)), k) if o = (a1, k1), y = (a2, kiK)

)

1 ifx = (a1,k1),y = (as, ko) and ko & Kk
y/z =

\((Igf(k?, ki)/apr(ar), k) ifx = (a1, k1), y = (az, kk)

and the standard divisions involving | and T are given by Remark 2.4.
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Theorem 7.6 follows as the special case where the 2-cocycle is trivial, thus implying

that ¢ is a monoid homomorphism.

Corollary 7.8. If K is a cancellative monoid, A is a residuated chain, ¢ is a map from K
into ResEnd(A) and f : K x K — A is the trivial 2-cocycle with respect to K, A and

¢, then ¢ is a homomorphism and R, ; = A >4f0 K.

In particular, when ¢ is trivial we get A x° K, where A is a residuated chain and K is
a cancellative monoid.

Note that the examples of section 7.1 are not embeddable into a residuated lattice of
the form A x® K. For example, consider the URL R where R = {1,1,a,a? T} with
a® = aand 1 < a?. If R were embeddable then we would have 1 — (1,1), a — (aq, k),
a’ — (a?,k%) and a® — (a3, k). So, (1,1) < (a?, k?) implies 1 < a? and k? = 1; thus
1 <ajand k = 1. But then a; < a? < a} = ay, s0 a} = ay, hence (a3, k%) = (a1, k), a
contradiction.

Even though not all compact URLSs are of the form R, ;, we show that this holds when
the comparability relation on R\ {_L, T} is an admissible congruence and the chain of 1 is
cancellative with respect to the factor monoid.

We say that the congruence = on M is admissible if z[l|= = [z]= = [1]=z, for all
x € M. Also, we say H is K-cancellative if there exists a selection of representatives
-~ K — M (e, forallz € M, if k = zthenz € k) satisfying 1k = 1p and the
left and right multiplications by & are injective on H. The terminology K-cancellative and

2-cocycle come from [13].

Proposition 7.9. If R is a compact unilinear residuated lattice, the comparability relation
= is an admissible congruence of M, where M = R\ {L, T}, and H is K-cancellative,
where H = [1]= and K = M/=, then R = R, s for some map ¢ : X — ResAut(H)

and 2-cocycle f : K x K — H with respect to H, K and ¢.
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Proof. Since H is K-cancellative, there exists a selection of representatives ~ : K — M.
We denote by L, and R, the left and right multiplication by x € M, respectively. We
know that for all k& € K, the maps Ry, Lz : H — k are injective and since = is an
admissible congruence on M and H = [1]-, they are also surjective. So, for any k € K,
the map ¢y, : H — H given by ¢i(h) = R 'Lz(h) is a well-defined bijection on H; hence
kh = oin(h)k.

Note that

Since H is K-cancellative, we have @i (h1ha) = @i (h1)er(hs). Now suppose hy < hy for

some hi, ho € H. Since R is residuated, we get

wr(h) < pi(he) iff R Ly(hn) < R Li(hs)
iff Rp(R ' Li(h)) < Ly(ho)

iff Li(hy) < Li(hs).

It follows from the order-preservation of Ly that ¢, is order-preserving. So ¢y, is an auto-

morphism of the totally-ordered monoid H, and 1x = 1 yields ¢, = idg.
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Since = is admissible on M and K = M/ =, we have

HEk ko = kiko = Hk Hky = HE{ k.

Therefore there exist f(k1, ko) and g(k1, k2) in H such that

kiko = f(k‘l, k?2)k‘_1k_2, k?_1k’_2 = g(k‘h k2)k71k2

for all £,k € K. Since H is K-cancellative, it follows that f and ¢ are well-defined

functions from K x K to H. Moreover, since f(ky, ko)g(ki1, k2) = g(ki1, ko) f(k1ks) = 1

for all ky, ko € K, we get that f(ky, ko) and g(kq, ko) are invertible. By definition, we have

Again by the K-cancellativity of H, we get f(1k,k) = f(k,1x) = lg forall k € K.
Also, by the definition of f, we know

Ly = Lyt ko) L Ly, Bry = Big R Ry ko)

Thus by the K-cancellativity of H we have

_ p-1
Pkiks = R%Lk’lk‘z

-1 —1 p—1
= Ry, oy B B L o) Ly Ly

- Rf(kl,kz)Lf(klvkz)RH LHRE LE

- R;(lkl,kz)Lf(khkz)@kl Pky
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for all k1, ky € K. So we get

90k1k2(h) = f(kla k2) "H Pky Pho (h) ‘H f(kh k2)_1

forall h € H.

Finally, we observe that

ki - koks = k1ko - k3
iff f(ky, koks)ky koks = f(kika, k3)kiks k3
iff f(kh k2k3)k_1f(k27 k3)k_2k_3 = f(k1k27 k3)f(k17 k?)k_lk_Q ' k_3

iff f(kq1, koks)or, (f(ko, k3))k1 - ko ks = f(kika, ks) f (K1, k2)k1 ks - k3.

So by the associativity of K and the K-cancellativity of H, we get

f k1, kaks) o, (f (K2, k3)) = f(kika, k3) f (K, k2)

for all ky, ko, k3 € K. Therefore f is a 2-cocycle with respect to H, K and ¢.

Finally, we define the map ) : R — R, given by ¢(L) = L, ¢(T) = T and
¥(x) = (hg,ks), where k, = [z]= is the chain to which z belongs and h, = Rl%zl ().
Since = is admissible, H is K-cancellative and H is totally-ordered, LE and RE are order
isomorphisms between the sets H and k., so ¢ is well-defined. We will show that v is a
residuated-lattice isomorphism.

Suppose (x) = 9(y) for some x,y € M. Then k, = k, and h, = hy, ie,xz =y
and R () = Rl%yl (y). Since Ry~ = Ry is a bijection between H and k,, we have = = y.
For (h,k) € H x K, let z = hk. Since Ry, is a bijection, we know h = R%l(x), SO
(x) = (h,k). Since ¢»(L) = L and ¥(T) = T are uniquely defined, ¢ is a bijection

between I and R, ;.
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Since Ry is an order isomorphism between H and the chain k,, v <g y iff k, = k,

and R (z) <m Rl%yl(y), hence © <g y iff (z) <g,, ¥(y) forall z,y € M. Since

(L) = Land+(T) =T, ¢ is alattice isomorphism between R and R, ;.

Since k,y, = k, -k k,, we have k_xy = kyky = f(ks, ky)ky Ky, soforall z,y € M

¢(ZL‘y) - (R_l (ny), kzy) = (RgR%<$y)f_l(km7 ky)7 kavky)

kzy

On the other hand,

=R (@)¢r, (R (W) " (kas ), aky)
:(kaz (L;—: (m))gka(R% (y))f_l(kam ky)» kxky)

=(pr. (Liz (@) R () f (ko Ky ), Kickey)

Since
vy = L L (@) - Ry Rl (4) = Re L (L) (@R (9),
we have
L ()R (y) = L B (wy)
So

R Rz (wy) = Rz (L L ) R (wy) = o, (L B (2y) = o, (L () B (),

hence

Y(zy) = (x)P(y).

62



Since R is compact, we know ¢ (zy) = ¥ (x)y(y) forall z, y € R. So # is a lattice-ordered
monoid isomorphism. Since both of R and R, ; are residuated lattices, ¢ is a lattice and
monoid isomorphism, and the divisions are definable by the order and multiplication, we

get that ¢ is a residuated-lattice isomorphism. 0
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Chapter 8: Unilinear Residuated Lattices
We will now undertake a classification of unilinear residuated lattices. We will identify
four natural classes of URLs and show that these classes cover all URLs. We will provide
axiomatizations for these classes and, via a series of constructions, show that algebras in
three of these classes can be constructed from algebras in the fourth one.

Recall that a (bounded) URL is called T-central if it satisfies

Ve (Te =2T) (T-central)

which is short for the formula

Vg, ug, z (ug < ug orug < ug or (ug V ug)x = z(ug V ug)).

By Lemma 4.9(3), T-centrality imposes no restriction on the linear models, so we will
focus only on the non-linear models. Also, by Lemma 4.9(2) for these non-linear models
there is no real distinction between including the bounds in the language or not.

The following result shows all non-linear unilinear residuated lattices are T -central.
Proposition 8.1. Every non-linear (bounded) unilinear residuated lattice is T -central.

Proof. Let R be a non-linear unilinear residuated lattice. First we observe that T is central
inRiff Te =27 forall L <z < 1.

To prove this, we see thatif x > 1,then T = T1 < Tzand T = 1T < 2T, so
Tz = T = zT. Also, we know that L T = TL = 1. Finally, for z || 1, we have

Te=(QVa)r=zVa*=x(1Vz)=2zT.
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Since R is non-linear, there exists d € R such that d || 1. Now let L < x < 1,
then we know dr < d by order-preserving of multiplication. If dv = L, then we have
Ter=(1Vdzr=xVdr=ux;ifdr> 1, thenwehavedr =d || land Tx = (1Vd)x =
xVdr =T. Soif L < x < 1,either Tx = x or Tx = T; similarly we can show if
1l <x<l,eitherzT =xorzT =T.

Suppose there exists L < x,y < 1 such that Te = z and Ty = vy, then by 2 =
Te = (1Vd)x =2V drwehave de < z. Since dr < d and d || =, we know dx = L
by unilinearity. Likewise we can show dy = L. Now we have © = Tz = (y V d)z =
yrVdr =yrandy = Ty = (zxVd)y = vy Vdy = zy. Since z,y < 1, we get
r=yr<y-l=yandy =2xy <z-1=ux50x =y,i.e., if there exists such element z
that 1 < 2 < 1and Tx = =z, then it’s unique. Similarly we can show if there exists such
element z that 1. < x < 1and zT = x, then it’s unique.

Finally, let x be the unique element such that | < z < 1 and Tz = z, then we
know dxr = L. By above proof we also know either xt T = T or xT = x. By way of
contradiction, assume that T = T,then L. = LT =dz-T =d-zT =dT > d,a
contradiction since d || 1. Thus T = x and hence z is also the unique such element that
l<z<landzT = 2.

Therefore forall 1L < z < 1,either Te = 2T = T or Tx = T = z, and the latter

case is unique. 0

8.1 Properties of non-linear unilinear residuated lattices
We focus on (bounded) unilinear residuated lattices whose lattice reduct is non-linear.
Here we use the notation a = b to indicate that two elements a and b are comparable, i.e.,

thata < borbd < a.
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Given a non-linear unilinear residuated lattice R, we define

Up=U:={x € R\{T,L}|Te=T}
Zp=2:={x € R\{T,L}| Te=x}

Wr=W:={x e R\{T, L}z <Te < T}

We will be dropping the subscript R, when it is clear from the context. Note that U LI Z L
W =R\{T, L}

The following result follows from [11].
Proposition 8.2. In any residuated lattice R with top T, the set R+ = Z U {T, L} is
a subalgebra of R with respect to all operations other than 1, and T is a multiplicative
identity for R+. Hence, R is an integral residuated lattice. If R is unilinear, then also Rt

is unilinear.

An element a of a residuated lattice is called invertible if there is an element b such
ab = ba = 1. The following theorem provides useful insight in the structure of unilinear

residuated lattices.
Theorem 8.3. Let R be a non-linear unilinear residuated lattice.

1. UU{T} ZU{L, T}and Z U {L} are closed under multiplication.

Furthermore, ab = ba = bforalla € U,b € Z.

2. Z is either a chain or a 2-element antichain. Also, if Z = {b;, b2} is a 2-element
antichain, then b? = by, b5 = by and b1by = byby = L. Inthiscase, ZU {1, T}isa

1-free subalgebra of R and isomorphic to a 4-element Boolean algebra.

3. There is at most one b € Z with b = 1. If there is such an element b, then bx = xb =
L forallz || land U = 1\ {b, T}. If there is no such b, then a || ¥’ for all a € U
and b € Z.
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4. The chain of 1 (i.e., 1) is disjoint from W'.

5. W forms a chain and ¢ < by := ¢T = cby = bgc = ¢ € Z, forall c,d € W. In
other words, W = by \ {L,bo}. Also, if W # (), then and (W U {bo},-, <) is a
totally-ordered null semigroup with zero element by.

Moreover, xc, cx < by forall x € R, ¢ € W in particular, x¢c = cx = by when x || 1.
6. Foralla € U and c € W, we have a || c.

7. W # 0, then the set {b € Z : b || 1} U {T} equals by and is closed under

multiplication and divisions.
8. If W = (), then all invertible elements are comparable with 1.

Proof. Below, we prove the statements in a convenient order.

(1) Note thatsince TT = Tand TL = L, wehave UU{T}={x € R: Te =T}
and ZU{L, T}={r e R: Te =z} Ifaj,aa €c UU{T},then T - ajay = Ta; -as =
Tay = T,s0a1as € UU{T}. Alsoif by, by € ZU{L, T}, then T -biby = Tby-by = bybo,
hence b1by € Z U {L, T}. Finally, if b;,0o € Z U {L}, then byby € Z U {L, T} and
bibe < b1 T =0 < T,s0bby € ZU{L}.

Now, fora € U and b € Z, using the centrality of T, we have ab =a -b0T =ab- T =
T-ab= Ta-b= Tb=>. Similarly we show that ba = b.

@Ifz>1,thenTe >T-1=T,sox € UU{T}. If x < 1, then dx < d, where d is
some fixed element in R\ {_L, T}, incomparable to 1; such a d exists, since R is non-linear.
Ifde = 1,then Tx = (1Vd)x =xzVdr =2V 1L =uass0rec ZU{L} Ifde # 1,
then since dx < d, we get that dx is incomparable with 1 and so also with x. In this case
Tz =(1Vd)x=uaxVdr=T,thusz € U. Therefore, every element of J 1 is outside WW.

(3) Let b € Z such that b = 1. Since R is non-linear, there exists x € R such that

x || 1. Since b = bT = b(1 V) = bV bz, we have bx < b. Also, note that b < 1, since
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otherwise Tb = T, so we get bx < x; hence bx < bAx. Sincex || 1 =b ¢ {T, L}, we
get x || b by unilinearity, hence bx < b A x = L; likewise, we have xb = L. Likewise, for
every b withl1 =V € Z, wegetabt =bz = 1L,sob/ =TV = (bV )t =bVV xb = bl
andb =0T =b(b' V) =0 Vbxr=>0b. Thust/ =b.

Furthermore, every element of U is comparable to 1 in this case, since if there were
an a € U with a || 1, we would get ab = ba = L by the preceding paragraph, which
contradicts the fact ab = ba = b. Also, since U is upward-closed, we get b < a; hence
U C 10\ {b, T}. Conversely, by (4), no element of W is comparable to b, so since b is the
only element of Z that is comparable to 1, we get 1o\ {b, T} C U.

Now suppose b || 1 for all b € Z. By way of contradiction, assume that a = ¥/, for
some a € U and b’ € Z. Since I/ || 1, we have a || 1. Since U is upward-closed, we get
b < a.So,using (1), weget T =aT =a(lVV)=aVal =aVl = a,acontradiction.

(5) If ¢, ¢ are in W, they are incomparable to 1, by (4). By the definition of W, we
have c < ¢T =c¢(1V ) =c¢Ved =c¢T < T. By unilinearity, ¢T is join-irreducible, and
using c < cVed =c¢T < T,wegetc < cd =cT < T; likewise, using the centrality of
T, we have ¢ < ¢ = T(. So, ¢c is comparable to both ¢ and ¢’ and since none of them is
1L or T, by the unilinearity of R, we get that ¢ and ¢’ are comparable; hence W is a chain.
Moreover, it follows from the above calculations that for any ¢y, co, c3,c4 € W we have
ci1cy = ¢; 1 = cieq = Ty = czcq and we use by to denote the common value of all these
products. Furthermore, we have Thy = T - Tc¢y = Tep = by, s0 by € Z U {T}. Actually,
by € Z because by = T implies ¢c; T = T, contrary to the definition of . Finally, we have
bpc=Tc-c=T -cc=Tby=byandcby =c-cT =T =byT = by, where c € W.

Note that for all x € Rand c € W, we have xc < Tc = by and cx < ¢T = by. Finally,
ifx| land c € W, then by = ¢(1V x) = ¢V cx and since by is join-irreducible, we get

bo =c € W or by = cx, so by = cx; likewise by = zc.
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(6) Given a € U and ¢ € W, we have ¢ || 1 according to (3). Soa V ca = (1 V ¢)a =
Ta = T. Since a # T and ca < bypa = by < T, we have a || ca by unilinearity. Finally,
since L < ca =by=c< T,wegeta || cagain by unilinearity.

(7) Suppose there exists c € W andset Z' = {b € Z : b || 1}. By (4) and (5), we have
2 =by € Z', soZ isnotempty. If b € Z’, then b || 1, so bc = by by (5). By (4), we have
cl[1,s0b =0T =b(1Vec)=bVbc="0bVbyand by < b;thus Z' C 1h,. Conversely, for
bp < x < T,wehave z || 1, since 1 || by and R is unilinear. Also, bpx < byT = by < =z,
so Tx = (1Vb)r=xVbr=xandzx € ZU{T}; hence x € Z'U{T}. Therefore
Z'"U{T} = 1h.

Now we show 1by is closed under multiplication and divisions. For b, b’ > by, we have
bb > b3 =Tc-cT =Tc* T =Tby- T = by. Also, since by = by T = by(1V b) = bV byb,
we have byb < by < b and by < V' /b, by residuation; likewise by < b\b'.

(8) Assume that a; is invertible: a;a; = asa; = 1, for some ay. Note that if Ta; = a4,
then T = T1 = T - ajas = ajas = 1, which is a contradiction, so a; ¢ Z U {T, L}.
If a; € W, then also a; = a; - ajas = a%ag = bpay = bgay - az = by, which is also a
contradiction, so a; ¢ W. Therefore, invertible element belong to U and ay,ay € U. If
aj || 1,thenas || 1since T = Tag = (a1 V 1)ay = ajas V ag = 1V ay. If, further, c € W,
by (5) we get ca; = cas = by, soc =c-1 = c-ajay = cay - ay = byas = by, which is a
contradiction. Therefore a; = 1 and a; = 1 when W = ().

(2) First note that for z,y € Zwehavezy < zT =zandzy < Ty =y, soxy < xAy;
in particular, if z,y are incomparable, then zy = L. Now suppose Z is not a chain and
x,y are incomparable elements of Z. Now, any z € Z has to be incomparable to = or to
y; without loss of generality, z || y. Soxz = 2T = z(yVz) =zyVez=LVrz =
xz2 < Tz=zandz=2T =z(yVze)=z2yVzr=_1Vzr =z2r < Tx = z, hence
x = z. Thus, if Z is not a chain, then it is a 2-element antichain: Z = {z,y}. In such a

case, 22 = 22V L = 2? Vay = z(z Vy) = 2T = x and likewise y*> = y. Also, from
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above we know that xy = yx = L. To show that Z U {_L, T} is a 1-free subalgebra of R
and isomorphic to a 4-element Boolean algebra, we compute the divisions involving x and
Yy, by distinguishing two cases.

If both = and y are incomparable to 1, then W = () by (7). Since za = axr = x and
ya = ay = yforalla € UU{T}, we know 2\ L = z\y = y/x = L/z = y and
NL=y\z=z/y=1L/y=ux

If x is comparable with 1, then y is not comparable to = or 1. So, z\ L = z\y = y/z =
1/ =ysincexa =axr =z foralla € UU{T}; zc=cx= L forallc € WU {y} and
if W £ (), then ¢ < y for all ¢ € W by proof in (4). Also, Y\ L =y\e =z/y=1/y==x
since ay = ya =y foralla € UU{T} and cy = yc = y for all c € W U {y} by proof in
). O

8.2 Classification of unilinear residuated lattices

In the following we will make use of Theorem 8.3 to classify the (bounded) URLs
into various classes (along the lines of the properties mentioned in the theorem). As we
mentioned, it suffices to describe the structure of the non-linear members of each class.
These classes, which together cover all the URLs, will be: B4 (containing only the 4-
element Boolean algebra), Tunital, B, TW, LW. Furthermore, we show how the algebras
in the three latter classes can be constructed from algebras in Tunital, thus reducing the
study of URLs to the study of the T-unital ones. Moreover, we provide axiomatizations for
each class.

We will also identify a subclass T of TW and a subclass L of LW that will play a role
later. Also, bounded versions of all of these classes can be considered without any change
in the axiomatization.

The culmination of the following exhaustive list of configurations of (bounded) URLs,
together with specific constructions presented in the following subsections, will result to

the following result.
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Corollary 8.4. Every (bounded) URL belongs to one of the classes: B4, Tunital, B, TW,
LW. Moreover, the algebras in the last three classes can be constructed from algebras in the

class Tunital.

8.2.1 The class Lin. The class Lin consists of all the residuated chains; we denote by
bLin the class of bounded residuated chains. Figure 8.1 illustrates integral and non-integral
chains. Clearly Lin is axiomatized by the sentence (Vu,v)(u < vorv < u). Moreover,
this class is contained in all of the others, as for the other classes we only pose restrictions

on their non-linear members.

1 T
o o

o
¢} O an

oa
Ob1 O ay

¢}
o) o1l

o1l
o by, ob

ob
o oc

oc
o o
1 1

Figure 8.1: Lin: R is linear, T is not necessarily central

8.2.2 The class B4. We consider the class where the non-linear members are integral. If
R is integral, then T = 1,s0 2T = Tz = z forall z € R; hence R = Zr U {L, T}
Since R is non-linear, by Theorem 8.3(2) we get that R is isomorphic to the 4-element
generalized Boolean algebra; see Figure 8.2(a).

This class is axiomatized by the formula: Tz =x = x T, which is short for

Vu,v,2(u <vorv<wuor(uVv)r=rz=x(uVv)).

8.2.3 The class Tunital. We consider the class of URLs whose non-linear members R

are non-integral, and have Wy = () and Zr = (). This is equivalent to the fact that R
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Figure 8.2: (a) B4: non-linear and integral;
(b)Tunital : W =0 and Z = ()
satisfies x T = Tx = T forallz € R\ {L}, i.e., R is rigorously compact. Figure 8.2(b)
shows the general form of R. Therefore, the non-linear members of the class are exactly
the rigorously compact URLs, hence the class is axiomatized by the T-unital axiom. We
use bTunital for the bounded version.

Chapter 7 contains general constructions that give algebras in this class. In the follow-
ing, we will prove that all of the remaining cases can be reduced to the T -unital case, by
providing specific constructions for each class.

8.2.4 The class T. We denote by T the class of URLs whose non-linear members are
non-integral and satisfy: Wr = ), Zr = {b # 0/} and b = 1; all of the results also hold
for the corresponding class b T of bURLSs. The name of the class is motivated that there are
elements of Zi and Up that are together in the same chain. Let R be a non-linear member

of T. Since W5 = (), we have that R satisfies the formula

Vo (Tex=Tor Tz =) (W)
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Since b = 1 for some b € Zy, Theorem 8.3(3) implies that U = 1\ {b, T} is a
chain. By Theorem 8.3(3), b is the only element of Zp that is comparable to 1, so b’ is
incomparable to both 1 and b. By Theorem 8.3(2), Zr U { L, T} is a 1-free subalgebra of
R and it isomorphic to the 4-element generalized Boolean algebra. Therefore, R has to be
ordered as in Figure 8.3(a). In particular, R satisfies (w-), as it has width at most 2.

By Theorem 8.3(1), b is the multiplicative zero for Ur U { T} and by Theorem 8.3(2),
b*> = b. So, 1b is totally-ordered, closed under multiplication and contains 1. Moreover,
it is closed under divisions: since b = bx = b < a for all x € 10 and a € Ug, we get
b < z\a,a/r < T;alsob < a\band o' £ a\b, for all a’ € Ug, hence a\b = b; and
b\b=0b/b = T. So 1bis a L-free subalgebra of R. By Theorem 8.3(1), zy = y = yz, for
x € Ugr and y € Zg. Therefore, we have a\b' = b'/a = V' and V'\a = a/V = b, for all
a € Ug. Note that given two incomparable elements in R, at least one of them is &’ and we

know &'\ L V¥ = bV b = T. Therefore, R satisfies the sentence:

Vo,y(zx <yory<zorz\LVwz=Tory\LVy=T) (compl)
T T
p O
ai o
1o y A y
a_10
A—mO
b b
L 1

Figure 8.3: () T: W =0,Z = {b,b'} and b || V';
(b) the construction
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We have shown that the non-linear members of the class T satisfy (URL), (W), (w)
and (compl). We show now that, conversely, these sentences provide an axiomatization for

the class.
Theorem 8.5. The class T is axiomatized by (URL), (W), (w3) and (compl).

Proof. Let R be a non-linear residuated lattice satisfying (URL), (W), (w5) and (compl);
letd € Rsuchthat1 || d,thend ¢ {L, T}. Since I\LV1=1Vv1=1G%T,by
(compl) we get d\ L Vd = T. Since d # L, we know d\ L # T,sod\L || d. Since Ug is
closed under multiplication and elements in Uy are multiplicative identities for Zy, d € Ug
implies d\ L = L then d\ L = d, a contradiction; so we know d ¢ Ug. Now, (W) gives
Wgr =0,hence d € Zp. Also,by d\ L < (d\L)T <d\(LT)=d\L, wehaved\ L € Zx.
By Theorem 8.3(2), we know now Zr = {d,d\ L} being a 2-element antichain. By (w,)
we know the width of R is at most 2, and since d || 1, d || d\L, we can conclude that

d\L =1 O

We have shown that if R is a non-linear member of the class T, then 1b is a bounded
residuated chain with top T and bottom b satisfying Tx = T = T for all = # b (rigorous
compactness). Also, we know R = ToU { L} U{b'}, L is absorbing for R, bb' = b'b = L,
xb =bax="0bforallz € R\ {L,b}, and V' is only comparable to T and L. We will show
in Corollary 8.7 that, conversely, if we have these ingredients (1h, L and b’) subject to the
above restrictions, there is an algebra in T whose ingredients are the given ones. Actually,
the construction we will describe is slightly more general even: it produces a residuated
lattice even if 10 is not totally ordered (Theorem 8.6); the residuated lattice is unilinear iff
1b is totally ordered.

Let A be a bounded residuated lattice with top T and bottom b that is rigorously com-
pact (Tez =T =T forallz € A\ {b}); then A\ {b} is closed under multiplication by

associativity. We consider the set R (31 = AU{L,b'}, where L and b’ are new elements,
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and we define a lattice ordering on it by: 1. < b’ < T and ¥’ is incomparable to all other

elements; see Figure 8.3(b). Also, we extend the multiplication of A by

b =br=b ifzre RA,{b,b’} \ {J_, b}
b =b'b= L

zl =1lx=1 forallz € R.

We denote the resulting algebra by Ra 51}

Theorem 8.6. Let A be a bounded residuated lattice with top T and bottom b satisfying
Tae=2T =Tforallz € A\ {b}, and L, ¢ A are distinct elements. Then R g5 is
the reduct of a (unique) residuated lattice, which denote in the same way. Furthermore, if

A is linear, then R 3} is unilinear.

Proof. We set R := R g1 for convenience. Since A\ {b} itself is a monoid, L and 0’
are absorbing elements for A\ {b}, L absorbs ¢', and {b, ', L} is a semigroup, associativity
holds in R.

We first prove that multiplication of R is order-preserving. Given that A U {1} and
{L, T,b,b'} are residuated lattices, order preservation holds there. Also, and L is absorb-
ing, so the verification for the remaining cases is: b < a = bV’ = L < I = al/ and
V<T=al<T=aT,foralla € A\ {b}, and likewise for multiplication on the left.

Now by way of contradiction, suppose x\\ z does not have maximum, for some z, z €
R. In particular, T ¢ z\\z. By Remark 2.4, max L \y = maxy\T = T forally € R,
hence z # L and z # T.

Assume that there exists a € A\ {b, T} such that a € z\\z; then T # xa, since
otherwise we would have T € z\z. Soz ¢ {b,V/, L, T}, ie,z € A\ {b, T}. Since
za < z, A\ {b} is closed under multiplication and b < a, b’ || a foralla € A\ {b, T}, we

have z € A\ {b, T}. By definition of z\\z, we know z\\z = {y € A : zy < 2z} U{L}.
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Thus maxz\\z = 2\az, which is a contradiction. So we get z\\z C {1,b,b'}. Since
1 € z\\z for all z,z € R and z\\z has no maximum, we know z\\z = {_L,b,b'}. Since
T ¢ a\z,wegetxT #axband 2T # xt/,sox ¢ {L,b,b'}, or equivalently, z € A\ {b}.
Since b € z\z and V' € x\\z, we get b = b < z and xb' = V' < z, thus z = T, which is
a contradiction. Therefore the maximum of x\\ z exists for all z, z € R, and likewise z //z

has a maximum. By Corollary 2.2, we get that R is a residuated lattice. U

Corollary 8.7. The residuated lattices of the form R4 4/}, where A is a rigorously com-

pact residuated chain, are up to isomorphism precisely the non-linear algebras in T.

8.2.5 The class B. We denote by B the class of URLs whose non-linear members satisfy:
R is non-integral, Wy is empty, Zr = {b,b'} and {b, V', 1} is a 3-element antichain. Let R
be a non-linear member of B; the results below hold also for bB, the bounded version. The
name of the class is motivated by the fact that Zp U {_L, T } forms a Boolean algebra. Since
Wgr = 0, R satisfies the formula (W ()). Since Zp = {b,0'} and b || b’, Theorem 8.3(2)
implies that Zr U { L, T} is a 1-free subalgebra satisfying b* = b,b* = 1/ and b/ = V'b =

1. Actually Zr U {L, T} itself is a 4-element Boolean algebra, so R satisfies

Vo(Te=Torz\LVa=T), (ZBoolean)

which is short for

VuvoVz (u <vorv <wuor (uVov)r=uVvorz\(uAv)Ve=uVov).

Since {b, ', 1} is a 3-element antichain, Theorem 8.3(3) yields that a || bforalla € Ug
and b € Zp. By Theorem 8.3(1) we have ab = ba = b and also we have Wy = (), so

aj\ag,as/a; € Ug U{L} forall aj,ay € Ug;thus Ug U {L, T} is a subalgebra of R. For
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the same reason R satisfies the formula

T\1=1, @] 1)

which is equivalent to

Vu, Vo (u <wvorv <wor (uVv)\l =uAv).

Finally, the remaining divisions are given by

a\b=>0b/a=b a\b/=V/a=V

a=a/b=0 b\a=a/tl =,

for all a € Ug. The lattice structure of R is given in Figure 8.4(a). We now show that these

sentences provide an axiomatization.
Theorem 8.8. The class B is axiomatized by (URL), (W {)), (ZBoolean) and ( || 1).

Proof. Suppose R is a non-linear residuated lattice that satisfies theses axioms. By (1)
we have Wy = () and by (ZBoolean) we know Zp # () and x € Zp implies = || x\ L.
Similarly to the proof of Theorem 8.5, we can show that x\ L € Zy for x € Zg, so Zp is
a 2-element antichain. Finally, since R satisfies (b || 1), if there exists b € Zg such that
b =1, then T\1 = b > L by Theorem 8.3(3), a contradiction, so b || 1 and ¥ || 1, and

{1,b,V'} is a 3-element antichain in this case. O

We now work in the converse direction and describe a general construction that will
help us characterize all non-linear algebras in B.
Let A be a bounded residuated lattice with top T and bottom | satisfying Tx = 2T =

T forall z € A\{L} and B be a bounded integral residuated lattice with top T and bottom
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Figure 8.4: (a) In B; (b) In L

1, such that AN B = {1, T}. We consider the set R g = A U B and the union of the
orders of A and of B, resulting in the lattice order of Figure 8.5.
Also, we extend the multiplication on A and B by stipulating that each element of B

is absorbing for A \ {_L, T}. We denote the resulting algebra as R g.

Theorem 8.9. Let A be a bounded residuated lattice with top T and bottom _L satisfying
Te=2xT =T forallz € A\ {L}, and B be a bounded integral residuated lattice with
top T and bottom L. Then Ra g is the reduct of a (unique) residuated lattice which we

denote the same way. If A and B are linear, then R p is unilinear.

Proof. We abbreviate ?p g as IR for convenience. Since all elements in B are zero ele-
ments for those in A \ { L}, associativity holds.

Since both A and B are residuated, multiplication is order-preserving inside each of
them. Since elements in A\ {_L, T} are multiplicative identities for those in B, multiplica-
tion between elements of A and B is order-preserving as well. So the multiplication on R
is order-preserving.

To show that R is a reduct of a residuated lattice, by Corollary 2.2 it suffices to show

that z\\z = {y € R : zy < z} has a maximum for all z, z € R. By Remark 2.4, we know
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1

Figure 8.5: The algebra Rs

1\z =2\ T = Rforall x,z € R, so max L \\z = maxz\T = T. In the following we
assume that x > 1 and z < T. Working toward a contradiction we assume that x\\ z does
not have a maximum for some z, z € R; in particular, T ¢ x\\z. Note that if there were an
a€ A\ {L, T} witha € z\\z, then 2T # za (since otherwise we would get T € z\\2),
so x ¢ B, or equivalently, v € A\ {L, T}. Then, since a € x\\z, A\ {_L} is closed under
multiplication and elements in A \ {_L, T} are incomparable with those in B\ {_L, T}, we
getze A\ {L},thusa\z={y e R: 2y <z} = {y € A: 2y < z}, and the maximum
of x\\z is x\ a2, which is a contradiction. Hence x\\z is fully contained in B \ {T}. If
re A\{L, T} thenz\z = {y € B: 2y < z} = {y € B :y < z} and since the
maximum does not exist, we get that z € Aandthenz\z = {y € B:y <z} ={l},a
contradiction; so x € B. Now, if z € A, then 2\z = {y € B : vy < z} = {L} since B
is closed under multiplication, a contradiction; so z € B. In this case z\\z has maximum

x\B 2, which again is a contradiction. Similarly for z /2 = {y € R : yz < z}. U

Corollary 8.10. If A is a bounded unilinear residuated lattice with top T and bottom L

satisfying Tx = 2T = T forall z € A\ {L}, and B is the 4-element Boolean algebra,
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then R g is a non-linear member in B. Moreover, all non-linear members of B are of this

form.

8.2.6 The class L. We denote by L the URL class in which the non-linear members are
non-integral with Wr = () and Z is linear; the same results below hold for the corre-
sponding bURL class bL. The name of the class is motivated from the fact that Zp is
linear. Let R be a non-linear member in L. Since W5 = (), we know that R satisfies (W 0).
Since R is non-linear and Zy, is linear, b || 1 for all b € Zg, otherwise by Theorem 8.3(3)
Ur =710\ {L, T} and R is linear. Also by Theorem 8.3(3) we know b || a for all a € U.

Since Zp is linear and Wx = (), R satisfies

Vo (Toe=Torz\L<zorz <uz\l). (Zlinear)

Similar to the case for B, we can show that UgrU{ L, T} is a subalgebra and ZrU{ L, T}

is a 1-free subalgebra, and that the divisions are given by

a\b=>b/a="0b, b\a=0b\L, a/b=_1/b

foralla € Urand b € Zp.
Theorem 8.11. The class L is axiomatized by (URL), (W () and (Zlinear).

Proof. Suppose R is a non-linear residuated lattice satisfying these axioms. By (W) we
have W5 = (). By (Zlinear) we get that if x € Zp then x = 2\ L. Since by Theorem 8.3(2)
z\L || « for all z € Zp when Zy, is a 2-element antichain, we know if Zr # () then it is

linear in this case; otherwise Zr = () and R is in the class T unital. O]

Note that the construction in Theorem 8.9 is general enough to apply to this case as

well, thus yielding the next characterization of all the nonlinear algebras in L.
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Corollary 8.12. If A is a bounded unilinear residuated lattice with top T and bottom L
satisfying Te = 2T = T forallz € A\ {L}, and B is an integral residuated chain, then

R B is a nonlinear member in L. Moreover, all nonlinear members of L are of this form.

8.2.7 The class TW. We denote by TW the class of URL whose non-linear members R
are non-integral, Zr = {b # by} and b = 1; the results below hold also for the bounded
version bTW. Let R be a non-linear member of TW. Since Zp = {b # by} and b = 1,
Theorem 8.3(3) yields Ur = 1b \ {b, T} and that b is the unique element in Zx which is
comparable with 1, s0 b || by and Z is a 2-element antichain.

If Wx = 0, then R satisfies (W (). Since Ur = 1b\ {b, T} and Zr = {b # by}, R also
satisfies (wy) and a || by for all a € Ug, so x || y implies x = by or y = by for all z,y € R.
Since by\ L = b and by || b, we get that R satisfies (compl), so R is a member of the class
T by Theorem 8.5.

If Wr # 0, then ¢ € Zg, ¢* || 1 and ¢ || 1 for all ¢ € Wg by Theorem 8.3(4) and (5),
so ¢? = by. Also by Theorem 8.3(5) we know Wgr = by \ {L, by}, thus R satisfies (ws).
By Theorem 8.3(3), bc = L for all ¢ € Wg. Since ac,ca < by by Theorem 8.3(5) and
1 < ac, ca by associativity for all a € Ug = 1\ {b, T}, ¢\.L = b for all ¢ € Wpg. Since

¢ || b, we know that ¢\ L V¢ =0bV ¢ = T, hence R satisfies (compl).
Theorem 8.13. The class TW is axiomatized by (URL), (w5) and (compl).

Proof. Suppose R is a non-linear residuated lattice satisfying these axioms. Since R satis-
fies (compl), d || 1 implies thatd ¢ U U{L, T} sincea\L Va=a < T forall a € Ug;
such d exists since R is non-linear. Also, since d\ L < d\L-T < d\(LT) = d\L and
d\LVd=T,weknow d\ L € Zr. Now if d € Zp, then Zp = {d,d\ L} is a 2-element
antichain. Since R satisfies (ws) and 1 || d, we know d\ L = 1, so R is a nonlinear member
of TW. On the other hand, if d € W, then d?> = by € Zr by Theorem 8.3(5). Since d < by

and d\L Vd = T, we know d\L V by = T. Since d\ L € Zg, again Zp is a 2-element
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antichain. Since R satisfies (w,) and by || 1 by Theorem 8.3(7), we know d\ L < 1,s0 R

is a non-linear member of TW. O
T
/\@ bO
an O o Cp
a; o [e]
10 0 Cop
a_10 l¢]
A—mO 0Cm
b O\/
1

Figure 8.6: TW: W £ (), Z = {b,by} and b = 1

Since all non-linear members of T satisfy the above axioms, we have that T is a sub-
class of TW. As in the case T, we can show that 10 is a | -free subalgebra of R € TW and
that it is rigorously compact. Similarly, Zr U {_L, T} is a 1-free subalgebra and itself is a
4-element generalized Boolean algebra. If Wg # (), then Wr U {L, by} is a totally-ordered
semigroup subreduct of R satisfying xy = b, for all z,y € Wr U {by} by Theorem 8.3(5).
As we mentioned in the proof above, we have that | < ac,ca < by and bc = ¢b = L for

all a € Ug, c € Wk, so the divisions among Uy, Z and Wy are given by

a\bo = bo/& = bo, b[)\a = Cl/bo =b
a\c=c/a e WrU{Ll}, ca=a/c=0
bo\C:C/b():b, C\bOIbU/C:T

b\c=rc/b=1by, c\b="0b/c=0,

forall a € Uy, c € Wkg.
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Moreover, since Wi U{_L, by} satisfies xy = by for all x,y € WrU{bo}, ac, ca € WrU
{bo} and by is a multiplicative zero for UrU{ T }, combined with the fact bby = bob = L, we
have that 76 acts on WU {_L, by} from the left and the right. Also, since the multiplication

of R is residuated, the following properties hold.
e T-c=c-T=hbyforallc € WU {bo}.
ca-by=by-a=byforalla e Us U{T}.
eIfa-c=lorc-a= _1,theneithera =borc= 1 forall a € Tband ¢ € |by.

Conversely, we construct a residuated lattice based on a rigorously compact residuated
lattice, a bounded semigroup which is almost null and a bi-residuated bi-action. When
the given algebras are totally-ordered, we obtain a non-linear member of TW, as we show
below.

Let A be a rigorously compact residuated lattice with bottom b and top T and let C be
a bounded lattice-ordered semigroup with top by and bottom L satisfying zy = by for all
z,ye C\{L}and Lz =zl = zforall z € C. Suppose * is a bi-residuated bi-action of
Aon(C,i.e.,

lxec=c¢, (a1a3) *xc=ay*(ag*c), (a3 xc)*xay =ay *(c*xaz), cx1 =c¢, cx(agay) =

(€% ag) * ay,

and there exist functions \'! : AxC — C, /!l : CxC — A, /7 : Cx A — C and
\": C x C'— A such that

axc, < ciffe; <a\leyiffa < /ey

cpxa<ciffep <cflaiff a <c\"ey
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for all a,a;,as € A and ¢, cq,co € C. Here we write x for both the left x : A x C — C
and right x : C' x A — C aspects of the action. Also, assume that the action respects top

elements and has no zero-divisors:

Txc=cx T =bgforallce C\{L}
a*xbyg=0bygxa=>byforalla € A\ {b}

Ifaxc= _lLorcxa= 1, theneithera =borc= 1L foralla € Aandc € C

Note that the converse of the third condition above holds, given that * is residuated.

Now we let R ¢ . = AUC and define as order the union of the orders of A and C and
also making L and T the new bounds. This results in a lattice ordering as shown below,
where in the picture A includes T and b, and C' includes L and by.

T

Figure 8.7: Ra ¢«
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Also, we define multiplication on Ra ¢« by

(

x-ay ifzyeA
TYy=93zx-cy Iifz,yelC

xxy fexeAyeCorxeCyecA.

\

We denote the resulting algebra by R ¢ .

Theorem 8.14. Let A be a rigorously compact residuated lattice with top T and bottom b
and C be a bounded lattice-ordered semigroup with top by and bottom L satisfying zy = by
forallz,y € C\{L}and Lz =zl = zforall z € C. Suppose that A has a bi-residuated
bi-action on C that respects tops and has no zero divisors. Then R ¢ . is the reduct of a

residuated lattice, which we denote in the same way.

Proof. In the proof we use R as short for Ra ¢ ..

For associativity, we first observe that {_L, T, b, by} is a 4-element Boolean algebra.
Also, by the definition of multiplication we have bc = cb = L for all ¢ € C' and L is the
multiplicative zero for R. So we may focus on the multiplications between A and C that
do not involve b and L. For a,a;,as € A\ {b} and ¢, ¢1,c2 € C'\ {_L}, the verification of

the nontrivial cases is as follows:

ajag - ¢ = ajag ¥ ¢ = ay * (ag * ¢) = ay - asc
ajc-ay = (a3 x¢) *x ay = ay x (cxag) = ay - cag
cicy - a =boga =byg = cy - caa

cla-cy =byg=cy-acy

The remaining cases are similar or straightforward.
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Since A is residuated, multiplication on A is order-preserving. Since cjco = by for all
c1,c0 € C\{Ll}and Lz =21l = 1 forallz € C, multiplication on C is order-preserving.
For other cases we show y < z = xy < xz. Since A has a bi-residuated bi-action *
on C, the multiplication is order-preserving if z € A, y,z € Corx € C, y,z € A. So the

remaining cases are
cy=1,z€Arzy=1 <zzforallz € R.

cyeC\{Ltandz=T:Ifx € A\ {b},thenzy <by < T =zz;ifx € C\ {L},

then xy = by = xz; otherwise xy = 1 < zz.

Similarly we can show y < z = yx < zx. Therefore the multiplication of R is
order-preserving.

To show that R is the reduct of a residuated lattice, we will show that z\z = {y €
R : zy < z} has maximum for all z, z € R. Since * is a bi-residuated action, there exist
functions \' : AxC - C, /' :CxC — A, ):CxA— Cand\":C x C — Asuch

that

axc <ciffe; <a\leyiffa < /ey

cpxa<ciffeg <coffaiffa <e\ey

forall a € A, ¢1,co € C. By Remark 2.4, we know L\z = 2\ T = R for all z and z,
so max L \\z = maxz\T = T in this case. In the following we assume that z > 1 and
z < T. Working toward a contradiction we assume that x\\ z has no maximum for some
x,z € R, then T ¢ x\\z. First, since L € z\\z, we know z\\z is not empty. If there
exists c € C'\ { L} such that ¢ € x\\z, then we have 2T # xc, so x ¢ C, or equivalently,
x € A. Since zc < z < T, xzc € C and elements in A \ {T} are incomparable with

those in C'\ { L}, we get z € C. According to the definition of x\\z and %, we know the
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maximum of x\\z is \'2, which is a contradiction. Thus z\\z C (AU {L})\ {T}. Since
x\\z does not have a maximum and z\\z is downward closed, {_L, b} is a proper subset
of z\\z, so there exists a € A\ {b, T} such that a € z\\z. Thus 2T # xa implies that
x @ {L, T, bb}. Ifxe A\ {b, T}, then we know z € A\ {b, T} since A\ {b} is closed
under multiplication and elements in C'\ {_L} is incomparable with those in A\ {T}. In
this case, z\\z has a maximum x\ 5 z by the residuation of A, which is a contradiction,
so we know x € C \ {L,by}. Furthermore, since za < z, xza € C and elements in
A\ {T} are incomparable with those in C'\ {L}, we know z € C. In this case, z\\z
has a maximum z\"z since x is bi-residuated, which is again a contradiction. Therefore,
x\\z has a maximum for all z,z € R. Similarly for the existing of the maximum of

zffx ={y € R:yx < z}. O

Corollary 8.15. If A is a rigorously compact residuated chain and C is a totally-ordered
semigroup with top by and bottom L satisfying xy = by for all x,y € C \ {L} and
1z =21 = zforall z € C, then Ry ¢ is in TW. Also, all non-linear members of TW

are either of this form when W # () or of the form R, A,{b,p'} in Theorem 8.6 when W = 0.

8.2.8 The class LW. We denote by LW the class of URLs whose non-linear members R
are non-integral, Z is linear. Let R be a non-linear member of LW; the bounded version is
denoted by bLW. Since R is non-linear and Zy, is linear, if Wx # (), then Zp = 1y \ {T}
by Theorem 8.3(7), so b || 1 for all b € Zg; if Wi = (), then R satisfies (URL), (W) and
(Zlinear), so R € L by Theorem 8.11 and b || 1 forall b € Zg; thus a || b for all a € Uy
and b € Zi by Theorem 8.3(3). Note that in this case Zz does not need to have a least

element. If Wy # (), then R satisfies

Vao,Yy(Te=Tor Ty=Torz <yory < ). (ZWlinear)
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Since | < ac,ca < by for all a € Ui and ¢ € Wy, every b € Zp is a multiplica-
tive zero for Ui and elements in Uy are incomparable with those in Zr U Wg, we know
Ur U{L, T} is a subalgebra of R. By Theorem 8.3(7), 1y = Zr U {T}is a (L, 1)-free
subalgebra of R and by Theorem 8.3(5) W U {_L, by} is a totally-ordered semigroup sub-
reduct satisfying xy = by for all z,y € Wxr U {by}; in particular, in this case Zg has a least
element by. Also, by Theorem 8.3(5), bc = cb = by and ca = ac = by for all b € Zp,

¢ € Wg and a € Ug with a || 1. For divisions, we know

a\b=>b/a=0b, b\a=a/b=_1
a\c=c/laecWrU{Ll}, Aa=aj/c=1

b\e=c/b=1, c\b=b/c=T,

foralla € Ug, b € Zr and c € Whp.
Theorem 8.16. The class LW is axiomatized by (URL) and (ZWlinear).

Proof. Suppose R is a non-linear residuated lattice satisfying (URL) and (ZWlinear). By
(ZWlinear) we know that if z,y ¢ Ug U {T}, then x = y. So if W = () then R satisfies
(Zlinear). If, further, we have Zr = (), then R is in Tunital; if Zz # 0, then R € L.
If Wi # 0, then Zr # () and Zp U Wgr = Jb \ {L, T} by Theorem 8.3(5) and (7), so

Zr U Wk is linear. ]

Notice that L is a subclass of LW, and just as the class L, UrU{_L, T } has a bi-residuated

bi-action on Wgr U {_L, by} satisfying
e Txc=cxT =byforallce WrU{by};

. a*bozbo*a:boforallaeURU{T};
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Figure 8.8: LW: W # () and (Z U W, A, V) is a single chain

eIfaxc= Lorc*a= 1,theneithera = L orc= 1 foralla € Us U{L} and

ce WgrU {L}

Similar to the case of TW, we also give a construction based on a rigorously compact
residuated lattice, an integral residuated lattice and a totally-ordered bounded semigroup to
obtain a residuated lattice. As a special case we obtain an algebra in LW.

Let A be arigorously compact residuated lattice with bounds | and T, C be a bounded
lattice-ordered semigroup with bottom L and top b, satisfying xy = by for all z,y €
C\{Ll}and Lz =21 = | forall z € C and let B be an integral residuated lattice with
bottom by and top T. Also assume that A has a bi-residuated bi-action * on C respecting

tops and without zero divisors:

Txc=cxT =bpforallce C'\{L}
axby=byxa="byforallaec A\ {L}

Ifaxc= Lorc+a= 1, theneithera = L orc= 1 foralla € Aand c € C.
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We consider the set Ra g,c« = AU B U C and define a lattice order on it by extending the
orders of A, B and C and setting all of C below B and having | and T as the new bounds,

as can be seen in Figure 8.9.

1

Figure 8.9: RA B.c«

Also, we extend the multiplications on A, B and C by

rxy ifrxreAyeCorreliyeA

x ifre Bjye A

Y=y ifre A,ye B

bo ifre BjyeC\{L}orze C\{L},yeB

1 ifr=_lory=_1.

We denote the resulting algebra by Ra B ¢ «-

Theorem 8.17. Let A be a rigorously compact residuated lattice with bounds L and T, C
be a bounded lattice-ordered semigroup with bottom L and top b, satisfying xy = b, for
all z,y € C'\ {L} and Lz = 2L = L forall z € C and let B be an integral residuated

lattice with bottom by and top T. Also assume that A has a bi-residuated bi-action * on
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C respecting tops and without zero divisors. Then R4 B c « is the reduct of a residuated
lattice, which we denote also the same way. Furthermore, if A, B and C are linear, then

RA7137(37* is in LW.

Proof. In the following we use R in short for R(A, B, C, x).

For associativity, since L is the multiplicative zero by definition, we focus on the cases
not involving L. Among those cases, we observe that elements in A are multiplicative
identities for those in B and the products between elements of B and C are constant b,
multiplicative zero for B U (', so multiplication between B and C is associative. Also,
since * is a bi-action and C \ {_L} is a null-semigroup with zero by, which also a zero for

A\ {L}, multiplication between A and C is associative. The left cases are

ab-c=bc=by=aby=a-bc
ac-b=by=aby=a-bc
ba-c=bc=by="b-ac
bc-a=bya=by="b-ca
ca-b=byg=cb=c-ab

cb-a=byja=by=cb=c-ba

forall a,a;,ay € A\ {L}, b,b1,by € Bandc,cy,co € C'\ {L}. Other cases are similar or
straightforward. So the associativity holds on R.

For residuation, first we prove the multiplication is order-preserving. Since L is the
multiplicative zero for all elements in R, multiplication involving L is order-preserving.
Since A and B are residuated respectively, multiplications inside themselves are order-
preserving respectively. Also, according to the definition of multiplication, elements in

A\{L, T} are multiplicative identities of those in B. So the multiplication between A and
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B is order-preserving. Since C \ { L} is a null semigroup with zero by, multiplication of C
is order-preserving. Since the action x* is bi-residuated, the multiplication between A and
C is order-preserving. Also, since the products between elements in B and C'\ { L} are
constant by, multiplication between B and C is order-preserving. Finally we show zy < zz
forallz € R\ {L}when L <y<by<z<T.Ifze A\{L} thenzy <by < z = xz;
ifx € C\ {L}, then zy = by = xz; otherwise x € B, then xy = by < xz. Similarly
we can show yx < zz forallz € R\ {1} when L. < y < by < z < T. Therefore the
multiplication is order-preserving on R.

Now we want to prove z\\z = {y € R : zy < z} has maximum for all z, z € R. First
we observe that there exist functions \' : Ax C - C, /' : CxC = A, /" :CxA—C

and \" : C' x C' — A such that

axc, < ciffe; <a\leyiffa < /ey

cpxa<ciffep <cflaiff a <c\"ey

for all a € A, c1,co € C since * is a bi-residuated bi-action. By Remark 2.4 we know
1\z = 2\T = Rforall z,z € R, so max L\\z = maxa\T = T in this case. In the
following we assume that x > 1 and z < T. To prove toward contradiction we assume
that z\\z doesn’t have maximum for some z,z € R, then we know T ¢ x\\z. Since
1 € z\\z, we know z\\ z is not empty. If there exists « € A\ {L, T} such that a € z\\z,
then 2T # za, so weknow x ¢ BU{L}. Inthiscase,ifz € A\{L, T} thenz € A\{L}
since A \ { L} is closed under multiplication and elements in A\ {_L, T} is incomparable
with those in (BU C') \ {_L, T}. So z\\z has maximum x\ o z, which is a contradiction.
Thus if there exists a € A\ {L, T}, weknow z € C'\ {L,by}. Again by za < z we
know z € (BUC)\{T}. If z € C'\ {L}, then z\\z C A\ {T} has maximum z\"z by

the definition of *, which is a contradiction. Thus we know z € B\ {by, T}. However,
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then we have T = by < zand T € z\\z, which is another contradiction. Hence we know
2\z C (BUC)\{T}

Since x\\z doesn’t have a maximum, {_L} is a proper subset of x\\z, so there exists
ue (BUC)\ {L, T} suchthatu € z\\2. Then T # zu implies that z ¢ C. If we know
further that by ¢ z\\z, then z\\z C C'\ {bo} since z\\z is downward closed. In this case
xby # xcforsome ¢ € C'\ {L, by} implies that z ¢ BUC,sox € A\ {L}. Thus we can
tell z € C in this case, then z\\z C C' has maximum x\lz, which is a contradiction. Hence
there exists b € B\ {T} such thatb € z\\z. In this case, if z € A\ {L}, thenazb=0b <z
implies z € B\ {T}, so 2\ z has maximum z, which is a contradiction; if z € C'\ {L},
then b = by < z implies that z € B\ {T},so T € z\\z and z\\ z has maximum T, which
is another contradiction. Thus we know z € B and z € B\ {T} since B is closed under
multiplication. In this case z\\z = {y € B : xy < z} U C, so z\\z has maximum z\gz, a
contradiction.

Therefore z\\ z has maximum for all z, z € R. Similarly for z /z = {y € R : yx < z}.

Hence R is a residuated lattice. O]

Corollary 8.18. All non-linear members of LW have the form R B,c .« in Theorem 8.17

when W # () or have the form R A g in Theorem 8.9 when W = ().

8.3 Some T -unital unilinear residuated lattices of height 4

As a small application of the the characterization of unilinear residuated lattices, we
can describe all residuated lattices whose lattice reducts are of the following form: i.e., all
maximal chains have 3 elements, except for one that has 4 elements. We refer to these
(residuated) lattices as of type h4.1. In Figure 8.11 we list all types of residuated lattices
coming from the characterization given in Corollary 8.4, except for the linear and 4-element

Boolean algebra case.
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Figure 8.11: The algebras of type h4.1 are in T, L, B, LW and T unital, respectively.

We know that in the first four cases the algebra can be obtained by a T unital algebra,
which actually has height 3, hence it is characterized in Chapter 3. So, we will give a
characterization of residuated lattices only of the latter type, where the algebra is T unital.

We distinguish 3 subcases depending on the location of the multiplicative identity 1.

But first we give a property enjoyed by all subcases.

Proposition 8.19. If R is a non-linear T-unital residuated lattice whose subchains are

finite, then R\ {_L, 1} is closed under multiplication.

Proof. Since R\ {L} is closed under multiplication, to prove toward contradiction we

assume that there exist z, y € R\ {_L, 1} such that zy = 1, then both x and y are invertible.
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Since every subchain of R is finite, we know x || 1 and if = and y are distinct then they are
incomparable; otherwise R contains a totally-ordered group, which is infinite. Since R is
T-unital, wehave T = Ty = (1Va)y=yVay=yVilsoy| l.Let L<d <a<T
be the unique long chain in R. Since ¢’ > a and y is invertible, we have ya > ya’ by
order-preservation of the multiplication. According to the lattice reduct and the fact that
R\ {L} is closed under multiplication, we know either ya = T or ya = a, ya' = d'.
Ifya = T,thena = xy-a = v -ya = xT = T, a contradiction. If ya = a, then
T = (1Vy)a = aVya = a, which is another contradiction. Therefore R\ {_L, 1} is closed

under multiplication. 0

Now we give the characterization of all the subcases.
8.3.1 1 islow in the long chain. We start with a T unital residuated lattice of type h4.1

and 1 is low on the long chain, and characterize its structure.

Figure 8.12: 1 is low in the long chain

Proposition 8.20. If R is a Tunital residuated lattice of type h4.1 and 1 is low and a is

high on the long chain, then
(i) S =R\ {L,1} gives a T-cancellative semigroup;

(ii) for all x € S, we have za,ax € {x, T};
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(iii) forallz € Sandy € S\ {a}, we have

(I’, xy), (Iy7 l’), ("L‘7 y:E), (yxa (L’) € SQ \ AS\{T}

where Ag\ (13 = {(s,5) : s € S\ {T}}.

Proof. (i) By Proposition 8.19, we know S is closed under multiplication. Let z,y, z € S
such that y # z. Since elements in S\ { T } are incomparable iff they are distinct, we know
yVz=T.Since R € Tunital, weget T = 2T =2(yVz) =ayVaz,soxy =T or
xz = Toray || xz. If xy || xz, then xy # xz since S is closed under multiplication and
elements in S\ {T} are incomparable iff they are distinct. Thus we gety # 2 — zy =
Torxzz =T orxy # xz, which is equivalent to xy = zz # T = y = z. Similarly for
yr=zx # 1 — y=z.

(ii) Since @ > 1 and T is the upper cover for all x € S, we get za,ax € {x, T} by
order-preserving of the multiplication.

(iii) Letz € Sand y € S\ {a}, theneithery = T ory || 1 and hence y V1 = T. Since
R is T-unital, weknow T =2T =xz(yV1) =ayVa,sox=Toray =T orzy || z, the
last of which implies to zy # z. Thus (z,zy) € (S2\ Ag) U({T} x S)U (S x{T}) =

S?\ Ag\(ry. Similarly for (zy, z), (, yx) and (yz, z). O

Conversely we can construct a residuated lattice as above, given a special semigroup.

Let S be a semigroup with zero T satisfying

(1) Sis T-cancellative;
(ii) there exists a € S\ {T} such that for all z € S, we have ax, xa € {z, T};

(iii) forallz € Sandy € S\ {a}, we have

<I7 xy)v (ZEy, l’), (]37 yl‘), (y'ra I) € SQ \ AS\{T}
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where Ag\ (13 = {(s,5) : s € S\ {T}}.

We consider the set Rs, = S U {_L, 1} and define a lattice structure of type h4.1 on it
so that 1 is low and a is high in the long chain. Also, we extend the multiplication on S by

making 1 the unit and L an absorbing element. We denote by Rg , the resulting algebra.

Theorem 8.21. If S is a semigroup with above properties, then Rg is the reduct of a
Tunital residuated lattice of type h4.1 and 1 is low on the long chain. Moreover, this is a

characterization of the latter.

Proof. Since 1 is the multiplicative identity and L is the multiplicative zero, associativity
holds for the multiplication on R.. For residuation, since the lattice reduct of R is complete,
it suffices for us to show the multiplication distributes over join. Since an arbitrary join in

R is equivalent to a finite joint, it suffices to show

x(yVz)=xyVaez

(yVz)r=yzV:zx

forall z,y,z € R withy # z.

First, it’s easy to see the equation always holds if z € {L,1, T} ory € {1, T} or
z € {1, T}. Soin the following we assume that = ¢ {1, 1, T} andy,z ¢ {1, T}. Also
we can tell that elements in S \ {T} form an antichain in R. If y = 1 and z = a, then
yVz=aand xy = x,rz = xa. Since za € {x, T}, we know za > z forall x € S, so
x(y V z) = xa = xy V xz. Similarly for the case when y = a, z = 1. Now assume y || z,
then y Vz = T, so we know z(y V z) = T. If y = 1, then xy V xz = x V zz. Since
z || 1, we know z # a. By assumption (iii) for S we get (z,2z) € S* \ Ag\ (1}, 80 2 # 22
and hence z V xz = T since S is closed under multiplication. Similarly for the case when
z = 1. Finally, if y # 1 and 2z # 1, then xy V xz = T by the T-cancellativity of S.

Similarly we can prove (y V z)z = yx V zz. Therefore R is a residuated lattice. [
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Figure 8.13: 1 is high in the long chain

8.3.2 1 is high in the long chain.

Proposition 8.22. If R is a Tunital residuated lattice of type h4.1 and 1 is high and a is

low on the long chain, then
(i) S =R\ {L,1}isa T-cancellative semigroup;
(i1) for all z € S, we have xa = ax = x;

(iii) forallz € Sandy € S\ {a}, we have

({E, Iy)? (Iy7 l‘), (:E: yZE), (yx, :E) S 52 \ AS\{T}

where AS\{T} = {(S, S) :se s \ {T}}

Proof. The proof is almost the same as the case when 1 is low in the long chain. The only
difference is that xa = ax = x for all x € S, which is the result of the facts that | < a < 1,

that multiplication is order-preserving and S is closed under multiplication. [
Conversely, let S be a semigroup with zero T satisfying
(1) Sis T-cancellative;

(ii) there exists a € S\ {T} such that for all z € S, we have za = ax = z;
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(iii) forallz € Sandy € S\ {a}, we have

(I’, Iy), (Iy7 l’), ("L‘7 y:L“), (yx, (L’) € SQ \ AS\{T}

where Ag\ (13 = {(s,5) : s € S\ {T}}.

As before we define an algebra Rg 5, based on the set R = SU{.L, 1} with multiplica-
tion extending that of S by making 1 a unit and L bottom, but with a lattice structure where

1 is high and a is low on the long chain.

Theorem 8.23. If S is a semigroup with the above properties, then Rg , is the reduct of a
Tunital residuated lattice of type h4.1 and 1 is low on the long chain. Moreover, this is a

characterization of the latter.

Proof. Similar to the proof of the case when 1 is low on the long chain. U

Figure 8.14: 1 is on a short chain

8.3.3 1is on a short chain.

Proposition 8.24. If R is a T unital residuated lattice of type h4.1 and 1 is on a short chain,

then

() forallz € S=R\ {L1,1},

ra#xd = wa=T

!/
ar #ad'r = axr =T,
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(i1) for all z,y € S, we have

(zy, ), (vy,y), (yx,z), (yz,y) €T

(z,zy), (v, 2y), (v, y2), (y,yz) € T,

where T = 5%\ ({a,a'}* U Ag\yry) and Ag\ g1y = {(s,8) : s € S\ {T}};
(iii) forall z € S and (y,2) € T, we have (xy,zz) € T and (yz, zx) € T.

Proof. (i) Letz € S, theneitherx = T orx || 1,s0 1 V& = T. Since multiplication on R
is order-preserving and a > a/, we have xa > za’. Suppose za > xa'. Since S is closed
under multiplication, we know either za = T or xa = a,zd’ = d'. If xra = a,zd’ = d’, then
weget T = Ta=(1Vx)a=aVza=a,acontradiction. Thus za # ra’ — xa =T.
Similarly for ax # d'x = ax =T.

(ii) First we show that s; VV sy = T is equivalent to (s, so) € T for all s1,s9 € S.

51VSsy=T<«s;=Torsy=T1Tors H So
& 51 =Torsy= T or(s,s) €5*\ ({(a,d),(a,a)} UAg)

=4 (51, 82) eT.

Now let z,y € S,thenwehave xt V1 =yV1=T,s0 T =Ty = (zV 1)y =zyVy.By
the equivalence above, we know (zy,y) € T. Similarly for (zy,z) € T, (yz,z) € T and
(yz,y) € T. The other parts come from the symmetry of 7.

(iii) Let z € S and (y, z) € T, then we have y V z = T by the equivalence in (ii). Since

T=2xT=uz(yVz)=uayVaz weget(zy,zz) € T. Similarly for (yz, zx) € T. O

Conversely, let S be a semigroup with zero T and assume there exist a,a’ € S\ {T}

such that
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(1) forall z € S,

ra#xd = wva=T

/ .
ar #dr = ar =T,

(i1) for all z,y € S, we have

(zy, ), (vy,y), (yx,z), (yz,y) €T

(=, 2y), (y, wy), (x,yx), (y,yz) € T,
where T' = 52 \ ({CL, a’}2 U AS\{T}) and AS\{T} = {(S, S) :se S \ {T}},

(iii) forall z € S and (y, z) € T, we know (zy,zz) € T and (yx, zz) € T.

We consider the set Rg = S U {_L, 1} and define a lattice order of type h4.1 where 1 is
on a short chain, @’ is low and a is high on the long chain. Also, extend the multiplication

on S by making 1 a unit and L a bottom element.

Theorem 8.25. If S is a semigroup with the above properties, then Rg is the reduct of
a Tunital residuated lattice of type h4.1 and 1 is on a short chain. Moreover, this is a

characterization of the latter.

Proof. As previous cases, it’s easy to see the associativity of multiplication on R holds.
For residuation, since the lattice reduct is complete and all infinite join is equivalent to a

finite join, it suffices to show

x(yVz)=axyVaez

(yVz)r=yzV:zx
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forall z,y, z € R with y # z.

We assume that © ¢ {L,1, T}andy,z ¢ {L, T}. Ify =d,z =a,thenyV z =a
and z(y V z) = xa. In this case, if xa = xd/, then the equation holds; otherwise, by
condition (i), we have z(y V z) = xd’ Vza = za’ VT = T = xy V xz. Similarly for
the case when y = a and z = a/. Now suppose y || z, then we know y V z = T and
x(y V z) = T. By the definition of the lattice reduct, we know s; V s = T iff (s1,50) € T
for all 51,89 € S. If y = 1, then z € S and zy V xz = x V zz. Since (z,zz) € T by
condition (ii),  Vxz = T holds. Similarly when z = 1 and y € S. Otherwise y, z € S and
(y,z) € T. By condition (iii), we have (zy, zz) € T, which is equivalent to zy V zz = T.

Therefore z(y V z) = xy V xz holds. Similarly for (y V 2)z = yx V zz. O

8.4 Distributivity of multiplication over meet
In this short section, we look into how different levels of distribution of multiplication

over meet in a unilinear residuated lattice R impacts the sets Uy, Zx and Wix.

Lemma 8.26. If multiplication distributes over meet in a non-linear URL R, then {z € R :

Tz = T} is a chain.

Proof. If there exist a1, as in the set such that a; || a, then L = T(ajAaz) = Ta1ATag =

T, a contradiction. O
Therefore, distribution of multiplication over meet is a very strong condition. We con-

sider the weaker sentence

Vl’l, T, T3 (1913’3?%1 = I; Or I‘l(ZEQ A [Eg) = T1T2 A ZL’ll’g). (Z/\)
YA

Theorem 8.27. Let R € URL such that Uy is non-linear. Then (-zA) holds if and only if

U is closed under multiplication and Wg = ().
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Proof. Assume (-z/\) holds first. To prove toward contradiction suppose there exists ¢ €
Wx. Since R is non-linear, we know c || 1 and ¢ = by by Theorem 8.3 (4) and (5). Then

we get

L=c(lAe)=cA=cAb=c,

which is a contradiction. Now suppose there exist a1, as € Uy such that a;as = T. Since
Ug is non-linear, there exists a3 € Ug such that a; || a3 or ay || az. Without loss of

generality, as || as, so

1 =ai(ag Aag) = arjas A ajaz = T A ajaz = ajas.

But this yields T = Tag = Tay -a3 = T -aja3 = T L = 1, another contradiction. Thus
U is closed multiplication and Wx = ().

Now assume Up is closed multiplication and Wy = (. Let z,y,2z € R such that
Tz #xand Ty # yand Tz # z, then x,y, z are notin Zr U { L, T}. Since Wr = (), we
know z,y, z € Ur. Without loss of generality, we show z(y A z) = zy A xz here. If y = z,
then z(y A z) = zy A zz holds since multiplication preserves ordering. Otherwise y || z.
Since z(y V z) = zy V zz always holds, we know zy V xz = T. Since U is closed under

multiplication, we know xy || zz. Thus z(y A z) =zl = L = a2y A xz. H

Remark 8.28. By a similar proof we can show Ug being closed under multiplication and

Wy = 0 iff

Va1, 29, T3 (1(<)I<{3 Tx; = x; or (x9 A\ z3)x1 = T221 A T321), (N-2)
_l_

given that Up is non-linear in R. Therefore (-zA) is also equivalent to (A-z) when Ug is

non-linear.
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Chapter 9: Idempotent unilinear residuated lattices

In this chapter we will focus on unilinear and semiunilinear residuated lattices that
are idempotent and study their structure. We denote the corresponding classes by [dURL
and IdSRL and their bounded analogues by blIdURL and bldSRL. We will prove the congru-
ence extension property and identify natural subclasses that have the (strong) amalgamation
property. Recall that up to now the distinction between having the bounds in the language
or not was unimportant. However, since the amalgamation property is sensitive to subalge-
bra generation, we will see that the inclusion or not of the bounds in the language leads to
different amalgamation results.

We start with an important simplification on the unilinear structure when we restrict to

idempotent algebras.

Proposition 9.1. If R is an idempotent non-linear unilinear residuated lattice, then Up, is a

subchain of the chain of 1 and W5 is empty.

Proof. Since R is non-linear, there exists b € R such that b || 1, then we have b = bV b =

(1Vb)b=Th,sob € Zg. Therefore Ur C J1 and Wx = () by Theorem 8.3(4). O

So by Theorem 8.3 every idempotent URL is the 4-element Boolean algebra, or it is
contained in one of the classes T, B and L; see Figure 9.1.
9.1 Congruence extension property

Given the language of bURL and variable y, first we define terms s and ¢ by s(y) =

y Ay Ay and t(y) = s(y) A1 wherey’ = 1/y and y" = y\1.

Lemma 9.2. If A is an algebra in (b)IdSRL, then
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Figure 9.1: Non-linear non-integral idempotent unilinear residuated lattices

1. s(y) <zy/z,x\yzforall x,y € A.
2. A deductive filter of A is closed under the term operations s and .

Proof. (1) If A is linear then A is semiconic and Lemma 3.1 in [5] implies that s(y) <
xy/x,x\yz for all z,y € A. We will now assume that A is nonlinear and consider cases
for the class that A belongs to.

If A is the 4-element generalized Boolean algebra, then Z4 = {b,b'} and b || ¥'. So
s(b) = bAD* ADT = band H'b/b = V\b' = b, hence s(b) < b'b/b',b'\bb'; similarly for
s(b') < bb' /b, b\b'b. Thus the equations hold for all z,y € A.

If A € T,then Zy = {b,b/} and b < 1,V || 1 by Theorem 8.5. Since J1 is the
universe of a subalgebra of A and [V’ itself is an integral residuated chain, by Lemma
3.1 in [5] we know the equations hold when z,y € {1 or x,y € Jb'. Now lety = ¥/, then
s(V)) = U AYEND™ =1 since VY = W™ =¥ Ifx € UaU{b, T}, thenab'/x = z\V'z =V,
ifx = 1, then LV//L = L\b/L = T,s0s(t) < ab/z,z\b'z for all z € J1. Then let
x="V.Ify € Uy U{T}, then b'y/b' = V/\yt' = T and the equations trivially hold. If
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y = b, then s(y) = b AD* Ab™ = band b'b/V = V' \bV' = b, so the equations also hold. If
y = L, then s(y) = L so the equations trivially hold.

If A € B, then Z4 = {b,b'} and 1,b,¥’ is an antichain by Theorem 8.8. Since J1 is
the universe of a subalgebra of A, by Lemma 3.1 in [5] we know the equations hold when
x,y € 1. Lety = b, then s(b) = b A V" Ab" = bsince b = b = b. If z € {L,b},
then zb/x = x\bx = T, so the equations trivially hold; otherwise z € U U {V/, T}, then
xb/x = x\bx = b and equations also hold. Similarly for the case when y = &'. Now let
re{bblandy e J1.Ify € UU{T}, then xy/x = x\yx = T forall z € {b,V'}, so the
equation hold trivially. If y = L, then s(_L) = L and equations also trivially hold.

If A € L, then Z, is totally-ordered. Since J1 is the universe of a subalgebra of A
and Z, U {L, T} itself is an integral residuated chain, we know the equations hold when
zyy€flora,y € ZyU{L, T} by[5] Lemma 3.1. For the rest cases, first let z € J1 and
y€ Zs. Thens(y) =y Ay ANy =yANTAT =y =uay/z =2z\yz. Finally let x € Z,
and y € 1. Then if y # L then zy/z = x\yx = T, so the equations trivially hold; if
y = L then s(y) = L and the equations also trivially hold.

(2) let ' C A be a deductive filter. If A is linear, then by Lemma 3.1 in [5] F'is closed
under s and ¢. So assume that A is nonlinear. First we observe that if there exists b € F'
such that b || 1, then ' = A since 1 A b, so F'is closed under s. So we assume that F’ is
a linear. Since 1 € F', we know ' C 1. Since {1 is a subalgebraof A, FF = FN]lisa

deductive filter on 1, so by Lemma 3.1 in [5] again F' is closed under s and t. [

An algebra B has congruence extension property (CEP) if for any subalgebra A of B
and © € Con(A), there exists ® € Con(B) such that ® N A% = ©. A class of algebras is

said to have CEP if each of its member has CEP.

Theorem 9.3. The varieties IdSRL and bldSRL have the congruence extension property.
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Proof. By Theorem 3.47(2) in [12], we know the lattice of congruence of a residuated
lattice is isomorphic to the lattice of deductive filters. So it suffices for us to show that
for algebras A, B € IdSRL (bldSRL) with A < B and a deductive filter /* C A, there
exists deductive filter G C B such that /' = G N A. Let G be the deductive filter of B
generated by F, then we know FF C G N A. Now Letx € GN A, then x € A and x is
in an upset of a product of iterated conjugates of elements in /'. By Lemma 9.2(1), we
know y A y* Ay < 2y/z, z\yz forally € F and z € B, so x is in an upset of a product
of compositions of term operations ¢ of elements in F'. Since [ is closed under meet,
multiplication and ¢, the product of those compositions of ¢’s is also in F. Since x € A and
Fis upward-closed in A, we know x € F. Therefore /' = G N A and CEP holds in the
class IdSRL (bldSRL). O

9.2 Subclass of B4

It is shown in [5] that the class of idempotent residuated chains does not have the
amalgamation property (AP) but the class of x-involutive idempotent residuated chains has
the strong amalgamation property (sAP). By Theorem 8.3 we know that in a non-linear
members of B and L the chain of 1 is a subalgebra and also that in non-linear members
of T the set 1h is a L -free subalgebra (in the language of bURL) or a subalgebra (in the
language of URL); also, Zr U {_L, T} is a 1-free subalgebra of the non-linear algebras in
all cases. This makes some of these subalgebras amenable to the results in [5] and our goal
is to extend them to the whole algebra.

In the following part we will axiomatize the subclasses of idempotent members in B4,
T, B and L which satisfy the natural condition given in [5]. Then we will give proofs and
counterexamples for the (strong) amalgamation property (AP/sAP) in each class.

The subclass of idempotent members of B4 is axiomatized by Vo (Tx = 2 = 2T) and

Vo (2 = ). (idem)

107



So all the linear members in this class are Godel chains and the only non-linear member
is the 4-element generalized Boolean algebra. We use B4; for the subclass of IdURL and
bB4; for the subclass of bldURL. Let A be the 3-element Godel chain, B be the 4-element
generalized Boolean algebra and C be the 4-element Godel chain, then (A,B,C) is a
V-formation in B4; (bB4;). Since the 4-element generalized Boolean algebra is the only
non-linear member in B4; (bB4), it’s impossible to find an amalgam for (A, B, C). Thus
both B4; and bB4; fail amalgamation property.

Unlike other cases following, we don’t explore the x-involutive subclass of B4; and
bB4;, since 1 is the only x-involutive element in an algebra in B4; (bB4;).
9.3 Subclass of T

Given a residuated lattice R and x € R, we define

' =1/z, 2" =2\land z* = 2* A 2"

R is called %-involutive if z** = x for all x € R. In non-linear algebras in T we have
b** =T # b/, so x-involutivity is not automatically satisfied for all elements. It turns out
that for extending the amalgamation results from chains to unilinear residuated lattices, we
only need to stipulate the x-involutivity condition only for the elements comparable to 1, so
we consider this restricted notion of x-involutivity, so as not to excluding algebras where
involutivity fails for some elements incomparable to 1.

We denote by T; the class of idempotent algebras in T that satisfy involutivity for all

elements comparable to 1:

Ve,y(x <yor((zV1)™=zVland (x A1) =z A1)) (x-inv]1)

This axiom means if an element is comparable with 1, then it is either the | or -

involutive. For the convenience of following proofs, we prove a lemma first.
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Lemma 9.4. Let R be an idempotent residuated chain satisfying (x-inv{1), then either

R\ {L} is the universe of a x-involutive subalgebra of R or R is x-involutive.

Proof. Since R is a residuated chain and satisfies (x-inv]1), we know every = # L is x-
involutive. Suppose R\ { L} is not the universe of a subalgebra of R, then there exist x,y €
R\ {L} such that z\y = L or x/y = L, since the multiplication on R is conservative.
Without loss of generality, assume z\y = L, then x > y and by Corollary 4.1 in [5] we
get L = 2\y = 2" Ay. Sincey € R\ {L} and R is linear, we know =" = 1, so
x* = 2! Az" = L. Since x is x-involutive, we have x = 2** = |* = [t A 1" = T, thus

1** = T* = z* = 1 and hence R is x-involutive. O]

9.3.1 Amalgamation property of bT; and T;.

Now we will explore the amalgamation property on the class T;. By Lemma 4.9, the
non-linear members of URL and bURL are identical. However, the subalgebras of them are
not. In our case such difference matters. We will see the existence of constants L and T
help build sAP and missing of them leads to the failure of AP. To distinguish these two
cases, now we use T; for the subclass of IJURL and bT; for the subclass of bldURL, both of
which are axiomatized by axioms of T, (idem) and (*-inv]1).

First let’s check bT;. Since | and T are constants in the language of bURL and b =
T\1,b" = b\ L, a subalgebra of a non-linear member of bT; is also a non-linear member
of bT;. The linear members of bT; are bounded residuated chains satisfying (idem) and

(x-inv]1).
Theorem 9.5. The strong amalgamation property (sAP) holds on bT;.

Proof. Let (A, B, C) be a V-formation in bT;. Since bT; is a positive universal class, it is
closed under isomorphisms, so we can assume A is a subalgebra of B and C respectively

and A=BnNC.
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First assume that A, B and C are linear members of bT;. Since bT; satisfies (x-inv]1),
either all of A, B and C are x-involutive or _L is not x-involutive in one of them. In the latter
case, since | is a constant in the language, A = B N C and A is a subalgebra of B and C
respectively, we know L is not x-involutive in all of A, B and C, so by Lemma 9.4 A’, B
and C' are x-involutive idempotent residuated chains, where A’ = A\ {L}, B’ = B\ { L}
and C' = C'\ {L}.

Assume (A, B, C) is a V-formation of x-involutive idempotent residuated chains, then
by Theorem 5.7 in [5], there exists a x-involutive idempotent residuated chain D such that
D = BUC(C and B and C are subalgebras of D respectively. Since L, T € BNC, D isalso
bounded by them, so D € bT; and itis a strong amalgam for the V-formation. Now suppose
(A’,B’,C’) is a V-formation of x-involutive idempotent residuated chains, then again by
Theorem 5.7 in [5], there exists a x-involutive idempotent residuated chain D’ such that
D' = B"U (" and B’ and C' are subalgebras of D’ respectively. Let D = D’ U { L} and
define | < zand lx = x1 = 1 forall z € D', then B and C are subalgebras of D
respectively since L € BNCand 1b= 1 and Lc= 1 forallb e B,c € C;thus D € bT;
is a strong amalgam for (A, B, C).

Next we suppose one of A, B and C is non-linear. As mentioned above, the subalgebra
of a non-linear member of bT; is also a non-linear member of bT;, so we know A, B and
C are non-linear since A is a subalgebra of B and C respectively. Since bT; satisfies the
axioms for T, we know b = T\1 < 1, bis a cover of L and ¥’ = b\ L is incomparable with
1; these facts hold in A, B and C. Let A" = 1,b, B’ = tgband C’' = 1 b, then A’, B’ and
C’ are | -free subalgebras of A, B and C respectively, so (A’, B/, C’) is a V-formation of *-
involutive idempotent residuated chains. By Theorem 5.7 in [5], there exists a x-involutive
idempotent residuated chain D’ such that D’ = B’ U C” and B’, C’ are subalgebras of
D’. Since b, T € BN C, D' is also bounded by b and T. Define D = Rpr g1 given in

Theorem 8.6, then D is a non-linear member of bT;. Since ¥/, L € B N C and elements in
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UgU{T}, UcU{T} are multiplicative identities for | and ', B and C are subalgebras of
D, so D is a strong amalgam for (A, B, C) in bT;. See Figure 9.2 for the visualization of

the process.

O+

€
B

Figure 9.2: sAP of bT;

Corollary 9.6. The variety V(bT;) generated by bT; has strong amalgamation property.

Proof. By Theorem 4.5, we know the class of finitely subdirectly irreducible algebras in
V(bT;) is exactly bT;. Since the variety bldSRL has the congruence extension property
by Theorem 9.3 and V(bT;) is arithmetical, V(bT;) has strong amalgamation property by
Theorem 4.8 in [6]. O

For the class T;, first we note that a subalgebra of a non-linear member in T; is not

necessarily non-linear, e.g., 10 is a subalgebra of a non-linear member R € T;, and 10 is
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isomorphic to a linear member of T;. Based on this fact, we give a counter example for AP
in T;.

Let A be the 3-element Sugihara monoid and B = Rg:‘;’, C= Rgé in the list [10], as
shown in the Figure 9.3. Then A is a subalgebra of B and C respectively, so (A, B, C)isa
V-formation in T;. Suppose there exists a tuple (D, 15, 1) such that D is an amalgam of
(A,B,C). Since 1 || e in C and ¢ is an embedding, we know ¢¢(1) || e (e), so D is a
non-linear member of T;. Since D is an amalgam of (A, B, C), we know 15(a) = ¢¢(a).
However, since a = 1V e in C, we have ¢)5(a) = )c(a) = Tp = 15(g), contradicting

that ¢ is an embedding. Therefore AP fails in T;.

g
A a (]
€1

1 d = dg = gd b

Figure 9.3: Counterexample for AP of T;

9.4 Subclass of B

We denote by B; and bB; the subclasses of bldURL and IdURL, respectively, that are
axiomatized by B, (idem) and (x-inv]1).

Since B; and bB; are subclasses of B, we know given the non-linear members R of
these classes, we have Ug U { L, T} = 1 is a subalgebra and Zr U {L, T} is a 1-free
subalgebra, which is isomorphic to the 4-element Boolean algebra.

9.4.1 Amalgamation property of bB; and B;.

Theorem 9.7. The amalgamation property holds in bB;.
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Proof. We consider a V-formation in bB;, suitable for the AP. Since bB; is a positive uni-
versal class, it is closed under isomorphisms, the V-formation consists of a common subal-
gebra A of B and C with A = B N C. Let 1 be the identity element of A, which is also
the identity of B and C.

Let A = J,1, B" = {gl and C" = [,l. Since A is a subalgebra of B and C
respectively and A = BNC, weknow [,1 =gl NA=]g1NBNC=1g1NC =
IglNlcl ie, A’ = B 'NC" and A’ is a subalgebra of B" and C' respectively. Similarly
to the proof of Theorem 9.5, there exists a strong amalgam D’ € bT; for (A’, B/, C’) such
that D’ = B’ U (' and B’ and C’ are subalgebras of D’ respectively.

We consider a copy Z U { L, T} of the the 4-element Boolean algebra, where 7 =
{b,V'} and define D = Ry 71 7} as the non-linear member of bB; given by Theorem 8.9.
Also, we define gg : B — D and g¢ : C' — D by extending the inclusions B’ C D' C D
and C' C D' C D, respectively, with gg(bg) = b = go(be) and gp(by) = b = go (b)),
where bp, by and also b, by, are the elements of B and C, respectively, that are not in B’
and C’, if any. Since elements in Zp = Z are multiplicative zeros for those in Up U {T }
and 1 || z forall z € Zp, we know the multiplications and divisions in B and C correspond

to those in D. Thus gp and g- are embedding. The process is shown in Figure 9.4. [l

On the other hand the strong amalgamation property fails in bB;. If we take A to be
the 3-element Sugihara monoid and B both C isomorphic to R zuq1 13, with Z = {b,0'},
but set-theoretically B # C, then every strong amalgam would contain B U C, so it would
contain the antichain {1, bp, 0’5, bc, B}, so it cannot be an element of the class bB;. See
Figure 9.5.

For B;, we give a counter example for AP. Let A be the 3-element Sugihara monoid
and B, C be non-linear idempotent *-involutive as shown in the Figure 9.6. Then A is a
subalgebra of B and C respectively, and (A, B, C) is a V-formation in B;. Suppose there
exists a tuple (D, ¢5, 1¢) in B; such that D is an amalgam of (A, B, C). Since 1 || d in
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Figure 9.4: AP of bB;

C and ¢ is an embedding, we know ¥¢(1) || ¢ (d), so D is a non-linear member of B;.
Since D is an amalgam of (A, B, C), we have ¢5(a) = ¥¢(a). However, since a = 1V d
in C, we have ¥g(a) = c(a) = Tp = ¥p(f), contradicting that ¢/ is an embedding.
Therefore AP fails in B;.
9.5 Subclass of L
Similar to previous case, we denote the subclass of bldURL by bL; and the subclass of
IdURL by L;, both of which are axiomatized by the axioms for L, (idem) and (x-inv]1)
Since bL; and L; are subclasses of L, we know given a non-linear member R of them
(their non-linear members identify), Ug U { L, T} = {1 is a subalgebra and Zr U {L, T}
is a totally-ordered 1-free subalgebra of R.

9.5.1 Amalgamation property of bL; and L;.

Theorem 9.8. The strong amalgamation property holds on bL;.
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of B and C.

Figure 9.5: Counterexample for sAP of bB;

a = ac = ca

e = ae = ea

1
¢ ad= da
(7o)
a
'
1 C
f=fo=bf /:
b /.
“ I
1
b

A

s}

Figure 9.6: Counterexample for AP of B;

Proof. Let (A,B,C) be a V-formation in bL; such that A is a subalgebra of B and C

respectively and A = B N C. Let 1 be the identity element of A, which is also the identity

Let Ay = J,1, By = Jgl and C; = [s1. As mentioned before, Ay, By and C; are
subalgebras of A, B and C respectively. Since A is a subalgebra of B and C respectively
and A = BN C, Ay is also a subalgebra of By and C; respectively and J,1 = Jg1 N
A=1glNBNC =1g1NC =1glNJcl ie, Ay = By NCy. Similarly to the

proof of Theorem 9.5, there exists a strong amalgam D; € bL; for (A1, By, C;) such that

D, = B; U (] and B; and C; are subalgebras of D respectively.
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On the other hand, let Ay = Z, U{L, T}, By = ZgU{L, T}and Cy = Zo U
{L, T}. Since Ay, By and C; are 1-free subalgebras of A, B and C respectively and T
is the multiplicative identity for elements in them, (Ao, By, C5) is a V-formation of Godel
chains. Since A is a subalgebra of B and C respectively and A = BN C, we know A, is a
subalgebra of B, and C, respectively and Ay = B, N C. Since the class of Godel chains
has strong amalgamation property, there exists a Godel chain D, such that B, and C, are
subalgebras of D5. Since 1, T € By N (5, Dy is also bounded by them, so D5 is a strong
amalgam for (Az, Bo, C»).

Now let D = Rp, p, be the non-linear member of bL; given in Theorem 8.9. Since
Up =Up, =UgUU¢g, Zp C Zp, Zc C Zp and elements in U are the multiplicative
identities for Z, we know B and C' are closed under multiplications and divisions in D,

thus D is a strong amalgam for (A, B, C) in bL;. The progress is shown in Figure 9.7.

Figure 9.7: sAP for bL;

Corollary 9.9. The variety V(bL;) generated by bL; has strong amalgamation property.
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For L;, we give a counter example for AP here.

Let A be the 3-element Sugihara monoid and B = Rg:g, C = jog in the list [10] as
shown in the Figure 9.8. Then A is a subalgebra of B and C respectively, so (A, B, C) is a
V-formation in L;. Suppose there exists a tuple (D, 15, 1¢) in L; such that D is an amalgam
of (A, B, C). Since 1 || ein C and )¢ is an embedding, we know ¥¢(1) || ¥c(e), so D isa
non-linear member of L;. Since D is an amalgam of (A, B, C), we know ¢5(a) = ¢c(a).
However, since a = 1 V e in C, we have ¢p(a) = ¥c(a) = Tp = 1¥5(g), contradicting

that ¢ is an embedding. Therefore AP fails in L;.

a=af = fa

Figure 9.8: Counterexample for AP of L;

9.6 The joins of V(bT;), V(bB;) and V(bL;)
Note first that with the process mentioned in Section 4.2, all the varieties V(bT;),
V(bB;) and V(bL;) are equationally axiomatizable. So by [8], any join of them is also

equationally axiomatizable.

Theorem 9.10. The joins of any two of the varieties V(bT;), V(bB;) and V(bL;) fail amalga-
mation property. Even stronger, if a subvariety of bldSRL that contains non-linear members

from at least two different classes from T, L, B, B4, then it does not have the AP.
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Proof. By Theorem 9.3, we know every join of the varieties above has the congruence
extension property. By Theorem 4.5, we know the class of finitely subdirectly irreducible
algebras of the varieties are precisely bT;, bB; and bL;. So by Theorem 3.4 of [6], to
show joins of V(bT;), V(bB;) and V(bL;) fail AP, it suffices to show they fail one-side
amalgamation property (1AP). Recall that a class K has 1AP if for every V-formation
(A, B, C, g, ¢c) there exists D € K, homomorphism ¢ : B — D and embedding
Ve C'— D such that Yo = Yope.

Now we give counterexamples for 1AP of the 3 binary joins of V(bT;), V(bB;) and
V(bL;).

For V(bT;)VV(bB;), let A be the 3-element Sugihara monoid, B € bB; and C € bT; be
as show in Figure 9.9(a), then (A, B, C) is a V-formation in V(bT;)VV(bB;). Suppose there
exist (D, ¢p,1¢) to be a one-side amalgam for (A, B, C). If 15 is a homomorphism and
¢ 1s an embedding, then 13 is also an embedding since B is simple, by the isomorphism
between the lattice of congruence and that of convex normal submonoids of negative cones
of a residuated lattice proved in [12]. In this case, {¢5(bg), ¥ (by), ¥c(be)} C Zp is a 3-
element antichain, which is impossible. If 1)¢ is a homomorphism and v/ is an embedding,
then the only non-injective non-trivial )c has ¥c(1) = 1o (be). However, in this case
we get ¥o(T) = Ye(be\be) = velbe)\ve(be) = Ye()\ve(l) = pe(1\1) = 1, so
Yp(T) =T #1=1¢c(T), acontradiction. Thus V(bT;) V V(bB;) fails 1AP.

For V(bT;) v V(bL;), let A be the 3-element Sugihara monoid, both B € bL; and
C € bT; be as shown in Figure 9.9(b), then (A,B, C) is a V-formation in V(bT;) V
V(bL;). Suppose (D,p,1¢) is a one-side amalgam for (A, B, C). If ¢ is a homo-
morphism and ¢ is an embedding, then ¢ 5 is also an embedding since B is simple,
so {¢p(bs), ¥5(Vp), Yc(be)} S Zp with ¢¥p(bp) < ¢p(bjp) and Ye(be) || a(bs),
which is impossible. If 1~ is a homomorphism and ¢ is an embedding, then as the

case for V(bT;) vV V(bB;), the only non-injective non-trivial ¢)c has (1) = ¥c(be),
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then ¢c(T) = Ye(be\be) = Ye(be)\ve(be) = Ye(D\e(l) = ve(1\1) = 1, so
Yp(T) =T # 1 =1c(T), acontradiction. Thus V(bT;) V V(bL;) fails IAP.

For V(bB;) vV V(bL;), let A be the 3-element Sugihara monoid, B € bL; and C € bB;
be as shown in Figure 9.9(c), then (A, B, C) is a V-formation in V(bB;) v V(bL;). Suppose
(D, 1p,1%¢) is a one-side amalgam for (A, B, C). Since both B and C are simple in this
case, (D, ¥p, ¥¢) is an amalgam, so {5 (bg), ¥s(Vy), Yo (be), Yo(by)} € Zp such that
Yp(bg) < Yp(by) and Yo (be) || ¥e(bg) or Yo (by) || ¥B(bs), which is impossible. Thus
V/(bB;) V V(bL;) fails 1AP. O
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Figure 9.9: Counterexamples for AP of (a) V(bT;) vV V(bB;); (b) V(bT;) V V(bL;); (C)
V(bB;) v V(bL,)
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Chapter 10: Involutive semiunilinear residuated lattices
A (bounded) residuated lattices called 1-involutive if it satisfies " = z = z"¢, where
2 = 1/x and 2" = x\1. In this chapter we study compact commutative 1-involutive
unilinear residuated lattices multiplication and in particular, we characterize the finite ones.
Recall that a residuated lattice R based on M -, for some X, satisfies Tz = x forall =

iff R=UpU{L, T}

Theorem 10.1. In a residuated lattice R based on an My, we have b" = b = b™ for all
non-idempotent b € Zi. Also, a residuated lattice R based on an My is 1-involutive and

satisfies Tx = T iff X is closed under multiplication and it forms a group.

Proof. Let R be a residuated lattice based on an M x, then by Theorem 3.1(1) we have
X =UrUZg. Ifb € Z, then by Theorem 3.1(4) ab = b £ 1, foralla € UrU{T }; hence
b" € Zr U{L}. Also, since b is non-idempotent, by Theorem 3.1(3) there exists b’ € Zp
(possibly &' = b) such that b’ = L. < 1, hence b" = ' and likewise b° = b'. In both cases
where Zx has one or two elements, we get b = b = b forall b € Zp.

If M is 1-involutive and it satisfies Tx = T, then Zp is empty and X = Up. For all
a € Ug, if a” = 1, then we would get a"* = 1* = T # a, a contradiction; so a” # L.
Also, ifa” = T,thena™ = Tt = | # a, a contradiction. So, a” € Ug and likewise for
a’. Also, by aa” < 1 and the fact that no product of elements of Uy gives |, we get that
aa” = 1, for all a € Ug, i.e., every element of X = Uy, is invertible, so X is closed under
multiplication and forms a group. Also, it is easy to see that if X is a group, then R is

1-involutive. L]
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Corollary 10.2. The 1-involutive residuated lattices on M x are precisely those of the form
R g in Corollary 3.3, where A is a monoid with zero T such that A\ {T} is a group and
B is the semigroup with zero | such that either B = {1, b} withb?* = L or B = { 1,b,'}
with o = b, b? = and b0’ = b'b = L.

The residuated lattice in the previous theorem is a non-linear 1-involutive compact
URL. However, it is not the case that in every finite non-linear 1-involutive compact URL

(U,-,1) is a subgroup. Here is a counterexample.

-
a
1 c
b

-

Figure 10.1: Counterexample: non-linear 1-involutive compact URL without subgroups

It satisfies Tx = T for all x # | and the multiplication table is

a b c¢

ala b c¢
b|b b ¢

clc ¢ b

4

From the table we can tell a’ = a” = b,b* = b" = a, ! = ¢" = ¢, so it is 1-involutive.

An element a in a residuated lattice is called n-potent, for some n € Z7, if it satisfies
a™t = a"; it is called potent if it is n-potent for some n. A residuated lattice is called
n-potent, for some n € Z*, if every element is n-potent; it is called potent if it is n-potent

for some n. Note that if a residuated lattice is potent, then each of its elements is potent (but
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not conversely, as no universal n might exist). Clearly, finite residuated lattices are potent.
The following result is not about unilinear residuated lattices, but rather about residuated

chains. However, it seems to have gone unnoticed up to now.

Lemma 10.3. Every 1-involutive residuated chain where every element is potent is actually
idempotent. In particular, every potent (hence also every finite) 1-involutive residuated
chain is idempotent. Consequently, the only commutative 1-involutive residuated chains

that are potent/finite/every element is potent are the odd Sugihara chains.

Proof. Let a < 1 such that ¢"™ = a™*! for some n € Z™, so a™*! is idempotent. If 1 <
a(a™™)", then a” < a"a(a™)" = a1 (a" )" = 2D (@n )T < @ If a(a )T <
1, then a < (a1 = g™ < o2 and so a® < a"*! by order-preserving. Thus if a is
negative, a"*? = a"*! implies " = a"*! for all n. Inductively, we get that for negative a,
we have a = a?.

Now for 1 < a, we have a’ = 1 Ja < 1/1 = 1, hence at is idempotent. Therefore,
a\a = (a‘a)" = (a*(a*a))” > (a’1)" = a, hence a® < a. Since 1 < a implies a < a?, we

get that a is idempotent. [

Here we introduce some properties of a class of involutive rigorously compact unilinear

residuated lattice.

Theorem 10.4. Let R be a non-linear rigorously compact URL satisfying involutivity and

(-zN), then
1. M = R\ {L, T} is closed under multiplication and divisions, so R is compact;
2. the comparability relation = is compatible with multiplication and divisions.

Proof. (1) Since R is rigorously compact, we know M = Upg. Since R is nonlinear and
satisfies (-zA), M is closed under multiplication by Theorem 8.27. Let 0 denote the nega-

tion constant in R and let 2 = 0/z, 2" = z\0. Since R is involutive, 2, 2" ¢ {T, L} for
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all x € M, so M is closed under “ and ". Since z\y = 2" + y = (y‘x)" forall z,y € M,
we know M is closed under left divisions; and similarly for right divisions.

(2) Since multiplication preserves the ordering in R, = is compatible with the multi-
plication. Since R is involutive, we know = < y iff y* < 2% iff y" < 2" forall 2,y € R,
thus = is compatible with ¢ and ". Since z\y = (y‘x)" for all z,y € R, = is compatible

with divisions. ]

In an involutive residuated lattice, an element « is called periodic if there exists n € Z*

such that 2" = 2™".

Theorem 10.5. Let R be a non-linear 1-involutive T -unital URL, then
1. R is compact;
2. G=(M,-,1)/=isagroup, where M = R\ {L, T};
3. if every element is periodic, then R is cyclic;

4. if every element in the chain of 1, H, is potent then H is isomorphic to an odd

Sugihara chain.

Proof. (1) Since R is non-linear and T-unital, R \ {_L} is closed under multiplication by
associativity. Since R is l-involutive, = 1/z,2" = 2\1 ¢ {T, L} forallz € M, so
M is closed under ¢ and ". Now suppose there exists z,y € M such that zy = T, then
x‘,y* € M. Since R\ {1} is closed under multiplication, we have | < z‘z < 1, so
T = 2'T = 2%(2y) = (2*z)y < y, contradicting the assumption that y € M, hence R. is
compact.

(2) By Theorem 10.4(2) we know the comparable relation is compatible with multi-
plication. Since M is closed under multiplication, G is a monoid. Since [z]= - [z"]= =

[z -pm 2] = [1]= forall z € M, G is a group.
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(3) For every * € M we have 2t < z(z' vV a") = a2t Var" < z/z V1 =a/z =
(zx")*. By Theorem 10.4(2) we know M is closed under multiplication and divisions, so
by unilinearity we get z(x¢ vV 2") € M. Therefore, 2° V 2" # T, hence ¢ = 2". Now if
xt < 2", then 2%¢ < 2% by l-involution. Hence we can get ... < 2% < 2% < ¢ <
xh <™ < ™" < ... inductively, contradicting the assumption that every element in R
is periodic. Likewise, 2" < x! leads to a contradiction, so 2" = z! for all z € M.

(4) Since 1 is the multiplicative identity and the lattice reduct is unilinear, H is closed
under multiplication, ¢ and ", so H is a subalgebra of M. By Lemma 10.3, H is idempotent;
and by (3), it is cyclic. Since H is a cyclic idempotent chain, it follows [S5] that H is

isomorphic to an odd Sugihara chain. [

Now we give a characterization of the commutative 1-involutive compact URLs whose
chain of 1 itself is a bounded odd Sugihara chain and the chains form a group in which every
element is of finite order. Let R be such a URL. We say an element z in M = R\ {L, T}
is lower if ™= < 1; it is upper if 2™ > 1, where n, € Z™ is the order of the chain of z,
viewed as an element in the comparability group. We omit the subscript when it is clear in

the context.

Lemma 10.6. Let R be a commutative 1-involutive compact URL satisfying that the chain
of 1, HU {1, T}, is a bounded odd Sugihara chain and that G := M /= is a group whose
elements are of finite orders, where M = R\ {1, T}. In the following we use x¢ for
x — 1. We use n and m for the orders of the chains of x and y respectively if they are not

comparable to 1, and make n = 2 if x is comparable to 1 (so that n — 1 is defined).
1. If the chain of z is g, then the chain of 2 is g'; both g and ¢! are of the same order.
2. Every chain in M contains a lower element.

3. If z € M is a lower element such that (z°)" < 1, then (z°)" = 2.
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10.

11.

12.

13.

. If x € M is a lower element, then zfx = z"; if x is an upper element, then 2lis a

lower element and x‘z = (z°)".

If z € M is an upper element, then (z")¢ = (z)".

If there exist elements x,y € M such that x = y and 2" = y", where n is the
order of x, then x = y. So for every element z € M, the (-)-subreduct generated
by z is (z). = {x,2?% ..., 2"}, so it is a group isomorphic to Z, with identity x™.

Consequently, if z = y and 2° = y*, for some z,y € M and s € Z", then z = v.

. For every element x € M, (2*)‘a* = 2%z forall 1 < k < n.

. If ¥ € M is a lower element, then (z°)" > 1iff 2¢ > 2" Liff (z" )¢ > x;if z is an

upper element, then (z°)" < 1.

For a lower element z € M, if 2”1 < 2f, then (2%)* = (2%)* forall 1 < k < n,
so the (-)-subreduct generated by z* is (zf). = {z*, (2?)*,..., (")} and the (-,%)-
subreduct generated by x is (z) = (z).U(z)* = {x, 2%, ... 2" 2% (B ..., (a™)'}.

If 27! = .CCZ, then <5C£> = {I,LEQ, <o ’xn} and <:C> = <CC> U <.CC>Z

For an upper element x € M, we have ()" = (29)* for all 1 < k < n, so the

(-,)-subreduct generated by z is (z) = (x). U (z)’.
For all z,y € M, we have (z'y’)* = (2)*(y/)* forall 1 <i <mand 1 < j < m.
For all z € M, we have (z) = (z%) = (z). U (z)%.

Let x,y € M be lower elements such that 4y < 2™ < 1, then

< zband ym <yt = (zy)* < (

8
<
S~—

"l =z2fand ym ! <yt = (2y)*7! < (ay)

"l <zbandym =yt = (2y)*! = (ay)"
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"1 = 2% and ym—l — yé _ (xy)s—l — (xy>€;

where s is the least common multiple of n and m.

14. If z,y € M are lower elements and their chains ¢g" and ¢ are in the same cyclic
subgroup (g) of G, then the (-,)-subreduct generated by x and y is (z,y) = (ziy’) U

(x) U (y), for some i, j € Zg, where s € Z™ is the order of g.

15. Let z,y € M be lower elements in chains g; and g respectively. If (g1) N (g2) =
{1}, then the (-,%)-subreduct generated by x and y is (z,y) = ((x). x {y).)U((x). x

(v).)".

16. For each element z € M, if ! = z¢, then z is a maximum lower element in its
chain.
If x is the maximum lower element in its chain, then z¢ is the maximum lower ele-

n—1

ment in its chain when 2"~! = 2 and the minimum upper element in its chain when

vl < 2t

Proof. (1) Let  be in chain g and ¢ be in chain ¢'. Since z‘x < 1, we know ¢'g = 1g, so
¢ = g~'; g and g~! are of the same order by group theory.

(2) Let € M be an upper element, then we know 2" > 1. Since zfr € H,
z(z'r) < z, so (z(z'x))" € H. Since H itself is an odd Sugihara chain, we have
(z(zf2))" = (2)™(a")? 2 (22" = (2%2)" £ 2z < 1, where 2 denotes the impli-
cation of idempotency, so z(x‘z) is a lower element in the same chain as x. Thus every
chain contains a lower element.

(3) Let x € M be lower element such that (z°)" < 1, then (z°)"~! < x by residu-
ation. By idempotency of (z*)" and order-preservation of multiplication, we get (z°)" =

(2%t = ((x%)" 1™ < 2™ Since x is a lower element, we know 2™ < 1, s0 2" < ¢

by residuation, and thus 2" 2 (z7)"~! = (z"~1)" < (z)". Therefore (z)" = 2.
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(4) Let x € M be a lower element. Since z‘z < 1 and H is an odd Sugihara chain, we
know 2z 2 (zfz)" = ()™ € {(aY)™, 2"}, If 2'x = (29", then (z°)" < 1, so by (3)
we know zfz = (2°)" = 2, therefore 2°x = 2™ always holds.

Now assume z is an upper element. Since z‘z 2 (zfz)" = (2f)"z" € {(z%)", 2"},

0

2" > 1 and 2z < 1, we get that (z°)" = 2‘z, and 2¢ is a lower element.

(5) Since ()2 = (z'x)" “ 'y < 1, we know (z9)™ < (z™)’ by residuation. Since

r(z — x) = x forall x € M, we have 2" — 2z = (2"(2'2)") = (2" (x — x))* = (a")".

Since H is an odd Sugihara chain and 2™ > 1, we get (z")* = 2"(2")" = 2" (2" — 2‘x) <
r‘z. Since (2°)" = 2z by (4), we have (2")* < (z°)", hence (z")¢ = (z°)™.
(6) First assume that x is a lower element. Since y" = x", y is also a lower element.

Since z‘x = 2" by (4), we have (z")* < (zf2)t = 2t — 2%, s0 2° = (2* — %2t =

4)

t — 2t — 2" where = and = denote the

(z)¢z!, which is equivalent to z = ((2™)z")
application of (4) and 1-involution respectively; similarly we have y = y* — y". Since

Y

r =y, we know 1 = 2%y, so 2’y 1 ()" = (29" = (z°)"2" = (zf2)" “oply = om,

hence y < 2 — 2" = z; Similarly we have y‘z = y", thus z < y* — y" = v, therefore
T =y.

If = is an upper element, then z* is lower by (4) and (z")¢ = (2%)" by (5). Since y" =
2", 3 is also an upper element and thus y* is lower and ()" © (y")* = (z")" = (29" By
above proof, we conclude that 2* = ¢/, so y = .

If = is a lower element, then "% = 2"2% < zF forall 1 < k < n; if z is an

k n+k

upper element, then ¥ < z"2% = 2"**. So, in both cases we get ¥ = z*. Using the

: id , id
idempotency of 2™, we have (z"*)" = (2")"+* £ g7 £ (2™)F = (2¥), so 2"F = 2F for

all 1 < k < n by above proof.

k

Thus (x). = {z,22,..., 2"} and 2™ is the identity element. Since z*2"* = 2" for all

1 < k < n, we know (z). is isomorphic to the group Z,.
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Finally, if x = y and 2* = y*, for some x,y € M and s € Z*, where s = gn + k, with

id id .
0 < k < n, then 2% = a"a? = 292k = 25 = y* = y™y* = y"y* = y*. Since 2" and

k

"=k are the group inverses of z* and y* respectively, "% = ¢~ and 2" = 2F+(—F) =

Yy
ahgn =k = yfyn—h = ¢+ (=k) — 4" hence x = y.

(7) Since z(z — x) = x for all z € M, we have (z%)! = (2%(z — 2))* =
(2% (2f2)")" = 2% — 2’2, so (z¥)%a* < afx forall 1 < k < n. Since (z). is isomor-
phic to Z, by (6), we have z* = (z"*1)* = (2"t (aF — 2%) = (2(aF — 2¥)¢ =
(z((2®)a)) = 2 — ((a%)2), so 2'z = (z — ((z%)%2%))z < (2%)2* and hence
vtz = (2¥)a* forall 1 < k < n.

(8) If  is a lower element, then 2" < 1, s0 2" ! < 2f and x < (2"~ 1)¢ by residuation.
By further invoking 1-involution, we get: ¢ > 2"~ 1 iff (2" 71)* > .

n—1 g 0 1

Now assume z‘ = 27!, then (2)" = (2"~ )" = (a") 2" < 1,502t = 2"~
implies 2" < 1. Since 2"~ ! < ¢, we know 2™ > 1 implies 2"~ ! < z‘ by contraposition.

If (z" 1) > o, then (2" 1) — v =2 — x = 1. Since the set {y € R : (z" 1)y <
x} is closed downward, (z"~!) > z and R is unilinear, we know 1 ¢ {y € R : (z" 1)’y <
r}, so (zf(z" HHE = (2" 1)* — x < 1, which is equivalent to 1 < x(z" 1) by 1-

involution. Since z(z" 1) © " (" = 22 (a2 @ v%(2'x) @ 2,m © 2

we get 2" ((z" 1)) = (2(@ ™))" = (@) = (@")? £ 2" < 1,50 (271" < (a")f
by residuation. By way of contradiction, if (zf)" < 1, then (2)" = 2" = 2z by (3), so
1 < #'(z"1)* and the idempotency of H implies that 1 < z/(z"~1)¢ 2 (z4)n((zn~1)%)" =
2™ ((xz"HH" < 2(2")* < 1, a contradiction. Therefore (z°)" > 1.

If = is an upper element, then (z°)" = z‘x < 1 by 4). If (2Y)* = 1, then by (5)
we know (2)¢ = (2)" = 1, so 2" = 1 and z is a lower element, a contradiction. Thus
()™ < 1 when z is an upper element.

¢

(9) Let z be a lower element. First we show 2"~! < z* implies (z")* = (z°)". By (4)

and the fact that z°(2¢ — 2*) we get (z%)"(2")* @ ()" (zfz)t = (2°)"(2* — 2%) = ()™
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Since 2"~ ! < 2, we get (z°)" > 1 by (8),s0 1 < (z")* < (2)", because 1 < (z")* and H
is an odd Sugihara chain. On the other hand, since (z)"2" = (z‘z)" % 2z < 1, we have
(x9)™ < (2™)* by residuation, thus (z")¢ = (x)".

4) (6)

Now let 1 < k < n. Since (z0)F1z% = (2fz)b 1z 2 (2'2)2r = 2"z = z, we obtain

k=1 x and note that 2* < y and

zF < (29k"1 — 2 by residuation. Set y = (x*)
()1 < 2. So, 2y = ()t 2 (@) )yt = (1 = (o)) <
2", thus y"* < (2™)f — 2" = 2" = (2F)" < y". Hence y" = (z*)" and by (6) we
conclude that y = z*. Therefore 2* = (29)k~1 — 2 = ((2%)*)* and thus (z*)* = (2°)* by
1-involution.

Since "1 < z*, we know (z°)" > 1by (8), so z* is an upper element. By (6) we know
(x%). is a group isomorphic to Z,, thus (z°)*(27)" = (2%)!(2*)7 = (2%)" I = (2¥I)¢ for
all i, j € Z,. Finally, since ()27 = (2)ia? = (a'x)ia"ti~1 L (gly)zi i @ =i ©
2971, the (-,°)-subreduct generated by x is (z) = {z, 2%, ... 2", 2"

Now if 2771 = 2%, then ()% = (z""1)* = 2" * forall 1 < k < n by (6), so (z*). =

(7

{x, 2% ..., 2"}. Also we have (z)'27 = ((2")fa")2a? ™" = (xtz)zi—? @ prgi—i

~

77", Therefore we know (z) C (z). U () and (z) = (z). U

—~

(10) Since x is an upper element, we know z* is a lower element by (4) and ((z°)%)" =

" > 1, so ((z°)F)* © (9% 2 2% and hence (2/)F = (%) forall 1 < k < n by
(9). Thus (z%)¢(27)" = (29 (2%) = (2% = (29 for all 4, € Z,. By (6) we
4

know (z*). is also a group isomorphic to Z, with identity (z*) 2"). So we have

—
N

(@fa? & (af)ad = @y = (@) atey 2 (@) atn) @)
(x%)i=nJ = (2*=7J)*, hence the (-,°)-subreduct generated by x is (z) = (x). U (x)".

(11) Without loss of generality, assume that the interval bounded by z™ and (2™)* is
a subset of that bounded by y™ and (y™)%, then 2" — y™ = (z")’ — y™ = y™ and

" = (Y™t = (") — (™) = (y™)" Letl < i < nand1 < j < m. Since
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(@) (o)) (2'y’) = ((«)2")((y")y?) < 1, we have (') (y’)" < (2'y?)" by residuation.
Since (z%)(y7)" = (z'y?)¢ is equivalent to z'y’ = (2%)* — 4’ by l-involution, to prove the
former identity, it suffices to show z'y’ is the maximum such element u that (z%)‘u < y7.
First we observe that (2%)*(z'y’) = ((2%)%2%)y’ < o7, so x'y? < (2%)* — 17 by residuation.
Let z > 2%y’ such that (2)’z < y/. Let s be the least common multiple of n’ = n/(n,4) and
m’ = m/(m, j), where (n,7) and (m, j) are the greatest common divisors, then (z'y?)* =
(z1)*(y7)* 2 gmy™ = y™. Since (21)¢z < y’ and multiplication is order-preserving, we get
()" = ()2 < () 50 2 < (@) = () 2 (@) = g™ = y™ since
((x9)9)™ = 2™ or (2™)’ by (9) and (10). Since z > x'y’, we know 2° > (2%y’)* = y™,
hence 2 = (2%y?)*. By (6), we know z = z'y/ and hence z'y’ = (2%)* — 3’ and

(29)4(y7) = (ziy?)" by l-involution.

((z*)*)¢ forall 1 < k < n by l-involution, hence (z*) = (2%). U (z©)* = ()¢ U (x). = (x).
If 2° = 2”71, then (x). = (2%). and (x)* = (2%)", so (z) = (2*).

(13) Let = and y be such lower elements. Since the chains of z¢ and y are also of
orders n and m respectively, so by (11) we have ((xy)%)® = (2'y')* = (29)°(yH)* 2
(29" (y")™ = (y*)™. The last equation comes from the assumption that 3™ < z" < 1.
Then the results follows.

(14) We know the subgroup generated by g" and g™ is (¢", ¢g™) = (g™™), where
(n,m) is the greatest common divisor of n and m. By Bézout’s identity, there exists
i, € Z such that (n,m) = in + jm. Note that Bézout’s identity also holds in Z;, so
without loss of generality we assume that i, j € Z,. In the following we show (z,y) =
(x'y?) U (z) U (y). First we prove for the (-)-subreduct we have (z,y). = (z'y’). U
(x). U (y).. Since z € ¢" and y € g™, we know x%/(") = /(™) = 1 First we
assume that y*/(>™) < g5/(sm) < 1. Since in +, jm = (n,m), we know z'y’ € ¢g"™,

so (x'y?)™/(m) ¢ g™ and hence (z'y/)™/ (™ = y. To show (x'y/)™/ (™ = 4 it
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suffices to show ((x'y?)™(m)s — 45 by (6). For this we have ((z'y?)™/ (™)
()i /) (o yim/ () 2 gy 2 s/ (smyys/sm) = ys/(ssm) 2 s thus y € (a'y7)..
Let p,q € Z,, then zP(z'y’)? € gPrginm) = gentanm) — gen/(nm)tq)(nm) - Gince
(ziqy? )/ (m)ta ¢ glon/(nm)+a)(nm) e know (xiy? )P/ (e = gP(277)2, Since we
know (zP(2iy?)0)s = (2%)P+ia(y)ie L 25y° = y° and similarly ((ziy?)Pr/(vm+a)s =
ziy® =y, (xly? )P/ (Mt = gp(2iy7 )1 by (6), so 2P(z'y’)? € (x'y?). and hence (z,y). =
(z). U (z'y’)..

Since y € (z'y’)., we know y* € (ziy?) U(xiy?)* = (x'y?). Letp, q,r € Z, and denote

7'y’ by 2. Since (2P)‘x? = ((aP)‘aP)z9~sP @

(xfz)z9=P @ gngaop © ga-p ¢ (x). by
(7) and 292" € (z). by proof above, we know (x)¢ - (z). C (x). and (z). - (2). C (), so
(z)¢ - (z). C (z). and hence (2")!z" € (2).. Since (2P)‘x? = (zP—sna/(mm) zna/(nm))ga —
(zp—sna/(m)E(pna/(nm)yeqa  ona/(nm) = 34 and (z"0/(m))s = 45 < 25 = (29)%, we
know (2" (mm))eza ¢ ()¢ thus (27)%x? € (2)’. Since (2P)!(29)" = (2P2)¢ by (11) and
2P2% € (2)., we know (27)¢(29)" € (2)*. Since 5,y € (z), we know 2Py?, 2P (y?)¢, (zP)‘y4
and (z7)%(y9)* are in (z). Therefore (x,y) = (z'y?) U (z).

If y/(sm) < 23/(sm) < 1, then similarly we can show (z,y) = (z'y’) U (y).

(15) Since (g1) N (g2) = {lg}, we know (z). N (y). is empty if 2" # y™ and is
singleton otherwise, thus (z,y). = (). x (y).. Without loss of generality assume that
y™ < a" < 1, then (2%)%’ = 2" %y, Since [2", (z")°] C [y™, (y™)*] in H, we know
((29)f) = ((2)))%y* = y° 2 (2")*(y7)® = (2""iy?)*, where s is the least common
multiple of n and m, thus (z)%y’ = 2" %/ € (z,y).. Similarly we can show (y')‘2’ €
(x,y)!. Therefore (z,y) = (z,y). U (z,y)! = ({z). x (y).) U ({z). x (y).)".

(16) Let © € M satisfying 2"~! = 2f, then 2" = 2" 'z = 2’z < 1, so z is a lower
element. Suppose there exists a lower element y € M such that y > z, then ¢* < ¢ =

2"~! < y"~! by 1-involution and order-preservation of multiplication. Since y is lower, we

know y" ! < ¢, soy’ = 2* and y = z. Thus z is the maximum lower element in its chain.
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Now assume that x is the maximum lower element in its chain. If x € H, then z = 1,

n=1 — ¢ then z¢ is a lower

so the statement holds. So we assume that || 1. Suppose x
element by (4) and x = (2" )"t = (2°)"~1 by (6). Let y be a lower element such that
y > 2%, then y"~1 > (2%)"~! = z. Since y is a lower element, so is y"~!. Since x is the

(6)

maximum lower element in its chain, we know y"~! = z, thusy = (y"~!)"!

and hence ¢ is the maximum lower element in its chain. Now suppose 2" ~! < ¥, then z*

is an upper element by (8). Let y be an upper element such that y < 2, then v’ is a lower
element by (4) and * > z by 1-involution. Since z is the maximum lower element in its

chain, we know v’ = x, so y = 2’ and 2* is the minimum upper element in its chain. ~ [J

Recall that Corollary 7.8 shows in particular that if H is a 1-involutive residuated chain
and G is a group then H x° G is a compact URL; see Section 7.2. We improve this result,

by observing that in this case the result is 1-involutive.

Lemma 10.7. If H is a 1-involutive residuated chain and G is a group then H x° G is a
1-involutive compact URL. In particular, if H is an odd Sugihara chain and G an abelian

group, then H x° G is a commutative 1-involutive compact URL.

The next theorem shows that every commutative 1-involutive compact URL can be
obtained from such an H x® G by a small modification. In a later result we get an even
more precise characterization.

Recall that a conucleus o on a residuated lattice R is a contracting (o(z) < z) mono-
tone (r <y = o(z) < o(y)) idempotent (c(c(x)) = o(x)) operator that satisfies
o(x)o(l) = o(1l)o(x) = o(x) and o(x)o(y) < o(xy), the latter of which is equivalent to

o(o(r)a(y)) = o(zy).

Theorem 10.8. Let R be a commutative 1-involutive compact URL such that the chain of

1, HU{Ll, T}, is a bounded odd Sugihara chain and M /= = G, where G is an abelian
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group where every element has finite order and M = R\ {L, T}. Then R is isomorphic

to a subalgebra of a conucleus image of H x° G.

Proof. Since, by Theorem 10.4(1), M is a (-, —, 1)-subreduct of R and since (R, A, V) is
unilinear, in the following we focus on M. By Lemma 10.6(2) we know every chain in M
contains lower elements, so for each chain in M either all lower elements satisfy vl < 2t
or there exists a lower element satisfying "' = 2, in which case that z is the maximum
lower element in its chain, by Lemma 10.6(16). If (G; denotes the set of chains whose lower
elements satisfy "' < 2 and G denotes the set of chains which contain a lower element
x satisfying 2”1 = 2¢, then G = G| U G5. By Lemma 10.6(13), each one of G and G,
is closed under multiplication. Also by Lemma 10.6(16), G5 is closed under inverses, so
(71 is also closed under inverses. Since 1 € G5, we know Gy, is a subgroup of G. Now we
show that for every chain g € G, the map v, : ¢ — H defined by ¢,(z) = 2", where n is
the order of ¢ in the group G, is an order embedding and ¢),[¢] a multiplicative ideal of H
which is also closed under , so I, := H \ v,[g] is equal to (ey, e}) or to [y, e}] for some
negative e, € H.

Since the multiplication on M is order-preserving, if z,y € g with z < y then ¢, (z) =
" < y" = ¢,(y). Now suppose ¢4(x) < 1,(y) for some x,y € g; then 2" < y". If
y < z, then y" < 2", so 2 = y" and using Lemma 10.6(6), we get x = y, contradicting
y < x; thus ¢, (z) < ,(y) implies x < y, so 1), is an order-embedding. Now for z € g
and a € H, we have a = 1so ar = x, i.e. ar € g. Therefore, ay),(xr) = az” u
a"z" = (ax)" = Py(ax) € P4lg], hence 1 [g| is a multiplicative ideal of H. Finally,
since all lower elements in g satisfy "' < xf, Lemma 10.6(9) and (10) entail that for all
v € gandall 1 < k < n, we have (2F)* = (2%)* and also that (z). and (z*). are both

isomorphic to Z,,. Also, 2"~ ! < z* implies x < (z"~!)¢ by 1-involutivity, so (z" 1) € g

(@)™ = y((2"1)"), hence 3y[g] is

and g, (2)" = (&) & (@) 2 (@ @

closed under *.
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Now let I, = H \ 9,[g] and a,b,c € I, suchthat « < b < cand a,c € H. If
b ¢ I, then b € 1 [g]. Since 1),]g] is an ideal of H, we know ab, bc € 1,[g]. Since the
multiplication on H is conservative, we get ab = b = be, contradicting that H is an odd
Sugihara chain; so I, is convex. Since 9 [g] is closed under £ I, 1s also closed under ¢
Finally, 1 € I, since otherwise 1 € 14[g], so there exists + € g such that 1 = z™, hence
vt = 12" = 22’ = 2" (atn) W pnign © gn, contradicting the assumption that
"1 < 2 for all z € g. Therefore I, = (e, (e,)") or I, = [e,, (e,4)*] for some negative
eq € H.

For g € G, let u, denote an element in g satisfying ng_l = !, where ng is the order

of chain of g; note that there is a unique such element because, by Lemma 10.6(16), u, is

the maximum lower element in g. Note that .J, := (ug?, (ug*)‘] is a subset of H. We define

My := (HxG)\ (( Lg; 19 x {g}) U( Lé Jgx{g})). where I? = (eg, (e,)") forall g € G1.
Now we show that 5\;3 _ Myu{Ll, ‘gl’e} izs a conucleus image of H x° G.

To show that M¢ is closed under multiplication, we consider (hy, g1), (h2, g2) € Mp.
If g1,90 € Gy, then hy € H \ I{ and hy € H \ I3, where I; and I, are short for [, and

1

¢ respectively. By the definition of /; and I, there exist + € ¢g; and y € g, such that

hy = 2" and hy = y™, where n and m are the orders of g; and g, respectively. Since
G is closed under multiplication, v, 4, is well-defined and 1, 4, (zvy) = (2y)° = z°y* “
x"y™ = hyihs, where s is the least common multiple of n and m, thus (hihs, g192) € Mp.
If g1, g2 € Go, then hy € H\ (u?, (u})’] and hy € H \ (uf, (uj?)*]. Since Gy is a subgroup
of G, J,, 4, is well-defined and J, 5, = ((u1u2)?, ((u1u2)®)’] by Lemma 10.6(13). Since
(urt)® = ulud 2wl € {u?,u}, we know Jg1g0 = Jg, OF Jy,. Since hihy € {hq, ho},
we know hihy ¢ Jg, and hihy ¢ J,,, thus hihe & J,, 4, and hence (hihg, g192) € M. If
g1 € Giand g € Gy, thenhy € H \ (eq,ef) and hy € H \ (u™, (u™)*]. When ¢; < u™,
hihy ¢ (eq,ef) and by Lemma 10.6(13) we know g1g» € Gy and I} = (e1,€}), so
hihy € H\ I, and (hihy, g1g2) € My. When u™ < ey, hihy ¢ (u™, (u™)"] and again

134



by Lemma 10.6(13) we know ¢,g» € G5 and J,, 4, = (u™, (u™)*], so hihy € H \ J,, 4, and

192
(hihs, g192) € M. Finally, if g; € G5 and g, € G1, then similarly to the previous case we
can show (hihs, g192) € M.

Since the lattice reduct of M is unilinear and L, T € M¢, M(Z)’ is closed under V.
Finally, for all (h,g) € H x G, if (h,g) ¢ M, then either h € I for some g € Gy or
h € J, for some g € Go. If h € I for some g € G, then |(h, g) N My has maximum
element (e,, g) € My; if h € J, for some g € Go, then | (h, g) N M, has maximum element

(ug?, g) € My. Therefore M_ is a conucleus image of H x°G and the conucleus o is defined

(h,g)  ifh ¢ (eg,¢,)
by o(T) = Tand o(L) = L and if g € Gy, then o(h,g) = ;

(eg,9) ifh € (e, ef;)

| (hg)  ifh [y, (uy)] -
if g € Gy, then o(h,g) = . By [7], we know M is the

(ug®,9) if € [ug”, (ug”)"]

universe of a residuated lattice.

Now we show that R can be embedded into MY. Define ¢ : R — M& by o(T) =T,
o(L) = L and ¢(z) = (2™, g), where g is the chain of x and n, is the order of g. We
omit the subscript when it is clear in the context. For all x,y € M, if x < y, then = and y
belong to the same chain and z" < y" by the order-preserving of multiplication on M, so
o) = (2",9) < (y",9) = ¢(y). Conversely if p(x) < p(y), then x = y and z™ < y™.
Ify < z, then y" < 2™, s0 y™ = 2™, so by Lemma 10.6(6), we get x = y, a contradiction;
thus = < y and ¢ is an order-embedding. Since multiplication on M is compatible with =,
we know ¢,9, = gy, 50 0(2)o(y) = (2", 9,) (Y™, gy) = (z"y™, guy). Since the order s of
GGy 18 the least common multiple of those of g, and g, we know ¢(zy) = ((zY)®, gzy) =
(2°Y®, guy) u (x™Y™, guy) = @(z)p(y). Since Gy and G are closed under multiplication
and inverse respectively, we know if the chain of x is in a chain of (1, so is the chain

0

of z*; similarly for x in a chain of (G5. First assume that x is in a chain of (1, then
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o(xf) = ((2°)", gpe) = ((2™)*,¢g7"). Since g € G, we know 2" ¢ I? by the definition of
Iy, 50 p(2)'s = o((2", g)'me) = o((2"),97") = ((¢")", g7") = p(2). Now assume «
is in a chain of Gs. If x satisfies 2"~! < z¢, then by the proof in the previous case we can
show ¢(z°) = (x)%. So we assume that z satisfies 2" ! = 2, then by Lemma 10.6(16), =
is the maximum lower element w, in its chain. Now ¢ (u}) = @(ul ') = ((up~")", g" ') =
(ug, 9" ") and p(ug)= = o((uy, g)me) = o((up)',g7") = (uy, g"") = p(uy) by the

definition of o. Therefore ¢ is an embedding from R into MJ. [

The following theorem strengthens Theorem 10.8 by showing that we only need to

consider conuclei that fix the chain of 1.

Theorem 10.9. Let H be an idempotent residuated chain, G a group whose elements are
of finite orders and o a conucleus on H x® G such that (L) = L, and o(T) = T. Then
o[H x G] = olo'[H] x G], where o'[H] is the projection of o[H x {lg}]. If H is an odd
Sugihara chain, G is abelian and o[H x G] is o(1g, 1g)-involutive, then o’[H]| is also an

odd Sugihara chain.

Proof. Let (h,g) € o[H x° G] such that the chain g is of order n. Since o is a conucleus
on H x° G and H is idempotent, we have (h,1) = (h",g") = (h,g)" € o[H x*G]. By
the definition of ¢/, we know h € o’[H], so (h,g) € o’[H] x° G. Since o is idempotent,
we get (h,g) € o[o’[H] x® G]. Thus if o(k,g) > L for some (k,g) € H x G, then
o(k,g) € olo’[H] xG], therefore o[H x G| C o[o’[H] x G]. The other direction is trivial.

Now assume that H is an odd Sugihara chain, G is abelian and o[H x G| is 0(1y, 1g)-
involutive. Since H is a subalgebra of H x°” G and ¢’[H] is the projection of o[H x {1g}],
we know o/ [H] is also a subalgebra of o [H x*G]. Since o[H x*G] is o(1y, 1 )-involutive,
o'[H] is o'(1g)-involutive by definition of o’. Since H is commutative and idempotent,

o'[H] is also commutative and idempotent. Hence ¢’[H| is an odd Sugihara chain. O
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Note that Theorem 10.8 and Theorem 10.9 do not provide a converse to Lemma 10.7,
because conuclei images of H x” G may fail to be 1-involutive. Interestingly, connecting to

Theorem 10.11, if the conucleus fixes the chain of 1, then the resulting URL is 1-involutive.

Lemma 10.10. Assume H is a commutative 1-involutive chain, G is a group where every
element has finite order and o is a conucleus on H x® G such that ¢ is the identity on
Hx{1}U{L, T}. Ifo(ho,go) = L forsome hy € H and g # 1, theno[H x{go}] = {L}.
Also, G’ is asubgroupof Gand G, G' C G, where G| :={g € G : o[H x{g}] = {L}}
and G’ := G \ G. Therefore o[H x G| = o[H x G].

Proof. Suppose there exists (hg,g0) € H x G such that o(hg,g0) = L. Since o is
monotone, we know o(h,go) < o(hg,go), so o(h,go) = L for all h < hg. Without
loss of generality, assume that iy < 1. Since o is the identity map on H, we have
(ho,)a(h, go) = o(hg, )a(h,g0) < o(hoh,go) = o(ho,g0) = L forall b € [ho, hf).
Since H x G is closed under multiplication, we get o (h, go) = L for all h € [hg, hf]. If
h > h§, then h® < hg and so o(h*, go) = L. Hence (h*,1)a(h, go) = a(ht, 1)a(h,gy) <
a(hh’, go) = o(ht, go) = L, thus o(h,go) = L forall h € H,ie., o[H x {go}] = {L}.
Since gy is of finite order n € Z*, we know g;' = g5 ' and go = (g5 )" L so (1,90) =
(1, (90 )"™") = (L,go )" " Thus (o(1,95))" " < o((L,gg)"™") = a(l,90) = L,
therefore o(1,g,') = L and o[H x {g;'}] = {.L}. Hence G| is closed under inverse.

Since 0 [gxq1}= idgx{1}, we know 1 € G'. Since G is closed under inverse, G’
is also closed under inverse. Now let g1,go € G’, then o[H X {¢g:}] N {L} = () and
o[H x {g2}] N {L} = 0. Since o(h,g1)0(1,g92) < o(h, g192), we know o (h, g192) > L
forall h € H, so G’ is a subgroup of G.

Finally, let gy € G, and g2 € G’, then o[H x {g1}] = {L} and o[H X {g2}] N
{1} = 0. Since G’ is closed under inverse, we know o[H x {g;'}] N {L} = 0, so
o(h,g1g2)0(1,95") < o(h,g1) = L implies that o(h, g1go) = L. Therefore G, G’ C
Gy. O
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Theorem 10.11. If H is an odd Sugihara chain, G is an abelian group where every element
has finite order and o is a conucleus on H x” G such that ¢ is the identity on H x {1} U

{L, T}, then o[H x® G] is a commutative 1-involutive compact URL.

Proof. By Lemma 10.10, we can assume that o(h, g) > L forall (h,g) € H x G. Since
H x°G is a commutative 1-involutive compact URL and o is a conucleus, we know o[H x b
G] is a commutative URL. Since o(T) = T, 0(L) = L and o(h,g) > L for all (h,g) €
H x G, we know o[H x (] is closed under multiplication since H x G is closed under
multiplication, hence o[H x® G] is compact. Now we show that o[H x° G] is 1-involutive.

Since o(h,g) > L for all (h,g) € H x G, there exists e, < 1 such that o(1,g) =
(€4, g) for all g # 1. Since o is idempotent, we know o(ey, g) = (eg4,¢9). Since g is of
order n for some n € Z*, we know g7! = g" ' and g = (¢71)"L. Leto(l,¢7') =
(e,g71) for some ¢ < 1, then (e,g7') = o(l,971) = o(l,9") = o((1,9)" )
(01, 9))"™" = (e, 9)"" = (egeg™).s0€ = 5. By (€,9) = oL, g) = oL, (7))

(oL, g7 )"t = (e,g7H)" ! = (e,g), we have e, > e, thus e = ¢,.

v

v

Now for h € H\[ey, el], we have (h, g) = (h,1)(eg, g),s00(h,g) > o(h,1)o(ey, g) =
(h,1)(eg,9) = (h,g) > 0(h,g), thus o(h,g) = (h,g) for h € H \ [e,, €]. Also, since o is
monotone, we have (eg, g) = o(ey, g9) < o(h,g) < o(1,9) = (e4,9),s0 a(h,g) = (e, 9)
for all h € [eg,1]. Now let b € (1,€}), then (eg,9) = o(1,9) < (W,g) = o(h,g) <
o(el,g), s0eg < W' < h < €. Suppose I’ > e, then h' > 1 by the monotonicity of
o. In this case we have (h,g) = (h,1)(},g), so (k',g9) = o(h,g) > o(h,1)o(h,g) =
(h,1)(h',g9) = (h,g) > o(h,g) = (k,g), thus o(h,g) = (h,g). On the other hand,
since 1 < h < ef, we get e < h’ < 1 by l-involution, so (h‘,g) = (h,1)(h,g) and
hence (e5,9) = o(h',g) > a(h',1)a(h.g) = (A, 1)(h,g) = (h',9) > o(h',g) =
(eg,9), thus h* = e, contradicting e, < h’. Therefore h' = e, and o(h,g) = (ey,g)
for all h € [ey,el). Since o(1,g7') = (e,,97 "), similarly we can show o(h,g1) =

(eg,97") forall h € [e4,€l). Also, by above proof we can tell o(e}, g) is either (ey, g)
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r (e}, g) and o(el, g7") is either (eg,g7") or (ef,g7"). Since g is of finite order in

n—1

-1 _ ,n—1 _ —1\n—1 ¢ _ ¢ -1
G,g' =g andg = (g7)" " for some n € Z*. So (e,,9) = (e,,97")" " and

1 { —1\\n— ¢ n— .
hence (e}, g) > (o(el,g7"))""; similarly we have o(ef, g") > (o(el, g))"". Thus if
o€, g) = (eg,9) then o(el, g7") = (eg,97")s if o(el, g7") = (eg,97") then o(ef, g) =
(eg,9), ie., a(el,g) = (eg,9) iff o(e),g7') = (eg,97"); hence o(el,g) = (e, g) iff

(hg) ifh¢ [epe!
a(ef;,g‘l) = (65;,9_1). If a(eg,g) = (eg,9), then o(h, g) = o % g

(eg,9) ifheleye g]
(hyg™") ifh & [eg, €]

o(h,g7') = . In this case, if h ¢ [e, eg], then (o (h, g))%* =
(eg,971) if h € [eg, eg]
o

(o(h g7 1) = (hf,g71)" = a(h,g). If h € [eg, eg], then (o(h, g))"" =
(eg:9)" = (0(eg, 971))" = (eg,971)" = 0(eg, 9) = (eg,9) = o(h, 9).

(h,g) ifh ¢ (eg,eq)
Finally, if o (e, g) = (e}, g), then o(h, g) = e olh,g7!) =
(eg,9) ifhe (eg,eg)
1 ifh ¢ (e ef;)
. In this case, if b & (e, €)), then (0(h, g))** = (h, g)*" =
eg, b ifh € (e, f;)
(o(hf,g71) = (h',g7") = a(h.g). If h € (eg,¢,), then (o(h, )" = (eg,9)""" =

o(ey, )) 7= (e 97")" = 0(eg,9) = (€5, 9) = o(h, ). 0

—~

Corollary 10.12. The commutative 1-involutive T-unital URLs R such that the chain of
1, HU{L, T}, is a bounded odd Sugihara chain and M/= = G, where G is an abelian
group whose each element has finite order and M = R\ {_L, T} are (up to isomorphism)
precisely the subalgebras of conucleus images of H x® G, where the conucleus fixes the

chain of 1.

Now we say a commutative 1-involutive T-unital URL is (n, k)-potent if there exist

n € Z* such that every element satisfies "% = z* for all 1 < k < n. Since the chain

139



of 1 in such URL is a subalgebra, by Lemma 10.3 we know the chain of 1 itself is an odd

Sugihara chain. Also, such URLs include those whose G is an abelian group of order n.

Corollary 10.13. Every (n, k)-potent/finite commutative 1-involutive compact URL R is
isomorphic to a subalgebra of a conucleus image of H x” G, where H is the chain of 1 in
M = R\ {L, T}, G = M/= and the conucleus fixes the chain of 1; these are precisely

all the (n, k)-potent/finite commutative 1-involutive compact URLSs.

Corollary 10.14. Here are all the commutative 1-involutive URL: the T-unital ones; the
non-T -unital ones in the class LW in which W = (), Z U {_L, T} is an integral residuated
chain, such that T-unital subalgebra is 1-involutive and the 1-free subalgebra Z U {L, T}

is L -involutive; the ones in B whose T -unital subalgebra is 1-involutive.

Proof. Here we show the non-linear non-T-unital ones are as described above. Let R
be a non-linear commutative URL in TW such that R is not T-unital, then there exists
b,by € Zr such that b < 1 and by || b by Theorem 8.13. Since b5 = b and b* = T, R is not
1-involutive.

Let R be a non-linear commutative URL in LW such that R is not T-unital and
Wgr # 0, then there exists an idempotent by € Zp such that by = c2 for all ¢ € Wp
by Theorem 8.3(5). Since bé = 1 and L* = T, such R is not 1-involutive.

Let R be a non-linear commutative URL in LW such that R is not T-unital and Wgr =
(), then R € Land Ur U { L, T} is a subalgebra, Zr U {L, T} is a 1-free subalgebra and
b— 1=0b— L. Thus Ris l-involutive iff Ur U {L, T} is l-involutive and Zp U {L, T}
is L -involutive.

Finally, let R be a non-linear commutative URL in B such that R is not T -unital, then
Ur U{L, T} is a subalgebra and Zp U {L, T} = {b,0/, L, T} is isomorphic to the 4-
element generalized Boolean algebra by Theorem 8.8. Since b = ' and b"* = b, R is

1-involutive iff Ur U { L, T} is 1-involutive. O
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Chapter 11: Open problems and future work

Finally we end this thesis by listing some open problems.

1. The forgoing chapters classify the class of unilinear residuated lattices into classes
B4, Tunital, B, TW, and LW and give the axiomatizations and constructions respec-
tively. We can conclude that the class Tunital is at the center of the study of unilinear
residuated lattices. Even though we present 2 constructions of T-unital URLSs in

Chapter 7, we hope to find more constructions.

2. In the chapter of involutive SRLs, we focus on the class of commutative 1-involutive
T-unital URLs whose chain of 1 is an odd Sugihara chain and the chains are of finite
orders in the group of chains. We hope to generalize the characterization there. For
example, what if the chains form an arbitrary abelian group, like Z? We have see such

an example, M7z, in previous chapters and we hope to generalize the characterization.

3. We characterize the URLs axiomatized by the equation 2> = z in Chapter 9. We
would to explore the classes axiomatized by the equations like z < 2%V 1 or 2" < z™

for some m,n € Z*.

4. Finally, note that the non-bound elements in a URL are join-irreducible and meet-
irreducible. We hope to understand the residuated lattices whose non-bound elements
are only join-irreducible (or meet-irreducible). This is motivated by the fact that in
the proof of characterization of URLs, we only use the join-irreducibility of non-

bound elements in the most cases.
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