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ABSTRACT 

Thermal-mechanical instability (TMI) has been a research topic of interest as it 

focuses a lot on transportation systems. Thermal-mechanical instability was first noticed 

in railway and experimentally studied with a pin-to-pin or pin-to-surface setup of sliding 

contact. The topic has been extended into brakes and clutches which are two of the most 

common sliding systems most susceptible to thermal buckling and thermoelastic 

instability (TEI), where thermal buckling and thermoelastic instability are two sub-

categories of thermal-mechanical instability. Thermal-mechanical instability is an 

ongoing research to better understand the phenomenon and the limits at which such 

instability occurs. This work delved into the thermal-mechanical instability in automotive 

systems (brakes and clutches), studying the point of occurrence of this instability. 

Coupling analysis such as vibration coupled with thermal buckling and thermal 

buckling coupled with thermoelastic instability was performed. The idea behind the 

coupling studies was to find out if the temperature gradient alone can induce instability in 

brakes or clutches, or the occurrence of one TMI can cancel out or induce the occurrence 

of another TMI to reduce or increase the chance of failure.  

It was found that vibration during braking can induce uneven temperature 

gradient and internal stress in brakes to increase the chance of thermal buckling to occur 

but the increase in gradient temperature does not induce vibration. Also, thermal buckling 

modes tend to induce vibration in brakes. Thermal buckling and thermoelastic instability 
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induce the occurrence of one another. In instances of TEI which creates hotspots due to 

uneven contact surface area during sliding, which increases the thermally induced stress 

in the brake or clutch to cause thermal buckling.  

Alternate non-metallic friction material and the effect of anisotropy in friction 

materials was also investigated to determine the limits of brakes and clutches at which 

thermal-mechanical instability can occur. Carbon-carbon silicon carbide as a replacement 

for metallic friction material proved to minimize the occurrence of thermal-mechanical 

instability in brakes and clutches. The arrangement of reinforced fiber in the composite 

material also affects the limit of thermal buckling and thermoelastic instability. A 

composite with randomly distributed reinforced fiber evenly distributes the internal stress 

better than uniformly aligned reinforced fibers and hence the randomly distributed 

composite used in brake and clutch production significantly increases the point of thermal 

buckling or thermoelastic instability to occur. The ideal composition for a carbon-carbon 

silicon carbide composite material with fiber aspect ratio of 1 to produce a clutch to 

withstand high temperatures without TMI occurring is 35% carbon fiber volume and 20% 

silicon carbide volume. 
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CHAPTER I 

INTRODUCTION 

1.1 OVERVIEW 

Contact systems are widely seen and used in the world. Contact can be used as a 

transfer mechanism, can be used to transfer power, motion, or energy in the form of heat. 

Such examples of contact are gears to transfer motion, clutches to transfer power, and 

brakes to change kinetic energy to heat while slowing a moving body. The biggest 

phenomenon in contact is friction. Friction helps keep bodies in contact. In some cases, 

friction can be useful and in other instances friction should be minimized for stability in 

contacting bodies. One of the widely known contact sliding mechanisms is the brake. 

Simply described, a brake consists of a stationary body and a rotating body. Brakes are 

used in different areas in the field of engineering. It’s one use is to slow or stop a moving 

body, during which the motion of the car is converted to thermal energy during braking, 

where the heat generated is known as frictional heat. Brakes can be seen in industrial 

settings in machinery such as horizontal lathes and mostly seen as well in the 

transportation industries such as automobiles, airplanes, and trains. Although 

technologies have improved since the first use of brakes in a system, the idea, and 

physics behind it never changes and it stays the same across different uses. In most 

circles of car or motorcycle enthusiasts the brake is the most important safety feature of a 
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car or motorcycle. That is the reason that any person teaching how to drive a car or ride a 

motorcycle tends to start with knowledge on what a brake is and how to use it effectively. 

There are two different types of brakes, the drum brake (Figure 1.1) and disc brake 

(Figure 1.2). The drum brake has the stationary body (shoes) housed in the rotating body 

(the drum). When the brakes are engaged, the brake shoes are pushed outward onto the 

inner wall of the drum, to slow the wheel’s rotational speed.  

 

Figure 1.1: Automotive drum brake a) section cut-out view; b) exploded view. [1] 

The idea stems from Newton’s first law of motion which states that “a body in 

any state tends to remain in that state unless acted upon by an external force”. The state 

of the body is rotational motion and the external force in this case is friction slowing the 

body down to a stop. In the case of a disc brake, the rotating body is the rotor, and the 

stationary body is the pad which are housed in the calipers. The rotor has a disc-like 

shape hence the name disc brake, just like the drum brake has a rotating “drum” hence 

the name. The disc brake was developed after the drum brake and in most cases to 

replace the drum brake, that is because of the major drawback of a drum brake which is 
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poor ventilation and heat dissipation which makes it prone to high temperatures which 

affects the performance. 

 

Figure 1.2: Common automotive disc brake [2] 

The other instance of a contact system is the clutch system, example shown in 

Figure 1.3. The clutch is used to transfer power and motion between bodies in other 

words transmits power, hence the presence of clutches in a transmission. Sliding in brake 

is necessary and essential, but in a clutch system sliding is not ideal, but nonetheless is 

present. Sliding in a clutch happens at the instance the clutch disc contacts the engine’s 

flywheel. The severity of sliding which occurs between the clutch plate and engine 

flywheel is different depending on whether it is an automatic or standard (manual) 

transmission, this is due to the method of clutch engagement. As the names suggest, 

automatic engages and disengages the clutch without human input using electrically 

controlled computer units and manual utilizes human intervention. Sliding is more 
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noticeable in the manual transmission because human factor affects reaction time. The 

clutch when engaged connects the clutch plate to and matches the speed of the engine’s 

flywheel and in-turn transfers power to the tires via the axel of a car, and when 

disengaged disconnects the contact between the plate and flywheel and cuts power to the 

tires. Figure 1.3 shows an example of two of the common types of clutches used in cars. 

The single disc clutch and the multi-disc clutch. The multi-disc clutch is also classified as 

a dry or wet clutch, the difference being the presence of lubricating oil. Wet clutch has 

lubricants helping in cooling and dry clutch does not have lubricating. 

 

Figure 1.3: Automotive clutch schematic a) single disc clutch [3]; b) multi-disc clutch [4] 

Friction is useful in motion control of a body, but the rise in temperature as a 

result can have adverse effects. Such adverse effects include thermal-mechanical 

instabilities (TMI). There is no straight forward definition of thermal-mechanical 

instability, but it can be inferred from the definition of mechanical instability. Mechanical 

instability in a system is the increase in internal stress of a body with no bounds. 

Therefore, thermal-mechanical instability is the system experiencing mechanical 

instability due to thermal conditions such as thermal loads. Some examples of thermal-
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mechanical instability are mostly dynamic instabilities influenced by thermal loads such 

as thermal buckling, thermoelastic instability, vibration, thermal shock, creep, and 

thermal fatigue. It should be noted that all the listed examples of thermal-mechanical 

instability can be experienced in friction systems such as automotive brakes and clutches, 

but the scope of this dissertation focuses mainly on thermal buckling and thermoelastic 

instability (TEI). 

1.2 THERMAL-MECHANICAL OVERVIEW 

Thermal buckling is an example of thermal-mechanical instability. It is a 

phenomenon that can occur when a body is exposed to high temperatures. When a 

slender beam is subjected to thermal loading, thermal stresses are developed through the 

beam structure. When the stresses are compressive, the structure may undergo instability. 

This type of instability, since it is caused by temperature loading, is known as thermal 

buckling or thermal instability. At the temperature which buckling occurs, the structure 

starts to alter the displacement direction, that is, shortening changes to lateral 

displacement. Therefore, this temperature is also known as the thermal bifurcation point 

[5]. Thermal bifurcation point is interchangeable with critical buckling temperature. 

Thermal buckling is also a common failure mode of brakes and clutches in automotive 

systems. In an emergency braking study, the stress responses of the disc due to the 

combined thermal and mechanical loadings were separated into thermal stress and 

mechanical stress, and their particular characteristics to the individual thermal or 

mechanical loading were identified. That is: the amplitude of the total stress in the disc 
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was predominately determined by the thermal loading; however the high cycle 

fluctuations were mainly due to the mechanical loading [6]. 

1.2.1 THERMAL-MECHANICAL INSTABILITY METHODS 

There are various methods of solving a thermal buckling problem such as 

analytical methods and numerical method. Analytical methods include Euler’s buckling 

formular for columns, Johnson’s parabolic function [5] and plate theories such as von 

Karman plate equations, Timoshenko beam theory, and Reissner-Mindlin plate theory [5,7] 

1.2.1.1 ANALYTICAL METHOD 

One of the most common methods in calculating the critical buckling load is 

Euler’s method with a slender beam with pinned ends. The general equation shown below 

is the general Euler’s equation for critical buckling load. 

𝑃𝑐𝑟 =
𝜋2𝐸𝐼

𝐿2
 1.1 

Where 𝑃𝑐𝑟 is the critical buckling load, 𝐸 is the elastic modulus, L is the length of the 

beam, and I is the area moment of inertia. The equation can be re-written to find critical 

buckling temperature (equation 1.2) with the presence of non-uniform temperature. 

∆𝑇 =
𝜋2𝐼

𝐴2𝛼𝐿2
 1.2 

Where ∆𝑇, A, and 𝛼 represents the change in temperature, area, and coefficient of 

thermal expansion. In the case of a full brake disc or clutch disc, equation 1.2 will not 

work, but, for a simplified axisymmetric 2D model of a disc the analytical equation will 

be similar to equation 1.2 but with different boundary conditions.  
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1.2.1.2 NUMERICAL METHOD 

Numerical methods for solving thermal-mechanical problems includes; 

o Finite element method: This method works by discretization of the model into 

smaller pieces and solved. This is then integrated into the overall model. 

o Shooting method: The shooting method is a numerical technique used to solve 

boundary value problems (BVPs) for ordinary differential equations (ODEs). It 

works by transforming a BVP into an initial value problem (IVP). This method is 

called “shooting” because it’s similar to firing a projectile and adjusting your aim 

based on where it lands, until you hit your target. In this case, the “target” is the 

correct solution to the BVP. It’s important to note that while the shooting method 

can be quite effective, it’s not guaranteed to work for all BVPs, especially those 

with complex or non-linear behavior [5]. 

o Linear eigenvalue analysis: This method assumes that the structure behaves 

linearly and elastically under small deformations. It solves for the critical 

buckling load and the corresponding buckling mode by finding the eigenvalues 

and eigenvectors of a linearized equilibrium equation. This method is fast and 

simple, but it may not capture the nonlinear effects and post-buckling behavior of 

the structure [8]. 

o Nonlinear buckling analysis: This method accounts for the nonlinear effects and 

large deformations of the structure under thermal loads. It solves for the 

equilibrium path and the bifurcation point of the structure by using an iterative 

procedure, such as the Newton-Raphson method or the arc-length method. This 
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method is more accurate and realistic, but it may require more computational 

resources and convergence criteria [8]. 

o Transient analysis: This method considers the dynamic response and time-

dependent behavior of the structure under thermal loads. It solves for the 

displacement, velocity, and acceleration of the structure by using a time 

integration scheme, such as the explicit or implicit method. This method is useful 

for studying the transient phenomena and damping effects of the structure, but it 

may involve more complex formulations and boundary conditions [8]. 

o Fourier Analysis: Fourier analysis is a mathematical technique used to decompose 

functions into their constituent frequencies. Named after Joseph Fourier, this 

method represents a function as a sum of simpler trigonometric functions. 

Fourier analysis is another numerical method for solving thermal-mechanical 

instability problems. A reduced Fourier method was proposed by Chen Z. et. al., [9] for 

solving thermal buckling problems for annular rings representing brakes and clutches. 

The geometric nonlinearity in Green’s strain theory with a predefined circumferential 

wave number was utilized in deriving the stiffness matrix. The method proved to be 

sufficient in predicting thermal buckling as well as reduction in computational time. 

Thermal buckling problems researched using numerical methods have assumed various 

thermal distribution imposed on the brake rotor or friction disc, but a research conducted 

by Ali Belhocine and Mostefa Bouchetara [10] which was a thermomechanical coupling 

on a brake rotor, using heat transfer simulation in ANSYS for heat generation during 

braking and the mechanical effect, where they found the Von Mises stress and the total 
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deformations of the disc and contact pressures of the brake pads increase in a notable way 

when the thermal and mechanical aspects are coupled. Koranteng et. al., [11]  also 

performed experiments on brakes of an in-wheel driven motor with varying pad geometry 

and location, the temperature recorded during the experiment was imposed on a FEA 

model to study thermal buckling and it was found that the geometry of brake pad does 

positively affect the temperature distribution and can lead to thermal buckling at certain 

braking pressure and duration of braking. Although the location and mounting of brakes 

and clutches are mostly universal it was shown by simulation data verified by experiment 

[12] that the boundary condition have effects on the thermal buckling temperature [13,14]. 

Figure 1.4 shows an image of a warped brake rotor [15] and clutch disc [7] due to thermal 

buckling. 

 

Figure 1.4: Warped a) brake rotor; b) clutch disc due to thermal buckling 
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Thermal buckling is influenced by the temperature distribution, material property, 

and geometry. The increase in the temperature gradient and the thermal stresses 

generated by the radial temperature gradient begin to influence the buckling deformation 

of the friction components [11,12]. If the friction components are thinner than the critical 

thickness hcr, the circumferential thermal stresses play a leading role in the buckling 

deformation [12]. Otherwise, the buckling deformation caused by the radial thermal stress 

will play a leading role [12–14,16]. Thermal buckling of the pressure plate is easier to occur 

in its cooling stage than in the heating stage. Since the critical buckling temperature far 

exceeds the actual possible temperature, the concave deformation of pressure plate [14] 

and brake rotor [16] is not induced by the thermal buckling mechanism. Hu Ling et. al., [17] 

explored the generation mechanism of disc buckling by studying the influence of initial 

topography on thermoelastic behavior of a simplified brake disc under 

independent thermal load experimentally and computationally. Furthermore, Cenbo X. et. 

al., [18] studied transient temperature field in finite thickness plate under symmetrically 

located moving heat sources to conclude that temperature field is sensitive to the 

thickness. There exists an instance after the initiation of buckling where a deformation 

occurs, this is post-buckling. Buckling and post-buckling analyses are concerned with the 

derivation of buckled solutions to plate theories in the neighborhood of a bifurcation 

point, using expansion methods [19]. Post-buckling can help better understand the thermal 

buckling phenomenon, hence Chen Z. et. al., [20] using finite element method to predict 

thermally induced post-buckling of clutch discs. Using displaced element from the 
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thermal buckling result as the initial condition for the thermal buckling analysis for post-

buckling.  

Thermoelastic instability (TEI) is another sub-category of thermal-mechanical 

instability. It is a failure common in both clutch and brake systems. It was first proposed, 

researched, and defined by Barber [21] as the inevitable irregularities in surfaces of two 

sliding solids in nominal contact will cause non-uniformity in the pressure distribution 

and frictional heat which lends to distortion of the solid from thermal expansion. Due to 

the non-uniformity the distortion is also known as hotspots. Figure 1.5 shows the 

presence of hotspot on a brake rotor and clutch disc [22]. Such hotspots are due to 

thermoelastic instability caused by uneven heat distribution. 

 

Figure 1.5: Hotspot presence due to TEI a) brake rotor; b) clutch disc 

Barber [21] also stipulated a possible solution to TEI, stating the stability of the 

system depends on the relationship between the wear rate and thermal expansion. If the 

effect of wear is greater than the effect of thermal expansion, there is a chance of stability 

in the system and if the effect of thermal expansion is greater than the effect of wear, 

there is a chance of instability to occur in the system. Dow and Burton [23] supported the   



12 

 

idea of wear having an effect on the thermal instability process, and that it does indeed 

serve to dampen the growth of a perturbation. However, wear is proportional to the 

integral of pressure over a time interval and when the wear rate is small- or the-time 

interval of interest is short, wear can be neglected. In lubricated contact, in particular, its 

role is of secondary importance. Dow and Burton [23] proposed the perturbation method 

using the growth rate of the perturb boundary condition to determine at what limit the 

system becomes unstable. Using the perturbation method developed by Dow and Burton, 

Barber [24] proposed on the critical sliding speed. There exists a speed above which the 

system becomes unstable, this speed is known as the critical sliding speed. Yi et. al., [22] 

expanded on the perturbation method to solve the eigenvalue problem of TEI using a 

reduced Fourier analysis. Jiayin and Barber [25] proposed an alternative implementation of 

the transient problem, based on the expression of the temperature and stress fields as 

modal expansions. Yi [26] implemented the proposed half plane perturbation method by 

Burton into thermoelastic instability in brakes and clutches in conjunction with finite 

element method to solve an eigenvalue equation, from which the critical value of the 

operating speed is determined from the stability boundaries of the leading mode.  

1.3 FRICTION MATERIAL OVERVIEW 

There are certain requirements for the type of materials used in any frictional 

system. During the first introduction of brakes, the friction material used in brake pads 

was asbestos. Asbestos is the name given to a group of naturally occurring minerals that 

are resistant to heat and corrosion. Asbestos has been used in products, such as insulation 

for pipes (steam lines for example), floor tiles, building materials, and in vehicle brakes 
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and clutches [27,28]. Its characteristics of being resistant to heat was one of its benefits as a 

material of choice in brake pads and clutch friction disc. Asbestos was widely used and 

dominated as the friction material of choice up until the late 1980s where the federal 

government took steps to protect citizens from exposure to asbestos. First, on July 12, 

1989, the United States Environmental Protection Agency (EPA) established a ban on 

new uses of asbestos. This ban caused a change in brake and clutch friction material to 

mostly contain metals (such as copper). Such metals were chosen due to their high 

conductivities and modulus. While materials such as carbon-fiber reinforced carbon 

composites (C/C) were being utilized as state of the art in aircraft brake systems and in 

formula one race cars [29]. Copper based friction material was used in tribological 

experiment conducted Zhao E. et. al., [30] and Koranteng K. et al., [31]  research of the 

tribological characteristics of copper in multi-disc wet clutch and single disc dry clutch 

respectively. Copper friction material in multi-disc wet clutch results in surface 

temperature increase as the contact ratio reduces and friction coefficient increases 

dramatically, so that local friction torque and total output torque grow significantly. In 

addition, the vibration of the output torque becomes more severe as the contact ratio 

reduces [30]. Other works into other metallic based friction material was published with 

their findings on the effect of such materials in braking mostly. Mustafa Boz and 

Adem Kurt [32] studied the effect of aluminum oxide (Al2O3) added to bronze-based 

powders, creating an aluminum reinforced bronze-based brake linings, and researched the 

effect on a brakes friction performance. In which they concluded that an increase in 

Al2O3 content resulted in adhesive wear, and a reduction in mass loss. Also, the samples 
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reinforced with 2% and 4% Al2O3 exhibited the best results. Composite material with 

high volume reinforcement tends to reduce wear in braking conditions. For instance, as 

seen in the published works of Prabhu, T. et. al., [33,34] where they studied the effect of 

reinforcement type, size, and volume fraction on the tribological behavior of dry sliding 

wear of metallic composite at high sliding speed conditions, where they found that the 

wear loss decreased with increasing volume fraction of silicon carbide (SiC) for all 

particulate sizes. At low sliding speeds the composites with large particle sizes and high 

volume fractions were more effective in controlling wear, and on the other hand, at 

higher sliding speeds the high volume fraction composites were found to be more 

effective in controlling wear for all particle sizes. 

Over the years lightweight materials have been more attractive in manufacturing 

and in industries, especially in the automotive industry where weight reduction is 

prevalent to achieving higher speeds and superior handling. Alternative lighter materials 

have been researched to reduce overall weight, and the brake system among other aspects 

have seen such weight reduction, so replacing friction materials with lighter (low density) 

materials such as C/C composite. The fiber reinforcement in C/C composite enables a 

suitable damage tolerance and favorable mechanical strengths. Low densities (<2 g/cm3) 

make them very suitable for light weight applications [29,35,36]. Although copper is used in 

friction materials, the wear rate of such metallic based friction material is high. The level 

of particle emissions from copper metal matrix composites (Cu-MMCs) increased 

substantially with increasing sliding speed [37]. Brake emissions are strongly affected by 

disc hardness and the iron transferred to the pad surface. The transferred iron increased 
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brake emissions due to the reduced cohesive strength of the plateaus on the pad surface. 

The grey iron microstructure also affected the ultrafine particle concentration owing to 

the graphite flakes [38].  

Metallic materials used in friction materials to increase coefficient of friction in 

brakes pose environmental threats when such particles are released to the environment 

due to wear of the friction materials. These particles tend to contaminate the 

environmental ecology system and as such alternative metallic free friction materials are 

required and needed to prevent environmental pollution. An initiative to combat the 

environmental risk of such particles was proposed as the Copper-Free Brake Initiative, 

which is a voluntary initiative that was signed by the US Environmental Protection 

Agency (EPA) [39] and the automotive industry on January 21, 2015. The initiative aims 

to reduce the use of copper and other materials in motor vehicle brake pads. The 

agreement calls for reducing copper in brake pads to less than 5 percent by weight in 

2021 and 0.5 percent by 2025. In addition to copper, this voluntary initiative reduces 

mercury, lead, cadmium, asbestiform fibers, and chromium-six salts in motor vehicle 

brake pads. The initiative will decrease runoff of these materials from roads into the 

nation’s streams, rivers, and lakes. Copper from stormwater runoff can affect fish, 

amphibians, invertebrates, and plants [40,41].  

This need for non-metallic friction material led researchers to research alternative 

eco-friendly friction materials that can replace the traditional materials such as asbestos, 

metal, and mineral fibers. Some of these alternatives are natural fibers, such as banana 

peels, palm kernels, palm slag, hazelnut shell, and crab shell [42] . The major advantage of 
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such eco-friendly natural fibers in friction materials over copper and asbestos is the 

absence of harmful impact to the environment, but also what makes them a suitable 

candidate is their mechanical and tribological characteristics, such as high strength, 

elasticity, friction, and wear resistance [43–45]. Natural fibers in brake pads display good 

tribological characteristics, but results in a shorter lifecycle compared to metallic based 

pads due to its high moisture absorption, poor resistance to moisture, susceptibility to 

damage from pests, mold,  mildew, and  shrink and wrinkle [44–47].  

Also, Seo H. et. al., [38] discovered from their experimental study of the effect of 

disc materials on brake emission during moderate-temperature braking, that ceramic disc 

exhibited significantly lower brake emissions due to high wear resistance and no iron 

transfer to the pad surface compared to grey cast iron. Among other studies on composite 

materials in sliding experiments, the consensus of an ideal replacement for the common 

friction material in use in brakes and clutches is a non-oxide CMCs (ceramic matrix 

composite) based on carbon/carbon composites which were first introduced and 

developed in the 1970s as lightweight structures for aerospace applications. They were 

initially used in applications of high temperature such as rocket nozzles and brake discs 

of aircraft etc.  Although, good tribological and overall properties of C/C being superior 

to common friction materials, it is not a material with long lifetime because of its 

insufficient oxidation resistance, the low COFs in humid conditions and at temperatures 

below 200 °C [29].  With C/C lacking in lifetime, the addition of ceramic compound 

remedies this, by further eliminating noise, improving the wear resistance, improving 

heat dissipation capabilities, and reducing thermal wear and tear [48]. Their lifetime under 
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highest thermomechanical requirements surpassed its metallic counterparts. Therefore, 

instead of using carbon as the matrix in these composites an improvement to use ceramic 

was exhaustively researched due to its high oxidation resistance, high creep resistance 

and superior temperature and thermal shock ability. In addition, using CMC based 

friction material ensured no potential health hazard like with the use of asbestos and no 

environmental hazard like with the use of copper and other heavy metals. Although, a 

replacement for heavy metal friction material is CMC friction material, it is relatively 

expensive compared to copper-based friction materials.  

In general, the reinforcement in such composite affects its material microstructure 

making it either homogenous or heterogenous. The nature (hetero-/homo-genous) is 

determined by the reinforcement arrangement, in rare cases are the reinforcement aligned 

in a specific direction unless using pre-pregnated sheets and layered in a particular 

orientation, therefore, most commonly are they randomly oriented and makes the 

composite homogenous, but when the reinforcements are all aligned in a single direction, 

or the mixture is compacted, the material displays anisotropy (transverse isotropy or 

orthotropy). During the study of the effect of composite material properties on thermal-

mechanical instability, the dissertation focused on transverse isotropy and orthotropy 

material properties and ceramic matrix composite carbon-carbon silicon carbide 

composite material (C-C/SiC). 
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1.4 OVERVIEW OF DISSERTATION 

Chapter II 

The coupled and uncoupled problems of thermal buckling and vibration are 

analyzed using an ABAQUS benchmark vented brake model. It is known that different 

assumptions of temperature, either in the radial or axial direction, may lead to different 

solutions of thermal buckling. In this study, we assumed some representative temperature 

profiles in the radial direction, including linear, sinusoidal, and exponential functions, 

meanwhile, the circumferential distribution of temperature was maintained uniform. The 

effect of structural vibration on the thermal buckling modes, as well as the effect of 

buckling modes on vibration in this simplified situation, were both analyzed. Although it 

is concluded that vibration during braking does not significantly increase the chance of 

buckling for the ABAQUS benchmark model, the results are highly dependent on the 

chosen parameters including materials, dimensions, and rotational velocity, and the 

coupling can be strong in some conditions. 

Chapter III 

In this study the distributions of temperature variations were obtained from the 

eigenmodes based on the classical TEI analyses. The critical buckling temperatures and 

the associated deformation modes were subsequently computed using the commercial 

software ABAQUS. The effects of sliding speed, coefficient of friction and boundary 

conditions have been investigated for both banding and focal modes. It is concluded that 

the TEI induced temperature variations can significantly alter the distribution of thermal 

stresses, and that there could exist a strong coupling between TEI and thermal buckling   
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under some conditions. Although the analyses were performed in the settings of clutch 

applications, the conclusions are applicable to brake discs as well because of the shared 

similarities.  

Chapter IV 

Computational and numerical methods were utilized in the study of thermal-

mechanical instabilities and how it is affected by anisotropic parameters of a nonmetallic 

friction material. The material properties for the friction material used in this paper are 

experimental and calculated values obtained from literature for a unidirectional C-C/SiC 

composite. Anisotropic parametric studies were performed to investigate the effect of the 

anisotropic parameters on thermal-mechanical instabilities and to determine which 

parameter is more dominant. The axis definition was converted from cartesian to polar, to 

accurately represent a brake rotor or clutch disc. It was found that an increase in the 

radial, circumferential modulus of elasticity or coefficient of thermal expansion decreases 

the buckling temperature which increases the chance of thermal buckling to occur. It was 

revealed that a decrease of the axial elastic modulus or an increase of the radial thermal 

conductivity greatly reduces thermoelastic instability (TEI) onset. Further, an increase of 

out-of-plane Poisson’s ratio (𝜈23) produced a higher chance of the occurrence of TEI in a 

clutch disc. It was also revealed that thermal conductivity has no effect on thermal 

buckling and coefficient of thermal expansion has very little effect of TEI. It was 

concluded that a uniform temperature distribution along the thickness of a disc negates 

the effect of coefficient of thermal expansion on thermal buckling.  

 



20 

 

Chapter V 

A method was developed and used in conjunction with a finite element method 

(FEM) Micromechanics. The method coined packing is a compression of randomly 

distributed inclusion composite mixture in a single direction. The method developed uses 

an algorithm to generate non intersecting inclusions in a unit cell and compresses the unit 

cell to introduce internal stresses and requires little strain to fracture during the FEM 

simulation. The FE method is the chosen micromechanics method in calculating the 

material properties of the composite. The corresponding material properties are used to 

calculate the thermomechanical instabilities in a clutch disc. The increase in carbon fiber 

increases the buckling temperature and the increase in silicon carbide decreases the 

buckling temperature. The increase in carbon fiber decreases the coefficient of thermal 

expansion of the composite but increases with an increase in silicon carbide. The 

proposed method in conjunction with a random search method was used to predict the 

ideal carbon fiber volume and silicon carbide volume of the carbon-carbon silicon 

carbide (C-C/SiC) composite mixture that maximizes both the critical buckling 

temperature and critical sliding speed of a clutch disc. Although, the method used in 

calculating the composite material properties is focused on 2D and generalized, it should 

be noted that the method can be extended to three dimensions (3D). 
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CHAPTER II  

A COUPLING ANALYSIS OF THERMAL BUCKLING AND VIBRATION 

IN DISC BRAKES 

2.1 INTRODUCTION 

Vibrations have been used to study and quantitate the equilibrium state of a 

system. Such simplified systems are often represented with a mass and spring system. 

Although it would be reasonable to assume a vibrating system is out of balance, the 

amplitude of a frequency determines the severity of a fault [49]. In reality, vibrating 

systems or bodies are not necessarily out of balance. All bodies vibrate at a certain 

frequency; this frequency is known as the natural frequency of the body. Various studies 

of vibration have been conducted throughout the years in various areas, such as human 

anatomy, civil and structural engineering, mechanics, automotive industry, etc. Many 

vibration studies conducted for the automotive industry have been on the brake disc and 

these have mainly been squeal analysis and brake judder analysis. Brake judder is a 

braking induced forced vibration occurring in different types of vehicles. Brake judder is 

usually felt in the steering wheel, which affects the operation of the vehicle and can cause 

veering. Hence, the study of such has been prudent to reduce the transfer frequency from 

the brake to the steering wheel. The first two modes of the wheel are the dominant 

vibration modes, and the vibration signal of the brake pedal has similar components to 
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the steering wheel, except for showing lower vibration amplitudes in the natural 

frequencies of the transfer path [50]. Meyer, Ralf [51] studied disc brake judder that is 

attributable to thickness variations in the disc and that these deviations from the ideal 

plane surface can be caused either by wear and corrosion or by thermal stresses (changes 

within the microstructure of the disc material). They are termed “cold judder” and 

“thermal judder” respectively. It is known that automotive brakes and clutches can fail at 

elevated temperatures and thermal stresses due to the frictional heat generation at the 

contact surfaces during brake operations or clutch engagements. The mechanism of 

failure, however, varies depending on the operating conditions. Thermal buckling is 

believed to be one of the dominant failure mechanisms in clutch plates due to their small 

thickness [52]. It cannot be said the same for brake rotors due to their slightly bigger 

thickness and non-axisymmetric geometry. Stibich, Paul R., et al. [53] developed a 

technique to predict thermal buckling by obtaining temperature profiles from a heat 

transfer analysis and applied in the buckling analysis.  

Audebert et al. [54] study on buckling of automotive clutch plates due to 

thermoelastic residual stresses revealed that clutch plates subjected to axisymmetric 

temperature excursions can develop residual in-plane bending moments of sufficient 

magnitude to cause buckling during unloading. The coning mode occurred when the 

residual stress at the outer radius was tensile, and the potato chip mode occurred when it 

was compressive. Ma [55] extended the method to automotive disc brakes and 

investigated the effect of geometric and material parameters on the critical buckling loads 

via the finite element method. These studies revealed that both axisymmetric and non-
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axisymmetric buckling modes can be caused by a uniformly distributed thermal loading 

in the circumferential direction. In addition, a slightly changed temperature profile in the 

radial direction can greatly affect the buckling modes.  

In previous investigations of thermal buckling, a simplified geometry of an 

annular ring was used and assumed a hundred percent contact area at the frictional 

interface during braking. However, if there is some vibrational deflection, the contact 

area at the frictional interface will be affected by the vibrational distortion which can 

affect the distribution of the temperature generated during braking. Therefore, it is 

essential to study the coupling between vibration and thermal buckling. The present work 

will investigate the coupling of vibration and thermal buckling in brakes by considering 

various vehicle speeds that affect the vibration modes and investigate if vibration does 

increase the possibility of thermal buckling. It should also be noted that vibration modes 

can also be excited by the thermal buckling modes. Palmer, E, et al. [56] stated that in 

high-demand braking applications, vented discs are increasingly being used as these are 

considered to have high heat-dissipating characteristics. Therefore, a more realistic 

vented brake model will be analyzed in this study. Based on previous works, finite 

element analysis has proven to be efficient in analyzing vibrations and thermal buckling. 

Therefore, a finite element method is chosen for the coupling numerical study of 

vibration and thermal buckling in automotive brake discs.   

2.2 METHOD 

The geometric model of the brake rotor is based on the benchmark brake model 

for squeal analysis in ABAQUS [57]. Cast irons are commonly used in brake discs 
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production because of low costs of production, the excellent thermal conductivity, the 

ease of dissipating heat generated by the friction of the pads during a stop, and the 

capacity of damping vibrations, which are prime characteristics of this kind of component 

[58]. Therefore, cast iron was the chosen material in this study for the brake rotor. The 

meshed 3D model is a mixture of 8-noded hex element (C3D8) and wedge elements 

(C3D6) with 25,457 nodes and 17,105 elements. Figure 2.1 shows the brake rotor in the 

meshed state before the analysis is conducted. Table 2.1 shows the dimensions of the 

brake rotor and Table 2.2 shows the material properties for gray cast iron. Figure 2.2 

shows a cross-section schematic of a disc brake rotor to illustrate the dimensions shown 

in Table 2.1, where C.L represent the center line or rotation axis. The setup for the study 

only required some constraints to be placed on the model. The constraints on the model 

followed a realistic boundary condition for a brake rotor, where the brake rotor is fixed to 

the wheel of the car via the bolts, and the inner and outer radii are free. The same 

constraints were used in both the vibration and thermal buckling simulations. Initial 

conditions were imposed on the brake rotor for both the vibration and thermal buckling 

studies. The applied initial conditions for the vibration and thermal buckling simulations 

are rotational velocity in rad/s and prescribed temperature field in degree celsius 

respectively. Highway speed, interstate speed, and school zone speed limits were used in 

the vibration study and converted to rotational velocity using equation 2.2. 
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Figure 2.1: Finite element model of a brake disc*.  

*Based on the brake squeal analysis benchmark model in ABAQUS 

Table 2.1: Geometric dimensions of the brake rotor 

  
Outer 

Radius 

Inner 

Radius 

Hat 

Radius 

Hat 

Height 
Thickness 

Symbol Ro Ri Rh Hh t 

Unit mm mm mm mm mm 

Value 144 32 92 13 20 

 

Figure 2.2: Cross-section schematic of a disc brake rotor  
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Table 2.2: Material properties of the brake rotor 

  
Young’s 

Modulus 

Mass 

Density 

Poisson’s 

Ratio 

Thermal 

Expansion 

Thermal 

Conductivity 

Specific 

Heat 

Symbol E ρ ν α k Cp 

Unit MPa Kg/m3 NA 10-5/K W/m*K J/kg*K 

Value 66178.1 7200 0.27 1.2 45 510 

Various temperature profiles are used in the thermal buckling analysis. Linear, 

exponential, and sinusoidal distributions have been found among the most representative 

temperature profiles. The linear distribution can be caused by the sliding speed as a linear 

function of the radius and by the fact that the frictional heat generation rate is a linear 

function of the sliding speed. The sinusoidal distribution is related to the local high-

temperature regions known as hot spots that could be excited by thermoelastic instability. 

An exponential distribution can be caused by the non-uniform convective cooling on the 

surface or a non-uniform contact pressure during the engagement and separation of the 

sliding bodies. For reasons stated earlier, a linear, sinusoidal, and exponential 

temperature profiles are used in the buckling simulation. In this study, a maximum 

temperature of 250°C was assumed for all buckling simulation to correspond with 

Belhocine Ali, and Mostefa Bouchetara’s [59] finding of average temperatures through a 

disc thickness of three types of cast irons. For the purpose of this paper, it is also assumed 

displacement is proportional to temperature as shown in equation 2.1, chosen to 

quantitate the coupling analysis. The coupling study consists of four consecutive steps. 

The first step is the vibration simulation and exporting the resulting displacement from 

the simulation into excel. The second step is calculating the k value and generating a 

nodal temperature data. The k value is calculated using the maximum displacement   



27 

 

obtained from the vibration simulation and calculated to have the node with the 

corresponding maximum displacement have a maximum temperature of 250°C. The 

value of k is then multiplied by the displacement results obtained from the simulation to 

generate a dataset of nodal temperatures. The third step, a plot of temperature as a 

function of the nodes radial and axial locations is created and a regression toolbox is 

utilized to fit an equation to the curve that best describes the plot. The last step, the 

equation obtained in the third step is used to describe the prescribed temperature field 

varying in the radial or axial direction for the thermal buckling simulation. All loading 

and constraint conditions applied follow a cylindrical axis system radial (R), 

circumferential (theta, θ), and axial (z). 

𝑈𝑗𝑖𝛼
1

𝑘
× 𝑇𝑖 2.1 

Where U, T, i, and j represents nodal displacement, nodal temperature, current node, and 

direction (R, theta, or Z) 

2.3 RESULTS AND DISCUSSIONS 

2.3.1 EFFECT OF ROTATIONAL SPEEDS ON VIBRATION 

The rotational velocity was calculated using equation 2.2, assuming a traveling 

speed of the vehicle in miles per hour (mph). The speed of the vehicle in miles per hour 

(mph) is then converted to meters per hour and then to meters per minute. Using the 

circumference of the wheel in meters, convert meters per minute to revolutions per 

minute (rpm), which is then converted to rotational velocity in radians per second (rad/s).  
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RV = Sv × (
1609.34

3600 × 𝑅
) 2.2 

Here, RV represents rotational velocity in radians per second, Sv represents the 

speed of the vehicle in miles per hour and R represents the radius of the wheel in meters, 

not to be confused with the radius of the brake rotor. The radius of the wheel used in this 

study is based on Daws, J. W., et al [60] Chevrolet Avalanche wheel radius of 0.389m. 

Using equation 2.1, the calculated rotational velocities from speeds of 25mph, 55mph, 

and 75mph are 29rad/s, 63rad/s, and 86rad/s respectively. Table 2.3 shows the result 

obtained from the vibration simulation with the calculated rotational velocities. As seen 

in Table 2.3, the displacement got lower at higher speeds. It should be noted the 

displacement is the resultant displacement. 

Table 2.3: Vibration study results 

Element Type C3D8 & C3D6 

Rotational Velocity [rad/s] 29 63 86 

Frequency [Hz] 674.11 670.55 667.65 

Displacement 

[mm] 

Maximum 5.34 4.95 4.76 

Minimum 0 0 0 

The corresponding vibration mode with a rotational speed of 86rad/s is shown in 

Figure 2.3. Figure 2.3 also shows an out-of-plane vibration first mode displacement. The 

color represents the values of the resultant displacement, where red and blue correspond 

to the maximum and minimum value respectively. Red represents deflection in the 

positive z axis, and blue represent deflection in the negative z axis. 
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Figure 2.3: Mode 1 axially deformed result at 86rad/s of the brake rotor  

A path parallel to the global y-axis was created on the brake disc midplane to 

describe the brake discs’ radial location. Another path parallel to the global z-axis was 

created on the brake disc top plane to describe the brake discs’ axial location. Figure 2.4 

and Figure 2.5 are plots of displacement as a function of the brake discs’ axial location 

and radial location respectively at 86rad/s. The zero values shown in Figure 2.4 represent 

the vent space and the hollow area of the rotor hat, while the zero value in Figure 2.5 

represent the empty area of the inner radius. The x-axis in Figure 2.4 - Figure 2.5 and 

Figure 2.9 - Figure 2.10 represent in mm the radial and axial locations on the created 

paths, and the y-axis in Figure 2.4 and Figure 2.5 represents the nodes’ displacement in 

mm at the corresponding locations. While the y-axis in Figure 2.9 and Figure 2.10 

represents the temperature of each node in the radial and axial direction. 



30 

 

 

Figure 2.4: Resultant displacement vs. axial location 

 

Figure 2.5: Resultant displacement vs. radial location 

2.3.2 EFFECT OF TEMPERATURE PROFILE ON THERMAL BUCKLING 

The critical buckling temperature is defined as the product of the highest nodal 

temperature and the computed eigenvalue in equation 2.3.  

𝑇𝑐𝑟 = 𝜆𝑖𝑇𝑚𝑎𝑥 2.3 

Where 𝑇𝑐𝑟, 𝜆𝑖, and 𝑇𝑚𝑎𝑥 represents the critical buckling temperature, eigenvalue, 

and maximum nodal temperature. The eigenvalue determines the lowest acceptable   
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thermal load before buckling occurs. The temperature profile affects the critical buckling 

temperature and the associated buckling deformation mode which is evident in Table 2.4. 

The temperature distributions in the analysis are set as increasing from the hat radius to 

the outer radius of the rotor following either a linear, sinusoidal, or exponential pattern, 

meanwhile having the inner and outer radii free to move but constrained at the bolt holes. 

Figure 2.6 shows a radially increasing linear temperature profile applied to the brake 

rotor. Figure 2.7 shows the first and third buckling modes respectively, which are also 

known as the potato chip and coning modes because of the resemblance to a potato chip 

and cone. Figure 2.8 shows an axially distributed linear temperature. Equations 2.4, 2.5, 

and 2.6 describe the linear, sinusoidal, and exponential temperature profiles used for the 

bucking study respectively. 

228 × (
𝑅 − 32

144 − 32
) + 22 2.4 

228 × 𝑠𝑖𝑛(0.0302 × (𝑅 − 32)) + 22 2.5 

228 × (exp(0.104 × (𝑅 − 32)) − 1)

4.3 × (144 − 32)
+ 22 2.6 

The equations and constants are chosen such that the temperature difference for 

each scenario is the same at 228°C across the radius, with a low of 22°C at the inner 

radius and a high of 250°C at the outer radius. The blue color in the figures indicates the 

low temperature and the red indicates the high temperature. 

Table 2.4: Buckling temperature with obtained simulation eigenvalues. 

Temperature Profile Linear Sinusoidal Exponential 

Eigenvalue  25.637  23.688  38.259 

Buckling Temperature [°C]  6409.25  5922  9564.75 
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Figure 2.6: Linear temperature profile in the radial direction  

   

Figure 2.7: Buckling modes for linear temperature radially distributed: (a) Mode 1 

“potato chip mode; (b) Mode 3 “coning mode” 
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Figure 2.8: Linear temperature distributed axially: (a) Side View; (b) Isometric view. 

The axially distributed temperature is shown to reduce linearly from the outer 

surface to the midplane of the rotor thickness. The resulting mode 1 eigenvalue, and 

buckling temperature associated with this axially distributed temperature are 82.256 and 

20,564°C respectively. This result shows that a temperature distributed axially has a 

significant effect on the buckling temperature than a temperature distributed radially.  

2.3.3 EFFECT OF VIBRATION ON THERMAL BUCKLING 

Due to the initial assumption shown in equation 2.1, the temperature profiles 

follow the same profiles as the displacement plots shown in Figure 2.4 and Figure 2.5. 

Table 2.5 and Table 2.6 show the calculated values for k, based on the maximum 

resultant displacement obtained from the vibration simulation. Figure 2.9 and Figure 2.10 

are plots of the nodal temperature vs. radial location and of nodal temperature vs. axial 

location respectively. The maximum and minimum temperatures calculated using 

equation 2.1 are 249.99°C and 23.719°C respectively. Table 2.7 and Table 2.8 Table 2.8 

show the resulting eigenvalues and buckling temperatures in the presence of vibration. 
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Table 2.5: Values of k based on the displacement vs radial location for each rotational 

velocity. 

Rotational Velocity [rad/s] 29 63 86 

Maximum Displacement [mm]  4.81 4.46 4.29 

Value of k 51.98 56.05 58.28 

Table 2.6: Values of k based on the displacement vs axial location for each rotational 

velocity. 

Rotational Velocity [rad/s] 29 63 86 

Maximum Displacement [mm] 3.78 3.50 3.37 

Value of k 66.14 71.43 74.14 

 

Figure 2.9: Radial temperature profile associated with 86rad/s rotational velocity. 

 

Figure 2.10: Axial temperature profile associated with 86rad/s rotational velocity. 
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A curve fitting technique was utilized to generate an expression for the radial 

temperature profile varying from the inner radius to the outer radius shown in Figure 2.9 

and the axial temperature profile shown in Figure 2.10. The technique determined an 

eight-order polynomial best fits the radial temperature profile in the form shown in 

equation 2.7 and a sinusoidal model for the axial temperature profile in the form shown in 

equation 2.8. 

p1x
8 + p2x

7 + p3x
6 + p4x

5 + p5x
4 + p6x

3 + p7x
2 + p8x + p9 2.7 

𝑎1 sin(𝑏1 + 𝑐1) + 𝑎2 sin(𝑏2 + 𝑐2) + ⋯+ 𝑎8 sin(𝑏8 + 𝑐8) 2.8 

Table 2.7: The buckling temperature at the studied rotational velocities with a radially 

distributed temperature 

Rotational Velocity [rad/s] 29 63 86 

Eigenvalue 38.107 39.857 38.109 

Buckling Temperature [°C] 9527.035 9536.875 9527.056 

Table 2.8: The buckling temperature at the studied rotational velocities with an axially 

distributed temperature 

Rotational Velocity [rad/s] 29 63 86 

Eigenvalue 119 119.19 119.2 

Buckling Temperature [°C] 29795.137 29798.430 29799.452 

2.3.4 EFFECT OF BUCKLING MODE ON VIBRATION MODE 

In a coupling situation, the phenomenon coupled is suspected to influence each 

other. Therefore, the study of the effect of thermal buckling modes on vibration modes is 

conducted. The buckling modes obtained thermal buckling simulation with various 

temperature profiles are used as influencers in the vibration simulation to determine the 

influence of thermal buckling on vibration. The displacement obtained from the first 

buckling mode is used as an initial condition in addition to the rotational velocity for the 

vibration study. The resulting displacement from this vibration simulation is larger 
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because the overall displacement is a concatenation of the initial nodal displacement and 

the displacement resulting from the rotational velocity. 

2.4 CONCLUSION 

It can be concluded that vibration during braking does not significantly increase 

the chance of buckling for the ABAQUS benchmark model, the results are highly 

dependent on the chosen parameters including materials, dimensions, and rotational 

velocity, and the coupling can be strong in some conditions. This is evident as shown in 

Table 2.7 and Table 2.8 the buckling temperatures are greater than the operating 

temperatures of 250°C. Vibration modes are affected in the presence of thermal buckling, 

the displacement present during thermal buckling tends to excite the vibration modes. It 

is also noted in Table 2.7 and Table 2.8 that the difference in the buckling temperature is 

not significant, because the displacements witnessed during vibration at the studied 

speeds were relatively close. At different speeds other than what was studied in this paper 

might show a significant difference in the buckling temperatures. 
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CHAPTER III  

INSTABILITIES INDUCED BY THERMAL-MECHANICAL COUPLINGS 

IN CLUTCH AND BRAKE DISCS 

3.1 INTRODUCTION 

Thermoelastic instability (TEI) and thermal buckling are among the most 

important failure mechanisms in automotive clutches and brakes [54,61]. Heat due to 

friction in sliding systems has a proportional relationship to the sliding speed, and the 

contact pressure between the friction disc and metal disc is nominally uniform. During 

sliding there is a point known as the critical sliding speed. When the sliding speed 

exceeds the critical sliding speed the pressure disturbances on the contacting interfaces 

can grow rapidly. When the speed is above the critical value, the pressure or temperature 

disturbances may become unstable [62,63]. As a result, the contact would become separated 

regions on the sliding interface [21]. Zagrodzki et al. [64] studied the transient behaviors of 

TEI. Burton et al. [62] first applied the perturbation method, which was later extended to 

more complex geometries, both analytically and numerically [63,65]. Yi et al. [66] developed 

the Fourier finite element model to investigate this phenomenon, while Jang and Ang [67] 

discovered that the functionally graded material coatings on the surfaces of the metal 

discs increase the dominant critical speed. Zhao et al. [68] further revealed that the friction 

material properties affect the dominant deformation modes. On the other hand, it is well 
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known that thermal buckling is induced by the condition when the hoop stress due to 

thermal expansion reaches a critical value [69]. Because of its practical significance, a lot 

of effort has been devoted to this field. Some prior achievements have been summarized 

by Tauchert and Thornton [70]. Audebert et al. [54] evaluated the thermal buckling of clutch 

discs based on Timoshenko’s [52] beam theory. Ma studied the effects of geometric 

parameters and material properties on thermal buckling numerically. It was found that 

both coning and wavy deformation modes can be excited. Najafizadeh et al. [71] studied 

the thermal buckling behavior of a circular disc on the basis of first- and higher-order 

shear deformation theories. Multiple researchers studied axisymmetric thermal buckling 

deformation modes and post buckling behaviors of annular plates analytically [72,73]. Zhao 

et al. [74] revealed that various types of temperature distributions produce different 

buckling deformation fields, and that the temperature distributions affect the critical 

buckling temperatures.  Xiong et al. [75] experimentally studied thermal buckling in clutch 

discs and claimed that Timoshenko's beam theory is applicable to estimate the critical 

buckling temperatures. 

In the previous investigations on thermal buckling, the temperature distributions 

were based on either experimental observations or plausible assumptions. For instance, 

the assumed linearly distributed temperature field was based on the fact that the heat 

generation is proportional to the linear sliding speed. However, the temperature fields can 

be strongly altered by the excited TEI temperature modes, which might be significantly 

different from those assumed previously. Therefore, it is essential to study the coupling 

between TEI and thermal buckling. The current study aims at assessing the susceptibility 
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of thermal buckling in the presence of TEI, particularly how the TEI temperature modes 

affect the critical buckling temperatures and the corresponding deformation modes. 

Hotspotter© [76] (a numerical tool investigating TEI) is used to generate the required 

temperature fields. The commercial finite element software is subsequently used to obtain 

the thermal buckling deformation modes and the corresponding critical buckling 

temperatures. It should be noted that thermal buckling can affect TEI as well, as the 

contact pressure and the frictional heat generation rate may change in a buckled disc.  

The focus in this chapter is on the effects of TEI on thermal buckling only, due to 

the difficulties in mathematical formulation for the reverse process. We will endeavor to 

solve this problem in the future. 

3.2 METHOD 

There are two consecutive steps to this chapter’s analysis. The first step is 

utilizing Hotspotter to obtain TEI temperature modes and the corresponding temperature 

distributions. The second step is performed using ABAQUS to investigate the critical 

buckling temperatures and the associated buckling modes. The dimensions and material 

properties of the model are based on a representative metal disc from an automotive 

application found in the literature [74]. According to the fundamental TEI theory, the 

temperature perturbation can be written in the following form in the cylindrical 

coordinate system: 

𝑇(𝑟, 𝜃, 𝑧, 𝑡) = ℜ{𝑒𝑏𝑡+𝑗𝑛𝜃𝛩(𝑟, 𝑧)} 3.1 

𝑒𝑏𝑡+𝑗𝑛𝜃 is a complex number. Where b is the growth rate, j represent imaginary, t is the 

time, 𝛩 is eigenvector, and n is the spatial frequency which is equivalent to the number of 
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hot spots in the circumferential direction; r, q and z represent the positions in the radial, 

circumferential, and axial directions, respectively. The resulting problem is defined by an 

eigenvalue equation in which the temperature growth rate, b is the eigenvalue [61]. When 

the sliding speed is specified, the temperature distributions excited by TEI modes can be 

obtained.  

A computational model can be developed through an input script file in 

Hotspotter. The format of the Hotspotter input file is similar to that of ABAQUS. The 

coordinates of the nodes located on the surfaces of each disc were generated first. The 

interior nodes were then generated by specifying the number of intervals through the 

thickness direction. The 3-D model was then developed by sweeping the cross-sectional 

geometry in the circumferential direction to cover the entire plane. In the input script the 

initial conditions (sliding speed) including boundary conditions, and mechanical and 

thermal material properties are specified. Included in the output file obtained after the 

simulation is completed is the nodal temperature of the dominant TEI modes. Only the 

nodal temperatures of the metal disc were used in the subsequent buckling analysis. 

The resulting TEI temperature modes from the first step can be classified into two 

categories. The first category is “banding modes”, in which the temperature is uniformly 

distributed in the circumferential direction, meanwhile, the distribution of temperature in 

the radial direction could be arbitrary. Figure 3.1 (a) shows a banding TEI mode. It can 

be seen that there are several annular regions on the disc surface. In this figure, the 

different temperatures are represented by different colors. The second category of TEI 

temperature modes is “focal modes” or “hot spots”. It can be seen in Figure 3.1 (b) that 
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there are several red (i.e., high temperature) and blue (i.e., low temperature) regions 

around the circumferential direction. Thus, in the focal modes the temperature varies not 

only in the radial direction but also in the circumferential direction.  

 

Figure 3.1: Simulated temperature variations excited by TEI in a ring disc: (a) banding 

mode; (b) focal mode. 

The governing equation defining the eigenvalue problem of buckling is shown 

below. 

([𝐾] + 𝜆𝑐𝑟[𝐾𝜎]𝑟𝑒𝑓){𝛿𝐷} = {0} 3.2 

Here the term "ref" represents the reference load, i.e., a load that is first applied to 

the structure to find the reference stress stiffness matrix, [Kσ]ref. Another load {R} = 

λcr{R}ref will then be applied to the structure, where λcr represents an arbitrary multiplier 

to the original reference load. Multiplied by 𝛿𝐷 the buckling mode shapes (eigenvectors). 

ABAQUS input script is required in the buckling analysis (i.e. the second step) to 

make the geometry and model descriptions consistent. The algorithm described in 

equation 3.2 is incorporated into the “BUCKLE” analysis procedure in ABAQUS. The 

reference loads in the current study are defined in the ABAQUS input script files and not 

the interactive dialogue window. This is because the temperature profiles can be in  
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 arbitrary forms, and it is difficult to define them by closed-form mathematical functions. 

The critical buckling load for any buckling analysis under either mechanical or thermal 

loading, is the product of the calculated critical buckling eigenvalue and the applied load. 

The selection of the element type used in the current research is critical. Although 

the temperature distributions are circumferentially uniform, using axisymmetric element 

types is inappropriate for the banding TEI temperature modes as these elements would 

yield the axisymmetric buckling deformation modes only. In reality, it has been found 

that the non-axisymmetric deformation modes may also be dominant in some 

applications.  Moreover, in the prior works on thermal buckling, the shell element type 

was often implemented to improve the computational efficiency, based on the fact that 

the temperature variation is usually negligible in the thickness. However, when the TEI 

effect is taken into account, the temperature oscillates rapidly through the thickness and 

therefore the temperature gradient is non-negligible. Thus, the three-dimensional 

elements are used in the current study to account for the temperature gradients in all three 

directions. 

3.3 RESULTS AND DISCUSSIONS 

3.3.1 CONVERGENCE STUDY 

A convergence study was conducted as a way to validate the finite element 

results. The material properties and geometric dimensions are listed in Table 3.1. It 

should be explained that the parameters used in the table, especially those for the friction 

disc, were from a simplified clutch model. In reality the friction disc has a metal core   
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covered by a layer of friction lining on both sides. In the current study the friction disc 

has been simplified into a single layer of friction lining only, to demonstrate a proof of 

concept. This simplification, however, does not affect the main conclusions drawn from 

the study. Also, the material used for the metal disc is steel rather than cast iron in a 

typical brake disc. The schematic in Figure 3.2 shows a metal disc sliding between two 

friction discs. 

Table 3.1: Material properties and dimensions of the model used in the analysis. 

 Parameter Metal Disc Friction Disc 

Inner Radius Ra (mm) 86 86 

Outer Radius Rb (mm) 125 125 

Thickness h (mm) 3 6 

Elastic Modulus E (GPa) 160 2.26 

Poisson’s Ratio ν  0.29 0.29 

Coefficient of Thermal Expansion α (10-6/K) 12.7 12.1 

 

Figure 3.2: Schematic of the cross section of the TEI model.  

The chosen element types for TEI model developed in Hotspotter are C3D8 three-

dimensional hexahedral) and 2DF (two-dimensional Fourier). Because of the substantial 

bending moment in thermally buckled disc, a C3D8I element (three-dimensional 

hexahedral elements with incompatible mode) was chosen, and it is believed that the 
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incompatible elements exhibit better bending performance compared to the regular 

elements (C3D8). 

The temperature variations in the thickness direction are evident in the presence 

of TEI; therefore, multiple elements were generated through the thickness. The meshes in 

the friction discs were biased toward the sliding interfaces to account for the large 

temperature gradients. Three different meshes were tested, and the results are shown in 

Table 3.2. The mesh size is represented by the product of the element numbers along the 

three directions: radial, thickness and circumferential, respectively. The largest growth 

rate (at which the formation of hotspots occurs) of the disturbance was selected as the 

standard for comparison. It is noted that the maximum difference between the fine mesh 

(I) and the coarse mesh (III) is only around two percent.  

Table 3.2: A comparison of the results using different meshes in TEI analysis. 

 
Mesh Type 

I II III 

Metal Disc 8x4x60 6x3x48 4x2x30 

Friction Disc 8x15x60 6x10x48 4x5x30 

Simulation Time (s) 4832.31 1237.35 47.70 

Largest Growth Rate 1.960 1.962 2.004 

Percent Error (%) NA 1.02 2.24 

In addition, convergence tests were performed on the banding TEI temperature 

modes obtained from the two-dimensional Fourier FEA models. The two-dimensional 

models generate temperature distributions of TEI modes on the cross-sections of discs, 

which can be used to reconstruct the three-dimensional temperature fields. The   
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computational results obtained from the three different meshes are presented in Table 3.3. 

All results have been compared on the basis of the growth rate of mode 0 in which the hot 

spot number is equal to 0 (i.e., the banding TEI temperature mode). It can be found that 

the maximum difference among the results is around two percent. As the finest mesh is 

computationally intensive, the mesh with a medium density (i.e., the mesh shown in the 

third column in Table 3.3) was chosen to balance the computational accuracy and 

efficiency. 

Table 3.3: Convergence test for TEI analysis. 

 
Mesh Type 

I II III 

Metal Disc 33x9 22x6 11x8 

Friction Disc 99x24 22x16 11x3 

Simulation Time (s) 5824.66 353.73 113 

Largest Growth Rate of mode 0 1.587x10-4 1.600x10-4 1.636x10-4 

Percent Error (%) NA 0.82 2.25 

Convergence study was also performed on thermal buckling. As the buckling 

deformation mode with the lowest critical buckling temperature is the most important 

one, its buckling temperature was chosen as the indicator of convergence. In order to 

compare the current results with the prior results reported by the pioneering researchers, 

the temperature distributions in the testing models were set as linearly increasing from 

the inner radii to the outer radii of discs, meanwhile the inner and outer radii are free to 

move. Another mesh in which there are 16, 8 and 120 elements in the radial, thickness 

and circumferential directions respectively was created for the comparing purpose. As 

shown in Table 3.4, the mesh in which there are 8, 4 and 60 elements in the radial, 

thickness and circumferential directions respectively should be selected. 
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Table 3.4: Convergence test for thermal buckling analysis. 

Mesh 0 1 2 

Metal Disc Meshes 16x8x120 8x4x60 6x3x48 

Buckling Temperature [°C] -177.45 -177.65 -178.11 

First Buckling Mode Coning Coning Coning 

Error (%) NA 0.11 0.37 

Analytical solutions were used to validate the computational model. Based on 

Timoshenko’s beam theory, the critical bending moment that causes the buckling of an 

annular ring can be determined by the following equations. 

𝐾 =
1+𝜈

2
; 𝑎 = 𝑅𝑏 − 𝑅𝑎; 𝑅 =

𝑅𝑎+𝑅𝑏

2
; 3.3 

𝑀 =
1 + 𝐾

2
± √(

1 − 𝐾

2
)
2

+ 𝐾𝑛2 3.4 

In the above equations, K, 𝜈, M, n, 𝑅𝑎 and 𝑅𝑏 represent the stiffness ratio, 

Poisson's ratio, the dimensionless critical bending moment, the buckling wave number, 

the inner radius, and the outer radius respectively. When n=0 (i.e., the coning mode), the 

two calculated values of 𝑀 are 1 and 0.65. The smaller value of M should be used to 

calculate the critical bending moment.  

The bending moment caused by the thermal stress in an annular ring can be 

obtained through the following equation.   

𝑀𝑏 = ∫ 𝑡𝜎𝜃𝜃(𝑟)(𝑟 − 𝑅)𝑑𝑟
𝑅𝑏

𝑅𝑎

 3.5 

When the inner and the outer radii are free, 𝜎𝜃𝜃 can be expressed as,   

𝜎𝜃𝜃(𝑟) =
𝛼𝐸

𝑟2
∫ 𝑟𝑇(𝑟)𝑑𝑟 − 𝛼𝐸𝑇(𝑟)

𝑟

𝑅𝑎

+
𝐸𝐶1

1 − 𝜈
+

𝐸𝐶2

(1 + 𝜈)𝑟2
 3.6 
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𝐶1 =
𝛼

2(1 − 𝜈)

1

𝑅𝑏
2 − 𝑅𝑎

2
∫ 𝑟𝑇(𝑟)𝑑𝑟

𝑅𝑏

𝑅𝑎

 3.7 

𝐶2 =
𝛼(1 + 𝜈)𝑅𝑎

2

𝑅𝑏
2 − 𝑅𝑎

2
∫ 𝑟𝑇(𝑟)𝑑𝑟

𝑅𝑏

𝑅𝑎

 3.8 

𝑇(𝑟) =
𝛥𝑇

𝑅𝑏 − 𝑅𝑎

(𝑟 − 𝑅𝑎);  𝛥𝑇 = 𝑇𝑏 − 𝑇𝑎 3.9 

where 𝛼, 𝑇(𝑟) and T represent the coefficient of thermal expansion, the 

temperature distribution along the radial direction and the temperature difference between 

the outer and inner radii, respectively. By solving the above equations, it is found that the 

relation between the bending moment, Mb and the temperature difference, T is  

𝑀𝑏 = −0.76559𝛥𝑇 3.10 

The bending moment 𝑀𝑏 is -133.08. Therefore, when the buckling wave number 

is 0, the critical buckling temperature is 173.83ºC. It should be mentioned that the 

predefined temperature distribution is linearly increasing from the inner radius to the 

outer radius. The negative value of the bending moment indicates that the calculated 

temperature is linearly decreasing from the inner radius to the outer radius.  

A comparison between the analytical and numerical results for the critical 

buckling temperatures is shown in Table 3.5.  

Table 3.5: Verification of the FEA model for thermal buckling. 

Buckling Wave Number 0 2 3 

Buckling Temperature Analytical Result (°C) -173.83 213.85 429.42 

Buckling Temperature FEA Result (°C) -177.65 212.83 426.44 

Error (%) 2.20 0.48 0.69 

It should be noted that mode 1 (i.e., n=1) represents a rigid body motion and therefore 

can be ignored. 
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3.3.2 EFFECTS OF BOUNDARY CONDITIONS 

The effects of boundary condition were investigated with sliding speed of 10 m/s, 

i.e., 97.79 rad/s or 933.83 RPM. The temperature distribution of the TEI temperature 

mode with the highest growth rate was used for the buckling analysis, as shown in Figure 

3.3. Both circumferential and radial distributions of temperature are shown in Figure 3.3. 

It should be pointed out that the temperature disturbance shown in Figure 3.3 represents 

the normalized temperature given by the eigenvector. Any multiple of the temperature 

disturbance could be the actual temperature variation excited by TEI. 

 

Figure 3.3: Normalized temperature distribution in the TEI model with sliding speed of 

10 m/s. 

The method described in the following section was developed to investigate the 

buckling modes and critical buckling temperature. Here the critical buckling temperature 

is defined as the product of the highest nodal temperature and the computed buckling 

eigenvalue.  
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The following was observed as the effect of boundary conditions: 

• A fixed inner radius in all directions results in the dominant buckling deformation 

mode having a wavy shape with an eigenvalue of 1.54×105 and the corresponding 

critical buckling temperature of 3320 ºC, which can be considered as the upper 

bound of the result.   

• A fixed inner radius in the radial and circumferential directions only results in a 

dominant buckling deformation mode with a lower order wavy mode with an 

eigenvalue of 8.90×104 and the corresponding critical buckling temperature of 

1913.6 ºC.  

• A fixed inner radius in the circumferential direction only results in a dominant 

buckling deformation mode which exhibits a “potato chip” like pattern with an 

eigenvalue of 2.99×104 and the corresponding critical buckling temperature of 

643.84 ºC. This result is more meaningful for clutches as clutch discs are usually 

fixed by splines so that they can move freely in the axial direction, meanwhile the 

inner radius is allowed to move in the radial direction to a certain extent.  

The corresponding simulated buckling modes are shown in Figure 3.4 (a), (b), and 

(c) respectively. The colors in these images represent the values of axial displacements 

and should be noted that the deformation is exaggerated. In the rest of the study, in order 

to prevent rigid body motions the inner radii of the models are fixed in the 

circumferential direction. 
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Figure 3.4: The thermal buckling deformation mode with the sliding speed of 10 m/s 

under different boundary conditions.  

3.3.3 EFFECT OF RELATIVE SLIDING SPEEDS 

To investigate the effects of sliding speed, the relative sliding speeds in the TEI 

model varied from 10 m/s to 50 m/s with an interval of 10 m/s. The obtained temperature 

profiles are shown in Figure 3.5. It can be seen that the locations of high and low 

temperature regions vary with the sliding speed, where the high temperature zones 

formed near the inner radius and low temperature zone at the outer radius at speeds of 10, 

30 and 50 m/s and reversed at speeds of 20 and 40 m/s. 

When the sliding speeds are set to 10 m/s, 30 m/s and 50 m/s and the inner radii 

of the metal discs are fixed in the circumferential direction only, the computed critical 

buckling eigenvalues are 2.99×104, 3.26×104 and 3.56×104 respectively and the 

corresponding critical buckling temperatures are 597.04ºC, 746.51ºC and 1083.06ºC 

respectively. It is found that the eigenvalue and the critical buckling temperature increase 

with the sliding speed. Meanwhile with the same boundary condition and speeds set to 20 

m/s and 40 m/s, the critical buckling eigenvalues are 2.48×104 and 2.83×104 respectively 

and the corresponding critical buckling temperatures are 643.84ºC and 838.93ºC 

respectively. The eigenvalues increase with the ranges of temperature variations in the 
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radial direction. Hence, the profile of temperature distribution can significantly affect the 

critical buckling temperature and the associated buckling deformation mode. 

It should be noted that the sliding speed here is defined as the linear speed of the 

metal disc. When a brake disc rather than a clutch disc is considered, the actual vehicle 

speed would be used. Assuming the case of a brake, with the car tire radius dimension of 

300mm, then the ratio between the two radii (i.e., the tire radius divided by the radius of 

brake disc) would be 3:1 approximately. Therefore, a sliding speed of 10 m/s in the brake 

disc could be equivalent to a vehicle speed of 67 MPH; and a speed of 50 m/s in the 

brake disc would be equivalent to 112 MPH. 

 

Figure 3.5: Temperature variations with different sliding speeds. 

3.3.4 EFFECT OF COEFFICIENT OF FRICTION 

To investigate the effects of coefficient of friction (CoF), we varied it from 0.13 

to 0.65, with an interval of 0.13. Meanwhile, the other parameters were unchanged. As 

the coefficient of friction does not alter the pattern of the TEI temperature mode, the 

temperature profiles are similar to that of the reference model (CoF 0.13). The outer 

radius is a blue circle at a lower temperature, and the inner radius is a red ring at a higher 
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temperature in each temperature distribution. The temperature variations in the radial 

direction are shown in Figure 3.6. 

 

Figure 3.6: Temperature variations with different coefficients of friction.  

It is noticed that the range of temperature variation (i.e., the difference between 

the highest temperature and the lowest temperature) increases with the coefficient of 

friction. The buckling eigenvalues are 2.99×104, 30.9×104, 3.26×104, 3.47×104 and 

3.56×104 respectively and the corresponding critical buckling temperatures are 643.84 

ºC, 743.85 ºC, 838.93 ºC, 915.45 ºC and 1054.15 ºC respectively. The buckling 

deformation modes are similar to that shown in Figure 3.4 (c).  

It should be noted that the critical buckling temperatures increase rapidly with the 

coefficient of friction. The lowest critical buckling temperature is 643.84 ºC and the 

highest is 1054.15 ºC which corresponds to the smallest coefficient of friction at 0.13 and 

largest coefficient of friction at 0.65 respectively. Therefore, an increase in the coefficient 

of friction can reduce the chance of occurrence of thermal buckling in the system. On the 

other hand, an increase in the coefficient of friction leads to a higher growth rate of 
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temperature, and thus increases the chance of thermoelastic instability occurrence. 

Consequently, this could be a more complicated process in real applications.  

3.3.5 EFFECT OF FOCAL HOT SPOTS 

Thermal buckling due to the focal temperature distributions was also evaluated. 

First the focal TEI temperature modes were generated using the “Full 3D” module in 

Hotspotter. The nodal temperatures on the cross-section were retrieved from the 

eigenvectors of the TEI solutions. The obtained nodal temperature distribution was then 

multiplied by the corresponding Fourier functions to reproduce the complete temperature 

fields in the three-dimensional domain. Two focal TEI temperature modes are shown in 

Figure 3.7. Apparently, there are six and two focal hot spots on the surface of each metal 

disc, respectively. The thermal buckling analysis was performed based on the 

temperature fields. For the three TEI modes, the buckling eigenvalues are 2.28×104 and 

2.32×104 respectively and the corresponding critical buckling temperatures are 

1818.70ºC and 1584.08ºC. These values are only theoretically important, as they are 

above the melting point of the material. In comparison, the maximum temperatures in 

clutch or brake in normal cars are typically below 1000ºC but can exceed 1000ºC in high 

performance race cars. Therefore, it is concluded that thermal buckling in metal discs is 

more likely to be induced by the banding temperature modes rather than the focal modes. 
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Figure 3.7: TEI generated focal temperature distributions a) six hotspots, b) two hotspots 

used in the thermal buckling analyses. 

3.4 CONCLUSION 

This study aims at investigating the effects of TEI-induced temperature variations 

on the thermal buckling phenomenon in sliding discs. The frictionally excited TEI 

temperature profiles were obtained by performing finite element analyses in the 

customized code Hotspotter. The temperature profiles were then used as the reference 

thermal loads in the subsequent analysis of thermal buckling. The critical buckling 

temperatures and the deformation modes were obtained numerically in ABAQUS. It can 

be concluded that TEI and thermal buckling can interact with each other under some 

conditions, because was found that thermal buckling can be excited by TEI-induced 

temperature variations and also shows that multiple factors including the coefficient of 

friction and the sliding speed can affect both TEI modes and critical buckling 

temperatures.  

The parametric studies revealed that the critical buckling temperature increases 

with the friction coefficient, and that the TEI-induced temperature input can be altered by 

the sliding speed. The results show that the TEI modes with the temperature decreasing 

from the inner radius to the outer radius are relatively easier to buckle than the modes of   
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a reversed temperature profile. The overall trend is that the critical buckling temperatures 

increase with the sliding speed. We also tentatively explored the possibility of thermal 

buckling induced by focal hot spots. It was found that, in the presence of focal hot spots, 

the minimum temperature for thermal buckling is typically much higher than the 

operating temperatures of metal discs, and therefore the coupling between focal TEI hot 

spots and thermal buckling is of less importance in brake applications.
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CHAPTER IV  

COMPUTATIONAL PARAMETRIC STUDY OF NONMETALLIC 

FRICTION MATERIAL ANISOTROPY AND ITS EFFECT ON THERMAL-

MECHANICAL INSTABILITIES OF CLUTCHES AND BRAKES 

4.1 INTRODUCTION 

Anisotropic materials are materials that have directional-based material 

properties. They are discovered in materials found in nature with organic properties such 

as wood, muscles, and bones. The mechanical and thermal properties of an anisotropic 

material appear higher in certain directions such as in wood, for instance, it is shown to 

be stronger along (parallel to) the grain and weaker in directions perpendicular to the 

grain, and as such, research has been conducted on how to mimic such phenomena in 

other materials. One of the manufactured materials today that display such anisotropic 

properties are known as composite materials. Most friction materials today possess 

anisotropic properties. Friction materials generate friction to slow or decrease motion in 

applications including aerospace, automotive, railroad construction, heavy machinery 

manufacturing, forestry, oil and gas, mining, and defense. Depending on the application, 

friction materials may consist of phenolic resin, ceramics, advanced fibers, graphitics, 

metals, and metal alloys. Friction material formulations consist of various ingredients for 

wear resistance, thermal stability, and mechanical strength [24,77]. 
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For example, automotive brake pads consist of embedded macro- and micro-

constituents in cured phenolic resin and most contain macro-particles of copper due to 

excellent thermal conductivity to reduce localized overheating [78,79]. Existing laws and 

regulations in the states of Washington and California described in an article by the 

United States EPA [39] require the phase-out of copper and other heavy metals in brake 

pads to reduce contact of copper particulates from brake wear with stormwater and 

subsequent discharge into nearby waterways. Elevated levels of copper are toxic to 

aquatic life and adversely affect the survival, reproduction, and growth of fish, 

invertebrates, plants, and amphibians. Therefore, all composites used in this paper are 

metal-free. Graphite, carbon fibers and nanotubes, minerals, and ceramics are potential 

replacements for metals in friction materials.  

A unidirectional fiber-reinforced composite was used in the analysis of the effect 

of material anisotropy on thermal-mechanical instabilities. The composites are made up 

of matrix and fibers. The fibers are embedded in the matrix to give the composite 

additional strength, hence the term ‘reinforced’. Meanwhile, Jiaxin Zhao et al. [80] and Yi 

[81] found that the implementation of the stated metal replacement materials may 

introduce operational safety issues. For example, in brakes, clutches, and seals/bearings, a 

disturbance in the contact pressure can change the rate of frictional heating, altering the 

thermal stresses and pressure distribution. In addition, isotropic material properties were 

an assumption in prior research. Moreover, friction linings usually have anisotropic 

stiffness and thermal conductivity resulting from the compression of materials during 

manufacturing. The strength of the composite without being explicit is determined by a 
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few factors such as the fiber arrangement, the fiber’s aspect ratio (l d⁄ ), fiber volume 

fraction, and the fiber catenary. Hockin H. K. Xu et al. [82] discovered for volume fraction 

values above about 60-70% (depending on the way in which the fibers pack together), 

tensile stiffness may continue to increase, the laminate's strength will reach a peak and 

then begin to decrease due to the lack of sufficient resin to hold the fibers together 

properly. Ciprian et al. [83] extended the work and concluded that the stiffness and 

strength of a laminate will increase in proportion to the amount of fiber present, but, 

when the number of fibers in a composite material is too large, the composite’s ultimate 

strength will degrade.  

Oladele et al., [84] used cow fiber-reinforced composite as an alternative to 

metallic friction material and proved to have very high wear resistance, particularly, from 

2 to 10 wt%. This may be due to the presence of fiber as reinforcements in appropriate 

proportions within the composites (optimum range). Zuo et al. [85] experimentally 

showed that for a C/C composite in which pyrolytic carbon is not a representatively 

rough laminar, the wear loss of the composite increases and stability improves with 

increasing the fiber volume fraction, but when the fiber volume fraction exceeds 30%, the 

increase of wear loss is very distinct. Also, Zuo et al. [85] found that under the same 

braking pressure fiber volume fraction does not have an obvious influence on the friction 

coefficient. For this study, the material chosen for the analysis is a carbon reinforced 

carbon silicon carbide (C-C/SiC) which is commonly used in high performance cars and 

a viable substitute to the commonly mass produced metallic (cast iron) counterpart due to 
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reasons concluded and explained through experiments and research conducted by 

Krenkel [35].  

The material properties, albeit, obtained from literature used micromechanics to 

calculate the properties of the composite material. Micromechanics is the widely used 

basis in determining a composite material property. There are different methods of 

micromechanics utilized today from the analytical methods (e.g., rule of mixture, Mori-

Tanaka etc.) to the computational (FEM method) method. The purpose 

of micromechanics is to account explicitly for a material’s heterogeneous microstructure 

while allowing it to be treated as an effective (pseudo-homogeneous) continuum at a 

higher length scale (e.g., within a structure). To account for this microstructure, 

micromechanics relies on either a representative volume element (RVE) or a repeating 

unit cell (RUC). An RVE is a volume of a material whose effective behavior is 

representative of the material as a whole. Equally important is the concept of a repeating 

unit cell (RUC). Here, the heterogeneous microstructure is approximated as periodic, 

where the RUC as the name suggests is the volume of the material that repeats itself to 

generate the overall microstructure. For better understanding and further studying of 

micromechanics see Aboudi et al. [86]. Thermal-mechanical instabilities consists of 

thermoelastic instability (TEI) and thermal buckling. When two surfaces are in contact 

and sliding against each other heat is generated which is known as frictional heat. The 

heat also brings about a temperature differential due to the interfacial contact area and 

exposed surfaces. Barber [21] describes TEI as the instability which results from the 

interaction of frictional heat generation, thermoelastic distortion and elastic contact is 
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known as frictionally excited thermoelastic instability or better known TEI. 

Thermoelastic instabilities can be found numerically by perturbed load (non-uniform 

temperature or pressure) between the two bodies in contact, if the perturbation speed 

exceeds a certain threshold, then it can be concluded that TEI occurred. 

4.2 METHOD 

A study of the anisotropic property of a fiber-reinforced composite is conducted 

using Abaqus, and a MATLAB-based program Hotspotter for numerical analysis of 

thermal buckling and thermoelastic instability (TEI) respectively. Hotspotter is an 

engineering analysis software to determine the susceptibility of disc brakes, clutches, or 

other frictionally sliding systems to thermoelastic instability. Both thermal buckling and 

TEI simulation were conducted with unidirectional fiber orientation.  

The generalized stress-strain relation is shown in equation 4.1, where Cijkl is the 

stiffness tensor. 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝛼𝑘𝑙∆𝑇) 4.1 

And the inverted stress-strain relation is shown in equation 4.2, where Sijkl is the 

compliance tensor. [S] = [C]′ and vice versa. 

𝜀𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙 + 𝛼𝑖𝑗𝛥𝑇 4.2 

Further, the components of both the stiffness and compliance tensor are 3x3x3x3=81, 

which is further reduced to 21 components which constitutes the components in the upper 

triangle of [C] because of these symmetries Cijkl = Cklij = Cjikl = Cijlk 
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4.3 

The resulting stress-strain relation due to the symmetric conditions is expressed in 

equation 4.3, where [ ]11 = 1, [ ]22 = 2, [ ]33 = 3, [ ]12 = 4, [ ]13 = 5, [ ]23 = 6. 

Therefore, the fourth-order tensor stiffness and compliance matrix can be rewritten from 

C1111 = C11, C1112 = C14. This paper focuses on transverse isotropic composite material, 

which reduces the generalized stress-strain relation to 9 components (equation 4.4) by 

changing the stiffness tensor matrix. This  
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4.4 

can further be expressed in terms of five independent constants which are known as the 

engineering constants. For the derivation of a transverse isotropic stiffness matrix, see 

Aboudi et al. [87]. Equation 4.2 can be written in matrix form, in terms of elastic constants 

E, ν, and G (equation 4.5).  
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The reinforced fibers in this chapter are considered to be oriented parallel to the 

applied force in the z-direction (along the thickness). Therefore, the plane of isotropy is 

the r (radial) – t (theta) plane (1 – 2 plane). Hence, C11 = C22, C44 = C55, and due to the 

symmetry in the matrix C12 = C21, C13 = C31, and C23 = C32. Also, in Eq. 4.5, E1 =

E2, ν12 = ν21, ν13 = ν23, ν31 = ν32, G13 = G23. Therefore, the five engineering constants 

for transverse isotropy are E1, E3, ν12, ν31, and G23. The relation between the stiffness 

matrix components and the engineering constants are: 

C11 = C22 = E1(1 − ν23ν32)Υ   C33 = E3(1 − 𝜈12𝜈21)Υ   C12 = E1(ν21 − ν23ν31)Υ 

C13 = C23 = E1(ν13 − ν12ν32)Υ  C66 = 2G12 = E1 (1 + ν12)⁄   C44 = C55 = 2G23. 

Where,  Υ =
1

1−𝜈12𝜈21−2ν13ν31−2ν12ν13ν32
  

The Poisson’s ratio ν13 ≠ ν31, but the ratio ν13 E1⁄ = ν31 E3⁄  in equation 4.5 therefore, 

ν31 =
ν13

E1
E3. 

Silicon carbide is commonly used in nonmetallic friction materials, especially in 

brake applications. Therefore, the chosen fiber-reinforced composite for the analysis in 

this paper is a multiphase composite of carbon-reinforced carbon-silicon carbide (C-

C/SiC), where the matrix is a mixture of carbon and silicon carbide with a non-unity 

carbon to silicon carbide ration and a 5% porosity. Table 4.1 shows the material 

properties of the C-C/SiC composite relevant for both the TEI and thermal buckling 

simulation. The composite material exhibits transverse isotropy and has a varying fiber 

volume of 40% - 50%. The properties of the composite was determined via experiment 
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and reported by Krenkel [35] and corroborated by Pardini & Gregori [88] using Reuss and 

Voight methods.  

Table 4.1: Material properties of carbon-carbon/silicon carbide (C-C/SiC) composite 

 Value 

Carbon fiber volume (%) 40 45 50 

C/SiC matrix ratio 65/35 60/40 55/45 

Elastic modulus (GPa) 

𝐸11 36 35 33 

𝐸22 36 35 33 

𝐸33 141 156 167 

Shear modulus (GPa) 

𝐺12 20 21 21 

𝐺13 14 14 13 

𝐺23 14 14 13 

Poisson's ratio 

𝜈12 0.18 0.18 0.18 

𝜈13 0.25 0.25 0.25 

𝜈23 0.25 0.25 0.25 

Density, ρ (kg⁄m3) 2060 2100 2140 

Thermal conductivity (W⁄m. K) 

𝑘11 35 30 25 

𝑘22 35 30 25 

𝑘33 57 50 45 

Coefficient of thermal expansion, α (10−6⁄℃) 

𝛼11 0.68 0.34 0.63 

𝛼22 0.68 0.34 0.63 

𝛼33 0.12 0.70 1.05 

4.2.1 THERMOELASTIC INSTABILITY (TEI) 

Thermoelastic instabilities occur if the perturbation speed exceeds a certain 

threshold. This threshold is known as the critical sliding speed. The critical speed is then 

determined by searching for the lowest speed at which at least one mode has a positive 

growth rate. The exponential growth rate of eigenmodes of the system for a given 

rotational speed is determined by an eigenvalue method. Hotspotter is utilized in finding   
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the critical sliding speed, which uses an axisymmetric model for the finite element 

simulation. It treats axisymmetric systems using Fourier series in the circumferential 

direction and hence involves modeling the cross-section of the model. User input to the 

program includes the geometric shape of all the components, the relevant material 

(thermal and elastic) properties, the coefficient of friction, and the boundary conditions at 

both internal and external surfaces. Output from the program includes the exponential 

growth rate and migration speed of the eigenmode for specified sliding speed, the critical 

speed as a function of wavenumber (number of hot spots around the circumference), and 

the spatial form of the dominant eigenmode in both the plane of the discs and the cross-

sectional plane. During the onset of TEI, there is an instant when the perturbation 

becomes unstable and renders the system unstable. The instability and stability of the 

system can be inferred from the plot of the critical speed as a function of wavenumber 

(number of hot spots around the circumference) output described by Lee & Barber [63], 

which is the region above and below the graphical curve respectively.  

Figure 4.1 shows the finite element models used in the TEI simulations. The disc 

for the clutch setup has dimensions of 125mm, 86mm, and 3mm, for the outer radius, 

inner radius, and thickness respectively and the friction disc has a thickness of 4mm and 

the same radii dimensions as the clutch disc. Layer 1 and layer 2 in Figure 4.1 represents 

the friction and steel disc respectively. The boundary condition of the axisymmetric 

clutch model at the left edge (inner diameter) is fixed in all translation direction but free 

to rotate about the Z-axis at 630rad/s (approximately 6,000rpm because most cars redline 

at 6,000 rpm to prevent engine braking), at the right edge (outer diameter) is free, the top 
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edge has an anti-symmetric boundary condition, and the bottom edge has a symmetric 

boundary condition. For the brake model, the inner radius of the brake rotor has the same 

boundary condition as the clutch disc, but rotating about the Z-axis at 50rad/s. While the 

pad and backing plate are fixed in all directions while in contact with the brake rotor. 

The symmetric boundary condition means that the system is mechanically 

symmetric and thermally insulated (Uz = 0; Szr = Szt = 0; Qz = 0) while the anti-

symmetric means that it is mechanically antisymmetric and thermally insulated (Ur = Ut 

= 0; Szz = 0; T = 0), where T, Qz, Uz, Ur, Ut, Szz, Szr, and Szt represents temperature, 

heat flux in the axial (Z) direction, translational displacements in the axial, radial and 

circumferential directions, the stress in the axial direction and shear stresses axial-radial 

plane and axial-circumferential plane respectively. 

In Hotspotter, the anisotropic material properties are specified using the format in 

equation 4.5. The brake model is a benchmark model obtained from Hotspotter and 

modified for this paper. The brake rotor is made of cast iron, the pad backing plate steel, 

and the pads C-C/SiC composite. Due to the current limitation of Hotspotter, thermal 

conductivity can only be specified as isotropic. Therefore, in order to determine the effect 

of anisotropic thermal conductivity, the average of the anisotropic thermal conductivity 

was taken, which was also done when doubling or halving the anisotropic conductivity 

for the TEI simulation. The 2D axisymmetric model in Figure 4.1a shows a biased mesh 

at the interface where the meshes was biased toward the sliding interfaces to account for 

the large temperature gradients. This is done to accurately capture the temperature 
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distribution by discretizing interface surface to small elements and eliminate any errors in 

numerical results. 

 

Figure 4.1: TEI finite element setup a) axisymmetric clutch and 2D brake model; b) 3D 

clutch and brake model 

4.2.2 THERMAL BUCKLING 

Thermal buckling occurs when the working temperature of the structure exceeds 

the critical buckling temperature. The critical buckling temperature is calculated as the 

product of the maximum nodal temperature and the first eigenvalue. In an eigenvalue 

solution, the most dominant mode is the first mode (eigenvalue). Therefore, for thermal 

buckling to occur, the working temperature must exceed the critical buckling 

temperature. During braking or gear changes, the temperature gradient along the radius of 

the rotor or clutch plate is commonly found to have a linear profile. 

Equation 4.6 is the governing equation defining the eigenvalue problem of 

buckling.  
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([𝐾] + 𝜆𝑐𝑟[𝐾𝜎]𝑟𝑒𝑓){𝛿𝐷} = {0} 4.6 

Where, "ref" represents the reference load, i.e., a load that is first applied to the structure 

to find the reference stress stiffness matrix, [Kσ]ref. Another load {R} = λcr{R}ref will then 

be applied to the structure, where λcr represents an arbitrary multiplier to the original 

reference load. The boundary conditions for the thermal buckling analysis changes 

depending on the model. The boundary condition for the brake rotor is a prescribed 

displacement on the inner radius via a multipoint constraint, where all translational 

displacement, rotational displacement about the radial and circumferential axis is zero 

(Ur = Ut = Uz = URr = URz = 0) but is free to rotate about the z axis (URt ≠ 0). While 

the clutch disc has similar boundary condition with the brake model, it differs by having a 

free translational displacement in the z direction (Ur = Ut = URr = URz = 0; Uz = URt ≠ 

0) which is applied to the inner nodes via a multipoint constraint function to a reference 

point node at the center of the model. The clutch disc has dimensions of 125mm, 86mm, 

and 3mm, for outer radius, inner radius, and thickness respectively. A linear, sinusoidal, 

and exponential temperature profiles are common surface temperature profiles along the 

radius of a disc after sliding contact with another surface. Although these profiles are 

common, the highest temperature experienced in a brake disc is dependent on several 

factors such as braking force, coefficient of friction, time of applied brake, number of 

consecutive brakes etc. These factors were studied by Belhocine & Bouchetara [89] with 

three types of cast iron brake rotor and found an average temperature of 250°C through a 

disc thickness. While, Abdullah & Schlattmann [90] and Faidh-Allah [91] extended the 
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effect of such factors to clutches and found the surface of the clutch resulted in a linear 

temperature profile distributed along the radius of the clutch after engagement with the 

temperature of 315°C at the inner radius and 345°C at the outer radius. Shaahu et al. [16] 

and Yi et al. [13] extended the work to explain the linear profile and found that a linear 

temperature profile can be caused by the sliding speed as a linear function of the radius 

and by the fact that the frictional heat generation rate is a linear function of the sliding 

speed. Therefore, the thermal buckling analysis of the brake rotor is simulated with a 

prescribed linear temperature along the radius having a maximum temperature of 250°C 

and a minimum of 25°C (room temperature), while the clutch has a linear temperature 

profile along the radius ranging from 315°C to 345°C (inner radius to outer radius). 

Figure 4.2 shows the finite element model of the clutch disc and brake rotor used in the 

thermal buckling analysis which is a vented brake rotor. 

 

Figure 4.2: Thermal buckling finite element setup a) 3D clutch disc, b) 3D brake rotor 

The dimension of the clutch disc is the same as that in the TEI simulation, and the 

dimension of the brake rotor axle radius, hat radius, outer radius, disc thickness and hat 

height is 32mm, 92mm, 148mm, 20mm and 10mm respectively. 
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4.3 RESULT 

A buckling analysis was conducted with some common current metal-free 

composite material in Table 4.2 The carbon fiber volume used in the mixture was 60%. 

All the composites have an isotropic matrix and are reinforced with carbon fiber. The 

properties of the composites were calculated using the rule of mixtures. The material 

properties of the constituent material were obtained from CES EduPack [92] shown in 

Table 5.1. 

Table 4.2: Critical buckling temperature with common metal-free fiber-reinforced 

composite 

Composite Material Buckling Temperature (°C) 

Carbon-Graphite 1269 

Carbon-Carbon 4375 

Figure 4.3 shows the relationship between carbon fiber volume and critical sliding 

speed of a (a) clutch disc and (b) brake rotor. An increase in fiber volume ratio by 0.05 

decreases the maximum critical sliding speed by a factor of approximately 1.2 in a clutch 

disc and increased the maximum critical sliding speed by a factor of 4 in a brake rotor. 

While an increase in fiber volume ratio by 0.1 decreases the maximum sliding speed in a 

clutch disc by a factor of 1.3 and increases the maximum critical sliding speed in a brake 

rotor by a factor of 5. After visual inspection of Figure 4.3b it is seen that a composition 

with 40% fiber volume has a smaller area (stable region) under the curve which translates 

to a likely chance of susceptibility to TEI compared to a composition with fiber volume 

of 45% and 50%. The critical sliding speed of the clutch setup with a friction disc 

thickness of 4mm has a magnitude of a hundred rpm and the critical sliding speed of the   
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brake setup with a friction pad thickness of 10mm has a magnitude of one million rpm 

which agrees with Hartsock & Fash [93] finding, that the thickness of the friction material 

influences the critical sliding speed. 

 

Figure 4.3: Effect of fiber volume on TEI a) clutch disc; b) brake rotor 

Table 4.3 shows the effect of carbon fiber volume on thermal buckling. Increasing 

the fiber volume from 40% to 45% increases the buckling temperature but lowers 

between 45% and 50% fiber volume. This decrease in buckling temperature can be a 

result of the fiber packing and the matrix volume between neighboring fibers in the 

composite, because an increase in the fiber volume ratio decreases the matrix volume 

between fibers and the overall matrix volume ratio, which can affect the buckling 

temperature. 

Table 4.3: Effect of fiber volume on thermal buckling  

Fiber volume (%) Buckling temperature (°C) 

 Brake Clutch 

40 915.83 344.58 

45 1868.1 723.67 

50 1016.8 409.55 
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Figure 4.4 shows four plots of the effect of material properties on the buckling 

temperature of a brake rotor. From observation, it shows that increasing either the radial 

or circumferential elastic modulus reduces the buckling temperature, while increasing the 

axial elastic modulus increases the buckling temperature. The relationship between the 

elastic modulus and buckling temperature is evidently not a linear relation but has an 

exponential decay relationship between the radial or circumferential elastic modulus and 

the buckling temperature; and a logarithmic increase function relationship between the 

axial elastic modulus and buckling temperature. This suggests that past a certain value of 

either the radial, circumferential, or axial modulus of elasticity there would be no change 

to the buckling temperature. The lack of effect by the axial coefficient of thermal 

expansion (CTE) on thermal buckling can be due to the uniform temperature distribution 

across the thickness which was stated in the method as having a linear temperature 

distribution only in the radial direction. Both increase in either radial or circumferential 

CTE decreases the buckling temperature in a pattern similar to a decreasing quadratic 

function. 

The effect of Poisson’s ratio is greater than the effect of thermal conductivity and 

axial CTE but less compared to the effect of moduli and radial and circumferential CTE. 

An expanded view of the effect of Poisson’s ratio is shown to better visualize the trend. 

The relationship between the Poisson’s ratio and buckling temperature is linear with a 

change of approximately 20°C for a Poisson’s ratio value range of 0.15 to 0.26, where 

increasing the value of either ν13or ν23 increases the buckling temperature and increasing 

ν12 decreases the buckling temperature. In Figure 4.4 and Figure 4.5 E, CTE, nu, k, r, c, 
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and z represent modulus of elasticity, coefficient of thermal expansion, Poisson’s ratio, 

thermal conductivity, radial, circumferential, and axial respectively.  

 

 

Figure 4.4: Plot of the effect of anisotropic material properties a) Elastic modulus, b) 

coefficient of thermal expansion, c) Poisson’s ratio, and d) thermal conductivity on 

buckling temperature of a brake rotor 

Thermal conductivity has no effect on thermal buckling. Hence the horizontal line 

in the labeled ‘d’ plots in Figure 4.4 and Figure 4.5. Figure 4.5 have graphical plots 

showing the effect of material properties on the buckling temperature of a clutch disc. 

The results of the effect of the anisotropic material properties on buckling for a clutch 

disc are slightly similar to that of a brake rotor except in instances of the axial modulus of 

elasticity, Poisson’s ration, radial and circumferential CTE.  
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An increase of either the radial or circumferential modulus of elasticity reduces 

the buckling temperature, but no change occurs in the buckling temperature with a 

change in the axial modulus of elasticity, which can be a result of the constant 

temperature along the thickness and its relatively small thickness comparatively to the 

brake rotor’s thickness. 

 

 

Figure 4.5: Plot of the effect of anisotropic material properties a) Elastic modulus, b) 

coefficient of thermal expansion, c) Poisson’s ratio, and d) thermal conductivity on 

buckling temperature of a clutch disc 

Both radial and circumferential CTE have the same effect on the thermal buckling 

for the clutch disc. This equality in result can be a result of the geometry, because same 

equality is not experienced in the brake rotor which has a larger thickness than the clutch 



74 

 

disc. Unlike in a brake rotor, the Poisson’s ratio has a minimal effect on thermal buckling 

with a buckling temperature change of approximately 0.4°C. 

Figure 4.6 shows graphical representation of the effect of anisotropy in critical 

sliding speed and occurrence of TEI. They plots are a relationship between critical sliding 

speed and number of hotspots (N) (or mode of deformation) of a clutch disc. The axial 

(referenced as Z in Figure 4.1 axis) elastic modulus has a greater effect on the critical 

sliding speed compared to the other elastic moduli. An increase of the circumferential 

elastic modulus has an inverted response to the sliding speed. Also, an increase in the any 

thermal conductivity increases the critical sliding speed. The effect of thermal 

conductivity experienced in this analysis corresponds with the closed form solution 

derived by Lee & Barber [63] where the half planes are rigid non-conductors shown in 

equations 4.7 & 4.8. Although the models are different from the model that produced 

equation 4.7 & 4.8, it can be used as a guide into deriving and understanding the effects a 

non-homogenous material has on sliding speeds.  

𝑉𝑠
∗ =

𝑓𝑉𝑠(1 + 𝜈)𝛼𝜇𝑎

(1 − 𝜈)𝐾
=

𝐴𝑠𝑖𝑛ℎ(2𝐴)𝑡𝑎𝑛ℎ (𝐴)

𝑠𝑖𝑛ℎ(2𝐴) + 2𝐴
 

4.7 

𝑉𝐴
∗ =

𝑓𝑉𝐴(1 + 𝜈)𝛼𝜇𝑎

(1 − 𝜈)𝐾
=

𝐴𝑠𝑖𝑛ℎ(2𝐴)𝑐𝑜𝑡ℎ (𝐴)

𝑠𝑖𝑛ℎ(2𝐴) − 2𝐴
 

4.8 

Where Vs, VA are critical sliding speeds for symmetric and antisymmetric modes 

respectively, 𝜈, 𝛼, 𝜇, 𝐾 and 𝐴 = 𝑚𝑎 are Poisson’s ratio, CTE, modulus of rigidity, 

thermal conductivity, and dimensionless half-layer thickness respectively. 

Coefficient of thermal expansion has minimal effect in the critical sliding speed in 

TEI. Which is shown as closely aligned lines in the plot for Figure 4.2b with varying 
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CTE. The legends in Figure 4.6 and Figure 4.7 refer to how the anisotropic material 

properties were varied, where r, t, and z refer to radial, circumferential, and axial 

respectively, and the values 2 and 0.5 refer to double and half the respective material 

property. As an example, 2Ez represents the radial elastic modulus increased by a factor 

of approximately 2. Although, there are 8 legends and 5 lines shown in Figure 4.6d, this 

is because some of the lines overlap for instance a decrease by half of circumferential 

thermal conductivity is the same as the result for a decrease of axial thermal conductivity 

by half. The fibers are considered aligned in the axial (Z) direction and the results show 

that the properties in the direction parallel to the applied load have more effect in 

thermoelastic instability. The alignment of the fiber in correlation to the model axis does 

affect the critical sliding speed. 
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Figure 4.6: Critical sliding speed vs hotspot number of a clutch disc for a) varied elastic 

modulus; b) varied coefficient of thermal expansion; c) varied Poisson’s ratio; d) varied 

thermal conductivity. 

Figure 4.7 are plots of critical sliding speed against the number of hotspots (N) of 

a brake rotor while varying the anisotropic material properties. Unlike the clutch disc, the 

critical sliding speed of a brake rotor is in the magnitude of millions. This is due to the 

pad geometry, contact area, thickness of 10mm compared to 4mm of the friction disc of 

the clutch system and the brake rotor thickness. In a brake rotor with the current 

geometry, thermal conductivity has a greater positive effect on the critical sliding speed 

producing the highest critical sliding speed and doubling the axial modulus of elasticity 

produces the lowest critical sliding speed.  
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Figure 4.7: Critical sliding speed vs hotspot number of a brake rotor for a) varied elastic 

modulus; b) varied coefficient of thermal expansion; c) varied Poisson’s ratio; d) varied 

thermal conductivity. 

Another output in addition to the stated outputs from Hotspotter is temperature 

distribution as a result of frictional heat generation. The temperature distribution (surface 

and cross-section) for first deformation mode of the clutch disc with doubled axial elastic 

modulus as a sample is shown in Figure 4.8. Depending on the material composition the 

number of hotspots is different for the first mode deformation. The number of hotspots 

(N) present for the first mode deformation of the previously stated configuration is four   
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(N = 4). The first mode represents the dominant mode for which it has a positive growth 

rate at the lowest speed. Figure 4.9 shows the deformation of the brake rotor 

corresponding to the first non-negative eigenvalue (first mode) in the thermal buckling 

analysis which is also known as the coning mode due to the resemblance of a cone. 

 

Figure 4.8: Temperature distribution of the a) Surface and b) Cross-section corresponding 

to the first mode deformation. 

 

Figure 4.9: Deformed brake rotor corresponding to the first non-negative eigenmode. 

4.4 CONCLUSION 

The following conclusions were reached from a parametric study that was 

conducted computationally using ABAQUS and Hotspotter to investigate the dominant   
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anisotropic parameter that affects thermal-mechanical instabilities (TMI) of non-metallic 

friction material of clutches and brakes. The properties in the direction perpendicular to 

the sliding direction tend to have significant effect on the sliding speed. Coefficient of 

thermal expansion has little effect on TEI, and thermal conductivity has no effect on 

thermal buckling. Uniform temperature across the thickness mitigates the effect of 

coefficient of thermal expansion. Therefore, uniform temperature distribution across the 

thickness of a disc causes coefficient of thermal expansion to have negligible effect on 

thermal bucking. 

Increasing the radial thermal conductivity has a high positive (increase in critical 

sliding speed) influence on the onset of TEI and due to the structure of the Hotspotter 

software and how thermal conductivity is entered, the results from the circumferential 

and axial increase or decrease of the thermal conductivities is equal.  Decreasing the axial 

elastic modulus resulted in the largest critical sliding speed. While increasing the axial 

modulus of elasticity or increasing the out-of-plane Poisson’s ratio produced the lowest 

critical sliding speed. Therefore, the axial modulus of elasticity has a greater positive 

effect on TEI. The radial and circumferential elastic modulus and coefficient of thermal 

expansion have a significant effect on the buckling temperature in both the clutch disc 

and brake rotor. Increasing the radial or circumferential modulus of elasticity reduces the 

buckling temperature and vice versa for the axial modulus of elasticity in a brake rotor. 



80 

 

CHAPTER V  

IDEAL COMPOSITION OF C-C/SIC COMPOSITE AND ANISOTROPIC 

MATERIAL PROPERTIES TO MINIMIZE OCCURRENCE OF THERMAL-

MECHANICAL INSTABILITIES IN A CLUTCH DISC 

5.1 INTRODUCTION 

This chapter proposes a model and method based on FEM micromechanics. The 

method to generate the RVE utilizes an additional step coined “packing” to describe a 

manufacture process that the friction material undergoes. The effect of anisotropy on 

thermal-mechanical instabilities (TMI) have been partially studied in the past years 

especially focusing on the effect of functionally graded materials (FGMs) on 

thermoelastic instability (TEI). Where Mao et al. [94] studied the effect of FGM of a half 

plane sliding against a homogenous half plane, with the FGM graded along the thickness 

following an exponential function. Although FGMs are anisotropic, the material 

properties in one direction are dependent on the material properties in the other direction 

like transverse isotropy which was studied in previously published article and shown that 

an anisotropic material property independent of the similar property in a different 

direction does change the result of TMI significantly. Some studies have been done 

looking into alternative materials for the brake rotor and clutch disc, but this research is 

focused on the friction material as an anisotropic composite material sliding against a 
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homogenous disc or rotor. A study conducted by Zhao et al. [68] proved how much 

importance the frictional material properties plays in TEI which stated “that a dominant. 

TEI deformation mode is strongly dependent on the properties of frictional material”. 

Material anisotropy is not just affected by fiber volume ratio, but also orientation and 

aspect ratio. Most published works have focused a great deal of research on fiber volume 

ratio and very little into the effect of fiber aspect ratio. Qiu [95] , Tawerghi [96] , and D. 

Zhao [97] studied effect of percolation on material properties and shapes and aspect ratio 

of inclusions on percolation using a Monte Carlo scheme for generating the inclusions. 

They studied inclusion shape and orientation on effective material properties, and the 

work was forwarded by author to anisotropy of material properties but not using a Monte 

Carlo scheme, which theoretically should not change the way the particles are generated 

and randomly oriented.  

Percolation is a physical hypothetical phenomenon where a minimum number of 

particles form a network like pathway. This is possible with particle overlap, physically 

particles in a composite do not overlap, but Y. B. Yi [98] showed that in case of overlap or 

not involving particulate inclusions of high density the interfacial contact must be 

considered to reliably predict the relevant transport properties, therefore, if there is 

overlap or percolation the interfacial contact is already considered and should predict the 

material properties accurately. Machine learning has become prevalent in the past decade 

in industries that deal with data, but recently its application has been found beneficial to 

other industries. Machine learning is “a buzz word” for optimization which has been 

shown with mathematical expressions to describe the change of parameters to minimize a 
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certain response. The machine learning application has been gradually extended into 

material science and Markworth & Saunders [99] developed a model for spatial variation 

of composition of a metal/ceramic FGM and optimized flow of heat through material, 

where this work was extended by Ootao et al. [100] using a neural network to optimize 

material compositions for a nonhomogeneous hollow sphere with varied FGM properties. 

Only after a few years did Na & Kim [101] incorporate optimization of FGM in thermal 

buckling. Although optimization was incorporated in TMI, all material were considered 

FGM, whereas an optimization algorithm was incorporated in this chapter to predict the 

ideal composite material composition that produces the maximum TMI response 

(buckling temperature and critical sliding speed) in clutches. 

5.2 METHOD 

A study to optimize the composition of a composite friction material for 

thermomechanical instabilities is conducted using MATLAB, ABAQUS and Hotspotter. 

A flow chart (Figure 5.1) shows the methodology progression for this study, where a 

detailed explanation and insight for each progression will be given in the following 

subsections.  
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Figure 5.1: Flow chat for research study  

5.2.1 MATERIAL PROPERTIES 

This subsection is the first step in the flow chart shown in Figure 5.1. This 

describes the RVE (representative volume element) setup (randomly generated particles 

and packing) and the calculation of the material properties using micromechanics (FEM 

model, analysis, and post-processing). The chosen material for study is a carbon-carbon 

silicon carbide (C-C/SiC). The composite consists of a matrix (carbon), reinforced fiber 

(carbon) and interface (silicon carbide).  

5.2.1.1 MATERIAL SELECTION 

The research into alternative materials to common homogenous materials have 

been mostly led by the aerospace industry in the last generation, especially to achieve 

lightweight or high heat resistance. This alternative material research has proven 

beneficial in the field of tribology, especially in brakes and clutches. The aeronautic 

industry spear-headed the use of composite materials in their brake system, mainly   
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carbon reinforced carbon (C/C) composite which displayed excellent results to its 

counterpart homogenous materials. Some advantages of C/C composite are it was light 

weight, higher resistance to heat, low coefficient of thermal expansion, corrosion 

resistance, and high resistance to wear. The automotive industry took the C/C composite 

a step further and added silicon carbide to the mix to produce carbon fiber reinforced 

carbon silicon carbide (C-C/SiC). The addition of silicon carbide increased the 

composites’ heat resistance. Although, it did not dissipate heat very well which affected 

its coefficient of friction, which is why today most brakes made of C-C/SiC have vents 

and veins to help dissipate surface heat and keep its coefficient of friction. This research 

analyzes the different constituents’ ratios of the C-C/SiC composite. In the future a 

proposed mixture to include aramid fiber will be investigated because aramid fiber also 

displays high resistance to heat, highly abrasiveness, and low wear, which is believed to 

improve the coefficient of friction and reduce wear to the pads. These are the reasons for 

the choice of material constituents for the analysis. Table 5.1 shows the material 

properties of the composite constituents. 

Table 5.1: Composite constituents material properties 

Property 
Carbon 

matrix 

Carbon 

fiber 

Silicon 

carbide 
Unit 

Density, ρ 1330 1825 3210 𝑘𝑔 𝑚3⁄  

Elastic modulus, E 13.5 380 448 𝐺𝑃𝑎 

Shear modulus, G 5.65 170 191.5 𝐺𝑃𝑎 

Poisson’s ratio, ν 0.2 0.105 0.17  

CTE, α 0.75 0.3 3.5 10−6 ℃⁄  

Thermal conductivity, k 6.95 140 78 𝑊 𝑚Κ⁄  

Specific heat, Cp 1107.5 710 1040 𝐽 kgΚ⁄  

Tensile strength, TS 6.9 2405 235 𝑀𝑃𝑎 
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5.2.1.2 REPRESENTATIVE VOLUME ELEMENT 

A MATLAB code is written to first generate non-overlapping randomly 

distributed elliptical particles (inclusions) in a 2D unit cell. A pseudo algorithm for 

generating the non-overlapping random inclusion in the 2D cell is shown in Figure 5.2. 

The number of particles in the cell is controlled by volume fraction, size of particle, and 

size of the cell as shown in equation 5.1. 

𝑁 =
𝑣𝑓4𝐿𝐻

𝜋𝑎𝑏
 

5.1 

Where N, L, H, a, b and 𝑣𝑓 represents number of particles, length of cell, height of 

cell, major and minor diameter of elliptical inclusion, and volume fraction of inclusion 

respectively.   

 

Figure 5.2: Flow chart of the randomly generated inclusion algorithm 

Where i in the above figure represents the ith inclusion and N is the number of 

inclusions estimated using equation 5.1. The major and minor diameter used in equation 

5.1 is used to control the aspect ratio of the elliptical inclusion.  
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As noted by Aboudi et. al., [87] the material properties of a composite with 

randomly distributed reinforced inclusion tends to be isotropic in nature as the volume 

fraction of the inclusions increase. The purpose of this study is to look at anisotropic 

effect, therefore, the model of the composite created in MATLAB requires an additional 

line of code after the required number of inclusions is reached. This additional step is 

believed to alter the internal stresses in the RVE and prevent isotropy in the composite. 

This step is identified as “packing”. The “packing” increases the density (number of 

inclusions per unit length) of the particles in a specific direction to introduce percolation. 

The “packing” of the inclusions is a process that mimics a vital production step in the 

production process of a brake pad which is the compression stage. The mixture for the 

brake pad is compressed and heated to compact the materials and create adhesion 

between each constituent, hence, the model follows a compression stage which reduces 

the cell by half in the y-direction resulting in a 1 x 1 2⁄  cell. The particles are not 

generated in the new cell because that would change the number of particles and create 

isotropy in the material. A simplified form to creating this “packing” in the new RVE the 

y-coordinate values for the particles are multiplied by 0.5, which is intended to keep the 

relative position to other inclusions and the boundary the same. Additionally, the new 

orientations of the inclusions are calculated as responses to the compression which 

accounts for the magnitude of the compression.  

As the volume fraction increases there are three scenarios that are likely to occur 

as shown in Figure 5.3. Cases II and III are more likely to occur in real world situations. 

Although case I is highly improbable, it is the scenario accepted in this study to keep 
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equal aspect ratios of all the inclusion unlike in case II, and the x-location the same 

before and after “packing” unlike case III. Therefore, the code allows for overlap during 

“packing” as the volume fraction increases.  

 

Figure 5.3: Possible scenarios of “packing” a) Original inclusion location; b) Case I; c) 

Case II; d) Case III 

No units are shown in the figure above, because the dimensions are based on a 

normalized RVE cell of 1. Figure 5.4 shows the RVE of the composite with the randomly 

generated inclusions before and after “packing” with an aspect ratio of 1. 
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Figure 5.4: Representative element of C-C/SiC composite a) Before; b) After 

compression phase 

Although the thicknesses of carbon fiber and silicon carbide differ, their aspect 

ratios are considered for all purposes equal. This is because in this study the silicon 

carbide is assumed to be wrapped around the carbon fibers (shown in red) and acts as the 

interface (shown in blue) between the reinforcements and the matrix of the composite, as 

shown in Figure 5.4. Where the radius of the silicon carbide is determined by the volume 

content. 

5.2.1.3 FINITE ELEMENT MODEL, ANALYSIS AND POSTPROCESSING 

This section describes the FE micromechanics method. The model setup using 

ABAQUS, the analysis, and postprocessing. The model is created using data (inclusion 

coordinates and angles of orientation) obtained from the RVE created using MATLAB, 

where the FE method is utilized to find the composite’s elastic and thermal properties 

excluding density and specific heat. All micromechanics methods have advantages and 

disadvantages. The biggest disadvantages that occur is usually the improper use of   
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method for a specific scenario. For example, the Voigt and Reuss method under predicts 

the material properties, because it does not consider the aspect ratio or orientation angles 

of the inclusions. Although the Voigt and Reuss method (ROM) is outdated and 

sometimes inaccurate, it has been shown to accurately predict the density and specific 

heat of a composite, because the density and specific heat are homogenous properties 

unaffected by direction. Hence, the rule of mixture shown in equations 5.2 & 5.3 are used 

to calculate the density and specific heat of the composite respectively.  

𝜌𝑐 = 𝜌𝑓𝑣𝑓 + 𝜌𝑚𝑣𝑚 + 𝜌𝑖𝑣𝑖 
5.2 

𝐶𝑝𝑐 =
1

𝜌𝑐
((𝑣𝑓𝐶𝑝𝑓𝜌𝑓) + (𝑣𝑚𝐶𝑝𝑚𝜌𝑚) + (𝑣𝑖𝐶𝑝𝑖𝜌𝑖)) 

5.3 

The subscript f, m, and i represent fiber phase, matrix phase, and additional phases 

respectively. The model undergoes different loading conditions to determine the elastic 

and thermal properties of the composite.  

The loading and boundary conditions determine what material property is to be 

calculated. For the elastic properties, the model has a periodic boundary condition (Figure 

5.5) imposed on it, because the model itself has periodicity from the inclusions otherwise 

a Dirichlet boundary condition will be imposed.  
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Figure 5.5: Periodic boundary condition visual representation 

The periodic boundary condition is imposed on the edge nodes. A generalized 

form of the periodic boundary condition is shown in equation 5.4. 

𝜉𝑛𝑖 = 𝜉𝑛𝑗 
5.4 

Where, 𝜉 represent any parameter such as displacement, temperature, etc., n represent 

node number, i represent an edge in the model, and j represent the edge opposite the i 

edge. The loading conditions for the elastic properties are imposed in the form of strain 

by calculating the total displacement of the model, because of the known relationship 

between strain and displacement shown equation 5.5.  

𝜀 =
𝛥𝛺

𝛺
 

5.5 

Where, Ω represent parameters such as length, height, radius, etc. 

A periodic boundary condition is imposed on the model for a thermo-mechanical 

simulation to find the thermo-mechanical properties (moduli, Poisson’s ratio, and 

coefficient of thermal expansion), while the Dirichlet boundary condition with adiabatic 

boundary (Figure 5.5) is imposed on the model in the thermal simulation for finding the   



91 

 

thermal conductivity. Since the thermal loading does not result in a displacement, either a 

periodic or Dirichlet boundary condition will suffice, but other works published shows a 

Dirichlet boundary condition is common for thermal loadings.  

 

Figure 5.6: Dirichlet boundary condition for thermal loading  

A failure criterion is imposed on the RVE. The composite is a three-phase 

composite; therefore, the failure criterion is limited to the least tensile strength. If the 

tensile stress reaches the prescribed tensile strength the material fractures. The governing 

failure criterion is shown in equation 5.6 which is based on the Von Mises stress.  

𝑓𝑖 = 𝐹𝑖(𝜎) 
5.6 

Where, 𝐹Χ(𝜎) = (𝜎11 − 𝜎22)
2 + 2𝜎12

2  is Von Mises stress. 

Two reference points were created as nodes in the model, one on the right side of 

the RVE (RP1) and the other above the top boundary of the RVE (RP2). The nodes on the 

right edge and the top edge of the RVE are linked to nodes RP1 and RP2 respectively 

using a multipoint constraint function.  

After the tensile and thermal loading is done and the simulation is finished, the 

postprocessing is done on the obtained results. Postprocessing is done in the form of   
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equations 5.7 - 5.12 to determine the material properties. Equation 5.7 is used to calculate 

the moduli (modulus of elasticity and shear modulus) of the composite material which is 

a rearranged Hooke’s law, which uses the average stresses and strains generated during 

the tensile loading of the RVE. It can also be found graphically as the slope of a line 

parallel to the elastic region in a stress-strain curve with a 0.2% offset from the origin.  

𝜉𝑖𝑗 =
𝜎𝑖𝑗

𝜀𝑖̅𝑗
 5.7 

Where, 𝜎𝑖𝑗 =
𝐹

𝐴
 is the average stress and 𝜀𝑖̅𝑗 =

𝑢𝑥𝑅𝑃1

𝐿
 is the average strain. While 

𝐹 = ∑ ((𝑥 ∗ 𝐹𝑥) + (𝑦 ∗ 𝐹𝑦))𝑅𝑃𝑖
2
𝑖=1  is the sum of the reaction forces produced in tension, 

and 𝐴 = 𝐿𝐻 is the area of the RVE. The subscripts i & j above represent loading and 

response direction. In the case of uniaxial loading the parameter ξ represent modulus of 

elasticity, which in this case the subscripts i & j are the same and denote the loading 

direction, but when a shear loading is imposed the ξ represents the shear modulus and the 

i & j subscripts are not the same, for i represents the loading direction and j response 

direction. Although the RVE model is represented in a simplified 2D (plane-strain) space, 

the elastic properties in the third direction (z) are negligible compared to the “x” & “y” 

direction. 

Equation 5.8 is the ratio of the strains experienced in both directions during 

loading (Poisson’s ratio νij), it also can be found graphically as the slope from the plot of 

the strain in the direction perpendicular to the loading direction vs. the strain parallel to 

the direction of the loading direction. The subscripts i and j are not the same, and i & j is 

either equal to 1 or 2 for a 2D model. 
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𝜈𝑖𝑗 =
−𝜀𝑗̅

𝜀𝑖̅
 

5.8 

The negative sign means compression, therefore, the numerator in the above equation 

shows compression of the side perpendicular to the applied tensile load. The thermal 

conductivity is calculated using equation 5.9 which is a rearranged heat transfer equation. 

Also, the thermal conductivity can be found as the slope from a plot of heat flux vs. 

temperature gradient. 

𝑘𝑖 =
−𝑞𝑖

𝛥𝑇𝑖
 5.9 

Where q is the heat flux, Δ𝑇𝑖 is the temperature gradient, and subscript i is the thermal 

loading direction. For simplicity the temperature gradient (change in temperature) is 1°C. 

Therefore, the thermal conductivity will be equal to the negative value of an already 

negative heat flux. Equation 5.10 shows the generalized stress-strain equation which can 

be rearranged as shown in equation 5.12 to calculate the coefficient of thermal expansion 

(CTE). 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙
𝑀 

5.10 

Where, 𝜀𝑘𝑙 is the elastic (mechanical) strain, but the total strain which is the sum of the 

mechanical and thermal strains  

𝜀𝑘𝑙 = 𝜀𝑘𝑙
𝑀 + 𝜀𝑘𝑙

𝑇  
 

and the thermal strain can be written in terms of coefficient of thermal expansion and 

temperature gradient.   
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𝜀𝑘𝑙
𝑇 = 𝛼Δ𝑇𝛿𝑘𝑙 

 

Where, 𝛿𝑘𝑙 is the Kronecker-delta and the mechanical strain can be rewritten as the 

thermal strain subtracted from the total strain 

𝜀𝑘𝑙
𝑀 = 𝜀𝑘𝑙 − 𝛼𝛥𝑇𝛿𝑘𝑙 

 

Therefore, equation 5.10 can be rewritten as equation 5.11. 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝛼𝑖𝑗𝛥𝑇) 
5.11 

Rearranging equation 5.11, to solve for coefficient of thermal expansion, with 

change in temperature (Δ𝑇) of 1°C results in equation 5.12 

𝛼𝑖𝑗 = 𝛪𝜀𝑘𝑙 − 𝑆𝑖𝑗𝑘𝑙𝜎𝑖𝑗  5.12 

Where, Ι is the identity matrix and S is the compliance matrix which is the inverse of the 

stiffness matrix C. 

When there is randomness in a system there tends to be errors associated with the 

randomness and this error is known as stochastic error. Walker [103] defined stochastic 

error as the possibility that the outcome is not expected, given that both the model and 

parameters are correct. In order to eliminate the presence of this error in the results, the 

material properties phase of this research is repeated ten (10) times. The average of each 

material property is calculated as the properties of the composite and used in the thermal-

mechanical instabilities analysis.  
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5.2.2 THERMAL-MECHANICAL INSTABILITY 

Thermomechanical instabilities can be described as the physical response of a 

system such as deformation due to a coupling effect of mechanical loads and thermal 

stresses. Two types of thermomechanical instability are studied in this paper namely 

thermal buckling and thermoelastic instability (TEI). They both require different loading 

conditions and the output expected from a thermal buckling analysis is the critical 

buckling temperature and critical sliding speed for a TEI analysis.  

5.2.2.1 THERMAL BUCKLING 

The most common buckling problem is a fully constrained beam under 

compressive load. Thermal buckling occurs in bodies not fully constrained but exposed to 

non-uniform thermal conditions. The eigenvalue buckling problem finds loads for which 

the determinant of the stiffness matrix is zero (singular matrix). The eigenvalue problem 

is stated in equation 5.13. 

(𝛫𝑚𝑛 + 𝜆𝑖𝛫𝑝
𝑚𝑛)𝛸𝑖

𝑛 = 0 
5.13 

Where, Κ𝑚𝑛 is the base state stiffness matrix with effects of a preload condition, 𝜆𝑖 

represents the eigenvalues, Κ𝑝
𝑚𝑛 represents stiffness matrix corresponding to perturbed 

loading condition, and Χ𝑖
𝑛 represents the eigenvectors (buckling mode). Therefore, the 

critical buckling load is 𝑃 + 𝜆𝑖𝑇, where P is the preload, T is the maximum nodal 

temperature, and 𝜆𝑖 is the eigenvalue (usually the smallest) corresponding to the first 

eigenvector. For further information on buckling see ABAQUS [57]. An axisymmetric 

model is used in the thermal buckling analysis with dimensions shown in Table 5.2.   
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The thermal buckling analysis is conducted on a clutch disc and Figure 5.7 shows the 

axisymmetric model of a clutch disc. The non-uniform thermal load imposed on the 

clutch disc has a linear temperature profile increasing radially from the inner radius with 

a temperature of 315°C, to the outer radius with a temperature of 345°C. The boundary 

condition imposed on the model for the simulation is a 𝑈𝑅
𝐼𝑅 = 0 (fixed) and  𝑈𝑍

𝐼𝑅 =

𝑈𝑍
𝑂𝑅 ≠ 0 (free). Where IR & OR are inner radius and outer radius respectively.  

Table 5.2: Dimension of single clutch disc for thermal buckling 

 Clutch Unit 

Inner radius 44.5 mm 

Outer radius 57 mm 

Thickness 0.79 mm 

  

Figure 5.7: Axisymmetric model of a single disc clutch for thermal buckling simulation 

5.2.2.2 THERMOELASTIC INSTABILITY 

When two bodies slide against each other, frictional heat is generated and the 

resulting thermoelastic deformation alters the contact pressure distribution. This coupled 

thermal-mechanical process is susceptible to thermoelastic instability (TEI). Above a 

certain speed, the nominal pressure distribution becomes unstable, giving way to 

localization of load and heat generation and hence development of hot spots at the sliding 

interface. A MATLAB based software created by PhD students at the university of 

Michigan called Hotspotter [76] was utilized in find the critical sliding speed. It uses an 

eigenvalue method to find the exponential growth rate of eigenmodes for a given 
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rotational speed. Therefore, the critical sliding speed is determined by searching for the 

lowest speed at which the growth rate is zero. It also uses an axisymmetric model as 

shown in Figure 5.8 of a clutch disc and friction disc, with the dimensions shown in 

Table 5.3.  

Table 5.3: Dimension of an axisymmetric clutch and friction disc 

 Clutch Unit 

Inner radius 44.5 mm 

Outer radius 57 mm 

Thickness 

Friction material 0.673 mm 

Steel disc 1.375 mm 

 

Figure 5.8: Axisymmetric model of a single disc clutch for TEI simulation 

The layers shown in the above figure represent steel disc (layer 2) and friction 

disc (layer 1). Figure 5.8 shows a biased mesh, the mesh is biased toward the sliding 

interfaces to account for the large temperature gradients. This is done to accurately 

capture the temperature distribution by discretizing interface surface to small elements 

and eliminate any errors in numerical results. 

5.3 RESULT 

In numerical simulations, the mesh density plays a significant role as to the 

accuracy of the result and as such a mesh convergence study was conducted in 

calculating the material properties which is shown in Figure 5.9. The number of nodes   
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represent the quality of mesh as coarse, medium, fine, and superfine. Below a certain 

number of nodes/elements the result does not converge and that is due to the connection 

between the inclusion and the matrix. This connection (interface) is so small, that it 

requires an even fine mesh quality to be able to transfer the stresses accurately between 

the inclusion and the matrix.   

 

Figure 5.9: Convergence plot for the modulus material property 

Figure 5.10 & Figure 5.11 show the stress plots of the RVE in uniaxial tensile 

loading and shear loading respectively. The deformation or elongation of the RVE in 

Figure 5.10 is very noticeable because a C-C/SiC composite is highly brittle that the 

strain to failure was found experimentally by Krenkel [35] to be 0.20% - 0.26%, and 

corroborated by this result. 
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Figure 5.10: Stress contour plot of RVE under a uniaxial tensile load in the x-direction 

 

Figure 5.11: Stress contour plot of RVE under a shear load 

Figure 5.12 - Figure 5.14 shows the variation of the material properties based on 

the change of carbon fiber content in the C-C/SiC composite.  

 

Figure 5.12: Effect of composite constituent content on modulus a) Silicon Carbide 

volume; b) Carbon fiber volume  
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An increase in either carbon fiber or silicon carbide in the composite increases the 

moduli (elastic & shear). An increase in carbon fiber has a greater response in the moduli 

property compared to a change in silicon carbide content. Carbon fiber has an inverse 

correlation to coefficient of thermal expansion (CTE), an increase in carbon fiber content 

decreases the composite’s CTE, and vice versa for silicon carbide, whereas, an increase 

in silicon carbide content increases the CTE of the composite. 

 

Figure 5.13: Effect of composite constituent content on CTE a) Silicon Carbide volume; 

b) Carbon fiber volume 

 

Figure 5.14: Effect of composite constituent content on thermal conductivity a) Silicon 

Carbide volume; b) Carbon fiber volume 
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After the 10 trial runs, the error was calculated using the standard deviation and 

mean. The error was plotted on the same plot with Figure 5.12 - Figure 5.14 as error bars. 

The reason for the trial runs is to eliminate the stochastic error. Figure 5.12- Figure 5.14 

proves the elimination of the error, because the average error was less than 3% for all the 

material properties.  

 

Figure 5.15: Effect of fiber volume on buckling temperature 

The plot of buckling temperature in response to varying carbon fiber volume is 

shown in Figure 5.15. Increasing the carbon fiber volume increases the buckling 

temperature, also, an increase in silicon carbide volume in turn decreases the buckling 

temperature. Given the geometry, non-uniform temperature profile, and the result, it can 

be concluded that the clutch disc will buckle when the operating temperature exceeds 

approximately 7000 °C with a composite mixture of 10% carbon fiber and 40% silicon 

carbide. It should be noted this result is purely theoretical as the maximum temperature a   
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clutch can achieve is significantly less than 7000 °C. The variation between the 

maximum and the minimum critical buckling temperature can be stipulated that the 

lowest silicon carbide content has a greater effect on the buckling temperature, which in 

this scenario is 10% silicon carbide (SiC). 

 

Figure 5.16: Effect of fiber volume on critical sliding speed for TEI 

The plot of critical sliding speed in response to varying carbon fiber volume is 

shown in Figure 5.16. On average increasing the carbon fiber volume decreases the 

critical sliding speed, likewise, an increase in silicon carbide volume also decreases the 

critical sliding speed. Given the geometry, non-uniform temperature profile, and the 

result, it can be concluded that TEI in the clutch will occur at a low speed of 

approximately 1350 RPM and high-speed of 1990 RPM with a composite mixture of 

10% carbon fiber and 10% silicon carbide; and 40% carbon fiber and 40% silicon 

carbide. It should be noted this result does not consider the time of contact and how many   
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times the contact between the clutch disc and flywheel occurs. Therefore, for theoretical 

basis the clutch will show signs of hotspots. The variation between the maximum and the 

minimum critical buckling temperature can be stipulated that the lowest silicon carbide 

content has a greater effect on the buckling temperature, which in this scenario is 10% 

silicon carbide (SiC). 

 

Figure 5.17: Contour plot of buckling temperature with varying volume ratios 
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Figure 5.18: Contour plot of critical sliding speed with varying volume ratios 

Figure 5.17 and Figure 5.18 are contour plots of buckling temperature and critical 

sliding speed respectively, showing varying carbon fiber volume and silicon carbide 

volume and how together they both affect the buckling temperature; a peak (maximum) 

value for buckling temperature occurs at a mixture with carbon fiber volume 40% and 

silicon carbide volume of 10%, while a carbon fiber volume of 10% and 10% silicon 

carbide volume produces a maximum critical sliding speed. A contour plot is relevant to 

clearly visualize the maximum and minimum value. Figure 5.19 shows a surface plot of 

normalized buckling temperature and critical sliding speed against varying carbon fiber 

and silicon carbide content in the composite material. The increasing surface plot 

represents the buckling temperature and the other critical sliding speed. The intersecting 

line created by the surfaces will determine the ideal composition of the composite that 

discourages the occurrence of TMI in a clutch disc. After inspection, the maximum point 



105 

 

on the intersecting line corresponds to a 35% carbon fiber content and 20% silicon 

carbide content. 

 

Figure 5.19: Normalized surface plot of critical sliding speed and buckling temperature. 

5.4 CONCLUSION 

The goal of this chapter is to find an ideal carbon fiber to silicon carbide ratio in 

the carbon-carbon silicon carbide composite that minimizes the occurrence of 

thermomechanical instability (TMI) in a clutch disc. The results show that an increase in 

carbon fiber increases the buckling temperature while an increase in silicon carbide 

decreases the buckling temperature. Ideally the highest carbon fiber content and lowest 

silicon carbide content will reduce the chances of thermal buckling occurrence in a clutch 

disc. The critical sliding speed that determines the presence of thermoelastic instability 

(TEI) shows a fluctuating trend with varying carbon fiber or silicon carbide content.   
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Therefore, after investigation of the results, it can be concluded that the ideal carbon 

content and silicon carbide to minimize the occurrence of TMI is 35% and 20% 

respectively. The composition does not produce the highest buckling temperature, nor 

does it result in highest critical sliding speed, but the combination produces both a high 

buckling temperature and critical sliding speed.  

It can also be concluded that the increase in carbon fiber or silicon carbide 

increases the moduli of the composite, but the carbon fiber has a greater effect in the 

moduli of the composite. With this finding, an inference can be made that an increase in 

elastic modulus or shear modulus can increase the buckling temperature. Whereby the 

same increase in carbon fiber reduces the CTE of the composite. This decrease can be 

seen from the material properties of the individual constituents where the carbon fiber 

CTE is much lower than the CTE of the silicon carbide.  

The increase of silicon carbide or carbon fiber increases the thermal conductivity 

of the composite, which can be inferred as the increase in thermal conductivity can 

increase thermal buckling. Because of the response of critical sliding speed, there is no 

direct correlation between an anisotropic property to thermoelastic instability. 
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CHAPTER VI  

CONCLUSIONS AND FUTURE WORK 

6.1 CONCLUSION 

The dissertation research has been focused on studying the phenomenon of 

thermal-mechanical instability mostly experienced in automotive brakes and clutch disc. 

Quite a lot of theoretical work have been done on this topic and due to inaccessibility to 

experimental equipment, this research has focused on computational methods in studying 

thermal-mechanical instability. The research focused on two areas of thermal-mechanical 

instability thermal buckling and thermoelastic instability. The research primarily studied 

the events that cause these instabilities by looking into coupling of mechanical and 

thermal stress and friction material effect on thermal-mechanical instabilities.  

Conclusions were made during this research. Under certain conditions instabilities 

can interact with one another to increase mechanical or elastic instability. The 

displacement alters the contact area and as such during sliding creates an uneven 

temperature gradient that can induce thermal buckling, and the buckling mode changes 

the rotational line which shifts the centrifugal forces at the outer radius and creates a 

moment which increases the instability and cause it to vibrate. Also, the occurrence of 

hotspots prevalent with thermoelastic instability can induce thermal buckling by lowering 

the critical buckling temperature closer to the operating temperature of the clutch, this 

has a higher chance of occurring in clutch disc, as the vice versa was seen for brakes.
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Friction material plays a significant role in thermal-mechanical instability. Just 

altering the material by changing the coefficient of friction is seen to change the 

temperature and hence the internal stresses which can lead to thermal-mechanical 

instability. C-C/SiC composite was studied and its effect on thermal-mechanical 

instability. This composite was of interest due to its innate ability of being heat resistant, 

low wear rate, high heat dissipation among others and was chosen as the friction material 

of study for thermal-mechanical instabilities. In addition, C-C/SiC proved to be a suitable 

substitute to the more generally used and common metallic based friction material and 

eliminate potential environmental hazard.  Alternatively, studying composite materials 

anisotropic properties and its effect on thermal-mechanical instability shows that not only 

does it reduce the chances of such instability occurring in brakes and clutches, but the 

arrangement of the reinforcement in the composite drastically changes the critical sliding 

speed and thermal buckling temperature. The properties in the direction perpendicular to 

the sliding direction of a unidirectional composite tend to have significant effect on the 

sliding speed. Coefficient of thermal expansion has little effect on TEI, and thermal 

conductivity has no effect on thermal buckling. Uniform temperature across the thickness 

mitigates the effect of coefficient of thermal expansion. Therefore, uniform temperature 

distribution across the thickness of a disc causes coefficient of thermal expansion to have 

negligible effect on thermal bucking. A ceramic matrix composite with randomly 

distributed inclusion proved to address the environmental pollution problem due to 

harmful metallic residue from a more traditional metallic based friction material.  
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To reduce the chances of thermal buckling from occurring the C-C/SiC composite 

is proposed to have a higher carbon fiber content compared to the SiC content, and to 

limit the introduction of TEI in a sliding frictional contact system like clutches the SiC 

content should be higher than the carbon fiber content. In the scenario of creating a brake 

or clutch friction material to limit damaged from thermal-mechanical instabilities, then a 

compromise should be considered. Because the same formulation that reduces the 

initiation of thermal buckling will be more susceptible to TEI and vice versa. This 

compromise to limit TMI in brakes and clutches is proposed to have carbon fiber volume 

of 35%, with aspect ratio of 1 and silicon carbide volume of 20%. The CMC alternative is 

lighter in weight than its traditional steel or grey cast iron and shows to have a higher 

critical buckling temperature and sliding speed.  

6.2 FUTURE WORK 

6.2.1 MACHINE LEARNING 

Machine learning is an algorithm that learns and predicts certain responses based 

on a set of input data. For this study, machine learning will be utilized to predict the 

optimal composition of the composite material that minimizes the occurrence of thermal 

buckling and TEI based on the fiber volume fraction, aspect ratio, and constituents 

present. Machine learning is divided in supervised and unsupervised learning. The 

simplest and the most complex supervised learning machine learning algorithm is linear 

regression and artificial neural network (ANN) respectively. The regression method 

works well for problems with a single output, where the response plot results in single   
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peak or valley, while deep neural network works well for equations with multiple 

outputs. The author hypothesize that ANN will be best suited with the data set collected 

from both thermal buckling and TEI simulations because of its nonlinearity. The 

architecture (structure) of the artificial neural network is shown in Figure 6.1, with an 

input layer, output layer and three (3) hidden layers. 

 

Figure 6.1: Neural network architecture for optimizing material properties. 

The input layer has four (4) neurons (nodes), two (2) output nodes and a total of 

seventeen (17) nodes in the hidden layers. The nodes of the input layer each represent the 

constituents of the composite material. The output nodes represent the thermal buckling 

eigenvalue and the sliding speed. The number of hidden layers works in a similar fashion 

to the Taylor series, where the more terms you have in the Taylor series the more   
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accurate the approximation is, and similarly, the more hidden layers, the more accurate 

the artificial neural network is. The output layer needs a “trigger” to activate, this 

“trigger” is known as the activation. Generally, for regression problems with a linear 

response output a Sigmoid function (equation 6.1) is used as the activation function, 

𝜎(𝑥) =
1

1 + 𝑒−𝑥
 

6.1 

shown graphically in Figure 6.2, where negative inputs end up close to zero (0) and 

positive inputs approaches one (1) 

 

Figure 6.2: Graphical representation of Sigmoid function 

In the case of a non-linear response output a more suitable activation is (rectified 

linear unit) ReLU (equation 6.2), graphically shown in Figure 6.3. 

𝑅𝑒𝐿𝑈(𝑥) = 𝑚𝑎𝑥 (0, 𝑥) 
6.2 
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Figure 6.3: Graphical representation of ReLU 

Optimizing a function is usually interpreted as minimizing the error between the 

predicted value and the actual value. This error is denoted as a “cost” function. The cost 

function is chosen based on the output response. In the case of this study where the 

multiple outputs have a non-linear relationship to the multiple inputs, the cost function is 

shown in equation 6.3. 

𝐽(𝜃) = −
1

𝑚
[∑ ∑ 𝑦𝑘

𝑖 𝑙𝑜𝑔 (ℎ𝜃(𝑥𝑖))
𝑘

𝐾

𝑘=1

𝑚

𝑖=1

] 
6.3 

Where m, K, y, and ℎ𝜃(𝑥) is the number of test data, number of output nodes, actual 

output value, and predicted output value. 

The purpose of this section is to use machine learning for optimization; therefore, 

an optimizer must be implemented in this algorithm. The chosen optimizer is the gradient 

descent. The gradient descent is chosen because it is versatile in optimizing all the data at 

once. The gradient descent (equation 6.4) uses the slope and a learning rate to optimize 

the weights to find the global minima.  
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𝑦(𝜒) =
𝑑𝑦

𝑑𝜒
= 𝛻𝑦 

6.4 

The weights are values multiplied with the nodal values in order to predict an 

output and is back propagated through the network to change the weight to predict 

another value and this is the iterative process. The output has a generalized form shown 

in equation 6.5. 

𝑦𝑖 = 𝑤1𝑥𝑖1 + 𝑤2𝑥𝑖2 + ⋯ + 𝑤𝑛𝑥𝑖𝑛 + 𝑤0 
6.5 

The step size of the gradient descent is proportional to the cost loss (error), which 

is multiplied by the negative derivative of the function. A mathematical representation is 

shown in the equation below.  

−𝐽(𝜃) 𝛻𝑦 
6.6 

Where the negative sign controls the direction in which to step; if the step is negative, it 

implies the slope is decreasing and it should step in the positive direction by increasing 

the weight and vice versa if positive.  
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